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STPM 2015 Term 2 Trial Questions Compiled by: Lee Kian Keong May 5, 2015 Abstract This is a document which shows all the collection of the STPM 2015 Term 2 trial exam questions from various states and schools. The questions are retyped using LATEX. Students should use this document as reference and try all the questions if possible. KK LEE Students are encouraged to contact me via email1 or message on facebook2 to ask any question.
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SMK MBS Section A [45 marks] Answer all questions in this section. 1. Evaluate each of the following limits √ √ 2− x (a) lim . x→2 2x − x2 √ 16x2 + 4x − 7 (b) lim . x→∞ 2x − 1



[3 marks]



[3 marks]



2. The equation of a curve is y = x3 + ax2 + bx, where a and b are constants. (a) In the case where the curve has no stationary point, show that a2 < 3b.



[3 marks]



(b) In the case where a = −6 and b = 9, find the set of values of x for which y is a decreasing function of x. [3 marks]



3. (a) Differentiate ln(ln x) with respect to x. (b)



[2 marks]



i. Show that ln x is an integrating factor for the first order differential equation 1 dy + y = 9x2 , x > 1. dx x ln x [3 marks]



ii. Hence, find the solution of this differential equation, given that y = 4e3 when x = e.



[5 marks]



4. Oil is leaking from a storage container onto a flat section of concrete at a rate of 0.48 cm3 s−1 . The leaking oil spreads to form a pool with an increasing circular cross. The pool has a constant uniform thickness of 3 mm. Find the rate at which the radius r of the pool of oil is increasing at the instant when r = 5. Give your answer, in cm s−1 , to 3 significant figures. [5 marks]   d2 y dy x 2 5. Given that = e 2y +y +1 , dx2 dx " #  2 2 d3 y dy dy d y (a) show that = ex 2y 2 + 2 + ky + y 2 + 1 , where k is a constant to be found. dx3 dx dx dx (b) Given that, at x = 0 y = 1 and including the term in x3 .



[3 marks]



dy = 2, find a series solution for y in ascending powers of x, up to and dx [3 marks]



3 2 6. The figure below shows a sketch of the curve with equation √ y = x ln(x + 2) , x ≥ 0. The finite shaded region R is bounded by the curve, the x-axis and the line x = 2.
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The table below shows corresponding values of x and y for y = x3 ln(x2 + 2). √ x



0



y



0



√



2 4



2 2 0.3240



√ 3 2 4 1.3596



√



2



3.9210



(a) Complete the table above, giving the missing values of y to 4 decimal places.



[1 marks]



(b) Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate for the area of R, giving your answer to 2 decimal places. [3 marks] (c) Use the substitution u = x2 + 2 show that the area of R is 1 2



4



Z



(u − 2) ln u du. 2



[4 marks]



(d) Hence, or otherwise, find the exact area of R.
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Section B [15 marks] Answer any one question in this section. 7. Figure below shows the line with equation y = 5x and the curve with equation y = ex . They meet where x = α and x = β. Approximate values for α and β are 0.2 and 2.5 respectively.



1 (a) The iterative formula an+a = ean is used to find a more accurate approximation for α. Taking a1 = 0.2, 5 use the iterative formula to obtain an approximate value of α, correct to four decimal places. [4 marks] The Newton-Raphson process is used to find a more accurate approximation for β. (b) Taking f (x) = ex − 5x and the first approximation to β of 2.5, obtain an approximate value of β, giving your answer to three decimal places. [4 marks] (c) Explain why the Newton-Raphson method fails if the first approximation used for β is ln 5. [3 marks] (d) The region bounded by the straight line y = 5x and the curve y = ex is rotated through four right angles about the x-axis. Taking the values of α and β as 0.2 and 2.5 respectively, calculate the volume of the solid generated. [4 marks] 8. (a) It is given that y = ln(e3x cos x). dy = 3 − tan x. [2 marks] i. Show that dx d4 y ii. Find . [3 marks] dx4 (b) Hence use Maclaurin’s theorem to show that the first three non-zero terms in the expansion, in ascending 1 1 powers of x, of ln(e3x cos x) are 3x − x2 − x4 . [3 marks] 2 12 (c) Write down the expansion of ln(1 + px) where p is a constant, in ascending powers of x up to an including the term in x2 . [1 marks]   3x  1 e cos x (d) i. Find the value of p for which lim ln exists. [4 marks] x→x x2 1 + px   3x  1 e cos x ln when p takes this value. [2 marks] ii. Hence, find the value of lim x→x x2 1 + px
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SMK St. John Section A [45 marks] Answer all questions in this section. 1. The function f is defined by



(√



x + 1, −1 ≤ x < 1, |x| − 1, otherwise.



f (x) = Sketch the graph of y = f (x). Hence, find (a)



lim f (x),



x→−1−



[2 marks]



lim f (x), lim− f (x) and lim+ f (x).



x→−1+



x→1



[4 marks]



x→1



(b) Determine whether f is continuous at x = −1 and x = 1. r 2. Given that y = ln



1+x dy , find . 1−x dx



3. Use the substitution y = Z



1 2π



Find



2



[4 marks]



[3 marks]



1 π − x to show that 2



Z



1 2π



sin2 x dx =



0



1 2π



cos2 y dy.



[5 marks]



0 1 2π



Z



2



Z



(sin x + cos x) dx, and hence show that 0



sin2 x dx =



0



1 π. 4



[4 marks]



4. Solve the differential equation x



dy + (x + 1)y = x + 2, dx



given that y = 4 when x = 1.



[10 marks]



5. Given that y = sin−1 [ln(x + 1)]. dy 1 = . dx x+1 (b) Find the first three non-zero terms of the Maclaurin’s series for y. (a) Show that cos y



[1 marks] [7 marks]



6. The sequence of values given by the iterative formula xn+1 =



3xn 2 + 3, 4 xn



with initial value x1 = 2, converges to α. (a) Use this iteration to calculate α correct to 2 decimal places, showing the result of each iteration to 4 decimal places. [3 marks] (b) State an equation which is satisfied by α and hence find the exact value of α.
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Section B [15 marks] Answer any one question in this section. 7. (a) The diagram below shows a container intheform of a right circular cone. The angle between the axis and 1 the slant height is α , where α = tan−1 . Initially the container is empty, and then liquid is added at 2 3 the rate of 14 cm per minute. The depth of liquid in the container at time t minutes is x cm.



i. Show that the volume, V cm3 , of liquid in the container when the depth is x cm is given by 1 V = − πx3 . [2 marks] 12 ii. Find the rate at which the depth of the liquid is increasing at the instant when the depth is 8 cm. Give your answer in cm per minute correct to 2 decimal places. [3 marks] (b) The diagram below shows the curve y = e2x − 18x + 15. The curve crosses the y-axis at P and the minimum point is Q. The shaded region is bounded by the curve and the line P Q.



i. Show that the x-coordinate of Q is ln 3. ii. Find the exact area of the shaded region.



[3 marks] [7 marks]



8. (a) At time t seconds, the radius of a spherical balloon is r cm. The balloon is being inflated so that the rate of increase of its radius is inversely proportional to the square root of its radius. When t = 5, r = 9 and, at this instant, the radius is increasing at 1.08 cms−1 . i. Write down a differential equation to model this situation, and solve it to express r in terms of t. [9 marks]



ii. How much air is in the balloon initially?



[2 marks]



Z (b) Use the trapezium rule with two intervals to obtain an approximation for I when I = giving your answer correct to 3 decimal places.
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p x3 + 1 dx,



0



[4 marks]
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SMJK Chung Ling Pulau Pinang Section A [45 marks] Answer all questions in this section. 1. Given that



( |x| − 1, g(x) = −1,



x < 0, x > 0.



Find lim+ g(x) and lim− g(x).



[1 marks]



Sketch the graph of g. State whether g is continuous at x = 0.



[2 marks]



x→0



x→0



[1 marks]



2. (a) A curve has parametric equations x = 2t3 − 2 , y = 3t4 + 3. Find the equation of the normal to the curve at the point where t = 2. [4 marks]  2 2 d y dy (b) Given that y = ln(sin 2x − cos 2x). Show that + + 4 = 0. [4 marks] dx2 dx 1 3. (a) Express 2 as partial fractions. x − 3x +2 Z 1 dx. Find x2 − 3x + 2 (b) Using integration by parts, show that Z Z 1 x 2x2 − 3x dx = + dx. x2 − 3x + 2 (x − 1)(x − 2) (x − 1)2 (x − 2)2 Z



−1



Hence evaluate −2



Z 4. Show that



x sin−1



x 2



2x2 − 3x dx. (x − 1)2 (x − 2)2  dx =



in the form y 2 = f (x).



[2 marks]



[4 marks]



  x  x √4 − x 2 x2 − 1 sin−1 + + C. 2 2 4



5. (a) Solve the differential equation 2x2 y



[2 marks]



[7 marks]



dy = (1 + x2 )(l + y 2 ) given that y = 2 when x = 1. Give your answer dx [5 marks]



2



(b) Show that √ a root for f (x) = x − 3 lies between x = 1 and x = 2. use the Newton-Raphson method to estimate 3 to three decimal places. [5 marks] 6. (a) Given that f (x) = ln(3 − 2x), find up to the first three terms, the Maclaurin series for f (x). State the interval of convergence for which the expansion is valid. [5 marks] (b) Derive the Maclaurin expansion for f (x) = (x − 4)3 .
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Section B [15 marks] Answer any one question in this section. 7. Given that f (x) = −3x5 + 5x3 . (a) Find the first and second order derivatives for f (x).



[2 marks]



(b) Find any local extreme and point of inflection.



[8 marks]



(c) Sketch the graph of f .



[2 marks]



(d) Find the volume of the solid of revolution if the region under the curve f (x) in the first quadrant is revolved 360◦ about the x-axis. [3 marks]  8. A curve passes through the point (2, 1) and its gradient at any point (x, y) is given by 3



 2x − y . Find x



(a) the equation of the curve.



[7 marks]



(b) the equation of the normal to the curve at the point (2, 1).



[2 marks]



(c) the points where tangents to the curve are horizontal.



[6 marks]
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One of the schools in Sabah Section A [45 marks] Answer all questions in this section. 1. The function f is defined by ( Ax2 − 4, x < 2, f (x) = ln(x − 1), x ≥ 2. Given that f 0 (x) is continuous at x = 2. (a) Find the value of A.



[4 marks]



(b) Determine whether f is continuous at x = 2.



[3 marks]



dy 2. Show that the differential equation 2x2 − 4xy + 3 = 0 may be reduced by means of substitution y = ux2 to dx 3 du = − 4. [3 marks] dx 2x 1 Hence or otherwise, show that the general solution for y in terms of x is y = cx2 + where D and C are Dx arbitrary constants. [4 marks] Determine D. [1 marks] √ 3. (a) Find the gradient of the curve y = ln x + y at the point where when y = l. Z 14 1 √ dx. (b) By using the substitution u2 = x, find x(1 − x) 0



[4 marks] [6 marks]



d2 y dy −x = 0. dx2 dx Hence, by using Maclaurin’s theorem, find the first two terms in the expansion of y = cos−1 x in ascending powers of x. [6 marks]



4. If cos y = x, show that (1 − x2 )



Z 5. Find 2



3



(x − 2)2 dx. x2



[3 marks]



6. The equations of two curves are given by y = x2 − 1 and y =



6 x2



(a) Sketch the two curves on the same coordinate axes.



[3 marks]



(b) Find the coordinates of the points of intersection of the two curves.



[3 marks]



(c) Calculate the volume of the solid formed when the region bounded by the two curves and the line x = 1 is revolved completely about the y-axis
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Section B [15 marks] Answer any one question in this section. 7. A curve is defined implicitly by the equation x2 + xy + y 2 = 3. dy 2x + y + = 0. dx x + 2y (b) Find the gradients of the curve at the points where the curve crosses the x-axis and y-axis. (a) Show that



[3 marks] [5 marks]



(c) Show that the coordinates of the stationary points of the curve are (-1,2) and (1, -2).



[5 marks]



(d) Sketch the curve.



[2 marks]



8. (a) A piece of wire of length 8 cm is cut into 2 pieces, one of length x cm, the other of length (8 − x) cm. The piece of length x cm is bent to form a circle with circumference x cm. The other piece is bent to form a square with perimeter (8 − x) cm. Show that, as x varies, the sum of the areas enclosed by these two 4 cm. [9 marks] pieces of wire is a minimum when the radius of the circle is 4+π (b) A spherical balloon is being inflated in such a way that its volume is increasing at a constant rate of 150 cm2 s−1 . At time t seconds, the radius of the balloon is r cm. dr i. Find when r = 50 cm. [3 marks] dt ii. Find the rate of increase of the surface area of the balloon when its radius is 50 cm. [3 marks]
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