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Short Description

Descripción: 1) Conduct a test of hypothesis about the difference between two independent population means. 2) Conduct ...



Description


Chapter 11



TWO-SAMPLE TEST OF HYPOTHESIS



By Mr. Mong Mara



1



Goals of the chapter When you have completed this chapter, you will be able to 1) Conduct a test of hypothesis about the difference between two independent population means. 2) Conduct a test of hypothesis about the difference between two population proportions. 3) Conduct a test of hypothesis about the mean difference between paired or dependent observations. 4) Understand the difference between dependent and independent samples.
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Two-Sample Test of Hypothesis: Independent Samples Assumptions for testing independent sample mean 1) The two samples must be unrelated, that is, independent. 2) The standard deviations for both populations must be known. TWO-SAMPLE TEST OF MEANS, known 𝜎 𝑥1 − 𝑥 2 𝑧= 𝜎12 𝜎22 + 𝑛1 𝑛2
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Two-Sample Test of Hypothesis: Independent Samples Customers at FoodTown Super Markets have a choice when paying for their groceries. They may check out and pay using the standard cashierassisted checkout, or they may use the new Fast Lane procedure. In the standard procedure a Food- Town employee scans each item, puts it on a short conveyor where another employee puts it in a bag and then into the grocery cart. In the Fast Lane procedure the customer scans each item, bags it, and places the bags in the cart themselves. The Fast Lane procedure is designed to reduce the time a customer spends in the checkout line. The Fast Lane facility was recently installed at the Byrne Road FoodTown location. The store manager would like to know if the mean checkout time using the standard checkout method is longer than using the Fast Lane. She gathered the following sample information. The time is measured from when the customer enters the line until their bags are in the cart. Hence the time includes both waiting in line and checking out. What is the p-value? By Mr. Mong Mara
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Two-Sample Test of Hypothesis: Independent Samples Customer Type



Sample Mean Deviation



Sample Size



Standard



5.50 minutes



0.40 minutes



50



Fast Lane



5.30 minutes



0.30 minutes



100
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Two-Sample Test of Hypothesis: Independent Samples Step 1: State the null hypothesis and the alternate hypothesis We will let 𝜇𝑠 refer to the mean checkout time for the population of standard customers and 𝜇𝑓 the mean checkout time for the Fast Lane customers. The null and alternative hypotheses are: H0: 𝜇𝑠 ≤ 𝜇𝑓 H1: 𝜇𝑠 > 𝜇𝑓 Step 2: Select the level of significance The significance level is the probability that we reject the null hypothesis when it is actually true. In this case we selected the 0.01 significance level. Step 3: Determine the test statistic In this case we use z distribution as the test statistic because the standard deviations of both populations are known. Step 4: Formulate a decision rule By Mr. Mong Mara
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Two-Sample Test of Hypothesis: Independent Samples



Chart 11-1 Decision Rule for One-tailed Test at 0.01 Significance Level



The decision is to reject H0 if the value computed from the test statistic exceeds 2.33. Step 5: Make the decision regarding H0 and interpret the result
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Two-Sample Test of Hypothesis: Independent Samples Step 5: Make the decision regarding H0 and interpret the result



𝑧=



𝑥𝑠 − 𝑥𝑓



2 𝜎𝑠2 𝜎𝑓 + 𝑛𝑠 𝑛𝑓



=



5.5 − 5.3



0.2 = = 3.13 0.402 0.302 0.064 + 100 50



The computed value of 3.13 is larger than the critical value of 2.33. Our decision is to reject the null hypothesis and accept the alternate hypothesis. We conclude that the Fast Lane method is faster. To calculate the p-value we need the probability of a z value larger than 3.13. From Appendix B.1 we can not find the probability associated with 3.13. The largest value available is 3.09. The area corresponding to 3.09 is 0.4990. In this case we can report that the p-value is lass than 0.0010, found by 0.5000-0.4990.
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Self-Review 11-1 Tom Sevits is the owner of the Appliance Patch. Recently Tom observed a difference in the dollar value of sales between the men and women he employs as sales associates. A sample of 40 days revealed the men sold a mean of $1,400 worth of appliances per day. For a sample of 50 days, the women sold a mean of $1,500 worth of appliances per day. Assume the population standard deviation for men is $200 and for women $250. At the 0.05 significance level can Mr. Sevits conclude that the mean amount sold per day is larger for the women? (a) State the null hypothesis and the alternate hypothesis. (b) What is the decision rule? (c) What is the value of the test statistic? (d) What is your decision regarding the null hypothesis? (e) What is the p-value? (f) Interpret the result. By Mr. Mong Mara
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TWO-SAMPLE TEST ABOUT PROPORTIONS To conduct the test, we assume each sample is large enough that the normal distribution will serve as a good approximation of the binomial distribution. The test statistic follows the standard normal distribution. We compute the value of z from the following formula



𝑝1 − 𝑝2



𝑧=



𝑝𝑐 1 − 𝑝𝑐 𝑝𝑐 1 − 𝑝𝑐 + 𝑛1 𝑛2 𝑛1 is the number of observations in the first sample 𝑛2 is the number of observations in the first sample 𝑝1 is the proportion in the first sample possessing the trait. 𝑝2 is the proportion in the second sample possessing the trait.



𝑝𝑐 is the pooled estimate of the population proportion and is computed



from the following formula.



𝑥1 + 𝑥2 𝑝𝑐 = 𝑛1 + 𝑛2



By Mr. Mong Mara



10



TWO-SAMPLE TEST ABOUT PROPORTIONS Manelli Perfume Company recently developed a new fragrance that it plans to market under the name Heavenly. A number of market studies indicate that Heavenly has very good market potential. The Sales Department at Manelli is particularly interested in whether there is a difference in the proportions of younger and older women who would purchase Heavenly if it were marketed. There are two independent populations, a population consisting of the younger women and a population consisting of the older women. Each sampled woman will be asked to smell Heavenly and indicate whether she likes the fragrance well enough to purchase a bottle.
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TWO-SAMPLE TEST ABOUT PROPORTIONS Step 1: State H0 and H1 In this case the null hypothesis is: “There is no difference in the proportion of young women and older women who prefer Heavenly.” We designate 𝜋1 as the proportion of young women who would purchase Heavenly and 𝜋2 as the proportion of older women who would purchase. H0: 𝜋1 = 𝜋2 H1: 𝜋1 ≠ 𝜋2 Step 2: Select the level of significance. We choose 0.05 significance level in this example. Step 3: Determine the test statistic 𝑧=



𝑝1 − 𝑝2



𝑝𝑐 1 − 𝑝𝑐 𝑝 1 − 𝑝𝑐 + 𝑐 𝑛1 𝑛2



Step 4: Formulate the decision rule. By Mr. Mong Mara
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TWO-SAMPLE TEST ABOUT PROPORTIONS



0.05 significance level in this example.



Step 5: Select a sample and make a decision A random sample of 100 young women revealed 19 liked the Heavenly fragrance well enough to purchase it. Similarly, a sample of 200 older women revealed 62 liked the fragrance well enough to make a purchase. We let 𝑝1 refer to the young women and 𝑝2 to the older women 𝑝1 =



𝑥1 𝑛1



=



19 100



= 0.19 𝑝2 =
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𝑥2 𝑛2



=



62 200



= 0.31 13



TWO-SAMPLE TEST ABOUT PROPORTIONS The research question is whether the difference of 0.12 in the two sample proportion is due to chance or whether there is a difference in the proportion of younger and older women who like the Heavenly fragrance. Next, we combine or pool the sample proportions.



𝑥1 + 𝑥2 19 + 62 81 𝑝𝑐 = = = = 0.27 𝑛1 + 𝑛2 100 + 200 300



We find the value of test statistic



𝑧=



𝑝1 − 𝑝2



𝑝𝑐 1 − 𝑝𝑐 𝑝𝑐 1 − 𝑝𝑐 + 𝑛1 𝑛2 0.19 − 0.31 = 0.27 1 − 0.27 0.27 1 − 0.27 + 100 200 = −2.21 By Mr. Mong Mara
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TWO-SAMPLE TEST ABOUT PROPORTIONS The computed value of −2.21 is in the area of rejection; that is, it is to the left of −1.96. Therefore the null hypothesis is rejected at 0.05 significance level. To put it another way, we reject the null hypothesis that the proportion of young women who would purchase Heavenly is equal to the proportion of older women who would purchase Heavenly. 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 2 0.5000 − 0.4864 = 0.0272 The 𝑝 − 𝑣𝑎𝑙𝑢𝑒 of 0.0272 is less than the significance level of 0.05 so our decision is to reject the null hypothesis.
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Self-Review 11-2 Of 150 adults who tried a new peach-flavored Peppermint Patty, 87 rated it excellent. Of 200 children sampled, 123 rated it excellent. Using the 0.10 level of significance, can we conclude that there is a significant difference in the proportion of adults and the proportion of children who rate the new flavor excellent? (a) State the null hypothesis and the alternate hypothesis. (b) What is the probability of a Type I error? (c) Is this a one-tailed or a two-tailed test? (d) What is the decision rule? (e) What is the value of the test statistic? (f) What is your decision regarding the null hypothesis? (g) What is the p-value? Explain what it means in terms of this problem.
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Comparing Population Means with Unknown Population Standard Deviations (the Pooled t-test)



This section describes another method for comparing the sample means of two independent populations to determine if the sampled populations could reasonably have the same mean. The method described does not require that we know the standard deviations of the populations. This gives us a great deal more flexibility when investigating the difference in sample means. There are two major differences in this test and the previous test described earlier in this chapter. 1) We assume the sampled populations have equal but unknown standard deviations. Because of this assumption we combine or "pool" the sample standard deviations. 2) We use the t distribution as the test statistic.
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Comparing Population Means with Unknown Population Standard Deviations (the Pooled t-test)



The following formula is used to pool the sample standard deviations. Notice that two factors are involved: the number of observations in each sample and the sample standard deviation themselves. POOLED VARIANCE



2 2 𝑛 − 1 𝑠 + 𝑛 − 1 𝑠 1 2 1 2 𝑠𝑝2 = 𝑛1 + 𝑛2 − 2



Where 𝑠12 is the variance of the first sample 𝑠12 is the variance of the second sample
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Comparing Population Means with Unknown Population Standard Deviations (the Pooled t-test) The value of t is computed from the following equation TWO-SAMPLE TEST OF MEANS, UNKNOWN 𝜎



𝑡=



𝑥1 − 𝑥2



𝑠𝑝2



1 1 + 𝑛1 𝑛2



The number of degrees of freedom in the test is the total number of items sampled minus the total number of samples. Because there are two samples, there are 𝑛1 + 𝑛2 − 2 degrees of freedom. To summarize, there are three requirements or assumptions for the test 1) The sampled populations follow the normal distribution 2) The sampled population are independent 3) The standard deviations of the two populations are equal.
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Comparing Population Means with Unknown Population Standard Deviations (the Pooled t-test) Owens Lawn Care, Inc., manufactures and assembles lawnmowers that are shipped to dealers throughout the United States and Canada. Two different procedures have been proposed for mounting the engine on the frame of the lawnmower. The question is: Is there a difference in the mean time to mount the engines on the frames of the lawnmowers? The first procedure was developed by longtime Owens employee Herb Welles (designated as procedure 1), and the other procedure was developed by Owens Vice President of Engineering William Atkins (designated as procedure 2). To evaluate the two methods, it was decided to conduct a time and motion study. A sample of five employees was timed using the Welles method and six using the Atkins method. The results, in minutes, are shown below. Is there a difference in the mean mounting times? Use the .10 significance level. By Mr. Mong Mara
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Comparing Population Means with Unknown Population Standard Deviations (the Pooled t-test) Welles (minutes)



Atkins (minutes)



2



3



4



7



9



5



3



8



2



4 3



The required assumptions are: 1) The observations in the Welles sample are independent of the observations in the Atkins sample. 2) The two populations follow the normal distribution. 3) The two populations have equal standard deviations. By Mr. Mong Mara
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Comparing Population Means with Unknown Population Standard Deviations (the Pooled t-test) The null hypothesis states that there is no difference in mean mounting times between the to procedures. The alternate hypothesis indicates that there is a difference. H0: 𝜇1 = 𝜇1 H1: 𝜇1 ≠ 𝜇1
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Comparing Population Means with Unknown Population Standard Deviations (the Pooled t-test) Sample standard deviations are computed as 𝑠1 = 2.9155 and 𝑠2 = 2.0976 The pooled variance is



2 2 𝑛 − 1 𝑠 + 𝑛 − 1 𝑠 1 2 1 2 𝑠𝑝2 = 𝑛1 + 𝑛2 − 2 5 − 1 2.9155 2 + 6 − 1 2.0976 = 5+6−2



2



= 6.2222



The value of test statistic is computed as



𝑡=



𝑥1 − 𝑥2



𝑠𝑝2



1 1 + 𝑛1 𝑛2



=



4.00 − 5.00



1 1 6.2222 + 5 6



= −0.662



The decision is NOT to reject the null hypothesis. We conclude that there is no difference in the mean times to mount the engine on the frame using the two methods. By Mr. Mong Mara
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Self-Review 11-3



The production manager at Bellevue Steel, a manufacturer of wheelchairs, wants to compare the number of defective wheelchairs produced on the day shift with the number on the afternoon shift. A sample of the production from 6 day shifts and 8 afternoon shifts revealed the following number of defects. Day



5



8



7



6



9



7



Afternoon



8



10



7



11



9



12



14



9



At the 0.05 significance level, is there a difference in the mean number of defects per shift? (a)State the null hypothesis and the alternate hypothesis. (b) What is the decision rule? (c)What is the value of test statistic? (d) What is your decision regarding the null hypothesis? (e) What is the p-value? (f) Interpret the result. (g) What are the assumptions necessary for this test?
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Comparing Population Means with Unequal Standard Deviations Test statistic for no difference in means, unequal variances



𝑡=



𝑥1 − 𝑥2



𝑠12 𝑠22 + 𝑛1 𝑛2 The degree of freedom is found by



𝑠12 𝑛1 + 𝑠22 𝑛2 2 𝑑𝑓 = 2 𝑠1 𝑛1 2 𝑠22 𝑛2 2 + 𝑛1 − 1 𝑛2 − 1



where 𝑛1 and 𝑛2 are the respective sample sizes and 𝑠1and 𝑠2 are respective sample standard deviations. If necessary, this fraction is rounded down to an integer value. By Mr. Mong Mara
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Comparing Population Means with Unequal Standard Deviations Personnel in a consumer testing laboratory are evaluating the absorbency of paper towels. They wish to compare a set of store brand towels to a similar group of name brand ones. For each brand they dip a ply of the paper into a tub of fluid, allow the paper to drain back into the vat for two minutes, and then evaluate the amount of liquid the paper has taken up from the vat. A random sample of 9 store brand paper towels absorbed the following amounts of liquid in milliliters. 8



8



3



1



9



7



5



5



12



An independent random sample of 12 name brand towels absorbed the following amounts of liquid in milliliters: 12



11



10



6



8



9



9



10



11



9



8



10



Use the 0.10 significance level and test if there is a difference in the mean amount of liquid absorbed by the two types of paper towels. By Mr. Mong Mara
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Comparing Population Means with Unequal Standard Deviations To begin let's assume that the amounts of liquid absorbed follow the normal probability distribution for both the store brand and the name brand towels. We do not know either of the population standard deviations so we are going to use the distribution as the test statistic. The assumption of equal population standard deviations does not appear reasonable. The amount of absorption in the store brand ranges from 1 ml to 12 ml. For the name brand, the amount of absorption ranges from 6 ml to 12 ml. That is, there is considerably more variation in the amount of absorption in the store brand than in the name brand. So we decide to use the t distribution and assume that the population standard deviations are not the same.
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Comparing Population Means with Unequal Standard Deviations The null hypothesis and alternate hypothesis are H0: 𝜇1 = 𝜇2 H1: 𝜇1 ≠ 𝜇2 Let compute the degree of freedom



3.322 9 + 1.6212 12 𝑑𝑓 = 3.322 9 2 1.6212 12 + 9−1 12 − 1



2



2



= 10.88



The usual practice is to round down to the integer, so we use 10 degrees of freedom. From Appendix B.2 with 10 degrees of freedom, a twotailed test, and the 0.10 significance level, the critical t values are − 1.812 and 1.812. Our decision rule is to reject the null hypothesis if the computed value of t is less than −1.812 or greater than 1.812.
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Comparing Population Means with Unequal Standard Deviations Find the value of test statistic



𝑡=



𝑥1 − 𝑥2



𝑠12 𝑠22 + 𝑛1 𝑛2



=



6.44 − 9.417 3.322 9



+



1.6212



= −2.478



12



The computed value of t is less than the lower critical value, so our decision is to reject the null hypothesis. We conclude that the mean absorption rate for the two towels is not the same.
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Self-Review 11-4 It is often useful for companies to know who their customers are and how they became customers. A credit card company is interested in whether the owner of the card applied for the card on their own or was contacted by a telemarketer. The company obtained the following sample information regarding end-of-the-month balances for the two groups. Source



Mean



Standard Dev



Sample Size



Applied



$ 1568



$356



10



Contacted



$1967



$857



8



Is it reasonable to conclude the mean balance is larger for the credit card holders that were contacted by telemarketers than for those who applied on their own for the card? Assume the population standard deviations are not the same. Use the .05 significance level. (a) State the null hypothesis and the alternate hypothesis, (b) How many degrees of freedom are there? (c) What is the decision rule? (d) What is the value of the test statistic? (e) What is your decision regarding the null hypothesis? (f) Interpret the result. By Mr. Mong Mara
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Two-Sample Tests of Hypothesis: Dependent Samples We will use the symbol 𝜇𝑑 to indicate the population mean of the distribution of differences. We assume the distribution of the population of differences follows the normal distribution. The test statistic follows the t distribution and we calculate its value from the following formula PAIRED t TEST



𝑡=



𝑑



𝑠𝑑 𝑛 There are 𝑛 − 1degrees of freedom and 𝑑 is the mean of the difference between the paired or related observations. 𝑠𝑑 is the standard deviation of the differences between the paired or related observations 𝑛 is the number of paired observations. By Mr. Mong Mara
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Two-Sample Tests of Hypothesis: Dependent Samples The standard deviation of the differences is computed by the formula



𝑑−𝑑 𝑠𝑑 =



By Mr. Mong Mara
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𝑛−1
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Two-Sample Tests of Hypothesis: Dependent Samples Recall that Nickel Savings and Loan wishes to compare the two companies it uses to appraise the value of residential homes. Nickel Savings selected a sample of 10 residential properties and scheduled both firms for an appraisal. The results, reported in $000, are: Home



Schadek



Bowyer



1



235



228



2



210



205



3



231



219



4



242



240



5



205



198



6



230



223



7



231



227



8



210



215



9



225



222



249



245



10
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Two-Sample Tests of Hypothesis: Dependent Samples At the 0.05 significance level can we conclude there is a difference in the mean appraised values of the homes? If the population mean of the differences is 0, then we conclude that there is no difference in the appraised values. The null and alternate hypotheses are: H0: 𝜇𝑑 = 0 H1: 𝜇𝑑 ≠ 0 There are 10 homes appraised by both firms, so 𝑛 = 10, and 𝑑𝑓 = 10 − 1 = 9. We have a two-tailed test, and the significance level is 0.05. The decision rule is to reject the null hypothesis if the computed value of t is less than −2.262 or greater than 2.262. We find the mean of the differences 𝑑 = 4.60 and𝑠𝑑 = 4.402 So the value of test statistic is



𝑡=



4.6



4.402
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= 3.305 34



Two-Sample Tests of Hypothesis: Dependent Samples Because the computed t falls in the rejection region, the null hypothesis is rejected. The population distribution of differences does not have a mean of 0. We conclude that there is a difference in the mean appraised values of the homes. We can also report that p-value is lass than 0.01.
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Comparing Dependent and Independent Samples Why do we prefer dependent samples to independent samples? By using dependent samples, we are able to reduce the variation in the sampling distribution. To illustrate, we will use the Nickel Savings and Loan example just completed. Suppose we assume that we have two independent samples of real estate property for appraisal and conduct the following test of hypothesis. The null and alternate hypotheses are: H0: 𝜇1 = 𝜇2 H1: 𝜇1 ≠ 𝜇2 There are now two independent samples of 10 each. So the number of degrees of freedom is 𝑑𝑓 = 10 + 10 − 2 = 18. From Appendix B.2, for the 0.05 significance level, H0 is rejected if t is less than −2.101 or greater than 2.101.
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Comparing Dependent and Independent Samples The mean of the appraised value of 10 properties by Schadek is $226,800 and the standard deviation is $14500. For Bowyer Real Estate the mean appraised value is $222,200 and the standard deviation is $14290. To make the calculations easier, we use $000 instead of $. The value of the pooled estimate of the variance is 2 2 𝑛 − 1 𝑠 + 𝑛 − 1 𝑠 1 2 1 2 𝑠𝑝2 = 𝑛1 + 𝑛2 − 2 10 − 1 14.452 + 10 − 1 14.292 = = 206.50 10 + 10 − 2 The value of the test statistic is 𝑥1 − 𝑥2 226.8 − 222.2 𝑡= = = 0.716 1 1 1 2 1 𝑠𝑝 + 206.50 + 𝑛1 𝑛2 10 10
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Comparing Dependent and Independent Samples The computed value of t (0.716) is less than 2.101, so the null hypothesis is not rejected. We cannot show that there is a difference in the mean appraisal value. That is not the same conclusion that we got before. Why does this happen? The numerator is the same in the paired observations test (4.6). However the denominator is smaller in the paired test the denominator is 1.3920. In the case of the independent samples, the denominator is 6.4265. There is more variation or uncertainty. This accounts for the difference in the t values and the difference in the statistical decisions. The denominator measures the standard error of the statistic. When the samples are not paired, two kinds of variation are present; differences between the two appraisal firms and the difference in the value of the real estate. By Mr. Mong Mara
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Self-Review 11-5, page 390 Advertisements by Sylph Fitness Center claim that completing its course will result in losing weight. A random sample of eight recent participants showed the following weights before and after completing the course. At the .01 significance level, can we conclude the students lost weight? Name



Before After



Hunter



155



154



Cashman



228



207



Mervine



141



147



Massa



162



157



Creola



211



196



Peterson



164



150



Redding



184



170



Poust



172



165



(a) State the null hypothesis and the alternate hypothesis. (b) What is the critical value of t? (c) What is the computed value of t? (d) Interpret the result. What is the p-value? (e) What assumption needs to be made about the distribution of the differences?
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The End!
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