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Short Description

An object at rest tends to remain at rest and an object in motion tends to continue moving with constant velocity unless...
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Rotational ` Mechanics A Rigid body is defined as a system of particles in which distance between each pair of particles remains constant (with respect to time). Let us now have a look at the following examples:System behaves as a rigid body Remember, rigid body is a mathematical concept and any system which satisfies the above condition is said to be rigid.



System behaves as a non- rigid body



If a system is rigid, since there is no change in the distance between any pair of particles of the system, shape and size of the system remains constant. Hence we intuitively feel that while a stone or a cricket ball are rigid bodies, a balloon or an elastic string is non-rigid. When the bat hits the cricket ball or if the balloon is squeezed, relative distance changes and now the system behaves like a non-rigid system.



(𝛚𝟏 ≠ 𝛚𝟐 )



A+B is a rigid body system but A+B+ring is non-rigid system



A+B is non-rigid system



For every pair of particles in a rigid body, there is no velocity of separation or approach between the particles, i.e. any relative motion of a point B on a rigid body with respect to another point A on the rigid body will be perpendicular to line joining A and B. Hence, we can conclude that all the points in a rigid body are in pure rotation w.r.t. any point in the body and all the points in the rigid body would appear to be in circular motion with the same angular velocity. Let velocities of A and B with respect to ground be and



VB



VA



in the following figure:



If the above body is rigid, relative velocity between A and B along the line joining A and B should be zero. i.e. Velocity of approach or separation is zero.



VBA VA VA



= (relative velocity of B w.r.t A)



VB cosθ2 (Since velocity of separation is 0) sinθ1 + VB sinθ2 (Which is perpendicular to line AB). Thus finally the relative velocity would be VA sinθ1 + VB sinθ2 cosθ1 =



PLANCESS CONCEPTS Note: Since in one time period, the whole object should look exactly the same as at t=0, by definition of rigid body, then each particle must have moved by the same average velocity. And 7.3 since the distance between any 2 particles is exactly the same at all points of time, the angular velocity must be same at all points of time (only applicable to coplanar points). Anwww.plancessjee.com easy way to imagine the rotation of a rigid body - all individual mass elements of the rigid body rotate about an
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2. TYPES OF MOTION OF A RIGID BODY   



Pure Translational motion Pure Rotational Motion Combined Translational and Rotational motion



2.1 Pure Translational motion A body is said to be in pure translational motion if the displacement of each particle of the system is same during any time interval. During such a motion, all the particles have the same displacement. Consider a system of n particles of mass m1, m2, m3 … mn undergoing pure transition. Then from above definition of translational motion a1 = a 2 = a 3 = ..........a n = a And v1 = v2 = v3 = ..........vn = v From Newton’s laws for a system.



Fext = m1 a1 + m2 a 2 + m3 a3 + ...............  Fext = M a



Where M = Total mass of the body



P = m1 v1 + m2 v2 + m3 v3 + ..........  P = Mv



Where M = mass of the rigid body; P = momentum of entire body Total Kinetic Energy of body



2.2 Pure Rotational Motion The Figure shows a rigid body of arbitrary shape in rotation about a fixed axis, called the axis of rotation. Every point of the body moves in a circle whose center lies on the axis of rotation, and every
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Rotational ` Mechanics point moves through the same angle during a particular time interval. Such a motion is called pure rotation. We know that each particle has same angular velocity (since the body is rigid) So,



v1 =  r1, v2 =  r2 ,  r3 ...... vn =  rn



Total Kinetic Energy



1 1 m1v12 + m2 v22 + ........................ 2 2 1 =  m r 2 + m2 r22 + ........................ 2 2  11 =



= 1 I2 Where I =



2



m1r12 + m2r22 + ............. (is called moment of inertia)



Where  is the angular speed of body. We will study more about it in later sections.



PLANCESS CONCEPTS: Misconception: For a body in pure rotation, angular velocity ω is dependent on the distance from the axis of rotation. But No! ω is same for all the particles in the body irrespective of the distance. Only linear velocity of the particles vary with the distance from the axis of rotation.



∎ Ravi Vooda JEE 2009 AIR 71



2.3 Combined Translational and Rotational Motion A body is said to be in combined translational and rotational motion if all points in the body rotate about an axis of rotation and the axis of rotation moves with respect to the ground. Any general motion of a rigid body can be viewed as a combined translational and rotational motion. If it is given that there is no slipping between two bodies in contact, then it means that at the point of contact, both bodies have same velocity and acceleration.



Illustration 1: A body is moving down into a well through a rope passing over a fixed pulley of radius 10 cm. Assume that there is no slipping between rope & pulley. Calculate the angular velocity and angular acceleration of the pulley at an instant when the body is going down at a speed of 20 cm/s and has an acceleration of 4.0 m/s2. (JEE MAIN) Sol: Since the rope does not slip on the pulley, the linear speed v of the rim of the pulley is same as the speed of the body. The angular velocity of the pulley is



 = v/r =



20 cm/s = 2 rad/s 10 cm



And the angular acceleration of the pulley is



 = a/r =



4.0 m/s2 = 40 rad/s2 10cm



3. ROTATIONAL KINEMATICS A rigid body will be having rotational motion about an axis of rotation when each particle of the body moves in a circular path around their centers which lie along a straight line on the axis of rotation. The angular velocity  , is given by
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 = Lim t 0



θ dθ = t dt



Similarly, the angular acceleration  is given by d d 2 = = 2 dt dt The relations between linear displacement s, velocity v, and acceleration a, to the quantities describing circular motion in rotational kinematics i.e.,  ,  and respectively are given for distance r from axis







V  r ;



of rotations as: S  r ;



If a body rotates with uniform angular acceleration,



t = 0 + t Where



;



 = 0t +



0 is initial angular velocity.



a t = r



1 2 t ; 2 = 02 + 2 2



The equations for angular displacement, angular velocity and angular acceleration are similar to the equations of linear motion



Illustration 2: A disc starts rotating with constant angular acceleration of  / 2 rad/s2 about a fixed axis perpendicular to its plane and through its center. Calculate (a) The angular velocity of the disc after 4 s (b) The angular displacement of the disc after 4s and (c) Number of turns accomplished by the disc in 4 s. (JEE MAIN)



 rad / s2 ; 0 = 0 ; t  4 s; 2   (4 s) = 0 +  rad/s 2   4 s = 2 rad /s 2  1  (4s) = 0 +  rad/s2   (16s2 ) = 4 Radian 2 2   n2rad = 4 Radian  n  2.



Sol: Here   (a) (b) (c)



PLANCESS CONCEPTS: d  dt ∎ Akshat Kharaya



Tip: For variable angular acceleration we should proceed with differential equation



JEE 2009 AIR 235



4. MOMENT OF INERTIA Moment of inertia is the name given to rotational inertia, the rotational analog of mass for linear motion. The moment of inertia must be specified with respect to a chosen axis of rotation. For a point mass the moment of inertia is just the mass times the square of perpendicular distance to the rotation
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Rotational ` Mechanics axis, I = mr2. SI units of moment of inertia is Kgm2. Moment of inertia about a particular axis of rotation is a scalar positive quantity. (i) Moment of inertia of a system of n particles about an axis is defined as:



I = m1r12 + m2r22 + .................+ mn rn2



i.e. I =



n



2 mr  i i i=1



Where, ri is perpendicular distance of mass mi from axis of rotation. (ii) For a continuous system: I = r 2 (dm) , where dm = mass a small element







r = perpendicular distance of the mass element dm from the axis. Moment of inertia depends on: (i) Density of the material of body (ii) Shape & size of body (iii) Axis of rotation In totality we can say that it depends upon distributions of mass relative to axis of rotation.



Physical Significance of Moment of Inertia Moment of inertia plays same role in rotational motion as mass plays in translational motion. “It is the property of the body by which body opposes any change in its state of rotational motion.”



PLANCESS CONCEPTS: Fact: Moment of inertia does not change if the mass: (i) Is shifted parallel to the axis of rotation because ri does not change. (ii) Is rotated about the axis of rotation in a circular path because ri does not change.



∎ Chinmay S Purandare JEE 2012 AIR 698 Illustration 3: Two particles having masses m1 & m 2 are situated in a plane perpendicular to line AB at a distance of r1 and r2 respectively as shown. (i) Find the moment of inertia of the system about axis AB? (ii) Find the moment of inertia of the system about an axis passing though m1 and perpendicular to the line joining m1 and m 2 . (iii) Find the moment of inertia of the system about an axis passing through m1 and m 2 ? (iv) Find moment of inertia about an axis passing though center of mass and perpendicular to line joining m1 and m 2 . (JEE MAIN)



Sol: (i) Moment of inertia of particle on left is Moment of inertia of particle on right is



I1 = m1r12 I2 = m2 r22 7.7 www.plancessjee.com
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I = I1 + I2 = m1r22 + m2r22 I1  0 I2  m2 (r1 +r2 )2



Moment of inertia of the system about AB is (ii) Moment of inertia of particle on left is Moment of inertia of particle on right is



I = I1 + I2 = 0 + m2 (r1 +r2 )2 I1  0 I2  0 I = I1 + I2  0  0



Moment of inertia of the system about AB is (iii) Moment of inertia of particle on left is Moment of inertia of particle of right is Moment of inertia of the system about AB is (iv) Center of mass of system



 r1  r2     m1  m2 



rcm = m2 



Distance of center mass from mass m1



Distance of center of mass from mass m2 =



 r r  m1  1 2   m1  m2 



So moment of inertia about center of mass



=I



cm







= m1  m2



Icm =







2



 r1  r2  r1  r2   + m2  m1  m1  m2  m  m2   1



2



m1m2 (r + r2 )2 . m1  m2 1



Illustration 4: Three particles each of mass m, are situated at the vertices of an equilateral triangle PQR of side a as shown in the figure. Calculate the moment of inertia of the system about (i) The line PX perpendicular to PQ in the plane of PQR. (ii) One of the sides of the triangle PQR (iii) About an axis passing through the centroid and perpendicular to plane of the triangle PQR. (JEE MAIN) Sol: (i) Perpendicular distance of p from PX = 0; perpendicular distance of Q from PX = a perpendicular distance of R from PX = a/2. Thus, the moment of inertia of the particle at P = 0, the particle Q = ma 2 , and of the particle at R  m(a/2) 2 . 2 The moment of inertia of the three – particle system about PX is 0 + ma 2 + m(a/2)2 = 5ma 4 Note that the particles on the axis do not contribute to the moment of inertia. (ii) Moment of inertia about the side PR = mass of particle Q  square of perpendicular distance of 2



2   Q from side PR, I = m  3 a  = 3ma PR  2  4  



(iii) Distance of centroid from all the particle is



a 3



, so moment of inertia about an axis and passing 2



 a  2 through the centroid and perpendicular to the plane of triangle PQR = IR = 3m   = ma  3
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Table of values of MOI of symmetric bodies S. NO



Body, mass M



Axis



Figure



I



1.



Ring or loop radius R



MR 2



2.



Disc, radius R



3.



Hollow radius R



cylinder,



Through its center and perpendicular to plane Perpendicular to plane through its center Axis of cylinder



4.



Solid radius R



cylinder,



Axis of cylinder



MR 2 2



5.



Thick cylinder,



walled



Axis of cylinder



M R R



6.



Solid radius R



sphere,



7.



Spherical radius, R



shell



8.



Thin rod, length L



Perpendicular to rod at middle point



9.



Thin rod, length L



Perpendicular rod at one end



10.



Solid length l



cylinder,



Through center and perpendicular to length



11.



Rectangular sheet, l length and breadth b



Through center and perpendicular to plane



K(Radius of Gyration) R



MR 2 2



R



MR 2



R



R







2



2 1



2 2







2 R12  R 22



2



2



Diameter



2 MR 2 5



2 R 5



Diameter



2MR 2 3 ML2 12 ML2 3 MR 2 Ml2  4 12



2 R 3 L



to



M(l2  b2 ) 12



2 3 L



3 R 2 l2  4 12 l2  b2 12



PLANCESS CONCEPTS: Tip: While deriving the MOI of any rigid body the element chosen should be such that: Either perpendicular distance of axis from each point of the element is same or the moment of inertia of the element about the axis of rotation is known.



∎ Nitin Chandrol JEE 2012 AIR 134
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4.1 Theorems on Moment of inertia (a) Theorem of Parallel Axis: It states that the moment of inertia of a body about an axis is equal to the sum of moment of inertia about a parallel axis through its center of mass and product of mass of the body and square of perpendicular distance between the two axes. If the moment of inertia of a body about an axis passing through center of mass is perpendicular to its plane is



ICM



then the



moment of inertia of this body through any axis CD parallel to this axis, Iparallel is given by



Iparallel



=



ICM  Md2



where d is the perpendicular distance between the two



axes.



Illustration 5: Find the moment of inertia of a uniform sphere of mass m and radius R about a tangent if the sphere is (i) solid (ii) hollow (JEE MAIN) Sol: (i) Using parallel axis theorem



I = ICM + md2 For solid sphere 7 2 I = mR 2 ICM = mR 2 , d = R ; 5 5 (ii) Using parallel axis theorem



I = ICM + md2 For hollow sphere 2 ICM = mR 2 , d = R ; 5



I=



5 mR 2 3



Illustration 6: Find the moment of inertia of the two uniform joint roads having mass m each about point P as shown in figure. Use parallel axis theorem. (JEE MAIN) Sol:



m 2 Moment of inertia of rod 1 about axis P, I1 = 3 2



m 2   Moment of inertia of rod 2 about axis p, I2 = + m 5  12 2  2 m So moment of inertia of a system about axis p; I = 3 (b) Theorem of perpendicular Axes: The sum of moments of inertia of a planar body about two axes



and I y at right angles to each other in the plane of the body passing through its center of mass is equal to the moment of inertia of the body I z about an axis perpendicular to these axes but passing through



Ix



their point of interaction at the center of mass. Iz = Ix



+ Iy
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Rotational ` Mechanics Illustration 7: Find the moment of inertia of a half-disc about an axis perpendicular to the plane and passing through its center of mass. Mass of this disc is M and radius is R.



(JEE MAIN) Sol: ICM



MR 2  4R  =  M  2  3 



2MR 2 MR 2 ; IA = = 2 2 2



2



IA = ICM



 4R  +M    ;  3 



2



Illustration 8: Calculate the moment of inertia of a uniform disc of mass M and radius R about a diameter. (JEE MAIN) Sol: Let AB and CD two mutually perpendicular diameters of the disc. Take them as x and y axes and the line perpendicular to the plane of the disc through the



1 MR 2 . As the disc 2



center as the Z – axis. The moment of inertia of the ring about the Z – axis is I = is uniform, all of its diameters are equivalent and so I x From perpendicular an axis theorem Iz = Ix



= Iy



+ I y ; hence



Ix =



Iz 2



=



MR 2 4



Illustration 9: In the figure shown find the moment of inertia of square plate having mass m and sides a about axis 2 passing through point C (center of mass) and in the plane of plate. (JEE MAIN) Sol: Using perpendicular axis theorems IC = I4 + I2 = 2I` Using perpendicular theorems IC = I3 + I1 = I + I = 2I 2I` = 2I -> I` = I IC = 2I =



ma 2 ma 2  r` = 6 12



PLANCESS CONCEPTS: Facts: For a body, among all the parallel axes, moment of inertia is least for the axis which passes through the center of mass  In perpendicular axis theorem, the point of intersection of all the three axis need not lie inside the body. Example: ring  Unlike parallel axis theorem, Perpendicular axis theorem is only applicable to two dimensional objects. And while using this theorem, MOI about two perpendicular axis that lie in the same plane of the object has to be administered.



∎ Saurabh Gupta JEE 2010 AIR 443



4.2 Radius of Gyration: The radius of gyration is the distance from the axis where all mass can be assumed to be concentrated when the body is in rotation. Thus, the radius of gyration is the ‘’equivalent distance’’ of the mass from the axis of rotation. In this context, gyration can be defined as rotation of a planar region about some axis lying in the plane.
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I = MK2



I = Moment of inertia of a body M = Mass of a body K = Radius of gyration



K=



I M



Length K is the geometrical property of the body and axis of rotation. S.I. Unit of K is meter.



Illustration 10: Find the radius of gyration of a hollow uniform sphere of radius R about its tangent. (JEE MAIN) Sol:



Moment of inertia of a hollow sphere about a tangent, =



MR 2 =



5 MR 2 3



5 5 MR 2  K = R 3 3



4.3 Moment of inertia due to cavity Moment of inertia of objects with hollow spaces can be calculated by basic method of choosing a small element and then integrating. The easier way to solve is by considering the hollow space to be filled. Calculate the MOI of whole object and then add the MOI of hollow space considering it to have negative mass.



Illustration 11: A uniform disc of radius R has a round disc of radius R/3 cut as shown in figure. The mass of the remaining (shaded) portion of the disc equals M. Find the moment of inertia of such a disc relative to the axis passing through geometrical center of original disc and perpendicular to the plane of the disc. (JEE ADVANCED) Sol: Let the mass per unit area of the material of disc be  . Now the empty space can be considered as having density –  Now I0 = I + I



I = (R 2 )R 2 /2  M.I. of  about O = MR 2 /2 σπ(R/3)2 (R/3)2 + [  σπ(R/3)2 ](2R/3)2 2  M.I of  σ About O = MR 2 /18 I0 = MR 2 /2  MR 2 /18



I-σ =



I0 =



4 MR 2 9



5 TORQUE
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5.1 Torque about a point:  =r  F



Torque of force F about a point



Where F = force applied P = point of application of force Q = point about which we want to calculate the torque.



r



= position vector of the point of application of force w.r.t the point about which we want to determine the torque.



|  | = r F sin θ = r F = rF Where θ = angle between the direction of force and the position vector of P wrt. Q. r = r sin θ = perpendicular distance of line of action of force from point Q, it is also called force arm.



F = F sin θ



= component of



F perpendicular to r



SI unit of torque is Nm



Illustration 12: Find the torque about point O and A. (JEE MAIN) Sol: Torque about point O,  = r0  F, r0 = ˆi + ˆj , F = 5 3 ˆi + 5jˆ ˆ = 5(1  3)kˆ  = (iˆ + ˆj)  (5 3iˆ + 5j) Torque about point A,



 = ra  F, ra = ˆj , F = 5 3 ˆi + 5jˆ



ˆ = 5( 3)kˆ  = ˆj  (5 3iˆ + 5j) Illustration 13: A particle of mass m is released in vertical plane from a point P at x =



x0



on the x – axis it falls vertically along the y – axis. Find the torque



(JEE MAIN)  about origin? Sol: Torque is produced by the force of gravity



 = rF sin θ kˆ  r mg



Or



  r F = x 0 mg



x0 = mgx 0 kˆ r



5.2 Torque about an axis: The torque of a force F about an axis AB is defined as the component of torque of AB along the axis AB about any point O on the axis AB, In the given figure torque of The torque of



F



about O is  0  r  F



F about AB,  AB is component of  0 along line AB.



There are two special cases of torque of a force about an axis:Case I: Force is parallel to the axis of rotation, F || AB , hence r  F is perpendicular to AB . The component of



r  F along AB is therefore, zero.
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Rotational ` Mechanics Case II: The line of force intersects the axis of rotation (F intersect AB).



F Intersects AB along r , then F and r are along the same line. The torque about O is r  F = 0 . Hence component this torque along line AB is also zero. Torque is a vector quantity and its direction is determined using right hand thumb rule and it is always perpendicular to the plane of rotation of the body.



Illustration 14: Find the torque of weight about the axis passing through point P.



Sol:



(JEE MAIN)



Downwards



F = mg



=F  r



 F.r sin 



Illustration 15: A bob of mass m is suspended at point O by string of length . Bob is moving in a horizontal circle find out. (i) Torque of gravity and tension about point O and O` (ii) Net torque about axis OO`. (JEE ADVANCED) Sol: (i) Torque about point O Torque of tension (T), τ net = 0 (tension is passing through point O) Torque of gravity



 mg



=



Torque about point O’ Torque of gravity



 mg



= mgr



r=



=



θ



Torque of tension



 mg  mg



mg  Trcos ;



τ net



=



Torque of gravity



positive ˆj )



mgsin



sin θ



(along negative ˆj )



= Trsin (90 + θ ) (Tcos



θ = mg)



mg ( sinθ)cos θ = mg sin θ (along cos θ



(ii) Torque about axis OO’ Torque of gravity about axis OO’ OO’) Torque of tension about axis OO’ Net torque about axis OO’



θ



mgsin



τ mg



= 0 (force mg is parallel to axis



τ net τ net



= 0 (force T is passing through the axis OO’) =0
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5.3 Force Couple A pair of forces each of same magnitude and acting in opposite direction is called a force couple. Torque due to couple = magnitude of one force x distance between their lines of action. Magnitude of torque = τ = F (2d) A couple does not exert a net force on an object even though it exerts a torque. Net torque due to a force couple is same about any point. Torque about a = x1F + x 2 F = F(x1 + x 2 ) = Fd Torque about B = y1F - y2 F = F(y1  y2 ) = Fd



6. KINETIC ENERGY OF ROTATION When a rigid body describes pure rotational motion, all of its constituent particles move in a circular



r1 , r2 …… and rn (say), with linear velocities v1 =  r1 , v 2 =  r2 ,……….. and If m1 , m2 ,….. and m n are the masses of its corresponding particles then the kinetic



path with radii



vn =  rn .



energy of the system is given by



1 1 1 m1v12 + m2 v22 + ......... + mn vn2 2 2 2 1 1 = m12 r12 + m22 r22 + ......... 2 2 1 = (m1r12 + m2r22 + .......... + m nrn2 )ω2 2 The term m1r12 + m2 r22 + .......... + mn rn2 is called rotational inertia or moment of inertia of the K.E.



=



system of particles or body. Hence, the rotational kinetic energy of a body is given by K.E 



1 2 Iω 2



PLANCESS CONCEPTS: Tips & Tricks:  Most of the problems involving incline and a rigid body, can be solved by using the conservation of energy. Care has to be taken in writing down the total Kinetic energy. Rotational Kinetic Energy term has to be taken into consideration along with translational kinetic energy. And while writing the rotational energy, the axis about which the moment of inertia is taken should be carefully chosen.  The point about which the conservation is done should be inertial to avoid calculating the work done by pseudo forces or the point itself should be the COM so that the work done by the torque of pseudo forces would be 0.
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Rotational ` Mechanics Illustration 16: A uniform circular disc has radius R and mass m. a particle, also of mass m, is fixed at a point A on the edge of the disc as shown in figure. The disc can freely rotate about a fixed horizontal chord PQ that is at a distance R/4 from the center C of the disc. The line CA is  to PQ. Initially the disc is held vertical with point A at its highest point. It is then allowed to fall so that it starts rotating about PQ. Find the linear speed of the particle as it reaches lowest point. 2



2



Sol: I = 1  mR + m  R  + m  5R  = 15mR 2 2 8 4  4  Energy equation 2



mg



5R mgR 1 5R mgR + = I 2  mg  4 4 2 4 4



 =4



V=



(JEE ADVANCED)



2



g 5R



5R = 5gR 4



6.1 Rotation about a fixed axis: If I Hinge = moment of inertia about the axis of rotation (since this axis passes through the hinge hence the name I Hinge )



 ext = resultant external torque acting on the body about axis of rotation  = angular acceleration of the body.  ext = IHinge  Rotational kinetic Energy = P = Mv CM



1 .I.ω2 2



Fexternal = Ma CM



Net force action of the body has two component tangential and centripetal.



v2 = mω2 rCM rCM  Ft = ma t = mα rCM  FC = ma C = m



Where m is mass element of the body



Illustrations 17: A pulley having radius r and moment of inertia I about its axis is fixed at the top of an inclined plane of inclination θ as shown in figure. A string is wrapped round the pulley and its free end supports a block of mass m which can slide on the plane initially. The pulley is rotated at a speed 0 in a direction such that the block slides up the plane. Calculate the distance moved by the block before stopping? (JEE ADVANCED) Sol: Suppose the deceleration of the block is a. The linear deceleration of the rim of the pulley is also a. The angular deceleration of the pulley is  = a/r. If the tension in the string is T, the equations of motion are as follows: mg sin – T  ma and Tr  I Ia / r.
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Rotational ` Mechanics Eliminating T from these equations,



a mgr 2 sin θ  ma; Giving, a = 2 r I + mr 2 The initial velocity of the block up the incline is v = 0 r Thus, the distance moved by the block before mg sin – I



stopping is



ω02 r 2 (I + mr 2 ) (I + mr 2 )02 v2 x = = 2a 2mr 2 sin θ 2mg sin θ Illustration 18: A uniform rod of mass m and length can rotate in vertical plane about a smooth horizontal axis hinged at point H. (i) Find angular acceleration  of the rod just after it is released from initial horizontal position from rest? (ii) Calculate the acceleration (tangential and radial) of point a at this moment. (iii) Calculate net hinge force acting at this moment. (iv) Find  and  when rod becomes vertical. (v) Find hinge force when rod become vertical. (JEE ADVANCED) Sol: (i) H = IH 



m 2 3g Mg. =   = 2 3 2 (ii)



a tA =  =



3g 3g . = 2 2



N1 (∵  = 0 just after release)



a CA = 2r = 0. = 0



(iii) Suppose hinge exerts normal reaction in component form as shown



N2



In vertical direction



Fext = ma CM  mg  N1 = m.



3g 4



(We get the value of a CM from previous example)  N1 =



In horizontal direction



Fext = ma CM  N0 = 0



(∵ a CM in horizontal = 0 as



0 just after release) (iv) Torque = 0 when rod becomes vertical Using energy conservation mg = 1 I 2 4 2







=



so  = 0  m 2  I=  3  



(Work done by gravity when COM moves down by ½ = change in K.E.) (v)



mg 4



=



3g



When rod becomes vertical



 = 0,  =



3g



(Using Fnet = Ma CM )
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FH - mg = Ans.



FH =



m 2 2



( a CM = centripetal acceleration of COM)



5mg 2



Illustration 19: A bar of mass m is held as shown between 4 disks each of mass m` and radius r = 75 mm. Determine the acceleration of the bar immediately after it has been released from rest, knowing that the normal forces exerted on the disks are sufficient to prevent any slipping and assuming that. (a) m = 5 kg and m` = 2kg. (b) The mass m` of the disks is negligible. I (c) The mass m of the bar is negligible (JEE ADVANCED) Sol: (a) mg – 4f = ma where f is frictional force



fr =



m`r 2 a 2 r



mg – 2m`a = ma 5g = (5 + 2 × 2)a;



a=



5g 9



K.E. Then it is g only (f = 0) because m = 0 If m = 0 then bar, a = 0. (a)



5g  9



(b)



g



c) 0



6.2 WORK DONE BY TORQUE AND POWER If a torque







rotates a body through an angle d θ , the work, dw done by it is given by



dw  .dθ



The total work done. W, in rotating a body from the initial angle



W



2



 .d =



1



θ1



to the final angle θ 2 , is







d 1 2  dt (I) dt = θ I d = 2 I



If the work W is done in time t, the rate of doing work or power P, given by



P=



dW td  =  dt dt



Also, the rate of doing work on the rigid body is equal to the rate at which the kinetic energy is changing with time.



dW d 1 2 = I  dt dt  2  1 d d  =  I  2 = I ; 2 dt dt



Ek =



1 I 2 2



∴



It is rotational analogue of Newton’s second law of motion as F = ma



7. EQUILIBRIUM OF RIGID BODIES A rigid body can be in linear equilibrium or rotational equilibrium. If an object be in linear equilibrium, then the vector sum of all the forces should be zero.
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Rotational ` Mechanics i.e.,



 Fext = 0  Fx = 0, ΣFy = 0 ΣF2 = 0



If an object is in rotational equilibrium then the vector sum of all Σe x t = the external torques acting must be zero



0



 Στx = 0, Στ y = 0, Στz = 0 Illustrations 20: Two boys weighing 20 kg and 25kg are trying to balance a seesaw of total length 4 m, with the fulcrum at the center. If one of the boys is sitting at an end, where should the other sit? (JEE MAIN) Sol: It is clear that the 20 kg kid should sit at the end and the 25 kg kid should sit closer to the center. Suppose his distance from the center is x. As the boys are in equilibrium, the normal force between a boy and the seesaw equals the weight of that boy. Considering the rotational equilibrium of the seesaw, the torque of the forces acting on it should add to zero. The forces are (a) (25kg) g downward by the 25kg boy (b) (20kg) g downward by the 20kg boy (c) Weight of the seesaw and (d) The normal force by the fulcrum. Taking torques about the fulcrum. (25 kg) g × = (20 kg) g (2 m) or x = 1.6 m.



8. ANGULAR MOMENTUM 8.1 Angular momentum of a particle about a point L=r  P Or



| I | = r  P



Where



P







L  rpsin



Or



| L | = P  r



= momentum of particle



r = position of vector of particle with respect to point O about which angular momentum is to be calculated. θ = angle between vectors r & P r = component of momentum perpendicular to r .



SI unit angular momentum is kg m /sec. 2



Relation between Torque and Angular Momentum ∵



L=r  P



dL dr dp =  P+r  = v  (mv) + r  F = 0 + r  F = τext dt dt dt dL  = τext dt







Or simply as L  I 



and



dl / dt  I d / dt  I   Torque (all in vectors)



Illustration 21: A particle of mass m is projected at time t = 0 from a point O with a speed u at an angle of 45° to the horizontal. Calculate the magnitude and direction of the angular momentum of the particle about the point O at time t = u/g. (JEE ADVANCED)
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Rotational ` Mechanics Sol: Let us take the origin at O, X –horizontal axis and y – Axis along the vertical upward direction as shown in figure for horizontal during the time 0 to t.



vx and



= u cos45°= u/



x=



vx t =



2



u u u2 . = 2 g 2g



For vertical motion,



v y = u sin 45 ° = and



y = (u sin 45 º) =



u (1  2 )  u= u 2 2 1 2



t  gt 2



u2 u2 u2  = ( 2  1) 2g 2g 2g



The angular momentum of the particle at time t about the origin is



ˆ + ˆjy)  (iv ˆ + ˆjv ) = m(kxv ˆ ˆ L = r  P = mr  v = (ix x y y  kyv x ) 2 2  3  2  = m kˆ  u  u (1  2)  u ( 2  1) u  =  kˆ mu 2g 2  2 2g  2 g  2 3 Thus, the angular momentum of the particle is mu in the negative Z – direction i.e., perpendicular 2 2g to the plane of motion, going into the plane.



Illustration 22: A cylinder is given angular velocity 0 and kept on a horizontal rough surface the initial velocity is zero. Find out distance travelled by the cylinder before it performs pure rolling and work by frictional force. (JEE ADVANCED)



Sol:



Mg R =



=



MR 2 2



2g --------------- (1) R



Initial velocity u = 0



v2 = u 2 + 2as v2 = 2as ---------------- (2) f K = ma; μMg = Ma ;



a=



μ g ----------------- (3)



 = 0  t



2μg t; R From equation (3) v = μ g t From equation (1)  = 0 



 = 0 



2v ; R



V = u + at



=



 = 0  2 ;



From equation (2)



 0 R   3  = (2as) = 2μ gs ;  



  2 R2 S=  0  18 g  Work done by the frictional force 2



0 3
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2 2 (  f k Rdθ + f k s) mgRθ + mg  ω0 R ;



18g



θ = 0  t 



1 2 t 2



=



2   0 R  1 2g  0 R     0        3  g R  3g    2    2 20 R 9g



 02 R 02 R   =   3g 9g 



=



W=



 202 R   ω02 R 2   202 R mω02 R 2  3m02 R 2   m02 R 2  mg  R +  mg  +         9g   18g   9g 18g  18 6     Illustration 23: A hollow sphere is projected horizontally along a rough surface with speed v and angular velocity 0 find out the ratio v . So that the sphere stops moving after some time 0



(JEE ADVANCED) Sol:



Torque about lowest point of sphere



f K  R = I ; mg  R  2 mR 2 ;  = 3



3μg 2R



(Angular acceleration in opposite direction of angular velocity)  = 0   t (Find angular velocity  = 0)



0 =



3μg t; 2R



t=



0  2 R 3μg



Acceleration ‘a = μg



vt  v – at



(Final velocity



vt



= 0);



vt = g  t ;







are zero, should be same.



To stop the sphere time at which v &



v 2R v 0 2R = = = 0 3 g 3μg



t=



v g



Illustration 24: A rod AB of mass 2m and length is lying on a horizontal frictionless surface. A particle of mass m travelling along the surface hits the end of the rod with a velocity v 0 in a direction perpendicular to AB. The collision is elastic. After the collision the particle comes to rest. Find out after collision (a) Velocity of center of mass of rod (b) Angular velocity. (JEE ADVANCED) Sol: (a) Let just after collision the speed of COM of rod is v and angular velocity about COM is  . External force on the system (rod + mass) in horizontal plane is zero Apply conservation of linear momentum in x direction ….. (1) mv0 = 2mv Net torque on the system about any point is zero
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Rotational ` Mechanics Apply conservation of angular momentum about COM of rod.



2m



mv0 = I  mv0 = 2 2 12



2



= m



From equation (1) velocity of center of mass v  From equation (2) angular velocity m =



3v0



3



…... (2)



v0 2



.



8.2 Angular momentum of a rigid body rotating about fixed axis: Angular momentum of a rigid body about the fixed axis AB is



LAB = L1 + L2 + L3 + .......+ Ln L1 = m1r1r1, L2 = m2r2r2 , L3 = m3r3r3 , Ln = mn rn rn LAB = m1r1r1 + m2r2r2 , + m3r3r3 , ............+ mn rn rn n n



LAB =



 mn (rn )



n1



2



 n n  2   mn (rn ) = I H   n1 



 



LH = I H ω LAB = IH ; L H = Angular momentum of object about axis of rotation. I H = Moment of inertia of rigid, body about axis of rotation. ω = Angular velocity of the object. Illustration 25: Two small balls of mass m each are attached to a light rod of length , one at its center and the other at its free end. The rod is fixed at the other end and is rotated in horizontal plane at an angular speed ω . Calculate the angular momentum of the ball at the end with respect to the ball at the center. (JEE MAIN) Sol: The situation is shown in figure. The velocity of the ball a with respect to the fixed end O is vA =  ( /2) and that of B with respect to O is v B =  . Hence the velocity of NB with respect to A is v B – v A = ( /2) .The angular momentum of B with respect to A is, therefore,



1   L  mvr  m   = m 4 22



2



along the direction perpendicular to the plane of rotation.



8.3 Conservation of angular Momentum Newton’s 2nd law = F = dp/dt analogous to



=



dL dt



Where







and L are about the same axis.



Angular momentum of a particle or a system remains constant if ext = 0 about the axis of rotation. Even if net angular momentum is not constant, a component of the angular momentum, about a particular axis, remains constant if component of torque about that axis is zero. Impulse of torque:



J



 dt = J



→ Change in angular momentum.
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Rotational ` Mechanics Illustration 26: A uniform rod of mass m and length



can rotate freely on a smooth horizontal plane about a vertical axis hinged at point H. A point mass having same mass m coming with an initial speed u perpendicular to the rod strikes the rod in-elastically at its free end. Find out the angular velocity of the rod just after collision? (JEE MAIN) Sol: Angular momentum is conserved about H because no external force is present in horizontal plane which is producing torque about H.



m 2  mul =   m 2   3 



 =



3a 4



Illustration 27: A uniform rod of mass m1 and length particle of mass m 2 moving at a speed



v0



lies on a frictionless horizontal plane. A



perpendicular to the length of the rod strikes it at a distance



/3 from the center and stops after the collision. Calculate (a) the velocity of the center of the rod and (b) the angular velocity of the rod about its center just after the collision. (JEE ADVANCED) Sol: The situation is shown in the figure. Consider the rod and the particle together as the system. As there is no external resultant force, the linear momentum of the system will remains constant. Also there is no resultant external torque on the system and so the resultant external torque on the system and the angular momentum of the system about the line will remains constant. Suppose the velocity of the center of the rod is V and the angular velocity about the center is  . (a) The linear momentum before the collision is m2v0 and that after the collision is M1V. Thus



m2 v0 = m1v,



or



 m2   v0  m1 



V= 



(b) Let A be the center of the rod when at rest. Let AB be the line perpendicular to the plane of the figure. Consider the angular momentum of N“the rod plus the particle” system about AB. Initially the rod is at rest. The angular momentum of the particle about AB is



L = m2 v0 ( /3) After collision the particle comes to rest. The angular momentum of the rod about a is



L = LCM + m1 r0  v As



r0 || v ,



r0  v = 0 thus, L = LCM



Hence the angular momentum of the rod about AB is



L  Iω =



m1 2  12



Thus,



m2 v m1 2   3 12



Or



ω=



4m2 v0 m1



9. WORK ENERGY PRINCIPLE FOR A RIGID BODY IN MOTION The work done, W, by the torque is equal to the change in rotational kinetic energy. If is initial kinetic energy and



1 2 I 2 0



1 2 I is final kinetic energy of rotation of a body of moment of inertia I 2



such that its angular velocity changes from



ω0 to ω , Then
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Rotational ` Mechanics 1  W  K rot    I2  2  



S. No.



w 



Quantity / Equations



1 2 1 2 1 2 I  I0     02  2 2 2



Linear Motion



Rotational Motion & Relation



θ (s = rθ) d (v = r) = dt d = ( = r )



1.



Displacement



s



2.



Velocity



v=



ds dt



3.



Acceleration



a=



dv dt



4.



Mass



m



dt I(I =  mr 2 )



5.



Linear momentum



p = mv



L  I(L = r  p)



6.



Force



F



7.



Equations of motion



v = u + at



 ( = r  F) ω = ω0 +  t



1 2 at 2 v2 = u 2 + 2as



s = ut +



8.



Newton’s Second Law



F = ma =



Of Motion



dp dt



 F ds



9.



Work



W=



10.



Kinetic Energy



K.E. trans =



11.



Work – Energy principle



12.



Impulse



 Fdt



13.



Power



P = F. v



1 2 t 2 ω2 = ω02 + 2 θ



θ = 0 t +



 = I = W=



dI dt



 F  d



1 1 K.E. rot = I  2 mv 2 2 2 1 1 1 1 W = mv 2  mu 2 W = I  2  I 02 2 2 2 2



 .dt



P = 



10. COMBINED TRANSITIONAL AND ROTATIONAL MOTION In general, motion of a rigid body can be thought of as the sum of two independent motions – a translation of any point of the body plus a rotation about this point. The most convenient choice of the point is the center of mass of the body as it greatly simplifies the calculations. Consider a fan inside a train, and an observer A on the platform.  If the fan is switched off while the train moves, the motion of fan is pure translation as each point on the fan undergoes same translation in any time interval.  It the fan is switched on while the train is at rest, the motion of fan is pure rotation about its axle, as each point on the axle is at rest, while other points revolve about it with equal angular velocity.
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Rotational ` Mechanics  If the fan is switched on while the train is moving, the motion of the fan with respect to the observer on the platform is neither pure translation nor pure rotation. This motion is an example of general motion of a rigid body.  Now if there is an observer B inside the train, the motion of fan will appear to him as pure rotation. Hence we can see that the general motion of fan w.r.t. observer A can be resolved into pure rotation of fan as observed by observer B plus pure translation of observer B (W.r.t. observer A) Such a resolution of general motion of a rigid body into pure rotation & pure translation is not restricted to just the fan inside the train, but is possible for motion of any rigid system.



10.1 KINEMATICS OF A GENERAL RIGID BODY MOTION For a rigid body as earlier stated, value of angular displacement ( θ ), angular velocity ( ω ), angular acceleration (  ) is same for all points on the rigid body about any other point on the rigid body. Hence if we know velocity of any one point (say A) on the rigid body and angular velocity of any point on the rigid body about any other point on the rigid body (say ω ), velocity of each point on the rigid body can be calculated. Since distance AB is fixed; VAB  AB We know that







VBA  ; rBA



VBA  = VBA =  rBA



In vector from V BA =   r BA Now from relative velocity: V BA = V B – V A ;



aB = aA +   r



Similarly



V B = V A + V BA BA







V B = V A +   r BA



[for any rigid system]



Illustration 28: Consider the general motion of a wheel (radius r) which can be viewed as pure translation of its center O (with the velocity v) and pure rotation about O (with angular velocity ω ) Find out



Sol:



AO







=  (kˆ)  r (ˆj) Similarly



(JEE MAIN)



vAO , vBO , vCO , vDO and vA , vB , vC ,vD = (  r AO ) =  (kˆ)  OA  v







=  r i



ˆ ; v BO =  r (ˆj) ; vCO =  r (i) v A = vO + vAO = v ˆi   rˆi ; v B = vO + vBO =



v DO =



ˆ  r (j)



v ˆi   rˆj



v C = vO + vCO = v ˆi   r ˆi ;



v D = vO + vDO =



v ˆi   rˆj



10.2 Pure Rolling (Rolling without Slipping) Pure rolling is a special case of general rotation of a rigid body with circular cross section (e.g. wheel, disc, ring, and sphere) moving on some surface. Here, there is no relative motion between the rolling body and the surface of contact, at the point of contact.
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Rotational ` Mechanics Here contact point 𝐴 & contact surface is horizontal ground. For pure rolling velocity of A w.r.t ground = 0  VA = 0 From this figure, for pure rolling, velocity of A w.r.t to plank is zero  VA = V . From this figure of pure rolling, velocity of A w.r.t ground is zero



 v  r = 0  v  r Similarly a =



r



; a = tangential acceleration



PLANCESS CONCEPTS:  Misconception: Velocity of the point of contact of the rolling body is 0 but the acceleration of the point of contact is not zero.  The tangential acceleration is zero but the centripetal acceleration is not zero.



ac



= centripetal acceleration = ω2 R



∎ Chinmay S Purandare JEE 2012 AIR 698 Illustration 29: A wheel of radius r rolls (rolling without slipping) on a level road as shown in figure. Find out velocity of point A and B. (JEE MAIN) Sol: Contact surface is in rest for pure rolling Velocity of point A is zero. So v =  r Velocity of point B = v +  r = 2v



10.3 Dynamics of general Motion of a rigid body This motion can be viewed as translation of center of mass and rotation about an axis passing through center of mass. If



= Moment of inertia about this axis passing through COM



ICM



 CM



= Net torque about this axis passing through COM



a CM = Acceleration of COM vCM = Velocity of COM FCM = Net external force acting on the system.



Psystem



= Linear momentum of system.



LCM = Angular momentum about center of mass. r CM = Position vector of COM w.r.t point A. Then



(i)  CM – ICM  ; (ii) Fext – M a CM ; (iii) Psystem = M vcm 1 1 (vi) Total K.E. = Mvcm 2 + Icm 2 ; (v) Lcm = Icm  2 2 (vi) Angular momentum about point A = L about C.M + L of C.M about A
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Rotational ` Mechanics L A = ICM  +



r CM ×



M vCM



PLANCESS CONCEPTS: Note:



dLA d d = Icm   r cm  Mvcm  IA . Notice that torque can be applied to a rigid dt dt dt











body in a general motion only about an axis through center of mass.



∎ Aman Gour



JEE 2012 AIR 230 Illustration 30: A uniform sphere of mass 200 g rolls without slipping on a plane surface so that its center moves at a speed of 2.00cm/s. Find its kinetic energy. (JEE MAIN) Sol: As the sphere rolls without slipping on the plane surface its angular speed about center is







=



vcm r



1 1 1 2 1 2 2 Icm 2 + Mvcm = . Mr 2 2  Mvcm 2 2 2 5 2 7 = (0.200kg)(0.02m/s)2 = 5.6  105 J 10



. The kinetic energy is K =



1 1 7 2 2 2 = Mvcm + Mvcm = Mvcm 5 2 10



Illustration 31: A constant force F acts tangentially at the highest point of a uniform disc of mass m kept on a rough horizontal surface as shown in figure. If the disc rolls without slipping, calculate the acceleration of the Center C and point A and B of the disc. (JEE ADVANCED) Sol: The situation is shown in figure. As the force F rotates the disc, the point of contact has a tendency to slip towards left so that the static friction on the disc will act towards right. Let r be the radius of the disc and a be the linear acceleration of the center of the disc. The angular acceleration about the center of the disc is  = a/r, as there is no slipping. For the linear motion of the center, F + f =ma …….. (i) And for the rotation motion about the center, Fr – f r = I  =



1  a  Fr – f r  I   mr 2   2  r 



or



F – r 



1 Ma …….. (ii) 2



From (i) and (ii), 3 4F or 2F = ma a= 2 3m Acceleration of point A is zero



 4F   8F   =  .  3m   3m 



Acceleration of point B is 2a = 2 



Illustration 32: A circular rigid body of mass m, radius R and radius of gyration (k) rolls without slipping on an inclined plane of an inclination θ . Find the linear acceleration of the rigid body and force of friction on it. What must be the minimum value of coefficient of friction so that rigid body may roll without sliding? (JEE ADVANCED)
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Rotational ` Mechanics Sol: If a is the acceleration of the center of mass of the rigid body and f the force of friction between sphere and the plane, the equation of translatory and rotatory motion of the rigid body will be Mg sin  – f  ma (Translatory motion)



fR  I  I f=



R



I mg sin   R



(Rotatory motion) I = m k 2 , due to pure rolling a =  R



 R2  k2  I  ma  mk   a  m R  mR   2 R R  R  2



gsinθ gsinθ = ; a  2 2  R k  k2  1  2    2 R    R 



mk 2 a  μ  mg cos θ R2



f  μN ;



R2



k2  R2



I = f  R



g sin θ



k



2



R



2







 μg cos θ ;







mg k 2 sin θ mk 2 a  R2 R2  k2



tan ;  R2  1+ k 2   



 min 



tan  R2  1+ k 2   



PLANCESS CONCEPTS: Facts:  From above example if rigid bodies are solid cylinder, hollow cylinder, solid sphere and hollow sphere (having radius ‘r’ and mass ‘m’)  Increasing order of acceleration



asolid sphere > a hollow sphere > asolid cylinder > a hollow cylinder  Increasing order of required friction force for pure rolling



f hollow cylinder > f hollow sphere > fsolid cylinder > fsolid sphere  Increasing order of required minimum friction coefficient for pure rolling



μ hollow cylinder > μ hollow sphere > μsolid cylinder > μsolid sphere  I would advise you to derive these, verify and remember!



∎ Anand K



JEE 2011 AIR 47



10.4 Instantaneous Axis of Rotation It is the axis about which the combined translational and rotational motion appears as pure rotational motion. The combined effect of translation of center of mass and rotation about an axis through the center of mass is equivalent to a pure rotation with the same angular speed about a stationary axis. This axis
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Rotational ` Mechanics is called instantaneous axis of rotation. It is defined for an instant and its position changes with time. E.g. In pure rolling the point of contact with the surface is the instantaneous axis of rotation. Geometrical construction of instantaneous axis of rotation (I.A.R). Draw velocity vector at any two points on the rigid body. The I.A.R. is the point of intersection of the perpendicular drawn on them. In case of pure rolling, the lower point is instantaneous axis of rotation. The motion of body in pure rolling can therefore by analyzed as pure rotation about this axis.



1 2 I 2P



K.E. 



Consequently  P = IP ;  P = IP  ; Where I P is moment of inertia about the instantaneous axis of rotation passing through P.



Illustration 33: Prove that kinetic energy = 1/2 Sol: K.E. 



IP 2



(JEE MAIN)



1 1 1 1 1 Icmω2 + Mvcm2 = Icm2 + Mω2R 2  (Icm + MR 2 )ω2 2 2 2 2 2











1 I 2 2 contact point Notice that in pure rolling of uniform object, equation of torque can also be applied about the contact point. Illustration 34: A uniform bar of length and mass m stands vertically touching a vertical wall (y – axis). When slightly displaced, its lower end begins to slide along the floor (x – axis). Obtain an expression for the angular velocity ( ω ) of the bar as a function of θ Neglect friction everywhere. (JEE ADVANCED) Sol: The position of instantaneous axis of rotation (IAOR) is shown in figure. =











C =  cosθ, sinθ  ; 2 2 



= half of the diagonal 2 All surfaces are smooth, therefore, mechanical energy will remain conserved. ∴ Decrease in gravitational potential energy of bar = increase in rotational kinetic energy of bar about IAOR.



1 mg (1−sinθ) = I 2 2 2



r=



Here,



I=



m 2 +mr 2 12



(about IAOR)



m2 m 2 m 2 + = I= 12 4 3



or



Substituting in Eg. (1) We have



mg



2



(1 – sinθ) =



1 m 2  2   2 3 



or



 =



3g(1  sin θ)



PLANCESS CONCEPTS: Key-takeaways:



Nature of friction for rigid bodies:  A rigid body rolling with a speed of v and angular velocity of ω at an instant. Then it falls under one of the following cases.
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Rotational ` Mechanics Cases Vr



ω



Smooth Surface



No friction and no pure rolling.



V=r



ω



Rough Surface



This is pure rolling. However there might be static friction acting on the body.



Smooth Surface



No friction is possible and it is pure rolling



∎ Rohit Kumar JEE 2012 AIR 79
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Rotational ` Mechanics Illustration 35: A rigid body of mass m and radius r rolls without slipping on a surface. A force is acting on a rigid body at x distance from the center as shown in figure. Find the value of x so that static friction is zero. (JEE MAIN)



Sol: Torque about center of mass Fx – Icm  ………….. (1) From equation (1) & (2) F = ma …………… (2) I Max = Icm (a =  R) ; x = cm mR



10.5 Rolling on moving surface In the previous topics, we had discussed about rolling cases where the point of contact moves with constant velocity or at rest. Now let’s discuss the case where a rolling body moves on a smooth surface and the point of contact moves forward with an acceleration “a”.



Friction on the plate is backward and on the cylinder is forward so cylinder moves forward because of pure rolling.



Because of pure rolling static friction f.



=



2f ; mR



R 2 At contact point



f  ma;



F – f  mb;



fR 



F  m a  b ;



mR 2  2



a



b = a +



 R = 3 R = 3a



2 3F F F = 4ma → a = ; b= 4m 4m w.r.t. plate distance covered = And acceleration w.r.t plate (b – a)







1 (b  a)t 2 2



1 m  2at 2 = t = =2 2 a F
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Rotational ` Mechanics Illustration 36: There are two cylinders of radii R₁ and R₂ having moments of inertia I₁ and I₂ about their respective axes as shown in figure. Initially, the cylinders rotate about their axes with angular speed



1 and 2 as shown in the figure. The cylinders are



moved close to touch each other keeping the axes parallel. The cylinders first slip over each other at the contact but the slipping finally ceases due to the friction between them. Calculate the angular speeds of the cylinders after the slipping ceases. (JEE ADVANCED) Sol: When slipping ceases, the linear speeds of the points of contact of the two cylinders will be



 `1 and `2 be the respective angular speeds, we have `1 R1 = `2 R 2 ………..(i)



equal. If



The change in the angular speed is brought about by the frictional force which acts as long as the slipping exists. If this force f acts for a time t. the torque on the first cylinder is f R 1 and that on the second is f R 2 . Assuming



1 > 2 . The corresponding angular impulses are – f R t and f R 1



We therefore, have – f R1 t =



I1 (`1 1 )



and



f R2 t =



2



t,



I2 (`2 2 )



I1 I (`11 ) = 2 (`2 2 ) …………..(ii) R1 R2 I11R 2 + I22 R1 IR +I  R R 2 and  `2  1 1 22 2 22 1 R1 . Solving (i) and (ii)  `1  2 2 I2 R1  I1R 2 I2 R1  I1R 2 Or







10.6 Energy Method in Solving Rolling Body on an Incline We can conserve energy only in a conservative field. In rotational dynamics frictional force can act or can’t act. In pure rolling motion, the point of contact at the surface, has the same velocity as the surface, over which it is rolling i.e., There is no relative displacement of the point of contact. Work = force × displacement = fr × zero = 0 Hence, there is no work done due to frictional force. So in pure rotational dynamics, frictional force acts as a conservative field and we can conserve energy. i.e., Potential energy + total K.E. = constant As shown in the figure, a disc is rolling down on an inclined plane. Then we can conserve total mechanical energy. Applying conservation of energy at a and B, we have mgh =



1 2 1 I + mVcm2 2 2



Body Rolling Down an Inclined Plane Consider a rigid rotating type body of mass M and radius R rolling down an inclined plane at an angle θ to the horizontal and height h. Its gravitational potential energy = Mgh ………… (i) As the body rolls down the inclined plane travelling a distance s along the inclined plane, its velocity, v, at the foot of the plane is given by
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Rotational ` Mechanics Its total kinetic energy =



1 2  K2  1 1 2 2 = Mv 1+ 2  …………………………………………………………...(ii) Mv + I 2 2 2  R 



As the gravitational potential energy is converted into kinetic energy and the total energy is conserved. From equation (i) and (ii) ,



1 2  K2  Mv 1  2   Mgh 2  R  v2 =



2gh  K2  1 + 2  R  



The velocity of a body rolling down an inclined plane is given by



v=



2gh 1/ 2



 K2  1 + 2  R  



If ‘a’ is linear acceleration down this plane of length s, the body starts from rest such that v 2 = 2as v2 2 gh Or g sin   a = a= 2 2s  K  h K2 1+ 2 1 + 2   2  R sin θ R  



PLANCESS CONCEPTS: Tips & Tricks: Rather than going in a conventional way, using this method greatly simplifies our effort. But take care while writing the kinetic energy!



∎ Nitin Chandrol JEE 2012 AIR 134 Illustration 37: A solid sphere is released from rest from the top of an incline of inclination θ and length . If the sphere rolls without slipping. What will be its speed when it reaches the bottom? (JEE MAIN) Sol: Let the mass of the sphere be m and its radius r . Suppose the linear speed of the sphere when it reaches the bottom is v. As the sphere rolls without slipping, its angular speed  about its axis is v/r. The kinetic energy at the bottom will be



K=



12 2  2 1 1 1 7 1 2 1 2 mv 2 + mv 2 = mv 2 I + mv2 =  mr   + mv = 25 2 5 2 10 2 2 



This should be equal to the loss of potential energy mg



7 mv2 = mg si nθ 10



Or



v=



sin θ . Thus



10 g si nθ . 7



11. TOPPLING In many situations an external force is applied to a body to cause it to slide along a surface. In certain Cases, the body may tip over before sliding starts. This is known as toppling.
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Rotational ` Mechanics (1) If there is no horizontal force, pressure at bottom is uniform and normal is collinear with mg.



(2) If a force is applied at COM, Pressure is not uniform. Normal shift right so that torque of N can counter balance torque of friction.



(3) If F is continuously increased N keeps shifting towards right until it reaches the right most point. Here we assumed that the surface is sufficiently rough so that there is sliding on F as it increases over



Fmax . If force is increased any further, then torque by a normal force cannot counter balance torque of friction f r & body topples. The value of force now is the max value for which toppling will not occur. Fmax = f r ; N = mg



On balancing torque about center of mass since object is in rotational equilibrium,



fr .b / 2  N. a / 2



 f r .b / 2  N. a / b  mg a / b



;



Fmax  mg a / b



(4) If surface is not sufficiently rough and the body slides before F is increased to Fmax = mg a/b, then body will slide before toppling. Once body starts sliding, friction becomes constant and hence no topping. This is the case if



Fmax  f limit ;



Mg a / b  mg;



Condition for toppling when



μ



 a/b



≥ a/b



In this case body will topple if F > mg a/b but if



μ



< a/b, body will not topple



for any value of ‘F’ applied to COM



Illustration 38: A uniform cube of side ‘a’ and mass m rests on a rough horizontal table. A horizontal force F is applied normal to one of the faces at a point directly below the center of the face, at a height a above the base. 4 (i) What is the minimum value of f for which the cube begins to tip about an edge? (ii) What is the minimum value of N μ s so that toppling occurs? (iii) If μ = μ min , find minimum force for toppling.



μs



so that Fmin can cause toppling. (JEE ADVANCED) Sol: (i) In the limiting case normal reaction will pass through O. The cube will tip about O if torque of F about O exceeds the torque of mg. Hence, F  a  > mg  a  or F > 2 mg 4 2 (iv) Minimum
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Rotational ` Mechanics Therefore, minimum value of f is 2 mg. (ii) In this case since it is not acting at COM, toppling can occur even body started sliding even if there is no friction by increasing the torque about COM. Hence



μ min



after of F



= 0.



(iii) Now body is sliding before toppling. O is not I.A.R., torque equation cannot be applied across it. It can be applied about COM. a a F× =N× …………… (1); N = mg 4 2 ……………………... (2) From (1) and (2) -> F = 2 mg (iv) F > 2 mg ………………… (1) (From sol. (i)) N = mg ………………….. (2), F = μs N =



μ s mg ………… (3)



From (1) and (2) μ s = 2



Illustration 39: Find minimum value of so that truck can avoid the dead end, without toppling the block kept on it. (JEE ADVANCED) Sol:



ma



h b  mg 2 2



⟹



b a g h



Final velocity of truck is zero. So that 0 = v2  2( b g)



h



⟹







h v2 2b g



PROBLEM SOLVING TACTICS o



o



o



o



Most of the problems involving incline and a rigid body can be solved by using conservation of energy during pure rolling. In case of non-conservative forces, work done by them also has to be taken into consideration in the equation. Care has to be taken in writing down the Kinetic energy. Rotational Kinetic term has to be taken into consideration. And while writing the rotational energy, the axis about which the moment of inertia is taken. The motion of a body rolling can be viewed as pure rotation about the bottommost point of the body or the point of contact with the ground. Hence an axis passing through the point of contact and tangential to the point would be the Instantaneous axis of rotation. So problems on pure rolling can be solved easily by using the concept of instantaneous axis of rotation. Problems on toppling can be easily solved by writing the moments on the body and visualizing them as forces acting on the body. If the net moment is tending to stabilize the body, then the body doesn’t topple for any condition else it may get toppled. Problems which include the concept of sliding and rolling can be solved easily by using the concept of conservation of angular momentum. But care has to be taken in selecting the proper axis so that net moment about that axis vanishes.
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FORMULAE SHEET S. No 1



Term Angular Displacement



Description -When a rigid body rotates about a fixed axis, the angular displacement is the angle Δθ swept out by a line passing through any point on the body and intersecting the axis of rotation perpendicularly. - It can be positive (counter clockwise) or negative (clockwise). -Analogous to a component of the displacement vector. -SI unit: radian (rad). Other Units: degree, revolution.



2



Angular velocity



3



Angular Acceleration



4



Vector Nature of angular Variables



-Average angular velocity, is equal to Δ θ / Δ t. Instantaneous Angular Velocity ω = d θ /dt -Angular velocity can be positive or negative. -It is a vector quantity and direction is perpendicular to the plane of rotation - Angular velocity of a particle is different about different points -Angular velocity of all the particles of a rigid body is same about a point. Average angular acceleration = Δω/Δt Instantaneous Angular Acceleration α = dω/dt -The direction of an angular variable vector is along the axis -Positive direction defined by the right hand rule. -Usually we will stay with a fixed axis and thus can work in the scalar form. -angular displacement cannot be added like vectors. Angular velocity and acceleration are vectors.



5



Kinematics of rotational Motion



 = 0 +  t  = 0 t + 1/2 t 2 . =0 .0 + 2 . ; Also α = dω/dt = ω(dω/dθ)



6



Relation Between Linear and angular variables



7



Moment of inertia



v = ω r where r is vector joining the location of the particle and point about which angular velocity is being computed a = ω r Rotational Inertia (Moment of inertia) about a Fixed Axis for a group of particles, I= mr 2







For a continuous body, I=



 r dm 2
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`` Rotational ` Mechanics For a body of uniform density







I =  r 2 dV 8 9 10 11 12



13 14



Parallel Axis Theorem Perpendicular Axis Theorem Torque Rotational Kinetic Energy Rotational Work Done



Power Angular Momentum



I xx = Icc +Md 2 where Icc is the moment of inertia about the center of mass Ixx + I yy = Izz It is valid for plane laminas only.  = r × F also  = I α where α is angular acceleration of the body. KE = (1/2)I  where  is angular acceleration of the body 2



-If a force is acting on a rotating object from a tangential displacement of s=rθ (with θ being the angular displacement and r being the radius) and during which the force keeps a tangential direction and constant magnitude of F, and with a constant perpendicular distance r (the lever arm) to the axis of rotation, then the work done by the force is : W =  θ -W is positive if the torque T and θ are of the same direction, otherwise, it can be negative. P = dW/dt =  ω



L  r  p  r   mv   m(r  v)



For a rigid body rotating about a fixed axis



L  I and dL / dt  t



If T = 0 and L is constant For rigid body having both translational motion and rotational motion



L = L1 + L2 L1 is the angular momentum of center mass about a stationary axis. L 2 is the angular momentum of the rigid body about center 15



Law of conservation of angular Momentum



16



Equilibrium of a rigid body Angular Impulse



17 18



Pure rolling motion of sphere/cylinder/disc



of mass. If the external torque is zero on the system then Angular momentum remains constant. dL / dt  ext ; if  ext = 0; then dL/dt = 0



Fnet = 0 and  ext = 0



  dt



term is called angular impulse. It is basically the



change in angular momentum -Relative velocity of the point of contact between the body platform is zero - Friction is responsible for pure rolling motion E = (1/2)m
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SOLVED EXAMPLES JEE MAIN The first five Examples discussed below show us the strategy to tackle down any problem in the rigid body motion. Hence follow them up properly! They may be lengthy but are very learner friendly!!



Example 1: (Problem solving Strategy) A person of mass M is standing on a railroad car, which is rounding an unbanked turn of radius R at speed v. His center of mass is at a height of L above the car midway between his feet, which are separated by a distance of d. The man is facing the direction of motion. What is the magnitude of the normal force on each foot? Sol: We begin by choosing a cylindrical coordinate system and drawing a free – body Force diagram, shown below.



We decompose the contact force between the foot closest to the center of the circular motion and the ground into a tangential component corresponding to static friction f1 and a perpendicular component, N1 . In a similar fashion we decompose the contact force between the foot furthest from the center of the circular motion and the ground into a tangential component corresponding to static friction f 2 and a perpendicular component N 2 . We neither assume that the static friction has its maximum magnitude nor do we assume that f 1 = f 2 or N1 =N 2 . The gravitational force acts at the center of mass. We shall use our two dynamical equations of motion Eq. (1), for translational motion and Eq. (4) for rotational motion about the center of mass which is 0 for the special case is not rotating about the center of mass.



 cm = 0 because the object



In order to apply Eq. (1) we treat the person as a point-like particle located at the center of mass and all the external forces act at this point. The radial component of Newton’s Second Law Eq.(1)



rˆ : f1  f 2  m



v2 R



… (1.1)



The vertical component of Newton’s Second Law is given by kˆ : N1  N2  mg  0



… (1.2)



total  cm = 0



The rotational equation of motion is … (1.3) We begin our calculation of the torques about the center of mass by noting that the gravitational force does not contribute to the torque because it is acting at the center of, mass. We draw a torque diagram in the figure below showing the location of the point of application of the forces, the point we are computing the torque about (which in this case is the center of mass), and the
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Rotational ` Mechanics vector r cm.1 from the point we are computing the torque about to the point of application of the forces. The torque on the inner foot is given by



 d  ˆ =   d N  Lf  θˆ cm.1 = cm.1  (f 1 + N1 ) =  + rˆ  Lkˆ   ( - f1rˆ + N1k) 1  2 1  2   



… (1.4)



We draw a similar torque diagram for the forces applied to the outer foot. The torque on the outer foot is given by



 d  ˆ cm.2 = cm.2  (f 2 + N 2 ) =  + rˆ  Lkˆ   ( - f 2rˆ + N 2k)  2   d  =   N 2  Lf 2  θˆ  2  Notice that the force f 1 , N1 , and center of mass in the positive the negative θˆ total  cm =



θˆ



f2



… (1.5)



all contribute torques about the



- direction while



N2



contributes torque about the center of mass in



- direction. The sum of these torques about the center of mass must be zero. Therefore



    cm.1 + cm.2 =  N1  Lf1  θˆ +   N2  Lf 2  θˆ =  d (N1  N 2 )  L(f1  f 2 )  θˆ = 0 2   2  2  d



d



… (1.6)



Notice that the magnitudes of the two friction forces appear together as a sum in Eqs. (1.6) and… (1.1) We now can solve Eq. (1.1) for f1  f 2 and substitute the result into Eq.(1.6) yielding the condition



d v2 (N1  N 2 )  Lm = 0 2 R



… (1.7)



We can rewrite this equation as N2  N1  2Lmv / dR



… (1.8) … (1.9)



that



2



We also rewrite the vertical equation of motion in the form N2 + N1 = mg We now cam solve for



We now can solve for



N2



by adding together Eqs. (1.8) and (1.9) and then dividing by two.



N2



=



N1



 1  2Lmv2  mg   2  dR 



… (1.10)



by subtracting Eqs. (1.8) from (1.9) and then dividing by two,



1 2



N1 =  mg 



2Lmv2   dR 



`



… (1.11)



Check your result: We see that the normal force acting on the outer foot is greater in magnitude than the normal force acting on the inner foot. We expect this result because as we increase the speed v, we find that at a maximum speed vmax , the normal force on the inner foot goes to zero and we start to rotate in the positive θˆ - direction, tripping outward. We can find this maximum speed by setting N1 = 0 in Eq. (1.11) resulting in



vmax =



gdR 2L



(1.12)
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Rotational ` Mechanics Example 2: (Problem solving Strategy) A Yo-Yo of mass m has an axle of radius b and a spool of radius R. Moment of inertia about the center can be taken to be I cm = (1/2) mR² and the thickness of the string can be neglected. The Yo-Yo is released from rest. You will need to assume that the center of mass of the Yo-Yo descends vertically, and that the string is vertical as it unwinds. (a) What is the tension in the cord as the Yo-Yo descends? (b) What is the magnitude of the angular acceleration as the Yo-Yo descends and the magnitude of the linear acceleration? (c) Find the angular velocity of the Yo-Yo when it reaches the bottom of the string when a length L of the string has unwound. Sol: (a) As the Yo-Yo descends it rotates clockwise in the above diagram. The torque about the center of mass of the Yo-Yo is due to the tension and increases the magnitude of the angular velocity (see the figure). The direction of the torque is into the page in the figure above (positive zdirection). Use the right-hand rule to check this, or use the cross-product definition of torque:



cm = cm,T  T



(1.13)



cm,T  biˆ and T =  Tjˆ , so the torque is ˆ  (Tj) ˆ = bTkˆ cm = r cm,T  T = (bi)



(1.14)



About the center of mass



Applying Newton’s second Law in the ˆj - direction, Mg = T = ma y Applying the torque equation for Yo-Yo:



bT  Icmz



(1.15) (1.16)



Where  is the z – component of the angular acceleration The z – component of the angular acceleration and the y-component of the linear acceleration are related by the constraint condition. ay = b z (1.17) Where b is the axle radius of the Yo-Yo. Substitute Eq. (1) into (1.15) yielding.



Mg – T  mbz Now solve Eq. (1.16) for



(1.18)



 z and substitute the result into Eq. (1.18) Mg – T 



mb 2T Icm



(1.19)



Solve Eq. (1.19) for the tension T,



T=



mg mg mg = = 2 2  md     2b2  md 1+  1+ 1+  2  Icm   (1/ 2)mR   R 2  



(1.20)



(b) Substitute Eq. (1.20) into Eq. (1.16) to determine the z-component of the angular acceleration,



z =



bT 2bg = Icm (R 2 +2b2 )



(1.21)



Using the constraint condition Eq. (1.17), we can find the y-component of linear acceleration is then  2b2g  g (1.22) a y = b z =  2 = 2  2 2  (R  2b )  1  R / 2b
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Note that for both quantities,  > 0 and so Eqs. (1.21) and (1.22) are the magnitudes of the respective quantities. For a typical Yo-Yo, the acceleration is much less than that of an object in free fall. (b) Use conservation of energy to determine the angular velocity of the Yo-Yo when it reaches the bottom of the string. As in the above diagram, choose the downward vertical direction as the positive



ˆj -direction and let y = 0 designate the location of the center of mass of the Yo-Yo when the string is completely wound. Choose U(y = 0) = 0 as the zero reference potential energy. This choice of direction and reference means that the gravitational potential energy will be negative but it increases while the Yo-Yo descends. For this case, the gravitational potential energy is U = -mg y. (1.23) Mechanical energy in the initial state (Yo-Yo is completely wound): the Yo-Yo is not yet moving downward or rotating and the center of mass is located at y = 0 so the mechanical energy is zero Ei = 0 (1.24)



Mechanical energy in the final state (Yo-Yo is completely unwound): Denote the linear speed of the Yo-Yo as v f and its angular speed as  f (at the point y = l). The constraint condition between v f and



 f is given by vf  bf



(1.25)



Consistent with Eq. (1). The kinetic energy is the sum of translational and rotational kinetic energy, where we have used Icm = (1/2) mR²,



1 1 Ef  Kf  Uf  mvf2  Icmf2  mgl 2 2 1 1  mb2f2  mR 2f2  mgl 2 4



(1.26)



There are no external force doing work on the system, so



0 = E f  Ei



(1.27)



1 1 2 2 2 2  mb f  mR  f  mgl 4 2 



Thus Solving for  f ,



4gl (2b  R 2 )



f 



2



(1.28) (1.29)



Note: We could also use kinematics to determine the final angular velocity by solving for the time interval t that it takes for the Yo-Yo to travel a distance l at the constant acceleration found Eq. (1.22)



t 



2l / a y =



l(R 2  2b 2 ) b2g



(1.30)



The final angular velocity of the Yo-Yo is then (using Eq. (1.21) for the z-component of the angular acceleration),



f =  2 t 



4gl (R  2b2 ) 2



(1.31)



In agreement with Eq.(1.29).
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Example 3: (Problem solving Strategy) A uniform cylinder of radius R and mass M with moment of inertia about the center of mass Icm = (1/2) MR² starts rolling due to the mass of the cylinder, and has dropped a vertical distance h when it reaches the bottom of the incline. Let g denote the gravitational constant. The coefficient of static friction between the cylinder and the surface is  . The cylinder rolls without slipping down the incline. The goal of this problem is to find the magnitude of the velocity of the center of mass of the cylinder when it reaches the bottom of the incline. Sol: We shall solve this problem in three different ways. 1. Applying the torque equation about the center of mass and the force equation for the center of mass motion. 2. Applying the energy equation. 3. Using torque about a fixed point that lies along the line of contact between the cylinder and the surface. Applying the torque equation about the center of mass and the force equation for the center of mass motion. We will find the acceleration and hence the speed at the bottom of the incline using kinematics. A figure showing the force is shown below. Choose x = 0 as the point where the cylinder just starts to roll. With the unit vectors shown in the figure above, Newton’s second Law, applied in the x – and y – directions in turn, yields Mg sin   fs = Ma x (1.32)



 N + Mg cos   0



(1.33)



Choose the center of the cylinder to compute the torque about (see figure below). Then the only force exerting a torque about the center of mass is the friction force, and so we have f s R = Icm z (1.34) Use Icm = (1/2) M R² condition



and the kinematic constraint for the no-slipping



 z = ax /R in Eq. (1.34) to solve for the magnitude of the static



friction force yielding



f x =(1/2)Max Substituting Eq. (1.35) into Eq. (1.32) Mg sin  = (1/2) M a x =M a x Which we can solve for the acceleration



ax =



2 sin  3



(1.35)



(1.36) (1.37)



x f = h/ sin  in the time it takes the bottom, t f . The x – component of the velocity vx at the bottom is vx. f = ax. f . The displacement in the time interval The displacement of the cylinder is
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t f satisfies x f = (1/2) ax t 2f . After eliminating t f , we have x f = vx . f 2 /2 a x , so the magnitude of the velocity when the cylinder reaches the bottom of the inclined plane is



vx . f  1ax x f



(1.38)



 2((2 / 3) g sin  )(h / sin  )  (4 / 3) gh Note that if we substitute Eq. (1.37) into Eq. (1.35) the magnitude of the friction force is



f s  1/ 3 Mg sin



(1.39)



In order for the cylinder to roll without slipping.



f s  s Mg cos 



(1.40)



So combining Eq.(1.39) and Eq. (1.40) we have the condition that (1/3) Mg sin   s Mg cos



(1.41)



Thus in order to roll without slipping the coefficient of static friction must satisfy



1 3



s  tan



(1.42)



Applying the energy equation We shall use the fact that the energy of the cylinder-earth system is constant since the static frictional force does no work. Choose a zero reference point for potential energy at the center of mass when the cylinder reaches the bottom of the incline plane. Then the initial potential energy is (1.43) Ut = Mgh



Mg – N  0



For the given moment of inertia, the final kinetic energy is



1 1 2 2 Mvx. f + I cmz. f 2 2 1 1 2 = Mvx. f + (1/ 2) MR 2 (vx. f /R) 2 2 2 3 2 = Mvx. f 4



Kf =



… (1.44)



Setting the final kinetic energy equal to the initial gravitational potential energy leads to



3 Mgh = Mv x.f 2 4



(1.45)



vx. f =



(1.46)



The magnitude of the velocity of the center of mass of the cylinder when it reaches the bottom of the incline is



(4/3)gh



In agreement with Eq. (1.38) Using torque about a fixed point that lies along the line of contact between the cylinder and the surface Choose a fixed point that lies along the line of contact between the cylinder and the surface. Then the torque diagram, is shown below. The gravitational force M g = Mg sin  ˆj acts at the center of mass. The vector from the point P to the center of mass is given by r p.mg



= d p iˆ  Rˆj , so the torque due to the gravitational force



about the point P is given by
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ˆ  (Mg sin  ˆi  Mg cos ˆj) p.mg  r p.mg  Mg  (dPˆi  Rj)  (d p Mg cos   RMg sin )kˆ



(1.47)



The normal force acts at the point of contact between the cylinder and the surface and is given by



N   Njˆ . The vector from the point P to the point of contact between the cylinder and the surface is



P.N p.N



d p ˆi . So the torque due to the normal force about the point P is given by ˆ  d kˆ = p.N  N  (d ˆi)  (Nj) =



p



p



(1.48)



Substituting Eq. (1.33) for the normal force into Eq. (1.48) yields



p.N  dP Mg coskˆ



(1.49)



Therefore the sum of the torques about the point P is



p = p.Mg  p.N =



( Mg cos  RMg sin) kˆ – d P Mg cos kˆ = Rmg sin kˆ



(1.50)



The angular momentum about the point P is given by



LP = Lcm + r p.cm  MVcm = Icmz kˆ +(d p ˆi  Rˆj)  (Mvx )iˆ  ( I cmz  RMvx )kˆ



(1.51)



The time derivative of the angular momentum about the point P is then



d LP dt



= Icm z +RMax kˆ



(1.52)



Therefore the torque equation







d LP



(1.53)



dt



Becomes RMg sin  kˆ =



(Icm z +RMax )kˆ



(1.54)



Using the fact that Icm  1/ 2  MR² and  x = a x / R, we can conclude that RM a x 



 3 / 2 MR a x (1.55)



We can now solve Eq. (1.55) for the x – component of the acceleration



ax 



 2 / 3 g sin







(1.56)



In agreement with Eq. (1.37).



Example 4: (Problem solving Strategy) A bowling ball of mass m and radius R is initially thrown down an alley with an initial speed v0 and it slides without rolling but due to friction it begins to roll. The moment of inertia of the ball about its center of mass is I cm = (2/5) mR². Using conservation of angular momentum about a point (you need to find that point), find the speed v f of the bowling ball when it just start to roll without slipping? Sol: We begin by coordinates for our angular and linear motion. Choose an angular coordinate



θ



increasing in the clockwise direction choose positive kˆ unit vector pointing into the page. Then the angular velocity vector is defined to be



 = z kˆ =



d ˆ k dt
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Rotational ` Mechanics And the angular acceleration vector is defined to be Choose the positive mass is given by



d 2 ˆ ˆ  = z k = i dt



ˆi unit vector point to the right in the figure. Then the velocity of the center of



v cm = vcm.x ˆi =



dx cm ˆ k dt



and the acceleration of the center of mass is given by



a cm = a cm.x ˆi =



. The free body force diagram is shown in the figure. At t = 0, when the ball is released



v cm .0



d 2 x cm ˆ i dt 2



= v0 ˆi and  0 = 0 , so the ball is skidding and hence the



frictional force on the wheel due to the sliding of the ball on the surface, which opposes the motion, is kinetic friction and hence acts in the negative ˆi - direction. Our “rule to live by” for rotational motion is that



S 



dLS dt



(1.57)



In order for angular momentum about some point to remain constant throughout the motion, the torque about that point must also be zero throughout the motion. Recall that the torque about a point S is defined as



S 



i rS.t  Fi



Where r S .t is the vector form the point S to where its force Fi acts on the object. as the ball moves down the alley, the contact point will move, but the friction will always be parallel to the line of contact between the bowling ball and surface. So, if we pick any fixed point S along the line of contact between the ball and the surface then



s.f k = rs.f k  f k = 0 Because r s. f k and f k are anti-parallel. The gravitation force acts at the center of mass hence the torque due to gravity about the point S is



s.f k = rs.f k  mg = dmgkˆ Where d is the distance from the point S to the point of contact between the ball and the ground. The torque due to the normal force about the point S is



S.N = rS.N  mg  dNkˆ With the same moment arm d, because the wheel is not accelerating in the ˆj -direction. From Newton’s Second Law, we note that Mg – N  0 Therefore



S.N + S.mg  d(mg  N)kˆ  0



Hence, there is no torque about the point S and angular momentum about the point S is constant, (1.58) LS.0 = LS.f
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Rotational ` Mechanics The initial angular momentum about the point S is only due to the translation of the center of mass,



(1.59) The final angular momentum about the point S has both a translational and rotational contribution



LS..f = rS.cm.f  mvcm.f + Icm f = mRvcm.f kˆ + Icm z.f kˆ



(1.60)



When the wheel is rolling without slipping, vS.cm.f = Rz.f



(1.61)



and also Icm = (2/5)mR² . Therefore the final angular momentum about the point S is



LS..f =(mR + (2/5)mR)vcm.f kˆ = (7/5)mRvcm.f kˆ



(1.62)



Equating the z-components in Equations (59) and (62) yields mR vcm.0 = (7/5)m R vcm.f ,



(1.63)



Which we can solve for vcm. f = (5/7) vcm.0 .



(1.64)



We could also solve this problem by analyzing the translational motion and the rotational motion about the center of mass. Gravity exerts no torque about the center of mass, and the normal component of the contact force has a zero moment arm ; the only force that exerts a torque is the frictional force with a moment arm of r (the force vector and the radius vector are perpendicular) The frictional force should be in the negative direction to the left in the figure above. From the right– hand rule, the direction of the torque is into the page, and hence in the positive z-direction. Equating the z-component of the torque to the rate of change of angular momentum, (1.65) cm = Rf k = Icmz Where



f k (the magnitude of the kinetic friction) is force and  is the z – component of the angular



acceleration of the bowling ball. Note that Equation (1.65) results in a positive angular acceleration, which is consistent with the ball tending to rotate as indicated in the figure. The friction force is also the only force in the horizontal direction and will cause an acceleration of the center of mass, a cm.x  f k / m ; (1.66) Note that the acceleration will be negative, as expected.
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Rotational ` Mechanics Now we need to consider the kinematics. The bowling ball will increase its angular speed as given in Equation (1. 65) and decrease its linear speed as given in Equation (1.66),



z (t)   z t 



Rf k t Icm



vcm.x (t)  vcm.0 



(1.67)



fk t m



As soon as the ball stops slipping the kinetic friction no longer acts static friction is zero, and the ball moves with constant angular and linear velocity. Denote the time when this happens as t f ; At this time, Eq. (1.61) holds and the relation in Equation (1.67) become



R2



fk t = vcm.f Icm f



vcm.0 



fk t f = vcm.f m



(1.68)



We can now solve the first equation in Eq. (1.68) for



tf =



t f and find that



Icm v . f k R 2 cm.f



(1.69)



We now substitute Eq. (1.69) into the second equation in Eq. and find that



vcm.f = vcm.0 



f k Icm v m f k R 2 cm.f



vcm.f = vcm.0 



Icm v mR 2 cm.f



(1.70)



The second equation in (1.70) is easily solved for



vcm.f =



v0 5  vcm.0 2 1  Icm / mR 7



(1.71)



Agreeing with Eq. (1.64) where we have used I cm = (2/5) mR² for a uniform sphere.



Example 5: (Problem solving strategy) A long narrow uniform stick of length l and mass m lies motionless on ice (assume the ice provides a frictionless surface). The center of mass of the stick is the same as the geometric center (at the midpoint of the stick). The moment of inertia of the stick about its center of mass is Icm . A puck (with putty on one side) has same mass m as the stick. The puck slides without spinning on the ice with a speed of v0 towards the stick, hits one end of the stick, and attaches to it. You may assume that the radius of the puck is much less than the length of the stick so that moment of inertia of the puck about its center of mass is negligible compared to I cm . (a) How far from the midpoint of the stick is the center of mass of the stick–puck combination after the collision? (b) What is the linear velocity of the stick plus puck after the collision? (c) Is mechanical energy conserved during the collision? Explain your reasoning. (d) What is the angular velocity of the stick plus puck after the collision?
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Rotational ` Mechanics (e) How far does the stick’s center of mass move during one rotation of the stick? Sol: In this problem we will calculate the center of mass of the puck – stick system after the collision. There are no external forces or torques acting on this system so the momentum of the center of mass is constant before and after the collision and the angular momentum about the center of mass of the puck-stick system is constant before and after the stick about the center of mass. We note that the mechanical energy is not constant because the puck collides completely in elastically with the stick. (a) With respect to the center of the stick, the center of mass of the stick-puck combination is (neglecting the radius of the puck)



d cm 



mstick dstick  mpuck d puck mstick  mpuck







m(l / 2) l  mm 4



(1.72)



(b) During the collision the only net forces on the system (the stick-puck combination) are the internal forces between the stick and the puck (transmitted through the putty). Hence linear momentum is conserved initially only the puck had linear momentum p0  mv0 . After the collision, the center of mass of the system is moving with speed v f . Equating initial and final linear moment.



mv0  (2m)vf  vf 



v0 2



(1.73)



The direction of the velocity is the same as the initial direction of the puck’s velocity. Note that the result of part (a) was not needed for part (b) if the masses are the same, Equation (1.73) would hold for any mass distribution of the stick. (c) The force that deform the putty do negative work (the putty is compressed somewhat), and so mechanical energy is not conserved , the collision is totally inelastic. (d) Choose the center of mass of the stick-puck combination, as found in part (a) as the point about which to find angular momentum. This choice means that after the collision there is no angular momentum due to the translation of the center of mass. Before the collision, the angular momentum was entirely due to the motion of the puck, L0  rpuck  p  (l / 4)(mv0 )k, Where is.



(1.74)



kˆ is directed out of the page in the figure above. After the collision, the angular momentum Lf  Icm w f k,



(1.75)



Where I cm is the moment of inertia about the center of mass of the stick-puck combination., This moment of inertia of the stick about the new center of mass is found from the parallel axis theorem, and the moment of inertia of the puck is m (l / 4) , and so 2



ml2 (1.76) 8 Inserting this expression into Equation (1.75) equating the expressions for L 0 and L f and solving for m(l / 4) (1.77)  f yields. f = v0 Icm  ml2 / 8 Icm'  Icm',stick  I cm',puck  (I cm  m(l / 4) 2 )  I cm 
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Rotational ` Mechanics If the stick is uniform Icm =ml2 /12 and Equation (1.77) reduces to f =



6v0 5l



(1.78)



It may be tempting to try to calculate angular momentum about the contact point, where the putty hits the stick. If this is done, there is no initial angular momentum and after the collision the angular momentum will be the sum of two parts, the angular momentum of the center of mass of the stick and the angular moment about the center of the stick.



Lf  r cm  Icm f



(1.79)



There are two crucial things to note. First the speed of the center of mass is not the speed found in part (b); the rotation must be included, so that vcm = v0 /2 –



 f (1/4). Second the direction of N r cm  pcm



with respect to the contact point is, from the right-hand rule, into the page, or the  kˆ - Direction, opposite must be zero. Adding the kˆ -components (the only component) in Equation (1.79) ,



(l / 2)m(v0 / 2  f (l / 4))  Icmf = 0 Solving Equation (1.80) for  f yields Equation (1.77).



(1.80)



This alternative derivation should serve two purposes. One is that it doesn’t matter which point we use to find angular momentum. The second is that use of foresight, in this case choosing the center of mass of the system so that the final velocity does not contribute to the angular momentum, can prevent extra calculation. It’s often a matter of trial and error (“learning by misadventure”) to find the “best” way to solve a problem. (e) The time of one rotation will be the same for all observers, independent of choice of origin. This fact is crucial in solving problem in which the angular velocity will be the same (this was used in the alternate derivation for part (d) above.) The time for one rotation is the period T = 2 /  f And the distance the center of mass moves is



x cm = vcmT  2



vcm  2 f 



(1.81)



m(l / 4)    v0 2  Icm  ml / 8 



=2 Using Icm



v0 / 2



Icm  ml2 / 8 . m(l / 2)



 ml2 /12 for a uniform stick gives x cm =



5 l . 6



(1.82)



Example 6: Two small kids of masses 10 kg and 15 kg are trying to balance a seesaw of total length 5.0m with the fulcrum at the center. If one of the kids is sitting at ends, where should the other sit? Sol: It is clear that the 10 kg kid should sit at the end and the 15kg kid should sit closer to the center. Suppose this distance from the center is X. As the kids are in equilibrium, the normal force between a kid and the see-saw equals the weight of that kid. Considering the rotational equilibrium of the seesaw, the torques of the forces acting on it should add to zero. The forces are.
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Rotational ` Mechanics (a) (15kg) g downward by the 15kg kid, (b) (10 kg) g downward by the 10kg kid, (c) Weight of the seesaw and (d) The normal force by the fulcrum. Taking torques about by the fulcrum (15kg) g x = (10 kg) g (2.5m) or x = 1.7 m.



Example 7: The ladder shown in figure has negligible mass and rests on a frictionless floor. The crossbar connects the two legs of the ladder at the middle. The angle between the two legs is 60 °. The fat person sitting on the ladder has a mass of 80kg. Find the contact force exerted by the floor on each leg and the tension in the crossbar. Sol: The forces acting on the different parts are shown in figure. Consider the vertical equilibrium of “the ladder plus the person” system. The forces acting on this system are its weight (80kg)g and the contact force N + N = 2N due to the floor. Thus 2N = (80kg) g Or N = (40 kg) (9.8m/s²) = 392 N Next consider the equilibrium of the left leg of the ladder. Taking torque of the forces acting on it about the upper end. N (2 m) tan 30°= T (1 m) Or



T= N



2 3



= (392N) 



2



= 450 N.



3



Example 8: A solid cylinder of mass m and radius r starts rolling down an inclined plane of inclination  . Friction is enough to prevent slipping. Find the speed of its center of mass when, its center of mass has fallen a height h. Sol: Consider the two shown positions of the cylinder. As it does not slip, total mechanical energy will be conserved. Energy at position 1 is E1  mgh Energy at position 2 is



E2 =



1 3 1 mv c.m + Ic.mω2 2 2



vcm mr 2 3 =ω and Ic.m =  E 2  mv 2c.m r 2 4 4 gh From COE, E1 = E 2 ; vc.m = 3 Example 9: A uniform disc of radius R and mass M is rotated to an angular speed 0 in its own plane about its center and then placed on a rough horizontal surface such that plane of the disc is parallel to the horizontal surface. If co-efficient of friction between the disc and the surface is  then how long will it take for the disc to come to stop. Sol: Consider a differential circular strip of the disc of radius x and thickness dx.



M Frictional force on this strip is  R2 dF =  ρ2 xdx g



Mass of this strip is dm  2ρ x .Where ρ = along the tangent and is equal to



Torque on the strip due to frictional force is equal to d  ρg2 x dx 2
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R3    d   ρ g2 x  x dx   g 2 3 0 2



 =



2 MgR 4  g =  MR 2  3 R 3   2 



 (t )  0   t



  =  Mg(2/3)R



The  is opposite to the ω



 0 = 0



4 g t 3R



t =



30 R . 4g



Example 10: A sphere of mass M and radius r shown in figure slips on a rough horizontal plane. At some instant it has translational velocity v0 and



v0 . Find the translational velocity 2r



rotational velocity about the center is after the sphere starts pure rolling. Velocity about the center =



v0 . Thus v0 > 0 r . The sphere slips forward and 2r



thus the friction by the plane on the sphere will act backward. As the friction is kinetic its value of N is given by N = Mg and sphere will be decelerated by a cm = f/M. Hence. V(t) = v 0 –



f t … (i) M



This friction will also have a torque T = fr about the center. This torque is clockwise and in the direction of 0 . Hence the angular acceleration about the center will be



 =f



5f r = 2 2Mr (2 / 5) Mr



and the clockwise angular velocity at time t will be



 (t) = 0 +



v 5f 5f t 0+ t 2Mr 2r 2Mr



Pure rolling starts when v(t) = r ω (t) i. e., v(t) =



v0 5 f + t … … … (ii) 2 2M



Eliminating t from (i) and (ii)



v 5 5 v(t )  v(t )  v0  0 2 2 2



Or



v(t) =



2 6  v0  v0 7 7



Thus the sphere rolls with translational velocity 6 v0 /7 in the forward direction.
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SOLVED EXAMPLES JEE ADVANCED Example 1: A carpet of mass M made of inextensible material is rolled along its length in the form of a cylinder of radius R and is kept on a rough floor. The carpet starts unrolling without sliding on the floor when a negligibly small push is given to it. Calculate the horizontal velocity of the axis of the cylindrical part of the carpet when its radius decreases to (R/2). Sol: If ρ is the density of material of the carpet, initial mass of the carpet (cylinder)M will be  R 2 L while where its radius becomes half the mass of cylindrical part will be



M F   ( R / 2)2 L = M/4 So initial PE of the carpet is MgR while final



(𝑀/4)𝑔(𝑅/2) = 𝑀𝑔𝑅/8



So loss in potential energy when due to unrolling radius changes from R to R/2 = 𝑀𝑔𝑅 – (1/8) = (7/8)𝑀𝑔𝑅 … . . (𝑖)



𝑖. 𝑒. ,



K=



1 1 3 Mv2 + Mv2 = Mv2 … . (𝑖𝑖) 8 16 16



So from equation (i) and 3



7



(ii) ( ) Mv 2 = ( ) MgR 19 8 i. e. , v =



(14gR)/3



Example 2: A uniform solid cylinder of radius R = 15cm rolls over a horizontal plane passing into an inclined plane forming an angle  = 30° with the horizontal. Find the maximum value of the velocity v0 which still permits the cylinder to roll onto the inclined plane section without a jump. The sliding is assumed to be absent. Sol: Initial energy



1 1 E1 = mv02 + Ic.m 2 +mgR 2 2 v0 = For rolling R This loss in potential energy is equal to increase in rotation KE which is



K = K T +K R =



1 1 Mv2 + I 2 2 2



If v is the velocity when half the carpet has unrolled, then as



1 M R  R M and I =     v = , M  2 4  2  2 4 2 1  M  2 1  MR 2   2V  K =  V +   2 4  2  32   R 



2



v 1 1 1  E1 = mv02 + . mR 2 02 + mgR 2 2 2 R 3 = mv02 +mgR 4 1 2 1 E 2 = mv + Ic.m`2 + mgR cos 2 2 3 = mv 2 + mgR cos 4 From COE



3 3 mv2 + mgR cos = mv02 + mgR 4 4 4 mv2 = mv02 + mgR(1  cos  ) 3



…. (i)
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Rotational ` Mechanics F.B.D. of the cylinder when it is at the edge. Center of mass of the cylinder describes circular motion about P.



Sol: F.B.D. of the object with respect to truck.



Hence mg cos  - N =



mv2 /R  N = mg cos   mv2 /R



= mg cos  -



mv02 4 4  mg  mg cos  R 3 3



For no jumping, N ≥ 0



mv02 7 4  mg cos   mg  0 3 3 R



 v0 



7gR 4 cos   g 3 3



Example 3: Two thin circular disc of the mass 2 kg and radius 10 cm each are joined by a rigid massless rod of length 20 cm. the axis of the rod is perpendicular to the plane of the disc through their centers as shown in the figure. The object is kept at the center as shown in the figure. The object is kept on a truck in such a way that the axis of the object is horizontal and perpendicular to the direction of motion of the truck. Its friction with the floor of the truck is large enough to prevent slipping. if the truck has an acceleration of 9m/s² calculate.



In the reference frame of truck it experiences a pseudo force F = -2ma ˆi , Where a = acceleration of the truck. Pseudo force does not provide torque about the center of the disc. Because of this force object has tendency to slide along – Ve x –axis, hence frictional force will act along + Ve x – axis. For translational motion. 2ma – f = ma` ……… (i) Here a` = acceleration of the center of mass of the object. For rotational motion fR = I 



mR 2 a` . for no slipping  = a/R 2 R



= 2.



 a` =



f m



….. (ii)



From (i) and (ii) we get



2 ma ˆi  Force of friction on each disc is 3 f ma ˆ  i = 6iˆ N 2 3



F=



(a) The force of friction on each disc. (b) The magnitude and direction of the frictional torque acting on each disc about the center of mass ‘o’ of the object. Take x = axis along the direction of the motion of the truck, and z axis along vertically upwards direction. Express the torque in the vector form in terms of unit vectors ˆi ,



ˆj and kˆ in the x, y, and z



directions. (c) Find the minimum value of the co- efficient of friction m between the object and the floor of the truck which makes rolling of the object possible.



f1 =



ma ˆ i 3



r1 = lˆj  Rkˆ  = r1  f 1 f1



= 



ma ˆ  ( ˆj  Rkˆ)  i 3
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Rotational ` Mechanics = 6 × 0.1 ˆi + 6 × 0.1 kˆ = –6.0 ˆj + 0.6 kˆ  ( = –6.0 ˆj – 0.6 kˆ



vc.m(t )  v



For rotational motion about center



f2 )



(c) Maximum value of frictional force is 2  mg







2 ma  2 mg 3



…….(i)



0



 



a . 3g



Example 4: A uniform disc of mass m and radius r is projected horizontal with velocity v 0 on a rough horizontal floor so that it starts of F with a purely sliding motion at t = 0. At t = t 0 second it acquires a purely rolling motion.



 f + mg = Ic.m   mgr =  =



2 g r



Therefore (t ) = 0 + 0 Using



t = 0 +  t



……… (ii)



2 g t0 r



2(v0  v) r = r



 = Vc.m



mr 2  2



……. (iii) Using (i)



 v = 2 ( v 0 – v) using (iii) 2  v = v0 3



(a) Calculate the velocity of the center of mass of the disc at t = t 0 . (b) Assuming coefficient of friction to be  calculate t 0 . (c) The work done by the frictional force as a function of time. (d) Total work done by the friction over a time t much longer then t 0 . Sol: F.B.D. of the disc. When the disc is projected it starts sliding and hence there is a relative motion between the points of contact. Therefore frictional force acts on the disc in the direction opposite to the motion. (a) Now for translational motion



a c.m =



f m



f =  N (as it slides)



LP = Lc.m + r  Pc.m ) When it starts pure rolling its angular momentum about P is given by



L2 = Lc.m +  + mvr For rolling v =  r



 L2 =



mr 2 v 3 + mvr = mvr 2 r 2



From COAM



2 L1 = L2  v = v0 3 =  mg



 a c.m  g , negative sign indicates that a c.m is opposite to vc.m  vc.m(t)  v0  gt 0



 t0 =



Alternative method: Since frictional force passes through the point of contact, hence about this point no external torque is acting. Therefore angular momentum of the disc about point of contact does not change. Initial angular momentum about p is given by L1  0  mv0 r (Using



(b) Putting the value of v in equation (i) We get



t0



=



v0 3 g



(c) Work done by the frictional force is equal to change in K.E.
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M  2  3  m  L  = mv0 L  



1 1  mr 2   2 gt  1 2 m(v0   gt) 2 +     mv0 2 2  2  r  2 2



=



3  = m   2 g 2 t 2  v0  gt  For t ≤ t0 2  (d) For time t ≤



t0



work done by the friction is



zero. For longer time total work done is same as that in part (c)



 3 2 2 2  v 2 v   W = m   g t  0   v0  gt 0  2 3 g   3 g   mv 2  0 6 . Example 5: In the shown figure a mass m slides down a frictionless surface from height h and collides with a uniform vertical rod of length L and mass M. After collision the mass m sticks to the rod. The rod is free to rotate in a vertical plane about fixed axis through O. find the maximum angular deflection of the rod from its initial position.



Sol: Just before collision, velocity of the mass m is along the horizontal and is equal to v 0 =



2gh . In the process of collision only angular momentum of the system will be conserved about the point O. If L1 and L 2 are the angular momentum of the system just before and just after the collision L1 = mv0 L then



 ML2   mL2   And L2 = I =   3 



 =



mv0 M   3  m L  



Let the rod deflect through an angle θ . Initial energy of rod and mass system =



1 2 I 2



 ML2   mL2   3 



Where I = 



Gain in potential energy of the system = mgL [1 – cos



M



= 



 3



θ]



+ mg



L 2



[1 – cos



θ]







 m  gL (1 – cos θ ) 



From conservation of energy



1 2  M I =  m   gL(1  cos ) 2 2  2  ML m 2 v02 2  mL    2  2  3  M  3  m L   M    m   gL(1  cos  ) 2  



1 m2 v02 M    m   gL(1  cos  ) 2M 2     3  m   m2 v02 1 . cos θ = 2 M  M   3  m   2  m  gL



From COAM
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Rotational ` Mechanics Example 6: A billiard ball, initially at rest, is given a sharp impulse by a cue. The cue is held horizontally a distance h above the center line as shown in figure. The ball leaves the cue with a speed v 0 and because of its forward rotation



(backward slipping) eventually acquires a final



9 v 0 show that. 7



speed h =



=



2  9 v0  9 mR 2   + mRv0 5 7 R  7



…... (v)



Solving Eqs. (iii), (iv) and (v), we get



h



4 R 5



Example 7: Determine the maximum horizontal force F that may be applied to the plank of mass m for which the solid does not slip as it begins to rolls on the plank. The sphere has a mass M and radius R. The coefficient of static and kinetic friction between the sphere and the plank are s and  k respectively.



4 R Where R is the radius of the ball. 5



Sol: Let



0 be the angular speed of the ball just



after it leaves the cue. The maximum friction acts in forward direction till the slipping continues. Let v be linear speed and  the speed when slipping is ceased.



 v = R  or  = Given, v =







Sol: The free body diagram of the sphere and the plank are as shown below:



v R



9 v0 7



9 v0 7 R



… … (i) … … (ii)



Applying Linear impulse = change in linear momentum F dt = m v 0 Or



Fh dt =



2 mR 20 5



… . . (iii) …. . (iv)



Angular momentum about bottommost point will remains conserved. i.e., Li  L f or



I0 + mRv0 = I + mRv



2  mR 20 + mRv0 5



Writing equation of motion: For sphere: Linear acceleration



a1 =



s Mg M



=s g



… … … . (i)



Angular acceleration:



=



(S Mg)R 5 S g = 2 2 R MR 2 5



… … … (ii)
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Rotational ` Mechanics For plank: Linear acceleration



2 =



F  S Mg m



Integrating this equation with respect to … … . . (iii)



For no slipping



t =



 2 = a1 + R



… … . (iv) Solving the above four equations, we get F=



7 S g  M  m  



between 0 and



2







Thus, maximum value of f can be



, we find the desired time



2



3r00 8 g



Example 9: A solid sphere of radius r is gently placed on a rough horizontal ground with an initial angular speed 0 and no linear velocity. If the coefficient of friction is  , find the time



7 S g  M  m  2   Example 8: A uniform disc of radius



0







when the slipping stops. In addition, state the



r0



lies on



a smooth horizontal plane. A similar disc spinning with the angular velocity 0 is carefully lowered onto the first disc. How soon do both discs spin with the same angular velocity if in the friction coefficient between them is equal to  ?



Sol: From the law of conservation of angular momentum. I0  2I Here, I = moment of inertia of each disc relative to common rotation axis



 =



0 = steady state angular velocity 2



The angular velocity of each disc varies due to the torque  of the frictional forces. To calculate  , let us take an elementary ring with inner and outer radii r and r + dr. The torque of the friction acting on the given is equal to.



 mg d   r  2   r0



  2 mg  2  2 r dr =  2  r dr   r0 



Where m is the mass each disc. Integrating this respect to r between 0 and r0 , we get



=



2  mgr0 3



The angular velocity of the lower disc increases by d  over the time interval



 3r0  I  d  d =     4 g 



dt = 



linear velocity v and angular velocity  at the end of slipping. Sol: Let m be the mass of the sphere. Since, it is a case of N backward slipping, force of friction is in forward direction. Limiting friction will act in this case.



Linear acceleration



a



f  mg = = g m m



Angular retardation















f .r







5 g 2 r



2 2 mr 5 Slipping ceases when v  r (at ) = r (0   t ) Or 5 g   gt  r  0  Or 2 r   7 2 r0  gt  r0 ; t  2 7 g I
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2 v  at  gt  r0 7 v 2 And    r0 r 7



Alternative solution: Net torque on the sphere about the bottommost point is zero. Therefore, angular momentum of the sphere will remain conserved about the bottommost point.



Lt  L f  Or



 And



I0  I mrv 2 2 2 mr 0  mr 2 mr(r) 5 5 2   0 7 2 v  r  r0 7



Example 10: A thin massless thread is wound on reel of mass 3 kg and moment of inertia 0.6 kg-m². The hub radius is R = 10 cm and peripheral radius is 2R = 20 cm. The reel is placed on a rough table and the friction is enough to prevent slipping. Find the acceleration of the center of reel and of hanging mass of 1 kg.



Equations of motion are: T – f  3a1 … … . (i)



=







=



f (2 R)  T .R 0.2 f  0.1T = I 0.6



I f T =  .(ii) 3 6



Free body diagram of mass is



Equation of motion is, 10 – T =



… … . (iii)



a2



For no slipping condition, a1 = 2R or a1 = 0.2 and



a2  a1  R



or



… … . (iv)



a2  a1  0.1 … … . . (v)



Solving the above five equations, we get a1 = 0.27 m/s²; a2 = 0.135 m/s²



Sol:



Let,



a1



= acceleration of center of mass



of reel a2 = acceleration of N1 kg block



 = angular acceleration of reel (clockwise) T = tension in the string and f = force of friction Free body diagram of reel is as shown below; (only horizontal forces are shown.).
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JEE MAIN/BOARDS EXERCISE 1 Q.1 What are the units and dimensions of moment of inertia? Is it a vector? Q.2



What is rotational analogue of force?



Q.3 What is rotational analogue of mass of a body? Q.4 What are two theorems of moment of inertia? Q.5 What is moment of inertia of a solid sphere about its diameter? Q.6 What is moment of inertia of a hollow sphere about an axis passing through its center. Q.7 What are the factors on which moment of inertia of a body depends? Q.8 Is radius of gyration of a body a constant quantity? Q.9 There are two spheres of same mass and same radius, one is solid and other is hollow. Which of them has a larger moment of inertia about its diameter? Q.10 Two circular discs A and B of the same mass and same thickness are made of two different metals whose densities are d A and



d B ( d A > d B ). Their moments of inertia about the axes passing through their centers of gravity and perpendicular to their planes are I A and I B . Which is greater, I A or I B ? Q.11 The moments of inertia of two rotating bodies A and B are I A and I B ( I A > I B ) and their angular moments are equal. Which one has a greater kinetic energy?



Q.12 Explain the physical significance of moment of inertia and radius of gyration. Q.13 Obtain expression of K.E. for rolling motion. Q.14 State the laws of rotational motion. Q.15 Establish a relation between torque and moment of inertia of a rigid body. Q.16 State and explain the principle of conservation of angular momentum. Give at least two examples. Q.17 Derive an expression for moment of inertia of a thin circular ring about an axis passing through its center and perpendicular to the plane of the ring. Q.18 The moment of inertia of a circular ring about an axis passing through the center and perpendicular to its plane is 200 g cm². If radius of ring is 5 cm, calculate the mass of the ring. Q.19 Calculate moment of inertia of a circular disc about a transverse axis through the center of the disc. Given, diameter of disc is 40 cm, thickness = 7 cm and density of material of disc = 9 g cm



3



Q.20 A uniform circular disc and a uniform circular ring each has mass 10kg and diameter 1m. Calculate their moment of inertia about a transverse axis through their center. Q.21 Calculate moment of inertia of earth about its diameter, taking it to be a sphere of radius 6400 km and mass 6 1024 kg. Q.22 Calculate moment of inertia of a uniform circular disc of mass 700 g and diameter 20 cm about (i) An axis through the center of disc and perpendicular to its plane,. (ii) A diameter of disc (iii) A tangent in the plane of the disc,
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Rotational ` Mechanics (iv) A tangent perpendicular to the plane of the disc. Q.23 Three particles, each of mass m, are situated at the vertices of an equilateral triangle ABC of side L. Find the moment of inertia of the system about the line AX perpendicular to AB in the plane of ABC, figure.



Q.24 Calculate K.E. of rotation of a circular disc of mass 1 kg and radius 0.2 m rotating about an axis passing through its center and perpendicular to its plane. The disc is making 30/π rpm. Q.25 A circular disc of mass M and radius r is set into pure rolling on a table. If  be its angular velocity, show that it’s total K.E. is given by (3/4) Mv², where v is its linear velocity. M.I. of circular disc = (1/2) mass × (radius) ². Q.26 The sun rotates around itself once in 27 days. If it were to expand to twice its present diameter, what would be its new period of revolution? Q.27 A 40 kg flywheel in the form of a uniform circular disc 1 meter in radius is making 120 r.p..m. Calculate its angular momentum about transverse axis passing through center of fly wheel. Q.28 A body is seated in a revolving chair revolving at an angular speed of 120 r.p.m. By some arrangement, the body decreases the moment of inertia of the system from 6 kg m² to 2 kg m². What will be the new angular speed?
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JEE MAIN EXERCISE 2 ONLY ONE OPTION IS CORRECT Q.1 Thee bodies have equal masses m. Body A is solid cylinder of radius R, body B is square lamina of side R, and body C is a solid sphere of radius R. Which body has the smallest moment of inertia about an axis passing through their center of mass and perpendicular to the plane (in case of lamina) (A) A (B) B (C) C (D) A and C both Q.2 For the same total mass which of the following will have the largest moment of inertia about an axis passing through its center of mass and perpendicular to the plane of the body. (A) A disc of radius a (B) A rind of radius a (C) A square lamina of side 2a (D) Four rods forming a square of side 2a



Q.5 A rigid body can be hinged about any point on the x-axis. When it is hinged such that the hinge is at x, the moment of inertia is given by I = 2x² - 12x + 27 The x-coordinate of center of mass is (A) x = 2 (B) x = 0 (C) x = 1 (D) x = 3 Q6. A weightless rod is acted upon by upward parallel forces of 2N and 4N at ends A and B respectively. The total length of the rod AB=3m. To keep the rod in equilibrium, a force of 6N should act in the following manner: (A)Downwards at any point between A and B. (B)Downwards at mid-point of AB (C)Downwards at a point C such that AC=1m (D)Downwards at a point D such that BD= 1m. Q.7 A heavy rod of length L and weight W is suspended horizontally by two vertical ropes as shown. The first rope is attached to the left end of rod while the second rope is attached a distance L/4 from right end. The tension in the second rope is:



Q.3 A thin uniform rod of mass M and length L has its moment of inertia I1 about its perpendicular bisector. The rod is bend in the form of semicircular arc. Now its moment of inertia perpendicular to its plane is I 2 . The ratio of I1 : I 2 will be (A) < 1 (C) =1



(B) >1 (D) can’t be said



Q.4 Moment of inertia of a thin semicircular disc (mass = M & radius = R) about an axis through point O and perpendicular to plane of disc, is given by:



1 MR 2 4 1 MR 2 (C) 8 (A)



(B)



(A) (1/2) W (C) (1/3) W (E) W



(B) (1/4) W (D) (2/3) W



Q.8 A right triangular plate ABC of mass m is free to rotate in the vertical plane about a fixed horizontal axis though A. It is supported by a string such that the side AB is horizontal. The reaction at the support A in equilibrium is:



1 MR 2 2



(D) MR 2
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(D)



(A) (C)



mg 3 mg 2



(B)



2mg 3



(D)



mg



Q.9 A tightrope walker in a circus holds a long flexible pole to help stay balanced on the rope. Holding the pole horizontally and perpendicular to the rope helps the performer.



(A) By lowering the overall center-of- gravity (B) By increasing the rotation inertia (C) In the ability to adjust the center- of -gravity to be over the rope. (D) In achieving the center of gravity to be under the rope. Q.10 A rod is hinged at its center and rotated by applying a constant torque from rest. The power developed by the external torque as a function of time is: (A)



(B)



Q.11 Two uniform spheres of mass M have radii R and 2R. Each sphere is rotating about a fixed axis through its diameter. The rotational kinetic energies of the spheres are identical. What is the ratio of the angular moments of these sphere? That is,



L2 2 R = LR



(A) 4



(B)



(C) 2 (E) 1



(D)



2



2



2



Q.12 A spinning ice skater can increase his rate of rotation by bringing his arms and free leg closer to his body. How does this procedure affect the skater’s momentum and kinetic energy? (A) Angular momentum remains the same while kinetic energy decreases. (B) Angular momentum remains MAIN the same while kinetic energy decreases (C) Both angular momentum and kinetic energy remains the same. (D) Both angular momentum and kinetic energy increase. Q.13 A child with mass m is standing at the edge of a disc with moment of inertia I, radius R, and initial angular velocity  . See figure given below. The child jumps off the edge of the disc with tangential velocity v with respect to the ground. The new angular velocity of the disc is
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( I  mR 2 ) 2  mv 2 I  2  mv 2 B) I I 2 I   mvR ( I  mR )  mvR (D) I I



Q.14 A uniform rod of length l and mass M is rotating about a fixed vertical axis on a smooth horizontal table. It elastically strikes a particle placed at a distance l /3 from its axis and stops. Mass of the particle is (A) 3M (C)



3M 2



3M 4 4M (D) 3 (B)



Q.15 a disc of radius R is rolling purely on a flat horizontal surface, with a constant angular velocity. The angle between the velocity and acceleration vectors of point P is (A) Zero



(B) 45°



(C) 135°



(D) tan 1 (1/ 2)



Q.16 A particle starts from the point (0m, 8m) and moves with uniform velocity of 3î m/s. After 5 second, the angular velocity of the particle about the origin will be:



8 rad/s 289 24 rad/s (C) 289 (A)



Q.17 Two points of a rigid body are moving as shown. The angular velocity of the body is:



v 2R 2v (C) R (A)



v R 2v (D) 3R (B)



Q.18 A yo-yo is released from hand with the string wrapped around your finger. If you hold your hand still, the acceleration of the yo-yo is (A) Downward, much greater then g (B) Downward much greater then g (C) Upward, much less then g (D) Upward, much greater then g (E) Downward, at g Q.19 Inner and outer radii of N a spool are r and R respectively. A thread is wound over its inner surface and placed over a rough horizontal surface. Thread is pulled by a force F as shown in figure. Then in case of pure rolling.



(A) Thread unwinds, spool rotates anticlockwise and friction acts leftwards (B) Thread unwinds, spool rotates clockwise and friction acts leftwards (C) Thread wind, spool moves to the right and friction acts rightwards. (D) Thread winds, spool moves to the right and friction does not come into existence.



3 rad/s 8 8 rad/s (D) 17 (B)



Q.20 A sphere is placed rotating with its center initially at rest in a corner as shown in figure (a) & (b). Coefficient of friction between all
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Rotational ` Mechanics surfaces and the sphere is the frictional force



1 . Find the ratio of 3



fa by ground in situations fb



(a) & (b). (A) 1 (C)



(B)



10 9



9 10



(D) None



Q.21 A body kept on a smooth horizontal surface is pulled by a constant horizontal force applied at the top point of the body. If the body rolls purely on the surface, its shape can be: (A) Thin pipe (B) Uniform cylinder (C) Uniform sphere (D) Thin spherical shell Q.22 A uniform rod AB of mass m and length l is at rest on a smooth horizontal surface. An impulse j is applied to the end B, perpendicular to the rod in the horizontal direction. Speed of point P at A distance



l from the center 6



towards a of the rod after time t = (A) (C)



2 J m



J m



(B) (D)



 ml 12J



is



J 2m J 2 m



Q.23 The moment of inertia of a solid cylinder about its axis is given by (1/2) MR². If this cylinder rolls without slipping, the ratio of its rotational kinetic energy to its translational kinetic energy is (A) 1: 1 (B) 2: 2 (C) 1: 2 (D) 1: 3 Q.24 A force F is applied to a dumbbell for a time interval t, first as in (i) and then as in (ii). In



which case does the dumbbell acquire the greater center-of-mass speed? (A) (i) (B) (ii) (C) There is no difference (D) The answer depends on the rotation inertia of the dumbbell Q.25 A hoop and a solid cylinder have the same mass and radius. They both roll, without slipping on a horizontal surface. If their kinetic energies are equal (A) The hoop has a greater translational speed then the cylinder (B) The cylinder has a greater translational speed then the hoop (C) The hoop and the cylinder have the same translational speed (D) The hoop has a greater rotational speed then the cylinder. Q.26 A ball rolls down an inclined plane, as shown in figure. The ball is first released from rest from P and then later from Q. Which of the following statement is /are correct? (i) The ball takes twice as much time to roll from Q to O as it does to roll from P to O. (ii) The acceleration of the ball at Q is twice as large as the acceleration at P. (iii) The ball has twice as much K.E.at O when rolling from Q as it does when rolling from P. (A) i, ii only (B) ii, iii only (C) i only (D) iii only



ASSERTION AND REASON (A) Statement-1 is true, statement –2 is true and statement-2 correct explanation for statement-1. (B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1.
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Rotational ` Mechanics (C) Statement -1 is true, statement-2 is false. (D) statement-1 is false, statement- 2 is true.



Statement-2: When distribution of mass is symmetrical then center of round shape body is its center of mass.



Q.27 Consider the following statements:Statement-1: The moment of inertia of a rigid body reduces to its minimum value as compared to any other parallel axis when the axis of rotation passes through its center of mass. Statement-2: The weight of a rigid body always acts through its center of mass in uniform gravitational field. Q.28 Statement – 1: The moment of inertia of any rigid body is minimum about axis which passes through its center of mass as compared to any other parallel axis. Statement – 2: The entire mass of a body can be assumed to be concentrated at its center of mass for applying Newton’s force Law. Q.29 A uniform thin rod of length L is hinged about one of its ends and is free to rotate about the hinge without friction, Neglect the effect of gravity. A force F is applied at a distance x from the hinge on the rod such that force is always perpendicular to rod. As the value of x is increased from zero to L, Statement – 1: The component of reaction force by hinge on the rod perpendicular to length of rod increases. Statement – 2: The angular acceleration of rod increases.



Q.30 Statement –1: For a round shape body of radius R rolling on a fixed ground, the magnitude of velocity of its center is given by R , where  is its angular speed.



Q.31 Statement-1: a body cannot roll on a smooth horizontal Surface. Statement-2: when a body rolls purely, the point of contact should be at rest with respect to surface. ONE OR MORE THEN ONE OPTION MAY BE CORRECT



Q.32 A rigid object is rotating in a counterclockwise sense around a fixed axis. If the rigid object rotates though more than180  but less than 360  , which of the following pairs of quantities can represent an initial angular position and a final angular position of the rigid object. (A) 3 rad, 6 rad (B) –1 rad, 1 rad (C) 1 rad, 5 rad (D –1rad, 2.5 rad Q.33 ABCD is a square plate with center O. The moments of inertia of the plate about the perpendicular axis through O is I and about the axes 1, 2, 3 & 4 are I1 , I 2 , I3 , & I 4 respectively. If follows that: (A) I2 = I3



(B) I = I1 + I4



(C) I = I2 + I4



(D) I1 = I3



Q.34 A body is in equilibrium under the influence of a number of forces. Each force has a different line of action. The minimum number of forces required is (A) 2, if their lines of action pass through the center of mass of the body. (B) 3, if their lines of action are not parallel. (C) 3, if their lines of action are parallel. (D) 4, if their lines of action are parallel and all the forces have the same magnitude.
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Rotational ` Mechanics Q.35 If a person is sitting on a rotating stool with his hands outstretched, suddenly lowers his hands, then his (A) Kinetic energy will decrease (B) Moment of inertia will decrease (C) Angular momentum will increase (D) Angular velocity will remain constant



Q.36 A block of mass m moves on a horizontal rough surface with initial velocity v. The height of the center of mass of the block is h from the surface. Consider a point a on the surface in line with the center of mass. (A) Angular momentum about a is mvh initially (B) The velocity of the block decreases as time passes. (C) Torque of the forces acting on block is zero about a. (D) Angular momentum is not conserved about A. Q.37 A man spinning in free space changes the shape of his body, eg. By spreading his arms or curling up. By doing this, he can change his (A) Moment of inertia (B) Angular momentum (C) Angular velocity (D) Rotational kinetic energy Q.38 A ring rolls without slipping on the ground. Its center C moves with a constant speed u. P is any point on the ring. The speed of P with respect to the ground is v. (A) 0  v  2u (B) v = u, if CP is horizontal (C) v = u is CP makes an angle of 30  with the horizontal and P is below the horizontal level of c. (D) v =



2 u, if CP is horizontal



Q.39 A small ball of mass m suspended from the ceiling at a point O by a thread of length moves along a horizontal circle with a constant angular velocity  . (A) Angular momentum is constant about O (B) Angular momentum is constant about C (C) Vertical component of angular momentum about O is constant (D) Magnitude of angular momentum about O is constant. Q. 40 If a cylinder is rolling down the incline with sliding. (A) After some time it may start pure rolling (B) After sometime it will start pure rolling (C) It may be possible that it will never start pure rolling (D) None of these. Q.41 Which of the following statements are correct. (A) Friction acting on a cylinder without sliding on an inclined surface is always upward along the incline irrespective of any external force acting on it (B) Friction acting on a cylinder without sliding on an inclined surface may be upward may be downwards depending on the external force acting on it (C) Friction acting on a cylinder rolling without sliding may be zero depending on the external force acting on it (D) Nothing can be said exactly about it as it depends on the frictional coefficient on inclined plane. Q. 42 A plank with a uniform sphere placed on it rests on a smooth horizontal plane. Plank is pulled to right by a constant force F. If sphere does not slip over the plank. Which of the following is correct.
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Rotational ` Mechanics (A) Acceleration of the center of sphere is less than that of the plank (B) Work done by friction acting on the sphere is equal to its total kinetic energy (C) Total kinetic energy of the system is equal to work done by the force F (D) None of the above.



Q.45 A cylinder of mass M and radius R is pulled horizontal by a force F. The frictional force can be given by which of the following diagrams (A) (B)



(C) Q. 43 a uniform disc is rolling on a horizontal surface. At a certain instant B is the point of contact and A is at height 2R from ground, where R is radius of disc. (A) The magnitude of the angular momentum of the disc about B is thrice that about A (B) The angular momentum of the disc about A is anticlockwise (C) The angular momentum of the disc about B is clockwise (D) The angular momentum of the disc about A is equal to that about B. Q. 44 A wheel of radius r is rolling on a straight line, the velocity of its center being v. At a certain instant the point of contact of the wheel with the grounds is M and N is the highest point on the wheel (diametrically opposite to M). The incorrect statement is: (A) The velocity of any point P of the wheel is proportional to MP (B) Points of the wheel moving with velocity greater than v form a larger area of the wheel than points moving with velocity less than v (C) The point of contact M is instantaneously at rest (D) The velocities of any two parts of the wheel which are equidistant from center are equal. In the following problems, indicate the correct direction of friction force acting on the cylinder, which is pulled on a rough surface by a constant force F.



(D) cannot be interpreted.



Q.46 A cylinder is pulled horizontally by a force F acting at a point below the center of mass of the cylinder, as shown in figure. The frictional force can be given by which of the following diagrams? (A)



(B)



(C) (D)Cannot be interpreted. Q.47 A cylinder is pulled horizontally by a force F acting at a point above the center of mass of the cylinder, as shown in figure. The frictional force can be given by which of the following diagrams (A)



(C)



(B) (D)Cannot be interpreted.



Q.48 A cylinder is placed on a rough plank which in turn is placed on a smooth surface. The plank is pulled with a constant force F. The frictional force can be given by which of the following diagrams.



(A)
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Rotational ` Mechanics (A) The linear distance moved by the center of (B)



mass before the ring starts rolling is (B)



(C)



The net work done by friction force is



3 8



 mv02



(D) Cannot be interpreted.



(C) The loss is kinetic energy of the ring is



Q.49 A ring of mass M and radius R sliding with a velocity v0 suddenly enters into a rough



surface where the coefficient of friction is  , as shown in figure. Choose the correct statement(s) (A) As the ring enters on the rough surface, the limiting frictional force acts on it (B) The direction of friction is opposite to the direction of motion. (C) The frictional force accelerates the ring in the clockwise sense about its center of mass (D) As the ring enters on the rough surface it Starts rolling. Q.50 Choose the correct statement(s) (A) The momentum of the ring is conserved (B) The angular momentum of the ring is conserved about its center of mass (C) The angular momentum of the ring is conserved about a point on the horizontal surface. (D) The mechanical energy of the ring is conserved. Q.51 Choose the correct statement (S) (A) The ring starts its rolling motion when the center of mass is stationary (B) The ring starts rolling motion when the point of contact becomes stationary (C) The time after which the ring starts rolling



v0 is 2 g (D) The rolling velocity is



3v02 8 g



v0 2



Q.52 Choose the correct alternative (S)



(D)



mv 02 4



The gain in rotational kinetic energy is



mv02  8 PREVIOUS YEARS’ QUESTIONS JEE MAIN Q.53 Let I be moment of inertia of a uniform square plate about an axis AB that passes through its center and is parallel to two of its sides. CD is a line in the plane of the plate that passes through the center of the plate and makes an angle θ with AB. The moment of inertia of the plate about the axis CD is then equal to. (B) I sin 2



(A) I (C) I



cos2



(D) I



cos2 ( / 2)



Q.54 A smooth sphere a is moving on a frictionless horizontal plane with angular velocity  and center of mass velocity v. It collides elastically and head on with an identical sphere B at rest, Neglect friction everywhere. After the collision their angular speeds are  A and  B respectively. Then,



A  B (C) A   (A)



A  B (D) B =  (B)



Q.55 A particle of mass m is projected with a velocity v making an angle of 45  with the horizontal. The magnitude of the angular momentum of the projectile about the point of projection when the particle is at its maximum height h is (A) Zero



(B) mv3 /(4 2g)
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(D) m 2 gh3



Q.56 Consider a body, shown in figure, consisting of two identical balls, each of mass M connected by a light rigid rod. If an impulse J = Mv is imparted to the body at one of its end, what would be its angular velocity? (A) v/L (B) 2v/L (C) v/3L (D) v/4L Q.57 A tube of length L is filled completely with an incompressible liquid of mass M and closed at both the ends. The tube is then rotated in a horizontal plane about one of its ends with a uniform angular velocity  . The force exerted by the liquid at the other end is



M2L 2 M2L (C) 4 (A)



(B)



M2 L



M  2 L2 (D) 2



Q.58 A cylinder rolls up an inclined plane, reaches some height and then rolls down (without slipping throughout these motions.) The directions of the frictional force acting on the cylinder are (A) Up the incline while ascending and down the incline while descending. (B) Up the inline while ascending as well as descending (C) Down the incline while ascending and up the inline while descending. (D) Down the incline while ascending as well as descending.



through which rotation of the rod is minimum, is located at a distance of (A) 0.42 m from mass of 0.3kg (B) 0.70 m from mass of 0.7 kg (C) 0.98 m form mass of 0.3 kg (D) 0.98 m form mass of 0.7 kg Q.60 A disc of mass M and radius R is rolling with angular speed  on a horizontal plane as shown. The magnitude of angular momentum of the about the origin O is



1 2  MR  2 3 2 (C)   MR  2 (A) 



(B) MR 2 (D)



2MR 2



Q.61 A cubical block of side L rests on a rough horizontal surface with coefficient of friction  . A horizontal force F is applied sufficient high, so that the block does not slide before toppling, the minimum force required to topple the block is



(A) Infinitesimal (C) mg/2



(B) mg/4 (D) mg (1 –  )



Q.59 Two point masses of 0.3 kg and 0.7 kg fixed at the ends of a rod of length 1.4 m and of negligible mass. The rod is set rotating about an axis perpendicular to its length with a uniform angular speed. The point on the rod
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Rotational ` Mechanics Q.62 An equilateral triangle ABC formed from a uniform wire has two small identical beads initially located at A. The triangle is set rotating about the vertical axis AO. Then the beads are released from rest simultaneously and allowed to slide down, one along AB and other along AC as shown. Neglecting frictional effects, the quantities that are conserved as beads slide down are (A) Angular velocity and total energy (kinetic and potential) (B) Total angular momentum and total energy (C) Angular velocity and moment of inertia about the axis of rotation (D) Total angular momentum and moment of inertia about the axis of rotation. Q.63 One quarter section is cut from a uniform circular disc of radius R. This section has a mass M. It is made to rotate about a line perpendicular to its plane and passing through the center of the original disc. Its moment of inertia about the axis of rotation is



1 MR 2 2 1 MR 2 (C) 8 (A)



(B) (D)



1 MR 2 4



2MR2



Q.64 A circular platform is free to rotate in a horizontal plane about a vertical axis passing through its center. A tortoise is sitting at the edge of the platform. Now the platform is given an angular velocity 0



When the tortoise moves along a chord of the platform with a constant velocity (with respect to the platform). The angular velocity of the platform  (t) will vary with time t as



Q.65 A thin circular ring of mass M and radius r is rotating about its axis with a constant angular velocity  . Two objects, each of mass m 2 are attached gently to the opposite ends of a diameter of the ring. The wheel now rotates with an angular velocity (A)  M/(M + m) (B)  (M – 2m)/(M + 2m) (C)  M/(M + 2m) (D)  (M + 2m)/M Q.66 A cubical block of side a moving with velocity v on a horizontal smooth plane as shown. It hits at point O. The angular speed of the block after it hits O is



(A) 3v / 4a (C) Zero



3 / 2a



(B) 3v / 2a (D)
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Rotational ` Mechanics Q.67 A thin wire of length L and uniform linear mass density  is bent into a circular loop with center at O as shown. The moment of inertia of the loop about the axis XX’ is



 L3 (A) 8 2 5  L3 (C) 16 2



(B) (D)



 L3 16 2 3 L3 8 2
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JEE ADVANCED EXERCISE 1 Q.1 A thin uniform rod of mass M and length L is hinged at its upper end, and released from rest in a horizontal position. Find the tension at a point located at a distance L/3 from the hinge point, when the rod becomes vertical.



Q.5 A wheel is made to roll without slipping, towards right, by pulling a string wrapped around a coaxial spool as shown in figure. With what velocity the string should be pulled so that the center of wheel moves with a velocity of 3 m/s?



Q.2



A rigid body in shape of a triangle has VA = 5 m/s  , VB = 10 m/s  . Find velocity



of point C.



Q.6 A uniform wood door has mass m, height h, and width w. It is hanging from two hinges attached to one side; the hinges are located h/3 and 2h/3 from the bottom of the door. Q.3 A rigid horizontal smooth rod AB of mass 0.75 kg and length 40 cm can rotate freely about a fixed vertical axis through its mid-point O. Two rings each of mass 1 kg are initially at rest at a distance of 10 cm from O on either side of the rod. The rod is set in rotation with an angular velocity of 30 rad per second. Find the velocity of each ring along the length of the rod in m/s when they reach the ends of the rod. Q.4



A straight rod AB of mass M and length



Suppose that m = 20.0 kg, h = 2.20m, and W = 1.00 m and the bottom smooth hinge is not screwed into the door frame, find the forces acting on the door. Q.7 A thin rod AB of length a has variable mass per unit length







x











 0 1   a



distance measured from a and L is placed on a frictionless horizontal surface. A horizontal force having constant magnitude F and a fixed direction starts acting at the end A. The rod is initially perpendicular to the force. Find the initial acceleration of end B.



where x is the



0



is a constant



(A) Find the mass M of the rod. (B) Find the position of center of mass of the rod. (C) Find moment of inertia of the rod about an axis passing through A and perpendicular to AB. Rod is freely pivoted at A and is hanging in equilibrium when it is struck by a horizontal impulse of magnitude P at the point B. (D) Find the angular velocity with which the rod begins to rotate.
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Rotational ` Mechanics (E) Find minimum value of impulse P if B passes through a point vertically above A. Q.8 Two separate cylinders of masses m (=1 kg) and 4m and radii R (=10cm) and 2R are rotating in clockwise direction with 1 = 100rad/sec and



2



= 200 rad/sec. Now they



are held in contact with each other as in fig. Determine their angular velocity after the slipping between the cylinders stops.



Q.11 Two uniform cylinders each of mass m = 10 kg and radius r = 150 mm, are connected by a rough belt as shown. If the system is released from rest, determine (a) The velocity of the center of cylinder a after it has moved through 1.2 m & (b) The tension in the portion of the belt connecting the two cylinder. Q.12 A thin wire of length L and uniform linear mass density  is bent into a circular loop with center at O as shown. The moment of inertia of the loop about the axis XX` is



Q.9 A spool of inner radius R and outer radius 3R has a moment of inertia = MR 2 about an axis passing through its geometric center, where M is the mass of the spool. A thread wound on the inner surface of the spool is pulled horizontally with a constant force = Mg. Find the acceleration of the point on the thread which is being pulled assuming that the spool rolls purely on the floor.



 L3 8 2 5  L3 (C) 16 2 (A)



 L3 16 2 3 L3 (D) 8 2 (B)



Q.13 A block X of mass 0.5 kg is held by a long massless string on a frictionless inclined plane



Q.10 A sphere of mass m and radius r is pushed onto a fixed horizontal surface such that it rolls without slipping from the beginning. Determine the minimum speed v of its mass center at the bottom so that it rolls completely around the loop of radius (R + r) without leaving the track in between.



of inclination 30  to the horizontal. The string is wound on a uniform solid cylindrical drum Y of mass 2 kg and of radius 0.2 m as shown in the fig. The drum is given an initial angular velocity such that the block X stands moving up the plane. (g = 9.8 m/s²)
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Rotational ` Mechanics (i) Find the tension in the string during the motion. (ii) At a certain instant of time the magnitude of the angular velocity of Y is 10rad/sec. Calculate the distance travelled by X form that instant of time unit it comes to rest. Q.14 A uniform rod AB of length L and mass M is lying on a smooth table. A small particle of mass m strikes the rod with a velocity v0 at



of the axis of the cylindrical parts of the carpet when its radius decreases to R/2 will be: Q.17 A uniform disk of mass m and radius R is projected horizontally with velocity v0 on a rough horizontal floor so that it starts off with a purely sliding motion at t = 0. After t0



point C at distance x from the center O. The particle comes to rest after collision. Find the value of x, so that 𝐴 of the rod remains stationary just after collision.



seconds it acquires a purely rolling motion as shown in figure. (i) Calculate the velocity of the center of mass of the disk at t0



Q.15 A uniform plate of mass m is suspended in each of the ways shown. For each case determine immediately after the connection at B has been released:



the frictional force as a function of time and the total work done by it over a time t much longer then t0 .



(a) The angular acceleration of the plate. (b) The acceleration of its mass center. Q.16 A carpet of mass ‘M’ made of inextensible material is rolled along its length in the form of cylinder of radius ‘R’ and is kept on a rough floor. The carpet starts unrolling without standing on the floor when a negligibly small push is given to it. The horizontal velocity



(ii) Assuming the coefficient of friction to be  calculate t0 . Also calculate the work done by



Q.18 A circular disc of mass 300 gm and radius 20 cm can rotate freely about a vertical axis passing through its center of mass o. A small insect of mass 100 gm is initially at a point A on the disc (which is initially stationary). The insect starts walking from rest along the rim of the disc with such a time varying relative velocity that the disc rotates in the opposite direction with a constant angular acceleration = 2  rad/s². After some time T, the insect is back at the point A. By what angle has the disc rotated till now, as seen by a stationary earth observer? Also find the time T. Q.19 A uniform disc of mass m and radius R rotates about a fixed vertical axis passing through its center with angular velocity  . A particle of same mass m and having velocity 2  R towards center of the disc collides with the disc moving horizontally and stick to its rim. Find (a) The angular velocity of the disc (b) The impulse on the particle due to disc. (c) The impulse on the disc due to hinge.
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Rotational ` Mechanics Q.20 The door of an automobile is open and perpendicular to the body. The automobile starts with an acceleration of 2 ft/sec², and the width of the door is 30 inches. Treat the door as a uniform rectangle, and neglect friction to find the speed of its outside edge as seen by the driver when the door closes. Q.21 A 20 kg cabinet is mounted on small casters that allow it to move freely (  = 0) on the floor. If a 100 N force is applied as shown, determine.



(b) The magnitude and the direction of the frictional torque acting on each disk about the center of mass O of the object. Express the torque in the vector form of unit vectors in the x-y and z direction. Q.24 Three particles A, B, C of mass m each are joined to each other by mass less rigid rods to form an equilateral triangle of side a. Another particle of mass m hits B with a velocity v0 directed along BC as shown. The colliding particle stops immediately after impact. (i) Calculate the time required by the triangle



(a) The acceleration of the cabinet, (b) The range of values of h for which the cabinet will not tip.



ABC to complete half-revolution in its subsequent motion. (ii) What is the net displacement of point B during this interval?



Q.22 Two thin circular disks of mass 2 kg and radius 10 cm each are joined by a rigid massless rod of length 20 cm. The axis of the rod is along the perpendicular to the planes of the disk through their center. The object is kept on a truck in such a way that the axis of the object is horizontal and perpendicular to the direction of motion of the truck. Its friction with the floor of the truck is large enough so that the object can roll on the truck without slipping. Take xaxis as the vertically upwards direction. If the truck has an acceleration of 9m/s² calculate.



(a) The force of friction on each disk.
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JEE ADVANCED EXERCISE 2 ONLY ONE OPTION IS CORRECT Q.1



Let I1 and I 2 be the moment of inertia



of a uniform square plate about axes APC and OPO` respectively as shown in the figure. P is center of square. The ratio



I1 of moment of I2



inertia is



(A)



1



(B) 2



2 (C)



1 2



(D) 1



Q.2 Moment of inertia of a rectangular plate about an axis passing through P and perpendicular to the plate is I. Then moment of PQR about an axis perpendicular to the plane. (A) About P = I/2 (C) About P > I/2



Ma 2 12 Ma 2 (C) 3 (A)



(B) about R = I/2 (D) about R > I/2



Q.3 Find the moment of inertia of a plate cut in shape of a right angled triangle of mass M, AC=BC=a about an axis perpendicular to plane, side the plane of the plate and passing through the mid-point of side AB.



Ma 2 6 2Ma 2 (D) 3



(B)



Q.4 Let I be the moment of inertia of a uniform square plate about an axis AB that passes through its center and is parallel to two of its sides. CD is a line in the plane of the plate that passes through the center of the plate and makes an angle  with AB. The moment of inertia of the plate about the axis CD is then equal to (A) I (B) I sin²   (C) I cos² (D) I cos² (  /2) Q.5 A heavy seesaw (i.e., not mass less) is out of balance. A light girl sits on the end that is tilted downward, and a heavy body sits on the other side so that the seesaw now balances. If they both move forward so that they are onehalf of their original distance from the pivot point (the fulcrum) what will happen to the seesaw? (A) The side the body is sitting on will tilt downward (B) The side the girl is sitting on will once again tilt downward (C) Nothing; the seesaw will still be balanced (D) It is impossible to say without knowing the masses and the distances. Q.6 A pulley is hinged at the center and a mass less thread is wrapped around it. The thread is pulled with a constant force F starting from rest,. As the time increases, (A) Its angular velocity increases, but force on hinge remains constant
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Rotational ` Mechanics (B) Its angular velocity remains same, but force on hinge increases (C) Its angular velocity increases and force of hinge increases (D) Its angular velocity remains same and force on hinge is constant Q.7 A uniform flag pole of length L and mass M is pivoted on the ground with a frictionless hinge. The flag pole makes an angle  with the horizontal. The moment of inertia of the flag pole about one end is (1/3) ML². If it starts falling from the position shown in the accompanying figure, the linear acceleration of the free end of the flag pole – labeled P – would be: (A) (2/3) gcos  (C) g (E) (3/2) g



(B) (2/3)g 3 (D) ( ) gcos  2



Q.8 A mass m is moving at speed v perpendicular to a rod of length d and mass M = 6m which pivots around a frictionless axle running through its center. It strikes and sticks to the end of the rod. The moment of inertia of the rod about its center is Md² /12. Then the angular speed of the system right after the collision is. (A) 2v / d (B) 2v /(3d ) (C)



v/d



(D)



3v /(2d )



Q.9 A sphere of mass M and radius R is attached by a light rod of length l to a point P. The sphere rolls without slipping on a circular track as shown. It is released from the horizontal position. The angular momentum of the



system about P when the rod becomes vertical is:



10 gl [l  R] 7 10 2 gl [l  R] (B) M 7 5 10 7 (C) M gl [l  R] 7 5 (A)



M



(D) None of the above Q.10 A ladder of length L is slipping with its ends against a vertical wall and a horizontal floor. At a certain moment, the speed of the end in contact with the horizontal floor is v and the ladder makes an angle  = 30  with the horizontal. Then the speed of ladder’s center must be (A) 2v (C) v



3



(B) v/2 (D) None



Q.11 In the previous question, if dv/dt = 0, then the angular acceleration of the ladder when  = 45  is (A) 2v2 /L2 (B) v2 /2L2 (C)



2[v2 L2 ]



(D) None



Q.12 A uniform circular disc placed on a rough horizontal surface has initially a velocity v0 and an angular velocity 0 as shown in the figure. The disc comes to rest after moving some distance in the direction of motion. Then



v0 is r0



(A) 1/2 (C) 3/2



(B) 1 (D) 2



7.77 www.plancessjee.com



Rotational ` Mechanics Q.13 An ice skater of mass m moves with speed 2v to the right, while another of the same mass m moves with speed v toward the left, as shown in figure I. Their paths are separated by a distance b. At t = 0, when they are both at x = 0, they grasp a pole of length b and negligible mass. For r > 0 consider the system as a rigid body of two masses m separated by distance b, as shown in figure II. Which of the following is the correct formula for motion after t = 0 of the skater initially at y = b/2?



Statement-1: a cyclist always bends inwards while negotiating a curve Statement-2: By bending he lowers his center of gravity of these statements. Q.15 Statement-1 A disc A moves on a smooth horizontal plane and rebounds elastically from a smooth vertical wall (Top view is shown in figure), in this case about any point on line XY the angular momentum of the disc remains conserved.



Statement- 2: About any point in the plane, the torque of gravity force and normal contact force by ground balance each other



(A) x = 2vt, y = b/2 (B) x = vt + 0.5 b sin (3vt/b), y = 0.5b cos(3vt/b) (C) x = 0.5c = vt + 0.5b sin(3vt/b), y = 0.5b cos(3vt/b) (D) x = 0.5vt + 0.5b sin(3vt/b), y = 0.5b cos(3vt/b)



Assertion and Reason (A) Statement – 1is true, statement-2 is true and statement-2 is correct explanation for statement-1. (B) Statement – 1is true, statement-2 is true and statement -2 is NOT the correct explanation for statement- 1. (C) Statement-1 is true, statement-2 is false. (D) Statement-1 is false, statement -2 is true. Q.14 Consider the following statements



Q.16 Statement-1: The angular velocity of all the points on the laminar rigid body lying in the plane of a body as seen from any other point on it is the same. Statement-2: The distance between any 2 points on the rigid body remains constant. Q.17 A rod of weight w is supported by two parallel knife edges A and B and is in equilibrium in a horizontal position. The knives are at a distance d from each other. The center of mass of the rod is at a distance x from A.



wx d w(d  x) (B) The normal reaction at a is d wx (C) The normal reaction at B is d w(d  x) (D) The normal reaction at B is d (A) The normal reaction at a is



Q.18 A block with a square base measuring a × a and height h, is placed on an inclined
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plane. The coefficient of friction is  . The angle of inclination (θ) of the plane is gradually increased. The block will



a h a (B) Topple before sliding if  < h a (C) Slide before toppling if  > h a (D) Slide before toppling if  < h (A) Topple before sliding if  >



Q.19 A particle falls freely near the surface of the earth. Consider a fixed point O (not vertically below the particle) on the ground. (A) Angular momentum of the particle about O is increasing. (B) Torque of the gravitational force on the particle about O is decreasing. (C) The moment of inertia of the particle about O is decreasing. (D) The angular velocity of the particle about O is increasing. Q.20 The torque  on a body about a given point is found to be equal to a × L where a constant vector is and L is the angular momentum of the body about that point. From this it follows that (A) dL/dt is perpendicular to L at all instants of time (B) The components of l in the direction of a does not change with time. (C) The magnitude of l does not change with time. (D) L does not change with time. Q.21 In the given figure a ball strikes a uniform rod of same mass elastically and rod is hinged at point A. Then which of the statement (S) is /are correct?



(A) Linear momentum of system (ball + rod) is conserved. (B) Angular momentum of system (ball + rod) about the hinged point A is conserved. (C) Kinetic energy of system (ball + rod) before the collision is equal to kinetic energy of system just after the collision (D) Linear momentum of ball is conserved. Q.22 A yo-yo is resting on a perfectly rough horizontal table. Forces F1 , F2 and F3 are



applied separately as shown. The correct statement is (A) When F3 is applied the center of mass will move to the right. (B) When F2 is applied the center of mass will move to the right. (C) When F1 is applied the center of mass will move to the right. (D) When F2 is applied the center of mass will move to the right. Q.23 A hollow sphere of radius R and mass m is fully filled with non-viscous liquid of mass m. It is rolled down a horizontal plane such that its center of mass moves with a velocity v. If it purely rolls (A) Kinetic energy of the sphere is



5 mv 2 6
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Rotational ` Mechanics (B) Kinetic energy of the sphere is



4 mv 2 5



(C) Angular momentum of the sphere about a fixed point on ground is



8 mvR 3



(D) Angular momentum of the sphere about a fixed point on ground is



14 mvR 5



Q.24 In the figure shown, the plank is being pulled to the right with a constant speed v. If the cylinder does not slip then:



(A) The speed of the center of mass of the cylinder is 2v. (B) The speed of the center of mass of the cylinder is zero. (C) The angular velocity of the cylinder is v/R. (D) The angular velocity of the cylinder is zero. Q.25 A disc of circumference s is at rest at a point A on a horizontal surface when a constant horizontal force begins to act on its center. Between A and B there is sufficient friction to prevent slipping and the surface is smooth to the right of B. AB = s. The disc moves from A to B in time T. To the right of B,



(B) Linear acceleration of the disc will increase (C) The disc will make one rotation in time T/2. (D) The disc will cover a distance greater then s in further time T.



COMPREHENSION TYPE QUESTIONS The figure shows an isosceles triangular plate of mass M and base L. The angle at the apex is 90°. The apex lies at the origin and base is parallel to X – axis Q.26 The moment of inertia of the plate about the z – axis is



ML2 12 ML2 (C) 6 (A)



ML2 24



(D) None of these



Q.27 The moment of inertia of the plate about the x axis is



ML2 (A) 8 ML2 (C) 24



ML2 (B) 32 ML2 (D) 6



Q.28 The moment of inertia of the plate about its base parallel to the x – axis is



ML2 (A) 18 ML2 (C) 24 (A) The angular acceleration of disc will disappear, linear acceleration will remain unchanged



(B)



ML2 (B) 36 (D) None of these



Q.29 The moment of inertia of the plate about the y – axis is



ML2 6 ML2 (C) 24 (A)



(B)



ML2 8



(D) None of these
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Rotational ` Mechanics A uniform rod is fixed to a rotating turntable so that its lower end is on the axis of the turntable and it makes an angle of N20°to the vertical. (The rod is thus rotating with uniform angular velocity about a vertical axis passing through one end.) If the turntable is rotating clockwise as seen from above. Q.30 What is the direction of the rod’s angular momentum vector (calculated about its lower end)? (A) Vertically downwards (B) Down at 20°to the horizontal (C) Up at 20° to the horizontal (D) Vertically upwards Q.31 Is there torque acting on it, and if so in what direction? (A) Yes, vertically (B) Yes, horizontal (C) Yes at 20°to the horizontal (D) No



JEE ADVANCED PREVIOUS YEARS’ QUESTIONS Q.32 A thin uniform angular disc (See figure) of mass M has outer radius 4R and inner radius 3R. The work required to take a unit mass from point P on its axis to infinity is



2GM (4 2  5) 7R GM (C) 4R (A)



2GM (4 2  5) 7R 2GM (D) ( 2  1) 5R



(B)







Q.33 A solid sphere of radius R has moment of inertia I about its geometrical axis. If it’s moment of inertia about the tangential axis (which is perpendicular to plane of the disc), is also equal to I, then the value of r is equal to



(A) (C)



2 15 3 15



R



(B)



R



(D)



2



R 5 3 R 15



Q.34 A block of base 10 cm × 10 cm and height 15 cm is kept on an inclined plane. The coefficient of friction between them is 3 . The inclination θ of this inclined plane from the horizontal plane is gradually increased from 0 . Then, (A) At  = 30 , the block will start sliding down the plane (B) The block will remains at rest on the plane up to certain  and then it will topple (C) At  = 60 , the block will start sliding down the plane and continue to do so at higher angles (D) At  = 60 , the block will start sliding down the plane and on further increasing  , it will topple at certain  . Q.35 From a circular disc of radius R and mass 9M, a small disc of radius R/3 is removed from the disc. The moment of inertia of the
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Rotational ` Mechanics remaining disc about axis perpendicular to the plane of the disc and passing through O is



40 MR 2 9 37 MR 2 (D) 9



(A) 4 MR²



(B)



(C) 10MR²



Q.36 Let I be moment of inertia of a uniform square plate about an axis AB that passes through its center and is parallel to two of its sides. CD is a line in the plane and makes an angle θ with AB. The moment of inertia of the plate about the axis CD is then equal to (A) I (B) I sin² θ (C) I cos² θ (D) I cos² ( θ /2) Q.37 A solid sphere is in pure rolling motion on an inclined surface having inclination  (A)



Frictional force acting on sphere is f   mg cos 



(B)



f



(C)



Friction will increase its angular velocity and decrease its linear velocity If  decreases, friction will decrease



(D)



Is dissipative force



Q.38 A ball moves over a fixed track as shown in figure. From A to B the ball rolls without slipping. If surface BC is frictionless and K A , K B and KC are kinetic energies of the ball at A, B and C respectively, then



axis. The kinetic energy of the system is K. The child now stretches his arms so that the moment of inertia of the system doubles. The kinetic energy of system now is (A) 2K (C)



(B)



K 4



K 2



(D) 4 K



Q.40 Consider a body, shown in figure, consisting of two identical balls, each of mass M connected by a light rigid rod. If an impulse J = Mv is imparted to the body at one of its end, what would be its angular velocity? (A) v / L (B) 2v / L (C) v / 3L (D) v / 4L



Q.41 A disc is rolling (without slipping) on a horizontal surface. C is its center and Q and P are two points equidistant from C. Let vP , vQ and vC be the magnitude of velocity of points P, Q, and C respectively, then (A) vQ  vC > vP (B) vQ  vC < vP (C)



vQ  vP , vC =



1 vP 2



(D) vQ  vC > vP (A) (B) (C) (D)



hA  hC hA  hC hA  hC hA  hC



; K B  KC ; KC  K A ; K B  KC ; K B  KC



Q.39 A child is standing with folded hands at the center of platform rotating about its central



PASSAGE I Q.42 Two discs A and B are mounted coaxially on a vertical axle. The discs have moments of inertia I and 2I respectively about the common axis. Disc A is imparted an initial angular velocity 2  using the entire potential energy of a spring compressed by a distance x1 . Disc B is imparted an angular velocity  by a
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Rotational ` Mechanics spring having the same spring constant and compressed by a distance x2 . Both the discs rotate in the clockwise direction. Q.1 (A) 2 (C)



PASSAGE II



x The ratio 1 is x2 (B) (D)



2



1 2 1 2



Q.2 When disc B is brought in contact with disc A, they acquire a common angular velocity in time t. The average frictional torque on one disc by the other during this period is.



2I  3t 9I (C) 4t



9I 2t 3I  (D) 2t



(A)



(B)



Q.3 The loss of kinetic energy during the above process is



I 2 (A) 2 I 2 (C) 4



I 2 (B) 3 I 2 (D) 6



Q.43 A small object of uniform density rolls up a curved surface with an initial velocity v. If reaches up to a maximum height of 3v 2 / 4 g with respect The object is



to



the



initial



position.



Q.44 A uniform thin cylindrical disk of mass M and radius R is attached to two identical mass less springs of spring constant k which are fixed to the wall as shown in the figure. The springs are attached to the disk diametrically on either side at a distance d from its center. The axle is mass less and both the springs and the axle are in a horizontal plane. The un stretched length of each spring is L. The disk is initially at its equilibrium position with its center of mass (CM) at a distance L from the wall. The disk rolls without slipping with velocity



v0 = v0 ˆi . The coefficient of friction is  . Q.1 The net external force acting on the disk when its center of mass is at displacement x with respect to its equilibrium position is (A) kx (B) 2kx (C) 



2kx 3



(D) 



4kx 3



Q.2 The center of mass of the disk undergoes simple harmonic motion with angular frequency  equal to (A)



k M



(B)



(C)



2k 3M



(D)



Q.3



2k M 4k 3M



The maximum value of v0 for which the



disk will roll without slipping is (A) Ring (C) Hollow sphere



(B) Solid sphere (D) Disc



M k 3M (C)  g k (A)



g



M 2k 5M (D)  g 2k (B)



g
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JEE Main / Boards Exercise 1 Q. 19



Q. 22



Q. 23



Q.27



Q.28



Q. 38



Q. 46



Q. 56



Q. 59



Q. 61



Q.10



Q. 11



Q. 21



Q. 24



Q. 24



Q. 25



Q. 32



Q. 34



JEE Main Exercise 2 Q. 13 Q. 64



Q. 26



JEE Advanced Exercise 1 Q. 5



Q. 7



Q. 8



JEE Advanced Exercise 2 Q. 7



Q. 9



Q. 18
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ANSWER KEY JEE MAIN/BOARDS EXERCISE 1 Q.1



kg m2 [M1L2 T0 ] , No



Q.2 Torque. Q.3 Inertia. Q.4 Theorem of parallel axes and theorem of perpendicular axes.



2 MR 2 , M = mass & R = radius 5 2 2 Q.6 I = MR , M = mass & R = radius 3 Q.5 I =



8g 1.584 × 10⁷ g cm² 1.25 kg m²; 2.5 kg m² 9.83 × 10³⁷ 3.5 × 10⁴ g cm² ; 1.75 × 10⁴ g cm² ; 8.75 × 10⁴ g cm² ; 1.05× 10⁵ g cm²



Q.23



5 mL2 4



Q.24 0.01J Q.25 108 days



Q.8 No Q.9 Hollow sphere Q.10 IB > IA Q.11



Q.18 Q.19 Q.20 Q.21 Q.22



Q.27 80 kg m s 2



1



Q.28 360 r. p. m.



KB > KA



JEE MAIN EXERCISE 2 1. B 8. B 15. B 22. D 29. D 36.A, B, D 43. A, B, C 49.A, B, C



2. D 9. B, C 16. C 23. C 30. B 37. A, C, D 44.D 50.C



3. A 10. B 17.B 24. C 31. D 38.A, C, D 45. A 51.B, C, D



4. B 11. C 18. B 25. B 32. C, D 39.B, C, D 46.A 52. A, B, C, D



5. D 12. A 19. B 26. D 33. A, B, C, D 40. A, C 47. D



6. D 13. D 20. B 27. B 34. B, C 41. B, C 48.B



7. D 14. B 21. A 28. B 35. B 42.A, C



57. A 64. C



58. B 65. C



59. C 66. A



PREVIOUS YEARS’ QUESTIONS JEE MAIN 53. A 60. C 67. D



54. C 61. C



55. B 62. B



56. A 63. A



JEE ADVANCED EXERCISE 1 Q.1



2mg



Q.2 Q.3 Q.4 Q.5



5 5 m/s



Q.6



3 2F/M 2m/s



3mgw Fdlx = and Fduy  mg 2h



Q.7



3 0 a 7a 3 0 5a (a) (b) (c) 9 12 2 (d)



18P M 70ag (e) 9 7Ma



Q.8 Q.9



300 rad/sec, 150 rad/sec 16 m/s²



Q.10



v=



27 gR 7 7.85 www.plancessjee.com
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3 m/s (𝑏) 200/7 𝑁 7



Q.11



(𝑎) 4



Q.12 Q.13 Q.14



210 1.63 N, 1.224m L/6



Q.19 (a)  / 3 , (b) Q.20 Q.21



1.2g (i)(a) (cw) (b)  03.(i + 2 j)g Q.15 c (ii)(a)2.4g / c(cw)(b)0.5g



Q.22 Q.23



14gR 3



Q.16



V



Q.17



(𝑖) 2 v 0 3, (𝑖𝑖) 𝑡 = v 0 3 g ,



t = 2 5 sec, q = 4p/5 rad



37 m  R, (c) 3



37 m R 3



15 ft/sec (a) 5 m/s2  , (b) 0.3 < h < 1.5 m  b  a  a g  3b  a  6N, 0.6jˆ  0.6kˆ



Q.24 (i)t 



6a a ;(ii)s  1  (2  3) 2 3v0 3



1 w  [3μ 2 mg 2 t 2  2μ mg t v0 ](t < t 0 ), 2 1 w =  mv02 (t > t 0 ) 6



JEE ADVANCED EXERCISE 2 1. D 8. B 15. B 21. A, C, D 27. B, C, D



2.C 9. D 16. A 22. A, C, D 28. C



3.B 10. C 17. B, C 23. B, C, D 29. C



4. A 11. A 18. A, D 24. B, C 30. B



5. B 12. A 19. A, C, D 25. A, C, D 31. B



6. A 13. C 20. A, B, C 26. C



7.D 14. B



PREVIOUS YEARS’ QUESTIONS JEE ADVANCED 32. A 39.B



33. A 40. A



34. B 41. A



35. A 42. C, A, B



36. A 43. D



37. D 38. A 44. D, D, C
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EXAM CALENDAR Exam Name



Syllabus/Board



Exam Month



Eligibility



National Talent Search Examination, Stage-1



NCERT (Class 7 to 10)



November



Class - X (Appearing)



National Standard Examination in Physics (NSEP) Followed by International Physics Olympiad



CBSE



November



Class - XI to XII



National Standard Examination in Chemistry (NSEC) Followed by International Chemistry Olympiad



CBSE



November



Class - XI to XII



Regional Mathematics Olympiad (RMO) Followed by International Mathematics Olympiad (IMO)



No Prescribed Syllabus



Between September to December



Class - XI to XII



National Science Talent Search Examination (NSTSE)



CBSE



January



Class - II to XII



Kishore Vaigyanik Protsahan Yojana (KVPY)



No Prescribed Syllabus



November



Class - XI & XII



November



Class - II to XII



September



Class - II to XII



August



Class - I to XII



November / December



Class - I to XII



July



Class - IX to XII



CBSE / ICSE / IB / CIE Various State Boards CBSE / ICSE / IB / CIE National Cyber Olympiad (NCO) Various State Boards CBSE/ICSE International Informatics Olympiad (IIO) & Various State Boards CBSE/ICSE International Olympiad in Mathematics & Various State Boards CBSE / ICSE Technothlon & Various State Boards PCM, English & General Manipal University Engineering Entrance Aptitude Physics, Chemistry and VITEEE Maths PCM, English & General BITSAT Aptitude Odisha Joint Entrance Exam (OJEE) - Discarded (Now JEE Physics, Chemistry and Main) Maths Physics, Chemistry and EAMCET Maths Physics, Chemistry and West Bengal Joint Entrance Exam Maths Physics, Maths & an UPTU SEE additional Subject (Chemistry, Biology, etc.) Physics, Chemistry and SRM Engineering Entrance Exam Maths Physics, Chemistry and KIITEE Maths Physics, Chemistry and COMEDK UGET Maths Physics, Chemistry and Symbiosis SET Maths Physics, Chemistry and Thapar University (JEE Main) Maths Physics, Chemistry and MT CET (Discarded) - Now JEE Main Maths Physics, Chemistry and Rajasthan Pre-Entrance Test (RPET) Maths National Science Olympiad (NSO)



April April May-June April May April April April April-May May May April April May



Aligarh Muslim University Engineering Entrance Exam



Physics, Chemistry and Maths



April



Gujarat State Engineering Exam - Discarded (Now JEE Main)



Physics, Chemistry and Maths



April



10+2 from a recognized Board 10+2 from a recognized Board 10+2 from a recognized Board 10+2 from a recognized Board 10+2 from a recognized Board 10+2 from a recognized Board 10+2 from a recognized Board Atleast 60% in 12th Board Exam Atleast 60% in 12th Board Exam 10+2 from a recognized Board 10+2 from a recognized Board 10+2 from a recognized Board 10+2 from a recognized Board Atleast 45% in 12th Board Exam Atleast 50% aggregate in PCM & English 12th Board Exam 10+2 from a recognized Board
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