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Short Description

solution to quantum mechanics...



Description


1



Problems Chapter 1: Introduction to Nanoelectronics



2



Problems Chapter 2: Classical Particles, Classical Waves, and Quantum Particles



2.1. What is the energy (in Joules and eV) of a photon having wavelength 650 nm? Repeat for an electron having the same wavelength and only kinetic energy. Solution: For the photon, p



EeV



hc hc hc ; E= = E 650 10 EJ = = 1:91 eV. jqe j



=



= 3:058



9



19



10



J



(1)



For the electron, E=



h2 2me



2 e



= 3:56



= 10



h2 jqe j 2me (650 6



10



9 )2



= 5:704



10



25



J



(2)



eV.



2.2. For light (photons), in classical physics the relation c= f



(3)



is often used, where c is the speed of light, f is the frequency, and is the wavelength. For photons, is the de Broglie wavelength the same as the wavelength in (3)? Explain your reasoning. Hint: use Einstein’s formula p E = mc2 = p2 c2 + m0 c4 ; (4) where m0 is the particle’s rest mass (which, for a photon, is zero).



Solution: Yes, these wavelengths are the same. From Einstein’s formula, E = pc for photons, and using E = hf we have pc E = ; (5) c= f = h h so that we must have = h=p. 2.3. Common household electricity in the United States is 60 Hz, a typical microwave oven operates at 2:4 109 Hz, and ultraviolet light occurs at 30 1015 Hz. In each case, determine the energy of the associated photons in joules and eV. Solution: E = hf;



(6)



Eelec = h60 = 3:98



10 9



Eoven = h 2:4



10



Euv = h 30



10



15



32



J = 2:48



= 1:59 = 1:99



10



13



eV



10



24



J = 9:92



10



17



J = 124:2 eV.



10



6



eV



2.4. Assume that a HeNe laser pointer outputs 1 mW of power at 632 nm. (a) Determine the energy per photon Solution: Each photon carries Ep = }! = }



2 c



=}



(2 ) 3 108 = 3:145 632 10 9 1



10



19



J = 1:963 eV.



(7)



(b) Determine the number of photons per second, N . Solution: The sum of all N photons has power 3



P = N Ep (1/s) J = 10



J/s



3



!N =



10 3:145 10



= 3:179 7



19



(8) 1015 photons/s.



2.5. Repeat 2.4 if the laser outputs 10 mW of power. How does the number of photons per second scale with power? Solution: The sum of all N photons has power P = N Ep (1/s) J = 10 !N =



10 10 3:145 10



3



10



J/s



3 19



= 3:179 7



(9) 1016 photons/s.



The number of photons scales linearly with power. 2.6. Calculate the de Broglie wavelength of (a) (b) (c) (d)



a proton moving at 437; 000 m/s, a proton with kinetic energy 1; 100 eV, an electron travelling at 10; 000 m/s. a 800 kg car moving at 60 km/h. Solution: (a) =



h h = = p mp v (1:673



h 10



27 ) (437000)



= 9:065



10



13



m



(10)



(b) r (2) (1100 jqe j) 1 mp v 2 = 1100 jqe j ! v = = 4:59 2 1:673 10 27 h h h = = = = 8:631 10 27 p mp v (1:673 10 ) (4:59 105 )



E=



105 m/s 13



m



8



m



(11)



(c) =



h h = = p me v (9:1095



h 10



31 ) (10000)



= 7:274



10



(12)



(d) km 1m 1 hour 1 min 60 = = 16:67 m/s hour 10 3 km 60 min 60 s 10 3 (602 ) h h h = = = = 4:969 10 38 m p mv (800) (16:67)



60



(13)



2.7. Determine the wavelength of a 150 gram baseball traveling 90 miles/hour. Use this result to explain why baseballs do not seem to di¤ract around baseball bats. Solution: 90 miles hour



1 km 1m 1 hour 1 min 3 0:6214 miles 10 km 60 min 60 s 90 = = 40:23 m/s 0:6214 (10 3 ) (602 ) h h h = = = = 1:098 10 34 m p mv (150 10 3 ) (40:23)



(14) (15)



The de Broglie wavelength is too small to observe di¤raction, since one would observe di¤raction on size scales of the order of . The size scale of the bat is far to large. 2



2.8. How much would the mass of a ball need to be in order for it to have a de Broglie wavelength of 1 m (at which point its wave properties would be clearly observable)? Assume that the ball is travelling 90 miles/hour. Solution: =



h h h h = = =1m!m= = 1:647 p mv m (40:23) 40:23



10



35



kg



(16)



2.9. Determine the momentum carried by a 640 nm photon. Since a photon is massless, does this momentum have the same meaning as the momentum carried by a particle with mass? Solution: =



h = 640 p



10



9



!p=



h 640



10



9



= 1:035



10



27



Js/m=kg m/s



(17)



The momentum has essentially the same meaning as for a particle having mass: the photon momentum exerts a force on objects (in general, force multiplied by time equals momentum) that can be used to, for example, move objects. 2.10. Consider a 4 eV electron, a 4 eV proton, and a 4 eV photon. For each, compute the de Broglie wavelength, the frequency, and the momentum. Solution: For the photon, h hc hc = = = 310:17 nm, p E 4 jqe j E 4 jqe j E = hf ! f = = = 9:672 Hz, h h E 4 jqe j p= = = 2:136 10 27 kg m/s. c c =



(18)



For the electron, h h =p = 0:613 nm, 2me E 2me 4 jqe j E 4 jqe j E = hf ! f = = = 9:672 Hz, h h p = me v = (me ) 1:186 106 = 1:080 10 24 kg m/s, since s 1 (2) (4 jqe j) E = me v 2 = 4 jqe j ! v = = 1:186 106 m/s 2 me =p



(19)



For the proton, h h =p = 0:0143 nm, =p 2mp E 2mp 4 jqe j E 4 jqe j E = hf ! f = = = 9:672 Hz, h h p = mp v = mp (27683) = 4:630 10 23 kg m/s, since s 1 (2) (4 jqe j) 2 E = mv = 4 jqe j ! v = = 27; 683 m/s 2 mp



(20)



Obviously, f is the same for all particles since E = hf . The momentum values are very small, but smallest for the photon. The wavelength is far larger for the photon than for the electron, which itself has a far larger wavelength than for the proton (the proton has far greater mass than the electron). 2.11. Determine the de Broglie wavelength of an electron that has been accelerated from rest through a potential di¤erence of 1:5 volts. 3



Solution: E = 1:5 eV, and thus



=p



h h =p = 1:001 nm. 2me E 2me (1:5) jqe j



(21)



2.12. Calculate the uncertainty in velocity of a 1 kg ball con…ned to (a) a length of 20 m, (b) a length of 20 cm, (c) a length of 20 m.



(d) What can you conclude about observing “quantum e¤ects”using 1 kg balls? What kind of objects would you need to use to see quantum e¤ects on these length scales? Solution: From } ; (22) p x 2 (a) } } v = = 2:637 10 30 m/s (23) 2m x 2 (1) (20 10 6 ) (b) v



} } = 2m x 2 (1) (20 10



2)



= 2:637



10



34



36



m/s



m/s



(24)



(c) } } = = 2:637 2m x 2 (1) (20)



v



10



(25)



(d) 1 kg balls are far too heavy to observe quantum e¤ects - one would need to have masses on the order of an atomic particle to observe quantum e¤ects, since the value of h is so small. 2.13. If we know that the velocity of an electron is 40:23 0:01 m/s, what is the minimum uncertainty in its position? Repeat for a 150 gram baseball travelling at the same velocity. Solution: From m v x



} ; 2



(26)



for the electron, x



} = 5:789 2me (0:01)



10



3



} = 3:52 2 (:15) (0:01)



10



32



m.



(27)



For the baseball, x



m.



(28)



2.14. If a molecule having mass 2:3 10 26 kg is con…ned to a region 200 nm in length, what is the minimum uncertainty in the molecule’s velocity? Solution: From m v x v



} = 2m x 2 (2:3



} ; 2



(29)



} 10



26 ) (200



10



9)



= 0:0115 m/s.



(30)



2.15. Determine the minimum uncertainty in the velocity of an electron that has its position speci…ed to within 10 nm. Solution: From m v x v



} ; 2



} } = 2me x 2me (10 10 4



(31) 9)



= 5788:5 m/s.



(32)



2.16. Explain the di¤erence between a fermion and a boson, and give two examples of each. Solution: Particles with integral (in units of }) spin are bosons. Examples are photons and phonons. Particles with half-integral spin are fermions. Examples are electrons, protons, and neutrons.



3



Problems Chapter 3: Quantum Mechanics of Electrons 5 0 1 2



3.1. For the matrix operator L =



, show that eigenvalues and eigenvectors are



= 2, = where ; Solution:



0



x=



5,



; 7



x=



(33) ;



6= 0. That is, show that the preceding quantities satisfy the eigenvalue problem Lx = x. Lx = x 5 0 1 2



0 0 2



(34) 0



=2 =



p



0 2



Lx = x 5 0 1 2



7 35 5



3.2. Consider the set of functions



n



p1 2



= =



(35)



5 35 5



7 p



o einx ; n = 0; 1; 2; ::: .



(a) Show that this is an orthonormal set on the interval ( ; ). Solution: Z 1 1 1 ei(n m) e i(n p einx p e imx dx = 2 i (n m) 2 2 Z 1 inx 1 p e p e inx dx = 1 if n = m 2 2



m)



=0



if n 6= m



(36)



(b) On the interval ( =2; =2), is the set an orthogonal set, an orthonormal set, or neither? Solution: Evaluating the integral one sees that the set is not orthogonal (and, hence, can’t be orthonormal). nq o 2 3.3. Consider the set of functions sin(nx); n = 1; 2; ::: on the interval (0; ). (a) Show that this is an orthonormal set.



5



Solution: Z



0



= =



r



2



1 2



Z



=



2



sin(mx)dx =



Z



1



1 2



(cos (mx



nx)



cos (mx + nx)) dx



0



sin ((n m) ) n m



0



2



r



sin(nx)



sin ((n + m) ) = 0 if n 6= m n+m Z 2 1 1 sin2 (nx)dx = cos 2nx dx 2 2 0 = 1 if n = m



(b) Determine an operator (including boundary conditions) for which the preceding set are eigenfunctions. What are the eigenvalues? Solutions: The operator is d2 (37) ob = 2 ; dx the second derivative operator ( d2 =dx2 also works), acting on functions de…ned over 0 x . Every function (x) = A sin (kx) + B cos (kx) is an eigenfunction with eigenvalue = k 2 , since d2 (A sin (kx) + B cos (kx)) = dx2



k 2 (A sin (kx) + B cos (kx)) :



If k is to be an integer, k = n, and B = 0, then the boundary condition is eigenvalues are simply n = 0; 1; 2; :::.



(0) =



d2 =dx2 , u (0) = u (a) = 0, determine eigenvalues



3.4. For the di¤erential operator L = tions u. That is, solve



(38) ( ) = 0. The and eigenfunc-



Lu = u;



(39)



where u (x) is a nonzero function subject to the given boundary conditions. Normalize the eigenfunctions, and show that the eigenfunctions are orthonormal. Solution: d2 u u=0 dx2 p p u = A sin x + B cos x 2 p p p p d check: A sin x + B cos x A sin x + B cos x =0 2 dx u (0) = B = 0 p p u (a) = A sin a=0! a = n , n = 0; 1; 2; ::: 2 n = : a Therefore u = A sin



n x a



(40)



(41)



To normalize the eigenfunctions,



A2



Z



0



Z



a



A2 sin2 (



0



a



1 2



n x)dx = 1 a



1 cos 2 nx 2 a



dx



2



1 a 2



A



6



(42)



=1 =1!A=



r



2 a



Finally, 2 a



Z



a



sin(



0



n m x) sin( x)dx = 0 if n 6= m a a = 1 if n = m:



(43)



3.5. Repeat problem 3.4, but for boundary conditions u0 (0) = u0 (a) = 0, where u0 = du=dx. Solution: d2 u dx2



u=0



(44) p



p



u = A sin x + B cos x u (0) = A = 0 p p p u0 (a) = B sin a=0! a = n , n = 0; 1; 2; ::: n 2 = : a 0



Therefore



n x: a



u = B cos



(45)



To normalize the eigenfunctions, set Z



a



n x dx = 1 a



(46)



r



"n ; a



(47)



n=0 : n 6= 0



(48)



B 2 cos2



0



leading to B= where



1; 2;



"n



3.6. Assume that some observable of a certain system is measured and found to be n for some integer n. By postulate 2, we know that immediately after the measurement the system is in state n , which is an eigenstate of the measurement operator ob (i.e., where ob n = n n ). (a) What can we conclude about the system’s state immediately before the measurement? Solution: Nothing, other than that it was in a superposition with some content in n .



(b) Assume that the identical measurement is then performed on 100; 000 identical systems, and each time the measurement result is the same, n . What can we infer about the system’s state immediately before the measurement? Solution: We can reasonably assume that before the measurement the system was in state n . 3.7. Assume that an electronic state has a lifetime of 10 energy of an electron in this state? Solution: From E t then E



} 2 t



=



} 2 (10



8)



=



8



s. What is the minimum uncertainty in the



} ; 2



5:273 10 jqe j



7



(49) 27



J=3:291



10



8



eV.



(50)



3.8. In the example of solving the one-dimensional Schrödinger equation on p. 65, we obtained the state functions (x; t) = (x) e iEn t=} where 2 L



1=2



(x) =



2 L



1=2



=



sin



n x ; L



n even,



cos



n x ; L



n odd,



(51)



are eigenfunctions of the second derivative operator d2 =dx2 , and where energy eigenvalues were found to be }2 n 2 En = : (52) 2m L (a) Show that the odd eigenfunction (sine) can be written as pn 1 1 p ei } x (x) = p 2 i L = + ;



1 p e i L



i p}n x



(53)



and determine a similar expression for the even eigenfunction. The term + ( ) represents a wave propagating with positive (negative) momentum. Thus, any state described by sine and cosine can be thought of as representing a superposition of positive and negative momentum states. Solution: n n 1=2 1=2 n 2 ei L x e i L x 2 sin x = ; (54) (x) = L L L 2i and using n k= ; (55) L it was shown in the example that p=



h



=



so that (x) =



1 i



1 2L



hk n } = = pn ; 2 L 1=2



ei



pn }



x



e



i p}n x



(56)



:



(57)



(b) Although the decomposition of a standing wave into two counterpropagating waves, as in part (a), is useful, it can be misinterpreted. Since the probability density (x; t) (x; t) is independent of time, the expectation value of position, hxi, is independent of time, and so, really, we should not think of the particle as “bouncing”back and forth in the con…ned space (otherwise, hxi would be a function of t). Determine the expectation value of momentum, using either (3.217) or (3.219), and discuss your answer in light of the above comment. Solution: The expectation value for momentum is, Z L=2 @ hpx i = i} dx (58) @x L=2 Z L=2 pn pn 1 1 1 p p e i}x p ei } x = 2 i L i L L=2 pn pn @ 1 1 1 p p ei } x p e i } x dx i} @x 2 i L i L Z L=2 pn i = pn sin 2 x dx = 0: L } L=2 8



Therefore, the average momentum is zero, meaning that there are an equal number of positive and negative momentum states, and no net movement. (c) Assume that the particle is in a state composed of the …rst two eigenfunctions, 1=2



2 L



1 (x; t) = p 2



cos



L



x e



i



E1 t }



+



1=2



2 L



2 x e L



sin



i



E2 t }



!



:



(59)



Show that the expectation value of position as a function of time is hxi =



3 } 2 t : 2 m L2



16 L cos 9 2



(60)



Interpret this solution, compared with the expectation value of position for a single stationary state n , which is time-independent. Solution: Z L=2 x dx (61) hxi = L=2



Z



12 = 2L



L=2



x



1 L



Z



L



L=2



cos =



cos



L



iE1 t }



x e



x ei



+ sin



E1 t }



E2 t 2 x ei } L



+ sin



2 x e L



i



E2 t }



L=2



x cos2



L



L=2



+ cos =



2 cos L



=



16L cos 9 2



L



x + cos



L



x sin



dx (E1 E2 )t 2 x ei } L



(E2 E1 )t 2 2 x ei } + sin2 x dx L L Z L=2 E2 ) t 2 x sin x dx x cos } L L L=2



x sin



(E1



(E1



E2 ) t



}



;



where we used the fact that the integral of an odd function over symmetric limits is zero. Since ! 2 2 (E1 E2 ) 1 }2 }2 2 = (62) } } 2m L 2m L ! 2 2 2 } 3} 2 ; = = 2m L L 2m L2 then hxi =



16L cos 9 2



3} 2 t : 2m L2



(63)



3.9. Since Schrödinger’s equation is a homogeneous equation, the most general solution for the state function is a sum of homogeneous solutions (3.142), X (r; t) = an n (r) e iEn t=} : (64) n



Show that if (r; 0) is known then an expression for the weighting amplitudes an can be determined. Assume that the eigenfunction n form an orthonormal set. Hint: multiply X (r; 0) = an n (r) (65) n



9



by



2



m



(r) and integrate. What is the interpretation of jan j ?



Solution:



Z



m



(r)



(r; 0) dr



3



X



=



an



n



X



=



an



Z



m



nm



(r)



n



(r) dr3



= am :



(66) (67)



n



So, since 2



jan j = and P(



Z



2 n



Z



n) =



2



(r; 0) dr3



(r)



(68) 2



n (x) dx ;



(r; t)



(69)



then jan j is the probability that a measurement will …nd that the initial state of the particle is n. 3.10. Consider a particle with time-independent potential energy, and assume that the initial state of the particle is (r; t) = a1 1 (r; t) + a2 2 (r; t) ; (70) such that P (



1)



2



= ja1 j = P1 , P (



Solution: hEi =



Z



Z



(r; t) (i})



2)



2



2



2



= ja2 j = P2 , and ja1 j + ja2 j = 1. Show that hEi = P1 hE1 i + P2 hE2 i .



(71)



(r; t) d3 r



(72)



@ @t



@ (a1 @t



(r; t) + a2 2 (r; t)) d3 r Z @ @ 2 3 (r; t) d r + ja2 j (r; t) d3 r 1 (r; t) (i}) 2 (r; t) (i}) @t 1 @t 2 = P1 hE1 i + P2 hE2 i :



=



(a1 Z 2 = ja1 j



1



(r; t) + a2



2



(r; t)) (i})



1



3.11. For the example of solving the one-dimensional Schrödinger’s equation on p. 65, determine the probability of observing the particle near the boundary wall, x = L=2. If the particle is in the n = 2 state, where is the particle most likely to be found? Solution: At x = L=2, = 0, so probability is zero. It would be better to say that the wavefunction is very small near the boundary, and thus, as one considers a region near the boundary, it is very unlikely to …nd the particle there. If the particle is in the n = 2 state, where is the particle most likely to be found? Even though the expectation value of position is zero, Z L=2 hxi = (x; t) x (x; t) dx (73) L=2



=



2 L



Z



L=2



x sin2 L=2



n x dx = 0; L



the n = 2 state peaks away from the origin. The particle is most likely to be found where the wavefunction is largest, d n sin x = n cos nx = 0 dx L L L ! cos



L



!x= 10



2x = 0 L 4



(74)



3.12. For the example of solving the one-dimensional Schrödinger’s equation on p. 65, assume that the particle is in the n = 2 state. What is the probability that a measurement of energy will yield E2 =



}2 2m



2



2 L



?



(75)



Solution: Since the particle is already in the n = 2 state, by postulate 2 the probability that an energy measurement will yield E2 is 100 %. What is the probability that a measurement of energy will yield E3 =



}2 2m



2



3 L



?



(76)



Solution: Since the particle is already in the n = 2 state, by postulate 2 the probability that an energy measurement will yield E3 is 0 %. This can easily be seen from orthogonality, P (E3 ) =



2 L



2



Z



L=2



sin L=2



2 x cos L



3 x dx L



2



= 0:



(77)



3.13. Consider a quantum encryption scheme using photons. Assume that a photon can only exist in either state 1, 1 , having energy E1 , or state 2, 2 , having energy E2 , or in a superposition of the two states, = a 1 + b 2 . Assume that the states are orthonormal. (a) If a photon exists in the superposition state and b?



=a



1



+b



2,



what is the relationship between a



(b) If a photon exists in the superposition state = a 1 +b 2 , determine the probability of measuring energy E2 . Show all work, and/or explain your answer. (c) If the photon in a superposition state is sent over a network, explain how undetected eavesdropping would be impossible. 2 2 Solution: (a) Since the sum of probabilities must be unity, then jaj + jbj = 1. (b) Z a Z a 2 2 2 (78) fa 1 + b 2 g 2 (x) dx = jbj : P (E2 ) = (x) 2 (x) dx = 0



0



(c) Undetected eavesdropping is impossible, since any measurement would collapse the state function. 3.14. In Chapter 6, the re‡ection and transmission of a particle across a potential barrier will be considered. For now, assume that a potential energy discontinuity is present at x = a, and that to the left of the discontinuity the wavefunction is given by (x; t) = eikx + R e



ikx



iEt=}



e



;



(79)



and to the right of the discontinuity, (x; t) = T eiqx e



iEt=}



;



(80)



where R and T are re‡ection and transmission coe¢ cients, respectively, which will depend on the properties of the di¤erent regions and on the discontinuity in potential at x = a. Determine the probability current density on either side of the discontinuity.



11



Solution: i} ( 2m i} b = x 2m i} b x = 2m



(r; t) r (r; t)



J (r; t) =



ikx



e



eikx + R e



b =x



@ @x



(r; t)



}k 1 m



2



(r; t)



+ R eikx @ e @x



ikx



jRj



(r; t) r (r; t)



(r; t)) @ @x



@ eikx + R e @x



ikx



(81)



(r; t) ikx



+ R eikx



;



on the left, and, on the right,



i} ( (r; t) r (r; t) (r; t) r (r; t)) 2m @ i} @ b x (r; t) (r; t) (r; t) = (r; t) 2m @x @x @ @ i} b T e iqx x T eiqx T eiqx T e = 2m @x @x }q b jT j2 : =x m



J (r; t) =



(82)



iqx



3.15. In the example of solving the one-dimensional Schrödinger’s equation on p. 65, we obtained the state functions (x; t) = (x) e iEn t=} (83) where 2 L



1=2



(x) =



2 L



1=2



=



sin



n x ; L



n even,



cos



n x ; L



n odd,



(84)



and where



}2 n 2 : 2m L Determine the probability current density. Discuss your result. En =



Solution: Since is real-valued, the probability current density is zero (since in this case This means that there is no net current; these states are called stationary states.



(85)



=



).



3.16. Assume that the wave function (z; t) = 200ei(kz



!t)



(86)



describes a beam of 2 eV electrons having only kinetic energy. Determine numerical values for k and !, and …nd the associated current density in A/m.



12



Solution: E = }! = 2 jqe j s r 2E 2 (2 jqe j) = = 8:387 v= me me



(87) 105 m/s



h h h = = = 0:8673 nm p me v me (8:387 105 ) 2 2 k= = 7:244 109 m 1 = 0:8673 10 9 2jqe j 9 (z; t) = 200eikz ei!t = 200ei(7:244 10 )z e i( } )t ; =



so, and



@ (z; t) @z 2jqe j 2jqe j 9 9 @ 200ei(7:244 10 )z e i( } )t 200e i(7:244 10 )z ei( } )t @z 2jqe j 2jqe j 9 9 @ 200ei(7:244 10 )z e i( } )t 200e i(7:244 10 )z ei( } )t @z



i} b z 2me i} b = z 2me



J (z; t) =



4



=b z 3:355



(z; t)



@ @z



(z; t)



(z; t)



(88)



(89)



1010 A/m.



Problems Chapter 4: Free and Con…ned Electrons



4.1. Write down the wavefunction (z; t) for a 3 eV electron in an in…nite space, travelling along the positive z axis. Assume that the electron has only kinetic energy. Plug your answer into Schrödinger’s time-dependent equation to verify that it is a solution. Solution: E = }! = 3 jqe j s r 2E 2 (3 jqe j) v= = = 1:027 me me



(90) 106 m/s



h h h = = = 0:7082 nm p me v me (1:027 106 ) 2 2 k= = = 8:872 109 m 1 0:7082 10 9 r 2me or, use (4.5), k = 3 jqe j = 8:87 109 }2 3jqe j 9 so, (z; t) = Aeikz e i!t = Aei(8:872 10 )z e i( } )t =



i}



@ (z; t) = @t



}2 d 2 +V 2m dz 2



(z; t) :



(91)



(92)



4.2. Determine the wavefunction (z; t) for a 3 eV electron in an in…nite space, travelling along the z axis at a velocity of 105 m/s. Determine the particle’s potential energy, and plug your answer into Schrödinger’s time-dependent equation to verify that it is a solution.
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Solution:



so,



1 1 E = }! = 3 jqe j = V + EKE = V + me v 2 = V + me 105 2 2 1 5 2 me 10 = 2:972 eV ! V = 3 jqe j 2 h h h = = = 7:274 nm = p me v me 105 2 2 = 8:638 108 m 1 k= = 7:274 10 9 3jqe j 8 (z; t) = Aeikz ei!t = Aei(8:638 10 )z e i( } )t



2



(93)



Plugging into Schrödinger’s time-dependent equation we obtain i} i}



d ei(8:638 dt



108 )z



}2 d 2 +V (z; t) 2m dz 2 3jqe j 8 }2 @ 2 ei(8:638 10 )z e i( } )t + V 2 2me @z



@ (z; t) = @t



3jqe j e i( } )t =



(94)



V = 2:971 eV



(95)



c= f



(96)



4.3. For classical light the expression holds, where c is the speed of light, f is the frequency, and is the wavelength. This expression also holds for quantized light (i.e., photons), where the classical wavelength is the same as the de Broglie wavelength. Does the expression v = f; (97) where v is velocity, hold for electrons if is the de Broglie wavelength and f = !=2 is the frequency, such that E = }!? Assume that the electrons have only kinetic energy. Solution: No.



1 mv 2 h E E v = = 2 = (98) p }2 p mv 2 The velocity obtained from v = f is the phase velocity, which is not the meaningful velocity. For an electron with kinetic energy E one needs to use the classical expression for kinetic energy, E = (1=2) mv 2 to obtain v. More generally, one needs to us the concept of group velocity,



v= f=



vg =



@! @ (E=}) = : @k @k



(99)



4.4. Consider an electron in a room of size 10 10 10 m3 . Assume that within the room potential energy is zero, and that the walls and ceilings of the room are perfect (so that the electron can not escape from the room). If the electron’s energy is approximately 5 eV, what is the state index n2 = n2x + n2y + n2z ? What is the approximate energy di¤erence E2;1;1 E1;1;1 ? Solution: }2 2 n2 + n2y + n2z = 5 jqe j 2me L2 x r 5 jqe j 2me 102 !n= = 3:65 1010 : }2 2 What is the approximate energy di¤erence E2;1;1 E1;1;1 ? En =



E2;1;1



}2 2 2me 102 = 1:8 10



E1;1;1 =



22 + 12 + 12 39



J=1:124



Therefore, the states essentially form a continuum. 14



12 + 12 + 12 10



20



eV



(100)



(101)



4.5. Repeat problem 4.4 for an electron con…ned to a nanoscale space, 10



9



10



9



10



9



m3 .



Solution: }2 2 n2 + n2y + n2z = 5 jqe j 2me L2 x s 2 5 jqe j 2me (10 9 ) = 3:65: !n= }2 2



En =



What is the approximate energy di¤erence E2;1;1 E2;1;1



E1;1;1 =



}2



= 1:8



E1;1;1 ?



2



2me (10 10



22 + 12 + 12



9 )2 19



(102)



12 + 12 + 12



(103)



J = 1:12 eV



These states will be easily observed to be discrete. 4.6. Consider an electron having kinetic energy 2:5 eV. What size space does the electron need to be con…ned to in order to observe clear energy discretization? Repeat for a proton having the same kinetic energy. Solution: 1 E = me v 2 = 2:5 jqe j ! v = 2



s



2 (2:5 jqe j) = 9:378 me



p = me v = me 9:378 105 = 8:543 h h = 0:776 nm = = p 8:543 10 25



10



25



105 m/s



(104)



kg m/s



In order to observe clear energy discretization, the space must be on the order of smaller.



= 0:776 nm, or



For a proton having the same kinetic energy, 1 E = mp v 2 = 2:5 jqe j ! v = 2



s



2 (2:5 jqe j) = 21885 m/s mp



(105)



p = mp v = mp (21885) = 3:661 10 23 kg m/s h h = = = 0:0181 nm, p 3:661 10 23 and thus the space must be on the order of 0:0181 nm. 4.7. Consider a 44 kg object (perhaps your desk) in a typical room with dimensions 10 10 m2 . Assume that within the room, potential energy is zero, and that the walls of the room are perfect (so that the room can be modeled as an in…nitely deep potential well). (a) If the desk is in the ground state, what is the velocity of the desk? Solution: }2 2 1 }2 2 mv 2 = En = (1 + 1 + 1) = (1 + 1 + 1) = 3:7 2 2mL2 2 (44) 102 r 2 (3:7 10 71 ) v= = 1:3 10 36 m/s 44



E=



10



71



(106)



(b) If the desk is moving at 0:01 m/s, what is the desk’s quantum state (i.e., what is the state index n)?
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Solution: 1 }2 2 2 1 2 n mv 2 = (44) (:01) = 0:0022 = 2 2mL2 s 2



E=



(107)



2



(0:0022) 2 (44) (10) = 1:3 }2 2



!n=



1034 :



4.8. Consider the one-dimensional, in…nite square well existing from 0 particle con…ned to the well is (4.34), 1=2



2 L



(x; t) =



n x e L



sin



x



iEn t=}



L. The wavefunction for a



:



(108)



If the particle is in the ground state, determine the probability, as a function of time, that the particle will be in the right half of the well (i.e., from L=2 x L). Solution: From (3.6), Z P =



L



(x; t)



(x; t) dx



(109)



L=2



=



Z



L



2 L



L=2



=



2 L



Z



1=2



sin



n x e L



L



sin2



L



L=2



x dx =



1=2



2 L



iEn t=}



sin



n x eiEn t=} dx L



1 : 2



4.9. Consider an electron in the …rst excited state (n = 2) of an in…nitely-high square well of length 2:3 nm. Assuming zero potential energy in the well, determine the electron’s velocity. Solution: We have En = E2 = Then,



}2 jqe j 2me



p }k } ve = = = me me me



2



n L



(110) 2



2 2:3



k= and



}2 2me



r



r



10



= 0:284 eV.



9



(111)



2me E2 ; }2



(112)



2me (0:284) jqe j = 3:161 }2



105



m/s.



(113)



4.10. Consider an electron con…ned to an in…nite potential well having length 2 nm. What wavelength photons will be emitted from transitions between the lowest three energy levels Solution: En =



}2 2me



n L



2



;



(114)



so that E3



E1 =



E3



E2 =



E2



E1 =



}2 jqe j 2me }2 jqe j 2me }2 jqe j 2me



2



2



10



9



32



12 = 0:752 eV,



32



22 = 0:470 eV,



22



12 = 0:282 eV,



2



2



10



9 2



2



10 16



9



(115)



4.11. Consider the one-dimensional, in…nite square well existing from 0 eigenfunctions for a particle con…ned to the well are (4.31),



n



2 L



(x) =



1=2



x



L. Recall that the energy



n x ; L



sin



(116)



n = 1; 2; 3; :::. Now, assume that the particle state is (x) = A (x (L such that



(0) =



x)) ;



(117)



(L) = 0.



(a) Determine A such that the particle’s state function is suitably normalized. Solution: Z L 2 A2 (x (L x)) dx = 1 0 r 1 30 A2 L5 = 1 ! A = : 30 L5 (b) Expand



(118)



(x) in the energy eigenfunctions, i.e., use orthogonality to …nd cn such that (x) = A (x (L



x)) =



1 X



cn



n



(x)



(119)



n=1



Solution: Z L



m



(x)



(x) dx =



0



Z



L



=



L



0



cn =



Z



30 (x (L x)) dx L5 Z 1 1 X X cn n (x) dx = cn m (x) m



0



Z



r



(x)



n=1



L



n



(x)



(x) dx =



0



Z



0



L



2 L



n=1 1=2



(120) L m



(x)



0



n x sin L



r



r r Z 2 30 L n = sin x (x (L x)) dx 5 L L 0 L s s p 1 p 1 n sin n + 2 cos n = 2 30 L3 L L5 n3 3 p 1 cos n = 4 15 : n3 3



n



(x) dx = cm



30 (x (L L5



x)) dx



2



(c) Determine the probability of measuring energy En , and use this result to determine the probability of measuring E1 through E6 .
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Solution: Z



P (En ) =



2



L



(x)



n



(121)



(x) dx



0



Z



=



0



=



2



1 L X



cm



m=1 16(60) n6 6 ;



(x)



m



n



(x) dx



p 1 2 = jcn j = 4 15



cos n n3 3



2



n odd n even



0;



16 (60) = 0:99856 = 99:8% 16 6 16 (60) 2 P (E3 ) = jc3 j = 6 6 = 0:00137 = 0:137% 3 16 (60) 2 P (E5 ) = jc5 j = 6 6 = 6:391 10 5 = 0:0064% 5 2



P (E1 ) = jc1 j =



4.12. Repeat problem 4.11 if the particle state is 2



(x) = A (x (L



x)) :



(122)



(a) Determine A such that the particle’s state function is suitably normalized. Solution: Z L 4 A2 (x (L x)) dx = 1 0 r 630 2 1 9 A L =1!A= : 630 L9 (b) Expand



(x) in the energy eigenfunctions, i.e., use orthogonality to …nd cn such that 1 X



2



(x) = A (x (L



x)) =



cn



n



(x)



(123)



n=1



Solution: Z



L m



(x) dx =



0



=



Z



L



0 1 X



cn



n=1



cn =



Z



L



0



= = =



r r



(



2 L



1260 L10 1260 L10 0; q



1=2



Z



n sin x L



L



sin



0



1 5 n5



1=2



L



r



630 (x (L L9



m



(x)



n



r



630 (x (L L9



1 5 n5



2



x)) dx



(125)



2



x)) dx



24L5 cos n



5



48L



(124)



(x) dx



2



2



L5 n2 + 2



2



n = 0; 2; 4; ::: 1260 L10



2



x)) dx



0



n x (x (L L 24L5



n sin x L



2 L Z



4



18



2



5 2



L n



;



n = 1; 3; 5; :::



L5 n2 cos n



(c) Determine the probability of measuring energy En , and use this result to determine the probability of measuring E1 through E6 . Solution: P (En ) =



Z



2



L



(x)



n



(126)



(x) dx



0



=



Z



0



=



1 L X



2



cm



m



(x)



n



2



= jcn j



(x) dx



m=1



1260



0; 2



P (E1 ) = jc1 j = 1260 2



P (E3 ) = jc3 j = 1260 2



P (E5 ) = jc5 j = 1260



1



48



4



2 2



1 48 5 15



4



2 2



1 48 5 35



4



2 2



1 48 5 55



4



2 2



5 n5



n



2



;



n odd n even



2



= 0:9770 = 97:7%



1



2



= 0:0215 = 2:15%



3



2



5



4.13. Consider the one-dimensional, in…nite square well existing from 0 well, what is the ground state energy of the system?



= 0:00122 = 0:122% x



L. If nine electrons are in the



Solution: Using En =



}2 2me



n L



2



;



(127)



then for nine electrons, since two electrons can be in the same state (one of each spin), the n = 1; 2; 3; 4 states are …lled, and the 9th electron is in the n = 5 state. Therefore, the ground state energy of the system is 2E1 + 2E2 + 2E3 + 2E4 + E5 2



=



} 2me



= 85



2



L



}2 2me



2 12 + 22 + 32 + 42 + 52 2



L



(128)



10



9



1 31:963 = eV jqe j L2



where L is in nm. 4.14. Consider a one-dimensional quantum well of length L = 10 nm containing 11 non-interacting electrons. Determine the chemical potential of the system. Solution: With two electrons per state, N = 10 electrons and N = 12 electrons will have energy Et (10) Et (12)



= 2E1 + 2E2 + 2E3 + 2E4 + 2E5 ; = 2E1 + 2E2 + 2E3 + 2E4 + 2E5 + 2E6



(129) (130)



Then, =



Et (12)



Et (10) 2



= E6 =



}2 2me



6 L



2



=



}2 2me jqe j



2



6 10



10



9



= 0:135 eV:



4.15. Apply boundary conditions (4.81) to the symmetric form of (4.78) (i.e., set C = 0 in (4.78)) for the …nite rectangular potential energy well considered in Section 4.5.1 to show that the wavefunction (4.82) results, where (4.83) must be satis…ed.
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4.16. Repeat problem 4.15 for the antisymmetric form of (4.78) (i.e., with D = 0), showing that (4.84) results, where the wavenumbers must obey (4.85). 4.17. Comparing energy levels in one-dimensional quantum wells, for an in…nite-height well of width 2L energy states are given by (4.35) with L replaced by 2L, En =



}2 2me



n 2L



2



;



(131)



and for a …nite-height well of width 2L the symmetric states are given by a numerical solution of (4.83), k2 tan (k2 L) = k1 :



(132)



Assume that L = 2 nm, and compute E1 and E3 (the second symmetric state) for the in…nite-height well. Then compare it with the corresponding values obtained from the numerical solution of (132) for the …nite-height well. (You will need to use a numerical root-solver.) For the …nite-height well, assume barrier heights V0 = 1000; 100; 10; 1; 0:5, and 0:2 eV. Make a table comparing the in…nite-height and …nite-height results (with percent errors), and comment on the appropriateness, at least for low energy states, of the much simpler in…nite well model for reasonable barrier heights, such as V0 = 0:5 eV. Solution. For the in…nite-height well, E1 = E3 =



}2 jqe j 2me }2 jqe j 2me



2



2 (2



10



9)



(133)



= 0:21152 eV.



(134)



2



3 2 (2



= 0:0235 eV



10



9)



For the …nite-height well, k2 tan (k2 L) = k1 ; k22 =



2me (V0 2me E ; k12 = 2 } }2



E)



! r 2me E 2me (V0 E) L = }2 }2 ! r r r 2me E jqe j 2me E jqe j 2me ((V0 ) jqe j 9 tan 2 10 2 2 } } }2 r



2me E tan }2



(135)



r



(136) E jqe j)



= 0:



(137)



The table below shows that the simple in…nite-height well is a reasonable model as a …rst approximation, and gives an order-of-magnitude estimate, although the percent error is probably too large to provide a quantitative model, especially for low barrier heights. V0 1000 100 10 1 0:5 0:2



state E1 …nite-height Enum erical 0:02336 0:02305 0:02212 0:01950 0:01812 0:01576



%Error 0:62 1:96 6:27 20:54 29:70 49:13



V0 1000 100 10 1 0:5 0:2



state E3 …nite-height Enum erical 0:21022 0:20745 0:19900 0:17459 0:16084 0:13414



%Error 0:62 1:96 6:23 21:15 31:51 57:68



4.18. For a 1s electron in the ground state of hydrogen, determine the expectation value of energy. Solution: Since 100



1 2 =p e 3=2 4 a0



20



r a0



e



iE1 t=}



;



(138)



then, from (3.116) Z hEi =



Z



Z



2



1 = 4



2 3=2 a0



1 = 4



(r; t) i}



0



0



0



1



2 3=2 a0



!2 Z



2



Z



2 (E1 )



1



(r; t) r2 sin drd d r a0



e



eiE1 t=} i}



0



0



0



!2



Z



@ @t



Z



0



Z



1



2r a0



e



@ @t



e



(139) r a0



e



iE1 t=} 2



r sin drd d



r2 sin drd = E1 :



0



4.19. For an electron in the (n; l; m) = (2; 0; 0) state of hydrogen, determine the expectation value of position. Solution: Since



then, from (3.112) Z 2 Z hri =



0



0



Z



1



Z



1



1 1 =p 4 (2a0 )3=2



r a0



2



r 2a0



;



(140)



(r; t) r2 sin drd d ! r 1 r 1 2a0 (r) p 2 e a0 4 (2a0 )3=2



(141)



200



e



(r; t) r



0



1 1 p = 4 (2a0 )3=2 0 Z 1 1 r = e 2 3 a 0 (2a0 ) 0 1 1 = 48a50 = 6a0 : 3 a0 (2a0 )



r 2a0



r a0



2



e



r 2a0



2



r a0



e



r 2a0



!



r2 dr



r3 dr



4.20. Repeat problem 4.19 for an electron in the (n; l; m) = (2; 1; 0) state of hydrogen. Solution:



r r r 3 2a0 cos ; e 2;1;0 = p 3=2 a 4 0 3 (2a0 ) Z 2 Z Z 1 hri = (r; t) r (r; t) r2 sin drd d 1



0



=



Z



0



2



0



=



Z



0



Z



2



d 4 3



!2 r r r 3 e 2a0 cos r3 sin drd d p 3=2 4 3 (2a0 ) a0 r !2 Z r 1 r 3 sin cos2 d e 2a0 r3 dr p 3=2 a 4 0 3 (2a0 )



1



1



1 32 a40



120a50



0



0



=



Z



0



Z



0



(142)



= 5a0 :



4.21. For an electron in the (nx ; ny ) = (1; 1) subband of a metallic quantum wire having Lx = Ly = 1 nm, if the total energy is 1 eV, what is the electron’s longitudinal (i.e., z directed) group velocity? Solution: From (4.133), }2 2 E= 2me }2 2 = jqe j 2me



2



nx Lx



+



1



1 10



2



ny Ly



!



+



2



+



9



= En + Econt = 1 21



1



}2 2 k 2me z 1 10



(143) 2



9



!



+



}2 k2 jqe j 2me z



En = 0:7521, so Econt = E



En = 1



0:7521 = 0:2479. Using E = }!, r 0:2479 jqe j 2me }2 2 = 2:551 109 k ! kz = 0:2479 = jqe j 2me z }2 }2 2 k = }! 2me z @! } } (vg )z = = 2kz = 2 2:551 109 = 2:953 105 m/s. @kz 2me 2me



(144)



4.22. A 3 eV electron is to be con…ned in a square quantum dot of side L. What should L be in order for the electron’s energy levels to be well-quantized? Solution: From (2.14), e



and we need L



5



e.



=



h h h h q q = = = = 0:708 nm; 3jqe j p me v 2E me me me 2 m e



(145)



Problems Chapter 5: Electrons Subject to a Periodic Potential –Band Theory of Solids



5.1. To gain an appreciation of the important role of surface e¤ects at the nanoscale, consider building up a material out of bcc unit cells. (See Section 5.1). For one bcc cube, there would be 9 atoms, 8 on the outside and one interior, as depicted on p. 134. If we constrain ourselves to only consider cubes of material, the next largest cube would consist of 8 bcc unit cells, and so on. If one unit cell is 0:5 nm, how long should the material’s side be in order for there to be more interior atoms then surface atoms? Solution: # unit cells in the cube 1 23 = 8 33 = 27 43 = 64 53 = 125



Surface Atoms 8 26 56 98 152



Interior Atoms 1 9 35 91 189



Ratio (S/I) 8 2:9 1:6 1:1 0:8



so that we need 53 unit cells, leading to a material cube having side length 5 (0:5) = 2:5 nm. 5.2. Consider the Kronig-Penney model of a material with a1 = a2 = 5 Å and V0 = 0:5 eV. Determine numerically the starting and ending energies of the …rst allowed band. Solution: From



2



2



cos kT = cos ( a) cosh (b )



2



if 0 < E < V0 , and 2



cos kT = cos ( a) cos (b )



2



+



sin ( a) sinh (b ) ;



(146)



sin ( a) sin (b ) ;



(147)



2



if E > V0 . Then, for 0 < E < V0 the plot is Band edge energy occurs when cos kT is 1. It is found numerically that cos kT = 1 when E = 0:459, cos kT = 0 when E = 0:300, and cos kT = 1 when E = 0:217. Therefore, the band edges are at E = 0:217 eV and E = 0:459 eV. 5.3. Use the equation of motion (5.34) to show that the period of Bloch oscillation for a one-dimensional crystal having lattice period a is h = : (148) eEa 22



Solution: Use



dk = eE; (149) dt is the time required for the electron to accelerate across the full Brillouin zone. }



and assume that Then,



} } k



Z



dk dt = dt



Z



k (0) =



eE



0 =



eE



=2



0



2 }



a



=2



eEdt



(150)



0



2



2 h = : eEa



5.4. Determine the probability current density (A/m) from (3.187) for the Bloch wavefunction (x) = u (x) eikx e



i!t



;



(151)



where u is a time-independent periodic function having the period of the lattice, u (x) = u (x + a) :



(152)



Solution: J (r; t) =



i} ( 2m



(r; t) r (r; t)



(r; t) r



(r; t))



(153)



i} u (x) e ikx ei!t r u (x) eikx e i!t u (x) eikx e i!t r u (x) e ikx ei!t 2m i} d d b =x u (x) e ikx ei!t u (x) eikx e i!t u (x) eikx e i!t u (x) e ikx ei!t 2m dx dx i} b =x u2 ik + u0 u u2 ik + u0 u 2m i} }k p b b u2 = x b u2 : =x 2u2 ik = x 2m m m =



5.5. If an energy-wavevector relationship for a particle of mass m has the form E=



}2 2 k ; 3m



(154)



determine the e¤ective mass. (Use (5.29)). Solution: m = }2



@2E @k 2



0



1



= }2 @



@2



}2 2 3m k



@k 2



1 A



1



=



3 m: 2



(155)



5.6. If the energy-wavenumber relationship for an electron in some material is E=



}2 cos (k) ; 2m



determine the e¤ective mass and the group velocity. (Use (5.29).) Describe the motion (velocity, direction, etc.) of an electron when a d.c. (constant) electric …eld is applied to the material, such that the electric …eld vector points right to left (e.g., an electron in free space would then accelerate towards the right). In particular, describe the motion as k varies from 0 to 2 . Assume that the electron does not scatter from anything. 23



Solution: m = }2



0



1



@2E @k 2



= }2 @ }2 2m



1 @E 1@ vg = = } @k }



}2 2m



@2



cos (k)



@k 2



cos (k) =



@k



1 A



1



=



2m ; cos k



1 } sin k; 2m



(156)



(157)



For small positive k values the electron moves in the direction of the …eld (to the left), and as k increases through positive value from k = 0 to k = =2, the electron increases its velocity and mass. At k = =2, velocity is maximum and the e¤ective mass is in…nite. As k changes from =2 to , the velocity decreases, as does the e¤ective mass. At k = , the velocity is zero. Then, as k increases further, the electron reverses direction, and it’s velocity increases again, reaching a maximum at k = 3 =2, then decreasing till k = 2 . 5.7. If the energy-wavenumber relationship for an electron in some material is E = E0 + 2A cos (ka) ;



(158)



determine the electron’s position as a function of time. Ignore scattering. Solution: The solution of the equation of motion (ignoring scattering) is (5.36), k (t) = k (0) +



qe E t: }



(159)



Velocity is given as 1 @E (k (t)) 2Aa = sin (k (t) a) } @k } 2Aa qe Ea = sin t } }



vg (k (t)) =



and position can be determined from the relationship v = dx (t) =dt as Z t Z t qe Ea 2Aa sin t dt x (t) = vg (t) dt = } } 0 0 2A qe Ea = t 1 ; cos Eqe }



(160) (161)



(162) (163)



and therefore the electron Bloch oscillates in time. 5.8. Consider an electron in a perfectly periodic lattice, wherein the energy-wavenumber relationship in the …rst Brillouin zone is }2 k 2 E= ; 5me where me is the mass of an electron in free space. Write down the time-independent e¤ective mass Schrödinger’s equation for one electron in the …rst Brillouin zone, ignoring all interactions except between the electron and the lattice. De…ne all terms in Schrödinger’s equation. Solution: m = }2 and so Schrödinger’s equation is



@2E @k 2



0



1



= }2 @



}2 d 2 2m dx2



@2



}2 k2 5me



@k 2



1 A



(x) = E (x)



1



=



5 me ; 2



(164)



(165)



where m is the e¤ective mass, } is the reduced Planck’s constant, and E is the energy (V = 0 since there is no potential energy term; potential energy is accounted for by the e¤ective mass). 24



5.9. Assume that a constant electric …eld of strength E = that no scattering occurs.



1 kV/m is applied to a material at t = 0, and



(a) Solve the equation of motion (5.34) to determine the wavevector value at t = 1; 3; 7; and 10 ns. (b) Assuming that the period of the lattice is a = 0:5 nm, determine in which Brillouin zone the wavevector is in at each time. If the wavevector lies outside the …rst Brillouin zone, map it into an equivalent place in the …rst zone. Solution: (a) The solution of the equation of motion is k (t) =



qe E t; }



(166)



assuming k (0) = 0. Then k (1 ns) = 1:52 109 m 1 , k (3 ns) = 4:56 109 m 1 , k (7 ns) = 1:06 1010 m 1 , and k (10 ns) = 1:52 1010 m 1 . (b) Brillouin zone boundaries occur at kn = n =a, where a is the period and n = 1; 2; 3; :::. Thus, k1 = 6:28 109 m 1 , k2 = 1:26 1010 m 1 , k3 = 1:89 1010 m 1 , etc.. Thus, k is in the …rst zone for t = 1 and 3 ns, the second zone for t = 7 ns, and the third zone for t = 10 nm. For higher zones, subtracting 2 =a leads to the equivalent point in the …rst zone. t (ns) k (t) (m 1 ) zone equiv. point in 1st zone 9 1 1:52 10 1 st – 3 4:56 109 1 st – 7 1:06 1010 2 nd 1:966 4 109 10 10 1:52 10 3 rd 2:63 109 5.10. Using the hydrogen model for ionization energy, determine the donor ionization energy for GaAs (me = 0:067me , "r = 13:1). Solution: Ed =



0:067me qe4 2



jqe j 8 (13:1) "20 h2



= 5:32 meV.



(167)



This compares well with measured values.



5.11. Determine the maximum kinetic energy that can be observed for emitted electrons when photons having = 232 nm are incident on a metal surface with work function 5 eV. Solution: 2 c



E = }! = }



=}



232



2 c 10



9



= 8:568



10



19



J



(168)



= 5:347 eV So, the maximum kinetic energy is E



e = 0:347 eV.



(169)



5.12. Photons are incident on silver, which has a work function e = 4:8 eV. The emitted electrons have a maximum velocity of 9 105 m/s. What is the wavelength of the incident light? Solution: EKE =



1 1 me v 2 = me 9 2 2 jqe j



105



2



= 2:303 eV



E = }! = e + EK = 4:8 + 2:303 = 7:103 eV, =



hc hc = = 174:67 nm. E 7:103 jqe j



25



(170) (171) (172)



5.13. In the band theory of solids, there are an in…nite number of bands. If, at T = 0 K, the uppermost band to contain electrons is partially …lled, and the gap between that band and the next lowest band is 0:8 eV, is the material a metal, an insulator, or a semiconductor? Solution: Metal 5.14. In the band theory of solids, if, at T = 0 K, the uppermost band to have electrons is completely …lled, and the gap between that band and the next lowest band is 8 eV, is the material a metal, an insulator, or a semiconductor? What if the gap is 0:8 eV. Solution: Insulator. What if the gap is 0:8 eV. Solution: Semiconductor 5.15. Describe in what sense an insulator with a …nite band gap cannot be a perfect insulator. Solution: As long as the band gap is …nite, an electron can be elevated to the conduction band, resulting in conduction. 5.16. Draw relatively complete energy band diagrams (in both real-space and momentum space) for a p-type indirect bandgap semiconductor. 5.17. For an intrinsic direct bandgap semiconductor having Eg = 1:72 eV, determine the required wavelength of a photon that could elevate an electron from the top of the valance band to the bottom of the conduction band. Draw the resulting transition on both types of energy band diagrams (i.e., energyposition and energy-wavenumber diagrams). Solution: }! = Eg = 1:72 eV, ! 2 c 2 c 2 = ! = = = 721:3 nm. k= c ! Eg =}



(173)



5.18. Determine the required phonon energy and wavenumber to elevate an electron from the top of the valance band to the bottom of the conduction band in an indirect bandgap semiconductor. Assume that Eg = 1:12 eV, the photon’s energy is Ept = 0:92 eV, and that the top of the valance band occurs at k = 0, whereas the bottom of the conduction band occurs at k = ka . Eg



Ept = Epn = 0:20 eV kpn = ka :



(174)



5.19. Calculate the wavelength and energy of the following transitions of an electron in a hydrogen atom. Assuming that energy is released as a photon, using Table 3, on p. 4 classify the emitted light (e.g., X-ray, IR, etc.). (a) n = 2 ! n = 1 Solution: From En =



13:6



1 ; n2



(175)



and so 1 1 = 10:2 eV, 22 12 hc hc = = = 121:6 nm, between visible and UV E 10:2 jqe j



E=



13:6



(176)



(b) n = 5 ! n = 4 1 1 = 0:306 eV, 52 42 hc hc = = = 4054:5 nm, far-infrared E 0:306 jqe j



E=



13:6
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(177)



(c) n = 10 ! n = 9 1 1 = 0:0319 eV, 102 92 hc hc = = = 3:89 10 5 m, microwave E 0:0319 jqe j



E=



13:6



(178)



(d) n = 8 ! n = 2 1 1 = 3:188 eV, 82 22 hc hc = = = 389:2 nm, visible, violet E 3:188 jqe j



E=



13:6



(179)



(e) n = 12 ! n = 1 1 1 = 13:51 eV, 2 12 12 hc hc = = = 91:83 nm, between visible and UV E 13:51 jqe j



E=



13:6



(180)



(f) n = 1 ! n = 1 1 1 = 13:6 eV, 2 1 12 hc hc = = 91:23 nm, between visible and UV = E 13:6 jqe j



E=



13:6



(181)



5.20. Excitons were introduced in Section 5.4.5 to account for the fact that sometimes when an electron is elevated from the valance band to the conduction band, the resulting electron and hole can be bound together by their mutual Coulomb attraction. Excitonic energy levels are located just below the band gap, since the usual energy to create a free electron and hole, Eg , is lessened by the binding energy of the exciton. Thus, transitions can occur at mr 13:6 eV me "2r



E = Eg



(182)



where Eg is in electron volts1 . (a) For GaAs, determine the required photon energy to create an exciton. For mr use the average of the heavy and light hole masses. Solution: Using mr = 0:0502me , "r = 13:3, and Eg = 1:43 eV, we …nd that mr 13:6 eV me "2r 0:0502 = 1:43 2 13:6 eV (13:3) = 1:426 eV.



E = Eg



(183) (184) (185)



(b) The application of a d.c. electric …eld tends to separate the electron and the hole. Using Coulomb’s law, show that the magnitude of the electric …eld between the electron and the hole is jEj =



mr me



1 Really,



2



"3r



2 RY : jqe j a0



(186)



the quantity 13:6 should be replaced by 13:6=n2 , where n is the energy level of the exciton. Here we consider the lowest level exciton (n = 1), which is dominant.
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Solution: The electric …eld due to a charge q in a medium characterized by "r is q =b r jEj ; E=b r 4 "r " 0 r 2



(187)



where b r is a unit vector that points radially outward from the charge, and r is the radial distance away from the charge. Making the substitutions q = qe and r = aex leads to jEj =



jqe j = 4 "r "0 a2x mr me



2



=



mr me



2



=



2



mr me



jqe j 4 "3r "0 a20



me jqe j 1 = 4"20 h2 "3r a0 "3r



(188) 2



mr me



2RY jqe j



2 RY : jqe j a0



1 "3r a0



(189) (190)



(c) For GaAs, determine jEj from (5.79). Determine the magnitude of an electric …eld that would break apart the exciton. Solution: 2



2 RY "3r jqe j a0 2 13:6 jqe j 2 = (0:0502) 3 0:053 10 (13:3) jqe j mr me



jEj =



(191) 9



105 V/m.



= 5:5



(192)



An applied electric …eld with a magnitude greater than jEj can break apart the exciton. 5.21. The E k relationship for graphene is given by (5.62). The Fermi energy for graphene is EF = 0, and the …rst Brillouin zone forms a hexagon (as shown in Fig. 5.35), the six corners of which correspond to E = EF = 0. The six corners of the …rst Brillouin zone at located at kx =



2 p ; ky = 3a



and



p



0



E 0;



4 3a



=



0



=



E (kx ; ky ) =



E



2 p ; 3a



2 3a



= =



0



s s



1 + 4 cos



v u u t1 + 4 cos 0 v u u t1 + 4 cos 0



0



r



3kx a 2



2 3 p



cos



(194)



ky a 2



!



cos



ky a 2



+ 4 cos2



ky a ; 2



4 a 3a 2



2 3



p ! 2 3a p cos 3a 2 3



+ 4 cos2



+ 4 cos2



+ 4 cos2



3kx a 2



1 + 4 cos ( ) cos
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!



4 a 3a 2



1 + 4 cos



(193)



4 : 3a



kx = 0; ky = (a) Verify that at these points, E = EF = 0. Solution: v u u t1 + 4 cos E (kx ; ky ) =



2 ; 3a



=0



+ 4 cos2 2 a 3a 2 3



=0



ky a ; 2



+ 4 cos2



2 a 3a 2



(b) At the six corners of the …rst Brillouin zone, jkj = 4 =3a. Make a two-dimensional plot of the E k relationship for kx ; ky extending a bit past jkj. Verify that the bonding and antibonding bands touch at the six points of the …rst Brillouin zone hexagon, showing that graphene is a semi-metal (sometimes called a zero bandgap semiconductor). Also make a one-dimensional plot of E (0; ky ) for jkj ky jkj, showing that the bands touch at E = 0 at ky = 4 =3a. Solution: Using (5.62), since a =



p



3 (0:142 nm) = 0:246 nm, jkj = 4 =3a = 17 nm



1



. Thus,



E, mE



in two dimensions (the bands actually touch at the corners, although in the plot a small gap is shown due to using a coarse wavenumber grid). In one-dimension, for s ky a ky a 1 + 4 cos E (0; ky ) = + 4 cos2 0 2 2 s ky 0:246 ky 0:246 = 2:5 1 + 4 cos + 4 cos2 2 2 we have 3



3



2



1



E( 0 , k y) − E( 0 , k y)



0



1



2



−3



3



15



10



5



− 17



0



5



10



15



ky



where the vertical scale is in eV and the horizontal scale is in nm 29
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1



.



5.22. What is the radius of a (19; 0) carbon nanotube? Repeat for a (10; 10) nanotube. Consider a (n; 0) zigzag carbon nanotube that has radius 0:3523 nm. What is the value of the index n? Solution: The CN’s radius is r= where b = 0:142 nm. Therefore, p 3 r(19;0) = 0:142 2 p 3 r(10;10) = 0:142 2



p 2



3 p 2 b n + nm + m2 ;



10



9



10



9



p



(195)



192 = 0:7437 nm



p 102 + (10) (10) + 102 = 0:678 nm.



For (n; 0),



2 0:3523 2 a n= p = p 3b 3 (0:142



10



9



10



9)



= 9:



5.23. Since carbon nanotubes are only periodic along their axis, the transverse wavenumber becomes quantized by the …nite circumference of the tube. Derive (5.66) and (5.67) by enforcing the condition that an integer number q of transverse wavelengths must …t around the tube (k? = 2 = ? ). Solution: For the armchair tube (m = n), tube radius is r = 3nb=2 . Thus, q



?



k? = kx;q For zigzag tubes, (n = 0), r =



p



q



3nb = 3nb 2 2 2 q = ; q = 1; 2; :::; 2n: = n3b ?



=2 r=2



3nb=2 , and



?



=2 r=2



k? = ky;q =



p



3nb p = 3nb 2 2 q = p ; q = 1; 2; :::; 2n: n 3b



2 ?



p The limit 2n on q comes from the fact that kx;2n = 4 =3b, and ky;2n = 4 = 3b, and beyond these values one is outside of the …rst Brillouin zone of graphene. 5.24. Using (5.68) and (5.69), plot the dispersion curves for the …rst eight bonding and antibonding bands in a (5; 5), (9; 0), and (10; 0) carbon nanotube. Let the axial wavenumber vary from k = 0 to k = =aac for the armchair tube, and from k = 0 to k = =azz for the zigzag tube. Comment on whether each tube is metallic of semiconducting, and identify the band (i.e., the q value) that is most important. If the tube is semiconducting, determine the approximate band gap. Solution: For the armchair tube (5; 5), s Eac (ky ) = =



1 + 4 cos



0



0



s



1 + 4 cos



< ky aac < , q = 1; 2; :::; 2n, and so



30



q cos n



ky a 2



+ 4 cos2



ky a 2



q cos 5



ky a 2



+ 4 cos2



ky a 2



2.87



E( 1 , k)



3



2



− E( 1 , k) E( 2 , k)



1



− E( 2 , k) E( 3 , k) − E( 3 , k)



0



E( 4 , k) − E( 4 , k)



1



E( 5 , k) − E( 5 , k) 2



− 2.87



3



0



2



4



6



8



0



10



12 π .246



k



(vertical scale is E= 0 ). The q = 5 band (note that n = 5!) is the most important, since these bands cross in the …rst Brillouin zone (and hence, there is no band gap). The crossing point is 2=3 of the way to the zone boundary, and so kF = 2 =3a, such that the Fermi wavelength is F = 3a = 0:74 nm. For zigzag tubes,



Ezz (kx ) =



v u u t1 + 4 cos 0



p



3kx a 2



!



q + 4 cos2 n



cos



q ; n



< ky azz < , q = 1; 2; :::; 2n. For the (9; 0) tube, 2.879



3



E( 1 , k) − E( 1 , k)



2



E( 2 , k) − E( 2 , k) E( 3 , k)



1



− E( 3 , k) E( 4 , k) − E( 4 , k) E( 5 , k)



0



− E( 5 , k) E( 6 , k) − E( 6 , k)



1



E( 7 , k) − E( 7 , k) E( 8 , k)



2



− E( 8 , k)



− 2.879



3



0



2



0



4 k



6 π 3 ⋅.246



where the q = 6 bands cross at k = 0, and, hence, this tube is metallic. For the (10; 0) tube,



31



2.902



3



E( 1 , k) − E( 1 , k)



2



E( 2 , k) − E( 2 , k) E( 3 , k)



1



− E( 3 , k) E( 4 , k) − E( 4 , k) E( 5 , k)



0



− E( 5 , k) E( 6 , k) − E( 6 , k)



1



E( 7 , k) − E( 7 , k) E( 8 , k)



2



− E( 8 , k)



− 2.902



3



0



2



4



0



6 π



k



3 ⋅.246



no bands cross, hence, the (10; 0) tube is a semiconductor. The q = 7 bands come the closest to each other (at k = 0), and so the band gaps is 2E (k = 0) for q = 7, which is approximately 0:88 eV using 0 = 2:5 eV. It can be shown (See the book by Saito, Dresselhaus, and Dresselhaus, Reference [9] in Chapter 5) that 2 a Eg = p 0 ; 32r which for the (10; 0) tube (r = 0:391 nm) leads to 0:90 eV.
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Problems Chapter 6: Tunnel Junctions and Applications of Tunneling



6.1. Plot the tunneling probability versus electron energy for an electron impinging on a rectangular potential barrier (Fig. 6.2, p. 185) of height 3 eV and width 2 nm. Assume that the energy of the incident electron ranges from 1 eV to 10 eV. Solution: T =



V02



4E (E V0 ) sin (k2 a) + 4E (E 2



T = 32



2



2



jqe j sin



q



2me (E V0 ) }2 V0 ) 4E jqe j (E jqe j 3 jqe j) ; k22 =



2me (Ejqe j 3jqe j) }2



(2



10



9)



+ 4E jqe j (E jqe j



(196)



3 jqe j)



6.2. Plot the tunneling probability verses barrier width for a 1 eV electron impinging on a rectangular potential barrier (Fig. 6.2, p. 185) of height 3 eV. Assume that the barrier width varies from 0 nm to 3 nm. Solution: T =



V02



4E (E V0 ) sin (k2 a) + 4E (E 2



T = 2



32 jqe j sin2



q



2me (E V0 ) }2 V0 ) 4 (1) jqe j ((1) jqe j 3 jqe j) k22 =



;



2me ((1)jqe j 3jqe j) }2



32



(a



10



9)



+ 4 (1) jqe j ((1) jqe j



(197)



3 jqe j)



6.3. A 6 eV electron tunnels through a 2 nm wide rectangular potential barrier with a transmission coef…cient of 10 8 . The potential energy is zero outside of the barrier, and has height V0 in the barrier. What is the height V0 of the barrier? Solution: T =



T = V02



2



2



jqe j sin



V0 = 6:858 eV.



V02



4E (E V0 ) sin (k2 a) + 4E (E 2



V0 )



4 (6 jqe j) (6 jqe j



q



2me (6jqe j V0 jqe j) }2



(2



2me (E }2



k22 =



;



V0 )



V0 jqe j)



10



9)



(198)



= 10



+ 4 (6 jqe j) (6 jqe j



8



;



(199)



V0 jqe j)



6.4. Can humans tunnel? Consider running 1 m/s (assume that you have no potential energy) at an energy barrier of 50 joules that is 1 m thick. (a) If you weigh (i.e., your mass is) 50 kg, determine the probability that you will tunnel through the barrier. (b) Consider that in order for tunneling to have a reasonably large probability of occurring, k2 a can’t be too large in magnitude. Discuss the conditions that would result in this happening. Solution:. (a) Your kinetic energy is E= Then, k2 =



T =



V02



' 2e



r



1 1 2 mv 2 = (50) (1) = 25 J. 2 2



2m (E V0 ) = }2



4E (E V0 ) sin (k2 a) + 4E (E 2



V0 )



r



=



2 (50) (25 }2



502



50)



= i4:74



(200)



1035 ;



4 (25) (25 50) sin ((i4:74 1035 ) 1) + 4 (25) (25 2



(201)



50)



(202)



9:48 1035



which is extremely small. (b) Since



r



2m (E V0 ) a; (203) }2 given the extremely small value of }2 , obviously one would need an extremely small mass, a su¢ ciently small value of E V0 , and probably also a very small value of a. k2 a =



6.5. Referring to the development of the tunneling probability through a potential barrier, as shown in Section 6.1, apply the boundary conditions (3.143) to (6.13) to obtain (6.14). 6.6. Consider the metal–insulator junction shown in Fig. 6.4 on p. 190. Solve Schrödinger’s equation in each region (metal and insulator), and derive tunneling and re‡ection probabilities analogous to (6.15)–(6.16) for this structure. Solution: In region I (x < 0), where V = 0, Schrödinger’s equation is }2 d 2 2m dx2



1



(x) = E



1



(x) ;



(204)



which has solutions



2mE : }2 x), where V = V0 = Evac , Schrödinger’s equation is 1



In region II (0



(x) = Aeik1 x + Be



}2 d 2 + V0 2m dx2 33



ik1 x



2



; k12 =



(x) = E



2



(x) ;



(205)



(206)



which has solutions



2m (E V0 ) (207) }2 Since there is no potential disturbance to re‡ect the wave after it reaches region II, D = 0. Therefore, we have 2



(x) = Ceik2 x + De



The boundary conditions continuity of



ik2 x



; k22 =



1



(x) = Aeik1 x + Be



2



(x) = Ceik2 x : 0



and



k1 A



ik1 x



;



(208)



at x = 0, lead to



A+B k1 B



= C; = k2 C;



(209)



so that B A C A



k1 k2 ; k1 + k2 k1 2 : k1 + k2



= =



(210)



Therefore, C A



2



T =



B A



2



R=



2



=



2k1 k1 + k2



=



k1 k2 : k1 + k2



;



(211)



6.7. Consider a metal–insulator–metal junction, as shown in Fig. 6.7 on p. 193, except assume two di¤erent metals Fermi levels. (a) Draw the expected band diagram upon …rst bringing the metals into close proximity. (b) Because of the di¤erence in Fermi levels, tunneling will occur (assuming that the barrier between the metals is thin), and will continue until a su¢ cient voltage is built up across the junction, equalizing the Fermi levels. This internal voltage is called the built-in voltage. Draw the energy band diagram showing the built-in voltage in this case. 6.8. Draw the potential energy pro…le for a metal–vacuum–metal structure when a voltage V0 is applied across the vacuum region. 6.9. Determine the tunnelling probability for an Al-SiO2 -Al system, if the SiO2 width is 1 nm and the electron energy is 3:5 eV. Repeat for an SiO2 width of 2 nm, 5 nm, and 10 nm. Solution: The modi…ed work function for an Al-SiO2 junction is 3:2 eV, as given in Table 6.2 (p. 191). This plays the role of the barrier height V0 in the generic tunneling problem. Therefore, T =



4E (E V0 ) V02 sin2 (k2 a) + 4E (E



= 2



3:22 jqe j sin2 = 0:791



q



2me (E V0 ) ; k22 = }2 V0 ) 4 (3:5) jqe j ((3:5) jqe j 3:2 jqe j)



2me ((3:5)jqe j 3:2jqe j) }2



(1



10



9)



+ 4 (3:5) jqe j ((3:5) jqe j



(212)



3:2 jqe j)



For a = 2 nm, T = 0:515, for a = 5 nm, T = 0:293, and for a = 10 nm, T = 0:901. 6.10. Use the WKB tunneling approximation (6.30) to determine the tunneling probability for the rectangular barrier depicted in Fig. 6.2 on p. 185.
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Solution: From x = 0 to x = a, V (x) = V0 . Thus T



' e = e



2



Rx



2 x1



(x)dx



=e



2



q (V0 E) 2a 2m }2



R a q 2m



}2



0



(V0 E)dx



which has the form of (6.27). 6.11. Plot the tunneling probability versus electron energy for an electron impinging on a triangular potential barrier (Fig. 6.9, p. 196), where e = 3 eV and the electric …eld is 109 V/m. Assume that the energy di¤erence (E EF ) ranges from 0 to 3 eV. Solution: Since T = exp = exp



p 4 2me 3=2 (e (E EF )) 3 jqe Ej } p 4 2me 3=2 (3 jqe j Ed jqe j) 3 jqe 109 j }



(213)



6.12. Consider the double barrier structure depicted in Fig. 6.22 on p. 206. (a) Plot the tunneling probability versus electron energy for an electron impinging on the double barrier structure. The height of each barrier is 0:5 eV, each barrier has width a = 2 nm, and the well has width 4 nm. Assume that the energy of the incident electron ranges from 0:1 eV to 3 eV, and that the e¤ective mass of the electron is 0:067me in all regions. (b) Verify that the …rst peak of the plot corresponds to an energy approximately given by the …rst discrete bound state energy of the …nite-height, in…nitely-thick-walled well formed by the two barriers. Use (4.83) adopted to this geometry, i.e., k2 tan (k2 L=2) = k1 ; where L = 4 nm and k2 =



r



2me E ; }2



k1 =



r



2me (V0 }2



Solution: T = where



1+



(214)



4R1 sin2 (k1 L T12



:



(215)



1



)



T1 =



4E (E V0 ) V02 sin2 (k2 a) + 4E (E



V0 )



R1 =



V02 sin2 (k2 a) V02 sin (k2 a) + 4E (E



V0 )



2



E)



;



(216)



;



(217)



;



(218)



are the transmission and re‡ection coe¢ cients for a single barrier of width a, L is the length of the well between the barriers, and 2k1 k2 cos (k2 a) ; (219) tan = 2 (k1 + k22 ) sin (k2 a) where



r



2 (0:067) me E jqe j k1 = ; }2 A plot of T vs. E is shown above.



k2 =



35



r



2 (0:067) me (E jqe j }2



0:5 jqe j)



:



(220)



y



1



0.75



0.5



0.25



0 0.25



0.5



0.75



1 x



(b) r



2 (0:067) me E jqe j tan }2 r 2 (0:067) me (j0:5 jqe j }2



r



2 (0:067) me E jqe j }2 E jqe jj)



4 2



10



9



!



(221)



=0



Root is: E = 0:143 63 eV. 6.13. Derive the tunneling probability (6.38) for the double barrier junction depicted in Fig. 6.22 on p. 206. 6.14. Research how tunneling is utilized in ‡ash memories, and describe one such commercial ‡ash memory product. 6.15. Research how …eld emission is used in displays, and summarize the state of display technology based on …eld emission. 6.16. Explain how a negative resistance device can be used to make an oscillator. Solution: An LC circuit can exhibit a pure resonance, although the presence of a ordinary resistor will dissipate energy and damp the oscillation. A negative resistance can cancel the ordinary resistance, and lead to a sustained oscillation. Alternatively, a circuit consisting of an inductor, a capacitor, and a negative resistance can, in theory, exhibit oscillations that grow in time.
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Problems Chapter 7: Coulomb Blockade and the Single Electron Transistor



7.1. For a tunnel junction with C = 0:5 aF and Rt = 100 k , what is the RC time constant? What does this value mean for the tunnel junction circuit? Solution: = Rt C = 0:5



10



18



100



103 = 5:0



10



14



s



(222)



is the characteristic time between tunneling events. 7.2. For a tunnel junction having C = 0:5 aF and Rt = 100 k , what is the maximum temperature at which you would expect to …nd Coulomb blockade? Repeat if C = 1:2 pF. Solution: We must have



qe2 2C 36



kB T;



(223)



so that 1:6 10 19 10 18 ) (1:38



qe2 = 2CkB 2 (0:5



T



2



10



23 )



= 1855K.



(224)



For C = 1:2 pF, T



qe2 = 2CkB 2 (1:2



1:6 10 19 10 12 ) (1:38



2



10



23 )



= 7:73



10



4



K.



(225)



7.3. For the capacitor depicted in Fig. 7.2 on p. 215, for an electron to tunnel from the negative terminal to the positive terminal we determined the condition V >



qe 2C



(226)



(see (7.8)). Show, including all details, that for an electron to tunnel from the positive terminal to the negative terminal we need qe : (227) V < 2C Solution: Let a single electron tunnel through the insulating layer from the positive terminal to the negative terminal, such that charge Q qe resides on the top plate, and Q + qe resides on the bottom plate. The energy stored in the …eld of the capacitor is now Ef =



2



(Q



qe ) ; 2C



(228)



such that the change in energy stored is E = Ei



Ef =



Q2 2C



(Q



2



qe ) qe (Q qe =2) = : 2C C



It must be energetically favorable for the tunneling event to occur, and so, if we require we …nd that qe (Q



qe =2) C



> 0; !Q



for tunneling to occur. Thus, V 



(229) E > 0, then



(230) qe 2



qe 2C



(231)



(232)



7.4. The energy stored in a capacitor is Q2 : (233) 2C where Q is the charge on the capacitor plates (+Q on one plate, Q on the other plate). Using this equation, derive the condition on charge Q and voltage V for N electrons to tunnel across the junction at the same time, in the same direction. E=



Solution: Before tunneling, we have +Q on one plate, and Q on the other plate. If N electrons tunnel from the negative to the positive plate, then after tunneling, on the positive plate, we have Qf = +Q + N qe , and on the negative plate, Qf = Q N qe . The change in energy is Ei



Ef =



Q2 2C



2



(Q + N qe ) = 2C



1 2Q + N qe N qe : 2 C



(234)



If we force Ei



E f > 0; 37



(235)



then



N qe 2



(236)



N qe : 2C



(237)



Q> or V >



7.5. There is always a capacitance between conductors separated by an insulating region. For the case of conductors associated with di¤erent circuits (i.e., circuits that should operate independently from one another), this is called parasitic capacitance, and, generally, C / 1=d, where d is some measure of the distance between the conductors. For two independent circuits d is often fairly large, and thus very small parasitic capacitance are generally present. (a) Using the formula for the impedance of a capacitor, show that even for very small values of C, at su¢ ciently high frequencies the impedance of the capacitor can be small, leading to signi…cant unintentional coupling between the circuits. (b) Describe why the small values of parasitic capacitance, which can easily be aF or less, do not lead to Coulomb blockade phenomena. Solution: (a). 1 ; (238) Zc = j!C and, therefore, even if C is very small, if ! is su¢ ciently large jZc j can be small. (b). If C is small due to large separation of the conductors, Rt will be too large (i.e., tunneling will not occur), and no Coulomb blockade phenomena will occur. 7.6. For the SET oscillator shown in Fig. 7.10 on p. 224, derive the oscillation period given by (7.31). Solution: Using (7.25), 1 V (t) = C then V



Z



t



Is dt =



0



T 2



=



T =



e jqe j = : Is Is



so that



Is t; C



e Is T = ; C 2 2C



(239)



(240)



(241)



7.7. As another way of seeing that Coulomb blockade is di¢ cult to observe in the current-biased junction shown in Fig. 7.9 on p. 223, consider the equivalent circuit shown in Fig. 7.11 on p. 225. If Rb is su¢ ciently large so that it can be ignored, and if jZL j is su¢ ciently small, construct an argument, from a total capacitance standpoint, for why the amplitude of the SET oscillations will tend towards zero. Solution: Referring to Fig. 7.11, if we ignore Rb and ZL , then we have simply a current source in parallel with a capacitance and a tunnel junction. The tunnel junction itself consists of a capacitor in parallel with a tunnel resistance, and therefore the two capacitors combine in parallel (i.e., algebraically), resulting in, typically, a large capacitance. The amplitude of the oscillation is e2 =2C, and for large C this amplitude is small. 7.8. For the quantum dot circuit depicted in Fig. 7.13 on p. 226, assume that initially there are n = 100 electrons on the dot. If Ca = Cb = 1:2 aF, what is the condition on Vs for an electron to tunnel onto the dot through junction b? Solution: From Vs > so that Vs >



qe Ca qe Ca 38



n+



1 2



100 +



1 2



;



(242)



:



(243)



For Ca = 1:2 aF, then Vs >



1:2



qe 10



100 +



18



1 2



= 13:42 V



(244)



7.9. For the quantum dot circuit depicted in Fig. 7.13 on p. 226, we found that for an electron to tunnel onto the dot through junction b, and then o¤ of the dot through junction a, we need Vs >



qe 2C



(245)



if initially there were no electrons on the dot (n = 0), where Ca = Cb = C. It was then stated that for the opposite situation, where an electron tunnels onto the dot through junction a, and then o¤ of the dot through junction b, we would need qe : (246) Vs < 2C Prove this result, showing all details. Solution: Assume that initially there are n electrons on the island, and that the initial voltages across the junctions a and b are Vai and Vbi , respectively. The initial charges on the junctions are Qia and Qib . Let one electron tunnel onto the island through junction a. The voltage drops across junctions a and b become qe 1 (Vs Cb (n + 1) qe ) = Vai ; Cs Cs qe 1 (Vs Ca + (n + 1) qe ) = Vbi + ; = Cs Cs



Vaf =



(247)



Vbf



(248)



such that Vs = Va + Vb is maintained, and the resulting charge stored by junction b is Qfb = Cb Vb = Cb Vbi + = Qib +



Cb qe Cs



Cb qe : Cs



(249)



The change in charge Qb = Qib Qb must come from the power supply (the change in charge on junction a is associated with the tunneling event), and is associated with the supply doing work W =



Vs



Cb qe : Cs



(250)



Upon the electron tunneling onto the island through junction a, the change in the total energy (the change in the stored energy minus the work done) is Et =



Ese W 1 2 Ca Cb Vs2 + (nqe ) = 2Cs



(251) 1 Cb qe 2 Ca Cb Vs2 + ((n + 1) qe ) + Vs ; 2Cs Cs



and requiring that this energy change be positive, i.e., that the tunneling event is energetically favorable, qe Cs



qe n +



such that Vs 



1 2



qe Cb



Vs Cb



n+



1 2



> 0;



;



(252)



(253)



If we let Ca = Cb = C and n = 0, then we have Vs 



39



qe : 2C



(254)



7.10. Consider the double-junction Coulomb island system depicted in Fig. 7.13 on p. 226, and refer to Fig. 7.17 on p. 232. Assume that an electron tunnels onto the island subsequent to applying a voltage V = e2 =2C. Draw the resulting energy band diagram, showing the readjusted energy bands, and the re-establishment of Coulomb blockade. 7.11. For the SET shown in Fig. 7.21 on p. 226, assume that Ca = Cb = 10 aF, Cg = 1:4 10 16 F, and Vg = 0:1 V. If initially there are 175 electrons on the island, then what is the condition on Vs for an electron to tunnel across junction b and onto the island? Solution: From qe n +



1 2



so that Vs >



+ (Ca Vs + Cg Vg ) > 0; qe (n + 1=2) Ca



we have Vs >



qe (175 + 1=2) 10



1:4 10 10 18



Cg Vg



16



(255)



:



(256)



(0:1)



= 1:41 V.



(257)



7.12. For the SET we considered electrons tunneling onto the island through junction b, then o¤ of the island through junction a, resulting in positive current ‡ow (top-to-bottom). Explicit details were provided for the generation of Coulomb diamonds for I > 0, and the results merely stated for I < 0. Fill in the details of the derivation predicting Coulomb diamonds for I < 0. 7.13. Draw the energy band diagram for a SET (a) under zero bias (Vs = Vg = 0), (b) when Vs > 0 and Vg = 0, and (c), when Vs > 0 and Vg = jqe j = (2Cg ). 7.14. Consider an electron having kinetic energy 5 eV. (a) Calculate the de Broglie wavelength of the electron. (b) If the electron is con…ned to a quantum dot of size L for the electron’s energy levels to be well-quantized.



L



L, discuss how big the dot should be



(c) To observe Coulomb blockade in a quantum dot circuit, is it necessary to have energy levels on the dot quantized? Why or why not? Solution: (a) r 1 2EKE 2 EKE = me v ! v = (258) 2 me =



h h h h q = = =p p me v 2me EKE jqe j me 2EmKE e



(259)



= 0:548 nm.



The electron will act like a classical particle when L . (b) L . (c) It is not necessary to have energy levels on the dot quantized. The developed formulas did not assume energy quantization. 7.15. Assume that a charge impurity q = 2qe resides in an insulating region. Determine the force on an electron 10 nm away from the impurity. Repeat for the case when the electron is 10 m away from the impurity. Solution: The force on an electron by a charge 2qe is F = qe E = rbqe



2qe 2qe2 ! jFj = 4 "0 r 2 4 "0 (10 10 40



9 )2



= 4:617



10



12



N;



(260)



and at 10 m, jFj =



2qe2 4 "0 (10



10



= 4:617



6 )2



10



18



N.



(261)



7.16. Universal conductance ‡uctuations (UCF) occur in Coulomb blockade devices due to the interference of electrons transversing a material by a number of paths. Using other references, write one-half to one page on UCFs, describing the role of magnetic …elds and applied biases. 7.17. Summarize some of the technological hurdles that must be overcome for molecular electronic devices to be commercially viable. 7.18. There is currently a lot of interest in spintronics, which rely on the spin of an electron to carry information (see Section 10.4). In one-half to one page, summarize how spin can be used to provide transistor action.
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Problems Chapter 8: Particle Statistics and Density of States



8.1. Energy levels for a particle in a three-dimensional cubic space of side L with hard walls (boundary conditions (4.50)) were found to be (4.54), En =



}2 2 n2 + n2y + n2z ; 2me L2 x



(262)



nx;y;z = 1; 2; 3; :::, which leads to the density of states (8.6). Using periodic boundary conditions (4.55), energy levels were found to be (4.59) En =



2}2 2 2 n + n2y + n2z ; me L2 x



(263)



nx;y;z = 0; 1; 2; :::. Following a derivation similar to the one shown for (8.6), show that the same density of states arises from (8.65). Solution: In the hard wall case we only count the …rst octant of the aforementioned sphere, since sign changes don’t lead to additional states. For the case of periodic BCs, sign is important, and so we are interested in the total number of states NT having energy less than some value (but with E E1 ). This is approximately the volume of the sphere NT =



3=2



E E1



4 3 4 n = 3 3



(264)



(a factor of 1=8 was present for the hard-walled case). The total number of states having energy in the range (E; E E) is NT =



4 3=2 (E) 3 E 3=2



3=2



(E



(265)



E)



1



4 = 3 E 3=2



3=2



(E)



E



3=2



1



1



'



4 E 3=2 3 E 3=2 1



1



=



4 E 3=2 3 E 3=2 1



3 E 2 E



1



p



E E



3=2



!



3 E 2 E =



2 E 1=2 3=2



( E) ;



E1



where we used (1 x) ' 1 px for x 1. The density of states (DOS), N (E), is de…ned as the number of states per unit volume per unit energy around an energy E. The total number of states in 41



a unit volume in an energy interval dE around an energy E is (replacing respectively) dNT = N (E) dE = N (E) =



2 E 1=2 3=2



NT ,



E with dNT , dE,



dE;



(266)



E1



3=2



2 E 1=2



=



3=2



E1



me E 1=2 21=2 }3 2



(since the density of states is per-unit-volume, we set L3 = 1 in the expression for E1 ). Accounting for spin, we multiply by 2, such that 3=2 21=2 me E 1=2 N (E) = : (267) }3 2 Finally, if the electron has potential energy V0 , we have 21=2 me



N (E) =



3=2



1=2



(E



}3



V0 )



:



2



(268)



8.2. Derive (8.16), the density of states in two-dimensions. Solution: From the equation for energy the number of states below a certain energy En is equal to the number of states inside a circle of radius r q En 2 2 n = nx + ny = ; (269) E1



Considering the hard-wall case with non-periodic boundary conditions and counting the …rst octant of the circle (since sign changes don’t lead to additional states), the total number of states NT having energy less than some value (but with E E1 ) is approximately the area of the octant, NT =



1 2 n = 4 4



E E1



The total number of states having energy in the range (E; E NT =



4E1



=



(E



4E1



(E



:



(270) E) is



E))



(271)



E:



The density of states, N (E), is de…ned as the number of states per unit area per unit energy around an energy E. The total number of states in a unit area in an energy interval dE around an energy E is (replacing NT , E with dNT , dE, respectively) dNT = N (E) dE = N (E) =



4E1



=



4E1



dE;



me 2}2



(272) (273)



(setting L = 1 in the expression for E1 ). Accounting for spin, we multiply by 2, such that N (E) =



me ; }2



(274)



which is the desired result. 8.3. The density of states in a one-dimensional system is given by (8.15), p 2me E 1=2 ; N (E) = } assuming zero potential energy. 42



(275)



(a) Use this formula to show that the Fermi energy in terms of the total number of …lled states at T = 0 K, Nf , is (8.40), 2 Nf }2 EF = : (276) 2me 2 Solution: Nf



=



Z



EF



N (E) dE =



p



0



EF



=



2



}Nf p 2 2me



2me }



}2 = 2me



Z



EF



E



1=2



dE =



p



0 2



Nf 2



2me p 2 EF ; }



(b) If there are N electrons in a one dimensional box of length L, show that the energy level of the highest energy electron is EF , given by (276). Use the fact that the energy levels in a onedimensional box are (4.35), En =



}2 2me



2



n L



; n = 1; 2; 3; :::



Solution: En =



}2 IN T 2me



(277)



2



N 2



= EF



(278)



where IN T is the integer part, rounded up. N=2 is used, rather than N , to account for spin, and L = 1 since the Fermi energy is per unit length. 8.4. Assume that the density of states in a one-dimensional system is given by p 2m N (E) = E 1=3 } at zero potential energy. (a) Use this formula to obtain the Fermi energy. (b) What is the relationship between the de Broglie wavelength and the Fermi wavelength? Solution: (a) p p Z EF Z 2m EF 2m 3 2=3 1=3 Nf = N (E) dE = E dE = E ; } } 2 F 0 0 EF =



2 }Nf p 3 2m



3=2



=



hNf p 3 2m



(279)



(280)



3=2



:



(b) The Fermi wavelength is the de Broglie wavelength at the Fermi energy. 8.5. The electron carrier concentration in the conduction band can be determined by multiplying the electron density of states in the conduction band, Ne (E), and the probability that a state is occupied, f (E; EF ; T ), and then summing over all energies to yield (8.54) on p. 275. Perform the analogous calculations for determining the hole carrier concentration in the valance band, leading to (8.56). Solution: Start with p=



Z



Nv



Np (E) (1



f (E; EF ; T )) dE;



(281)



1



where f (E; EF ; T ) is the Fermi-Dirac function. This leads to ! Z Ev p 3=2 1=2 1 2mp (Ev E) p= dE EF E 2 ~3 1 e kB T + 1 ! Z 2mp 3=2 Ev (Ev E)1=2 1 = dE: EF E 2 2 ~2 1 e kB T + 1 43



(282)



If (EF



E) = (kB T )



1 (Boltzmann approximation), then Z 2mp 3=2 k ETF Ev 1 B e (Ev p= 2 2 ~2 1



1=2



E)



E



e kB T dE:



(283)



With Z



Ev



(Ev



Ev



E



1=2



E)



e kB T



dE = e kB T



1



Z



Ev



1=2



(Ev



E)



1



Ev



1=2



= e kB T (kB T )



(kB T )



e



Z



1



Ev E kB T



dE



u1=2 e



u



(284) du



0



Ev



3=2



= e kB T (kB T ) using the change of variables u = (Ev



E) = (kB T ), du = Z



1



u1=2 e



u



du =



0



1p ; 2



dE= (kB T ), and



1p ; 2



(285)



then p=



2mp ~2



3=2



mp kB T 2 ~2



3=2



1 2



2



=2



= Nv e



Ev EF kB T



EF



Ev



e



(2d) F



=



2 (2d) kF



=



2 (2 N )



(286) (287)



: F



= 0:46 nm. Determine the Fermi wavelength



2



=



1=2



1p 2



Ev EF kB T



8.6. The Fermi wavelength in three-dimensional copper is in two-dimensional copper. Solution:



3=2



e kB T e kB T (kB T )



9



10



2 (8:45



2=3



1028 )



1=2



= 0:571 nm.



(288)



8.7. Determine the Fermi wavelength of electrons in three-dimensional aluminum, and zinc. Solution: From (3d)



kF



= 3N



2 1=3



From the appendix, for aluminum, N = 18:06 Therefore, (3d)



kF



= 3 18:06



1028



2 1=3



= 3 13:10



28



2 1=3



10



;



1028



2 : kF m 3 , and for zinc, N = 13:10 F



=



(289) 1028 m



3



.



= 1:749



1010 m



1



, aluminum



(290)



= 1:571



10



1



, zinc,



(291)



10



m



and so F



= 0:359 nm for aluminum = 0:399 nm for zinc



(292) (293)



8.8. What is the electron concentration in an n-type semiconductor at room temperature if the material is doped with 1014 cm 3 donor atoms? How would one determine the hole concentration? Solution: Doping is su¢ ciently heavy such that n ' Nd = 1014 cm



3



(294)



The hole concentration is given by (8.58), utilizing the equation after (8.62). One would need to know Ev . 44



8.9. The concept of the Fermi energy can be used to give some con…dence of electron-electron screening in conductors (i.e., the ability to ignore interactions among electrons), previously described in Sections 3.5 and 4.2. To see this, approximate the electron’s kinetic energy by the Fermi energy. Then, for an electron density N m 3 , assuming that the average distance between electrons is N 1=3 , show that the ratio of Coulomb potential energy to kinetic energy goes to zero as N goes to in…nity, showing that the electrons essentially screen themselves. Solution: For a three-dimensional material EF is EF =



}2 2me



3N



2 2=3



' EKE :



(295)



For an electron density N m 3 , assuming that the electrons uniformly …ll the space, the average distance between electrons is N 1=3 . The potential energy between electrons separated by a distance d is e2 V (d) = ; (296) 4 "0 d and, with d = N



1=3



we have V (N ) =



e2 N 1=3 : 4 "0



(297)



Therefore, the ratio of an electron’s potential to kinetic energy is V N 1=3 / 2=3 = N EKE N and so



V EKE



1=3



;



! 0 as N ! 1:



(298)



(299)



Therefore, as the electron density becomes large, the electrons essentially screen themselves, such that we can often ignore electron-electron interactions. 8.10. Constructive and destructive interference of electromagnetic waves (light, radio-frequency signals, etc.) is one of the most commonly exploited phenomena in classical high-frequency devices. For example, resonance e¤ects result from wave interference, and are used to form …lters, impedance transformers, absorbers, and antennas, etc. In contrast to these electromagnetic (i.e., photon) devices, which obey Bose-Einstein statistics, electron waves are fermions, and obey Fermi-Dirac statistics and the exclusion principle. Describe how it is possible for a large collection of bosons to form a sharp interference pattern, yet this will not be observed by a large collection of electrons in a solid. Does this make sense considering Fig. 2.6 on p. 29, where sharp electron interference was, in fact, observed? Solution: Since photons/electromagnetic waves don’t obey the Pauli principle, they can all have the same energy (i.e., the same frequency), and thus, via the de Broglie wavelength, they can all have the same wavelength. Since interference is based on wavelength, a large group of photons, all having the same wavelength, will all contribute to forming an interference pattern. However, electrons in a group must all have di¤erent quantum numbers by the Pauli exclusion principle. Excepting for spin, free electrons will all have di¤erent energies, and hence di¤erent wavelengths. Thus, although the di¤erence in wavelengths may be small, a sharp (due to electrons with precisely the same energy) and strong (contributed by many electrons) interference pattern will not result. This is not at odds with Fig. 2.6 on p. 29, since in electron interference experiments electrons are emitted one-at-a-time. Since they are not present at the same time, they can have the same energy and wavelength.
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Problems Chapter 9: Generic Models of Semiconductor Quantum Wells, Quantum Wires, and Quantum Dots



9.1. A …nite region of space is said to be e¤ectively two-dimensional if Lx was computed from the three-dimensional result (9.3) 2



=



F



(3Ne



1



2) 3



F



Ly ; Lz . However,



;



F



(300)



where Ne is the electron density m 3 . Is it then permissible to use this formula to conclude that a structure is two- or one-dimensional? Shouldn’t the two- or one-dimensional F be used? Why or why not. Solution: From (8.42) we have F



2



=



1=3 (3N 3d 2 )



2



=



1=2



(2 N 2d ) 4 = N 1d Assuming N 2d = N 3d F



=



2=3



2 1=3 (3N 3d 2 )



2=3 (N 3d )



=



4 1=3 (N 3d )



and the various values for



F



2 )1=3



(3 1=2



=4



=p



(301)



in 2d,



(302)



in 1d.



(303)



, then



2



=



2



= 2



1=3



, and N 1d = N 3d



in 3d,



1=3 (N 3d )



= 2:031



2 1=3



2 (N 3d )



1 1=3



(N 3d ) 1 = 2:507 1=3 3d (N )



1



in 3d, in 2d,



in 1d,



1=3 (N 3d )



(304) (305)



(306)



are in close agreement.



9.2. At the beginning of this chapter, it was stated that the Fermi wavelength is the important parameter in deciding if quantum con…nement e¤ects are important, and for determining the e¤ective dimensionality of a system. Another method to characterize when quantum con…nement e¤ects are important is to say that if the di¤erence in adjacent energy levels for a …nite space is large compared with other energies in the system (thermal, etc.), then con…nement e¤ects are important. Considering a one-dimensional in…nite-height potential well of width L, as considered in Section 4.3.1, show that con…nement e¤ects will be important compared with thermal energy when s 3}2 2 L< : (307) me kB T However, note that this result is independent of doping, and is, therefore, quite a rough approximation for semiconductors. For GaAs and Si, estimate the above relationship at room temperature. Solution: The di¤erence between the …rst two energy levels is given from (4.35) as E=



3}2 2 : 2me L2



(308)



Setting this to be larger than thermal energy kB T =2 leads to E L



3}2 2 1 > kB T; 2 2m L 2 s e 2 2 3} : < me kB T



=



46



(309) (310)



At room temperature (293 K), for GaAs (m = 0:067me ), L < 36 nm, and for Si (m = 0:26me ), L < 18 nm. 9.3. As noted in Section 9.3.1, in quantum dots, one can take the exciton radius as the important length scale for deciding if quantum con…nement e¤ects are important. In what way is this a qualitatively similar idea to the use of the Fermi wavelength for the same purpose? Solution: In the …rst case we regard the Fermi wavelength as the “size”of the particle (electron, hole, etc.) and consider the relationship between system size L and Fermi wavelength (i.e., if L F or L F ). In the second case we regard the exciton radius as the “size” of the quasi-particle formed by the electron-hole pair, and consider the relationship L aex or L aex . In both cases we are comparing the “size” of the particle in question to the system size. 9.4. On p. 288 it was shown that for GaAs at room temperature, one would need Lx 15 nm for two-dimensional subbands to be resolved. Determine the corresponding value for copper. Solution: From (9.35), we must have 2



}2 2m For copper, m = me , yielding Lx



Lx



kB T .



(311)



3:86 nm.



9.5. In a 2DEG, in order for energy subbands to be evident, kB T should be much less than the di¤erence between subbands, leading to (9.35). Consider the situation from the perspective of the de Broglie wavelength associated with thermal energy, e



=p



h h =p ; 2m kB T 2m E



(312)



and determine the size constraints on Lx to observe subbands at room temperature, and at T = 4 K, for GaAs. Comment on the relationship between the results of (9.35) and the results from (312). Solution: As given in the text, (9.35) yields Lx 15 nm at room temperature, and Lx 128 nm at T = 4 K. On the other hand, (312) results in e ' 30 nm at room temperature, and e ' 256 nm at 4 K. We expect con…nement e¤ects to be present when the size of the space is on the order of, or smaller, than the de Broglie wavelength. Therefore, we could write Lx 30 nm at room temperature and Lx 256 nm at T = 4 K. The fact that the numbers obtained from (9.35) and the values from (312) di¤er by a factor of two is no coincidence; the nth energy level given by (9.29) is such that Lx = n e =2. 9.6. Assume the well structure depicted in Fig. 9.3 on p. 283. Since GaAs has a bandgap of Eg ' 1:5 eV, and Al Ga1 As has a band gap of Eg ' 1:426 + 1:247 (313) for < 0:45, determine eV. Solution:



if the height of the con…nement barrier



AlGaAs EC = EC



AlGaAs GaAs 0:238 = EC EC = (1:426 + 1:247 ) 0:238 1:426 + 1:5 = 0:25 = 1:247



1:5;



GaAs EC is 0:238



(314) (315)



9.7. In Section 4.5.1 the quantum states in a …nite-height potential well were determined, leading to the eigenvalue equation (4.83) for symmetric states, and (4.85) for antisymmetric states. In that example, the e¤ective mass in each region was the same. Redo this problem assuming e¤ective masses mw and mb for the well and barrier regions, respectively, and show that the resulting eigenvalue equations are k2 tan (k2 L) =



mw k1 mb



(316)



for the symmetric states, and k2 cot (k2 L) = 47



mw k1 mb



(317)



for the antisymmetric states, where k22 =



2mb (V0 2mw E ; k12 = }2 }2



E)



:



(318)



9.8. Comparing energy levels in one-dimensional quantum wells, for an in…nite-height well of width 2L and e¤ective mass m , energy states are given by (4.35) with L replaced by 2L and me replaced by m , En =



}2 2m



2



n 2L



;



(319)



and for a …nite-height well of width 2L, the symmetric states are given by a numerical solution of mw k1 ; mb



k2 tan (k2 L) =



(320)



as described in problem 9.7. Assume that L = 5 nm, mw = 0:067me (GaAs), and mb = 0:092me (Al0:3 Ga0:7 As; see Table VI in Appendix B). Compute E1 and E3 (the second symmetric state) for the in…nite-height well, and compare it with the corresponding values obtained from the numerical solution for the …nite-height well (you will need to use a numerical root-solver). For the …nite-height Al Ga 1 As GaAs well, assume barrier height V0 = 0:3 eV, which is EC = EC EC for = 0:3. Comment on the appropriateness, at least for low energy states, of the much simpler in…nite well model. Solution. For the in…nite-height well, E1 = E3 =



}2 jqe j 2 (0:067me ) }2 jqe j 2 (0:067me )



2



2 (5



9)



10



(321)



= 0:505 eV.



(322)



2



3 2 (5



= 0:05613 eV



9)



10



For the …nite-height well, mw 2mw E 2mb (V0 E) k1 ; k22 = ; k12 = mb }2 }2 ! r r r 2mb (V0 E) 2mw E 2mw E tan L = }2 }2 }2



k2 tan (k2 L) =



(323)



The numerical solution is E1 = 0:036 eV (35% di¤erence with the in…nite-well case), and E3 = 0:275 eV (45% di¤erence with the in…nite-well case). The simple in…nite-height well is a reasonable model as a …rst approximation, and gives an order-of-magnitude estimate, although the percent error is probably too large to provide a quantitative model. 9.9. Assume a hard-wall model of a rectangular cross-section metallic quantum wire. If the wire is 1 nm thick and 10 nm wide, determine how many subbands are …lled at 1 eV. Solution: From (9.50), Eny ;nz



}2 = 2m 1 }2 = jqe j 2me



ny Ly



2



+ 1 1 10



nz Lz



2



!



2 9



+



(324) 2



3 10



10



9



!



so that E1;1 = 0:3798 eV, and E2;1 = 1:5079 eV. Therefore, only the E1;n states will be …lled. Since E1;2 = 0:3911 eV, E1;3 = 0:4099 eV, E1;4 = 0:4362 eV,



(325)



and E1;1 + E1;2 + E1;3 = 1:1808 eV, and E1;1 + E1;2 = 0:7709 eV, then the …rst two states will be …lled. 48



9.10. In a quantum wire, the available energy gets partitioned into various channels (subbands). Is this partitioning unique? Solution: No, how energy is partitioned depends on the structure, and excitation. 9.11. Calculate the energy levels in a quantum dot in the form of a cube, 5 nm on a side. Assume zero potential energy in the dot, and an in…nitely high potential bounding the dot. Assume that m = 0:045me in the dot material. Solution: From (9.56), Enx ;ny ;nz



}2 2 = 2m



nx Lx



=



}2



2



+



2



ny Ly



+



2



2 (0:045me ) (5



10



= 0:334 n2x + n2y + n2z



9 )2



nz Lz



2



!



(326)



n2x + n2y + n2z



eV.



9.12. How small must a metal nanosphere be in order for the ground state energy to be 1 eV? Assume a hard-wall model. Solution: From (9.60) }2 2 E1 = !R= 2me R2



s



}2 2 = 0:613 nm 2me E1



(327)



for E1 = 1 eV. 9.13. Consider a hard-wall model of a cubical metal quantum dot, having side length L = 3 nm. What is the energy of a transition from the (1; 1; 1) state to the (2; 2; 1) state? Solution: n2x + n2y + n2z ; 2me L2 }2 2 9) = = 2 (3 2me (3 10 9 )



Enx ;ny ;nz = E1;1;1



E2;2;1



}2



2



(328) 0:251 eV



9.14. Consider a CdS quantum dot, having Egbulk = 2:4 eV, me = 0:21me , mh = 0:8me , and "r = 5:6. What is the expected peak absorbance energy (Egdot ) and wavelength for a R = 2 nm dot? Repeat for a R = 3 nm dot. Solution: From (9.65), Egdot = Egbulk + where m =



}2 2 2m R2



1:8qe2 ; 4 "r " 0 R



me mh (0:21me ) (0:8me ) = = 0:166me ; me + mh 0:21me + 0:8me



49



(329)



(330)



so that Eg2 nm



Eg3 nm



dot



dot



= 2:4 +



1 }2 2 jqe j 2 (0:166me ) (2



10



1 1:8qe2 jqe j 4 (5:6) "0 (2



9 )2



= 2:735 eV, hc = 453:67 nm (blue-violet) = 2:735 jqe j 10 9 1 1 }2 2 1:8qe2 = 2:4 + 2 jqe j 2 (0:166me ) (3 10 9 ) jqe j 4 (5:6) "0 (3 = 2:497 eV, hc = 496:81 nm (orange-yellow). = 2:497 jqe j 10 9



10



9)



10



9)



(331)



9.15. Using the internet, …nd a company that sells quantum dots for biological and/or medical applications, and write a one-half to one page summary of one of their products, and its applications. 9.16. There is signi…cant debate about the possible adverse health e¤ects of quantum dots in biological bodies. Much, but not all, of the concern revolves around the use of cadmium in quantum dot structures. Write a one-page summary of the debate, including the bene…ts and drawbacks of using quantum dots in living bodies. 9.17. Determine quantum dot applications to lasers, and write a one-half to one page summary of the uses, pros, and cons, of using quantum dots as lasing materials.
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Problems Chapter 10: Nanowires and Ballistic Transport



10.1. Compare the thermal velocity at room temperature with the Fermi velocity for a one-dimensional conductor having N = 2 107 electrons/cm. Solution: We have vT =



s



kB (293) = 6:66 me



and vF = The 1d result for EF is EF = so that



}2 2me



N 2



104 m/s,



(332)



}kF : me



(333)



2



= 6:024



10



20



J,



(334)



1=2



kF = and vF =



(2me EF ) }



= 3:14



109 m



} 3:14 109 }kF = = 3:635 me me



1



;



105 m/s.



(335)



(336)



The Fermi velocity is an order of magnitude larger than the thermal velocity. 10.2. Determine the drift velocity for an electron in a material having momentum relaxation time = 2 10 13 s, for an applied electric …eld jEj = 100 V/m. If there are 3:4 1022 electrons per cm3 , what is the conductivity?
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Solution: We have qe E; me e 2 10 e jvd j = jEj = me me vd =



and so e me



=



e 2



(eNe ) =



!



13



10 me



(337) 13



100 = 3:517 m/s,



1028



e 3:4



(338)



= 1:9162



108 S/m.



(339)



10.3. Another method to obtain electron drift velocity follows from the usual treatment of elementary di¤erential equations modeling mass-spring systems; we can account for the e¤ect of collisions by including a damping term in (10.5), resulting in me



dvd me vd + = qe E: dt



(340)



Solve (340) to determine the frequency-dependent version of the conductivity (10.12) assuming time-harmonic conditions. Comparing with the usual frictional term in a damped mass-spring system, we …nd that me = is analogous to a coe¢ cient of friction. It is easy to see that (10.8) is a solution of (340). Solution: Assuming time-harmonic conditions d=dt ! i!, me i!vd + vd =



me vd



= qe E



qe E me (i! +



1)



=



(341) qe E me (i! + 1)



qe E me (i! + 1)



J = qe Ne vd = qe Ne where =



(342) 2



= E A/m ,



qe2 Ne : me (i! + 1)



(343)



(344)



10.4. Consider a two-dimensional electron gas in GaAs, with n = 1012 cm 2 , and mobility 8; 200 cm2 /Vs. Determine the mean free path from the semi-classical model, using 0:067me as the e¤ective mass of electrons in GaAs. Solution: We have = so that



1 0:067me (8200) 100 m 2 = = 3:124 jqe j jqe j 2



1=2



(2d) vF



} (2 N ) = me



=



} 2 (100) 1012



10



13



s,



(345)



1=2



0:067me



= 4:331



105 m/s,



(346)



and Lmf p = vF = 4:331 2



105



3:123 7



10



13



= 135:3 nm.



(347)



10.5. We can consider a thin metal sheet as being two-dimensional if the thickness of the sheet, d, is su¢ ciently small such that we can ignore electron movement perpendicular to the plane of the sheet. One (2d) way to assess this issue is to compare the two-dimensional Fermi energy, EF , given by (8.39), with the energy E required to excite an electron above the ground state in a one-dimensional hard-wall quantum well of size d. Using (4.35) we …nd that, E = E2



E1 = 51



}2 2 22 2me d2



12



2



:



(348)



If E EF , the metal sheet is approximately two-dimensional. This comparison is meaningful since the most important electrons will have energy equal to the Fermi energy, and if movement perpendicular to the plane of the sheet is to take place, the electrons must gain enough energy to move to a higher (perpendicular) state. (a) Consider copper having Ne ' 8:45 1028 /m3 , such that the two-dimensional density of electrons 2=3 is approximately Ne2d = Ne = 1:93 1019 /m2 . If the sheet thickness is d = 0:2 nm, is the sheet approximately two-dimensional? Solution: }2 }2 (2d) N= 1:93 1019 = 4:62 eV (349) EF = me jqe j me E= yes, approx. 2d



}2 2 jqe j 2me



2



1 10



:2



22



9



12 = 28:2 eV



EF



(350)



(b) Repeat (b) for a sheet with d = 0:7 nm? E=



}2 2 jqe j 2me



2



1 10



:7



22



9



12 = 2:3 eV



(351)



not as well approximated as 2d. 10.6. One can approximately ignore quantization, and treat a layer of material as being three-dimensional, if the (three-dimensional) Fermi wavelength is small compared to the sheet thickness d. Assuming we require 10d (352) F in order to ignore quantization, determine the required sheet thickness that a copper sheet should have in order to be able to treat it as three-dimensional. Repeat for a n-type doped Si, assuming N ' Nd = 1:5 1016 cm 3 .



Solution: In general, from (8.42),



(3d)



kF



= 3N



1028 m



From the appendix, for copper, N = 8:45 (3d)



kF



= 3 8:45 = 3 1:5



2 1=3



1028 1022



2 1=3 2 1=3



3



;



F



=



2 : kF



(353)



. Therefore,



= 1:358



= 7:630



1010 m 107 m



1



1



, copper



, silicon,



(354) (355)



and so F



= 0:463 nm for copper = 82:35 nm for silicon.



(356) (357)



F



(358)



Therefore, d d



= 0:046 nm for copper, 10 8:235 nm for silicon.



10.7. Do Problems (10.5) and (10.6) provide self-consistent criteria for when a thin sheet can be considered to be two-dimensional?
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Solution: From Problem (10.5), the condition E= 9 d2



}2 2 22 12 2me d2 4 1:5 2 !d



E



2



EF leads to



EF =



}2 kF2 }2 = 2me 2me



2



2



(359) F



F



F



so that we should have d 1:5 F for a sheet to be F for a sheet to be two-dimensional (i.e., d three-dimensional). Problem (10.6) states that d 0:1 F in order to treat a sheet as being threedimensional. Obviously, the two sets of criteria are relatively consistent, although they di¤er by an order of magnitude. 10.8. Using (10.30) with p = 0:49, Rc = 0:27, and d equal to wire width w, plot for a square cross-section copper wire. Solution: =



0



(



1 3



1 3



2



2



+



3



ln 1 +



where =



1



3 + C (1 8



as a function of wire width



1 + AR Lm p) AR w



)



;



Lm Rc : d 1 Rc



(360)



(361)



For copper, using Lm = 40 nm, rh o



10



8



6



4



2



0



25



50



75



100



125



150 w



where



has been normalized by 10



8



ohm-m.



10.9. A conducting wire carrying a signal is surrounded by te‡on (" ' 2:5"0 ). If the signal generates an a.c. 10 V/m electric …eld, thereby accelerating electrons, what is the approximate velocity of signal propagation? Solution: From basic physics,



c v=p "r



(362)



is the velocity of electromagnetic waves (this is the phase velocity, which is an appropriate velocity for transverse electromagnetic waves), where c is the speed of light in a vacuum. Therefore, 3 108 v= p = 1:897 2:5



108 m/s.



(363)



The signal propagates at this velocity, even though electrons travel much more slowly. 10.10. Figures 10.1 (p. 322) and 10.2 (p. 323) show the Fermi surface in momentum space for a material. Draw a similar picture for a one-dimensional conductor.
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10.11. Consider two concentric spherical conducting shells. The inner shell has radius a, the outer shell has radius b, and the material between the shells has conductivity . If the outer shell is grounded, and the inner shell is held at potential V0 , then elementary electrostatics shows that the resulting electric …eld in the space between the shells is2 E (r) = r 1



V0 1 b



a



1 : r2



(366)



Using this electric …eld, determine the resistance R seen between the two shells using (10.27). Solution: Using a radial integration path from the inner shell to the outer shell, R b V0 1 Rb 1 1 r 2 r rdr E dl a a b R = R Ra = R2 R V0 1 2 E dS 1 1 2 r rr sin d d S 0



=



1 4



1 a



1 b



0



a



b



(367)



r



:



(368)



10.12. In Chapter 5 it was stated that collisions are necessary to frustrate Bloch oscillations, otherwise a d.c. voltage would result in an a.c. current. In this chapter, we have learned that if no collisions take place because L Lm ; L , d.c. ballistic transport will occur. These two facts seem to be in contradiction. Why are they not? Solution: In Chapter 5 we considered bulk materials. Collisions occur on length scales Lm , such that the electron is scattered well before the electron’s wavenumber can increase enough to approach the zone boundary. In a similar way, for materials having dimensions L Lm ; L the electron will reach the end of the material well before the electron’s wavenumber reaches the zone boundary. 10.13. Consider a 20 nm length of a ballistic conductor, carrying N = 4 electron modes. Determine the current that will ‡ow if a 0:3 V potential di¤erence is applied across the length of the conductor. Assume low temperature, and that Tn = 1. Solution: For the conditions stated, 2e2 2e2 N= 4; h h h R = 2 = 3226:6 : 8e



G=



Then I=



(369) (370)



V 0:3 = = 92:98 A R 3226:6



10.14. Consider a 5 nm length of a ballistic conductor, having square cross-section of side 1 nm. If EF = 3:5 eV, and m = me , determine the current that will ‡ow if a 0:2 V potential di¤erence is applied across the length of the conductor. Assume low temperature. Solution: From (10.38),



2 To



r



=



N



'



wp 2me EF = 3:051; } 1 1 2 r = (3:051) = 2:396 4 4



(371) (372)



derive (366), solve Laplace’s equation, r2 V =



1 @ r 2 @r



r2



@V @r



=0



(364)



subject to V (a) = V0 and V (b) = 0, then compute the electric …eld as E=



rV =



54



r



@V : @r



(365)



and so R=



h = 6453 2qe2 (2)



;



(373)



leading to I=



V 0:2 = = 31 R 6453



6



10



A.



(374)



10.15. Consider a 50 nm length of a ballistic conductor, having square cross-section of side 0:8 nm. If EF = 2:5 eV, m = me , determine the current that will ‡ow if a 0:2 V potential di¤erence is applied across the length of the conductor. Assume low temperature. Solution: From (10.38), N= and so



wp 2me EF = 2:06; }



R=



h = 6453 2qe2 N



(375)



;



(376)



leading to I=



V 0:2 = = 30:99 R 6453:2



10



6



A.



(377)



10.16. Describe the di¤erence between the physical channel and electronic channels in a quantum wire. Solution: The physical channel is the actual physical space in which conduction takes place. An electron channel is the subband wherein conduction occurs. In general, the larger the physical channel, the more electronic channels.
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