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Internal pressure
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Tension
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322



Hydraulic pressure
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Page Number of Chart
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5.2.1



5.1



408



Sled runner



5.2.1



Torsion



Semicircular end
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5.2



409



Combined bending and torsion



Semicircular end



5.2.4



5.3
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412 413 414 415



5.4 Eq. (5.5)



5.9



416
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Load Case Bending
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Splined shaft
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5.6



Press-fitted member



Bolt and nut Tension and bending



T-head



Shoulder fillets
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Form of Stress Raiser



Chart Number



Page Number of Chart



5.8



5.11 5.13



422 424



Round ended



5.8



5.12 5.13



423 424



Uniform bar



5.9 Eq. (5.11)



5.14



425
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Round or square wire



5.10.1 Eqs. (5.17) (5.18)



5.15



426



Rectangular wire



5.10.2 Eq. (5.23)



5.16
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Round or rectangular wire



5.10.3



5.17
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Bending



5.11 Eq. (5.26)
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429 430



Tension and bending



5.13 Eqs. (5.27) and (5.28)
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431 432



Torsion



5.14
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Load Case Tension



Shape of Stress Raiser
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Square ended



Lug joint Bending Curced bar
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Torsional
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Central hole



5.15



5.23



434



Noncentral hole
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5.24



435



Diametrically opposite internal concentrated loads



5.16 Eq. (5.34)



5.25



436



Diametrically opposite external concentrated loads



5.16 Eq. (5.35)



5.26



437



No hole in cylinder wall



5.17 Eqs. (5.37) and (5.38)



5.27



438



Hole in cylinder wall



5.19 Eq. (5.39)



5.29



440



Torispherical ends



5.18



5.28



439



Load Case Rotating centrifugal inertial force



Disk



Ring



Internal pressure Thick cylinder



Internal pressure



Cylindrical pressure vessel



PREFACE



Rudolph Earl Peterson (1901-1982) has been Mr. Stress Concentration for the past half century. Only after preparing this edition of this book has it become evident how much effort he put into his two previous books: Stress Concentration Design Factors (1953) and Stress Concentration Factors (1974). These were carefully crafted treatises. Much of the material from these books has been retained intact for the present edition. Stress concentration charts not retained are identified in the text so that interested readers can refer to the earlier editions. The present book contains some recently developed stress concentration factors, as well as most of the charts from the previous editions. Moreover there is considerable material on how to perform computer analyses of stress concentrations and how to design to reduce stress concentration. Example calculations on the use of the stress concentration charts have been included in this edition. One of the objectives of application of stress concentration factors is to achieve better balanced designs1 of structures and machines. This can lead to conserving materials, cost reduction, and achieving lighter and more efficient apparatus. Chapter 6, with the computational formulation for design of systems with potential stress concentration problems, is intended to be used to assist in the design process. Balanced design is delightfully phrased in the poem, "The Deacon's Masterpiece, or the Wonderful One Hoss Shay" by Oliver Wendell Holmes (1858): "Fur", said the Deacon, " 't 's mighty plain That the weakes' place mus' stan' the strain, "N the way t' fix it, uz I maintain, Is only jest T' make that place uz strong the rest" After "one hundred years to the day" the shay failed "all at once, and nothing first."



The universal availability of general purpose structural analysis computer software has revolutionized the field of stress concentrations. No longer are there numerous photoelastic stress concentration studies being performed. The development of new experimental stress concentration curves has slowed to a trickle. Often structural analysis is performed computationally in which the use of stress concentration factors is avoided, since a high-stress region is simply part of the computer analysis. Graphical keys to the stress concentration charts are provided to assist the reader in locating a desired chart. Major contributions to this revised book were made by Huiyan Wu, Weize Kang, and Uwe Schramm. Drs. Wu and Kang were instrumental throughout in developing new material and, in particular, in securing new stress concentration charts from Japanese, Chinese, and Russian stress concentration books, all of which were in the Chinese language. Dr. Schramm was a principal contributor to Chapter 6 on computational analysis and design. Special thanks are due to Brett Matthews and Wei Wei Ding, who skillfully prepared the text and figures, respectively. Many polynomial representations of the stress concentration factors were prepared by Debbie Pilkey. Several special figures were drawn by Charles Pilkey. Even though the manuscript has been checked and rechecked, experience indicates that with so much material, it is almost impossible to completely eliminate errors. An errata list will be set up that will be linked to the author's home page. The address for the home page is: http://auto-safety.mech.virginia.edu If you find errors, please inform the author. A program to calculate stress concentration factors has been developed to accompany this book. Please see the author's home page for information on the availability of the computer program. WALTER D. PILKEY
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CHAPTER 1



DEFINITIONS AND DESIGN RELATIONS



1.1



NOTATION



A = area (or point) a = radius of hole a = material constant for evaluating notch sensitivity factor a = major axis of ellipse a = half crack length b = minor axis of ellipse d = diameter (or width) D = larger diameter H = larger width h = thickness K = stress concentration factor K6 = effective stress concentration factor Kf = fatigue notch factor for normal stress Kfs = fatigue notch factor for shear stress K1 = theoretical stress concentration factor for normal stress Kf2> Kfi = stress concentration factors for two, three dimensional problems Ktf = estimated fatigue notch factor for normal stress Ktsf = estimated fatigue notch factor for shear stress Ktg = stress concentration factor with the nominal stress based on gross area K1n = stress concentration factor with the nominal stress based on net area K1x, KtQ = stress concentration factors in jc, Q directions



Kts = stress concentration factor for shear stress K't — stress concentration factor using a theory of failure KI = mode / stress intensity factor /, m = direction cosines of normal to boundary Lb = limit design factor for bending M — moment n = factor of safety p = pressure px, Py = surface forces per unit area in Jt, y directions P = load, force ]JVx9 J>Vy, pVr — body forces per unit volume in x, y, r directions q — notch sensitivity factor r = radius of curvature of hole, arc, notch R = radius of hole, circle, or radial distance t = depth of groove, notch T = torque w, v, w = displacements in x, y, z directions (or in r, 0, x directions in cylindrical coordinates) jc, j, z = rectangular coordinates r, 9 = polar coordinates r, 0, x = cylindrical coordinates sr,s$,sx, yrx = strain components v — Poisson's ratio p = mass density p1 = material constant for evaluating notch sensitivity factor a = normal stress (ja = alternating normal stress amplitude crn = normal stress based on net area 0"eq = equivalent stress (if = fatigue strength (endurance limit) 0"max — maximum normal stress 0"nom = nominal or reference normal stress (JQ = static normal stress (Jx, (jy, rxy = stress components o>, (jQ, TrQ, TQX = stress components (jy = yield strength (tension) crut = ultimate tensile strength cruc = ultimate compressive strength 0"i» °"2> 0"3 = principal stresses T = shear stress Ta = alternating shear stress Tf = fatigue limit in torsion



Ty = yield strength in torsion Tmax — maximum shear stress Tnom = nominal or reference shear stress TO = static shear stress a) = angular rotating speed



1.2



STRESSCONCENTRATION



The elementary stress formulas used in the design of structural members are based on the members having a constant section or a section with gradual change of contour (Fig. 1.1). Such conditions, however, are hardly ever attained throughout the highly stressed region of actual machine parts or structural members. The presence of shoulders, grooves, holes, keyways, threads, and so on, results in modifications of the simple stress distributions of Fig. 1.1 so that localized high stresses occur as shown in Figs. 1.2 and 1.3. This localization of high stress is known as stress concentration, measured by the stress concentration factor. The stress concentration factor K can be defined as the ratio of the peak stress in the body (or stress in the perturbed region) to some other stress (or stresslike quantity) taken as a



c is the distance from the centroid to the outer fiber



Figure 1.1 Elementary stress cases for specimens of constant cross section or with a gradual cross-sectional change: (a) Tension; (b) torsion; (c) bending.



Computed from flexure formula based on minimum depth, d



Figure 1.2 Stress concentrations introduced by a notch and a cross-sectional change which is not gradual: (a) Bending of specimen; (b) photoelastic fringe photograph (Peterson 1974).



reference stress: K1 = ——



for normal stress (tension or bending)



(1.1)
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for shear stress (torsion)



(1.2)



Tnom



where the stresses crmax, rmax represent the maximum stresses to be expected in the member under the actual loads and the nominal stresses crnom, Tnom are reference normal and shear stresses. The subscript t indicates that the stress concentration factor is a theoretical factor. That is to say, the peak stress in the body is based on the theory of elasticity, or it is derived from a laboratory stress analysis experiment. The subscript s of Eq. (1.2) is often ignored. In the case of the theory of elasticity, a two-dimensional stress distribution of a homogeneous elastic body under known loads is a function only of the body geometry and is not dependent on the material properties. This book deals primarily with elastic stress concentration



Figure 1.3 Tension bar with notches: (a) The specimen; (b) photoelastic fringe photograph (Doz. Dr.-Ing. habil. K. Fethke, Universitat Rostock); (c) finite element solution (Guy Nerad, University of Virginia).



factors. In the plastic range one must consider separate stress and strain concentration factors that depend on the shape of the stress-strain curve and the stress or strain level. Sometimes Kt is also referred to as & form factor. The subscript t distinguishes factors derived from theoretical or computational calculations, or experimental stress analysis methods such as photoelasticity, or strain gage tests from factors obtained through mechanical damage tests such as impact tests. For example, the fatigue notch factor Kf is determined using a fatigue test. It will be described later. The universal availability of powerful, effective computational capabilities, usually based on the finite element method, has altered the use of and the need for stress concentration factors. Often a computational stress analysis of a mechanical device, including highly stressed regions, is performed as shown in Fig. 1.3c, and the explicit use of stress concentration factors is avoided. Alternatively, a computational analysis can provide the stress concentration factor, which is then available for traditional design studies. The use of experimental techniques such as photoelasticity (Fig. l.3b) to determine stress concentration factors has been virtually replaced by the more flexible and more efficient computational techniques. 1.2.1



Selection of Nominal Stresses



The definitions of the reference stresses (Jnom> Tnom depend on the problem at hand. It is very important to properly identify the reference stress for the stress concentration factor of interest. In this book the reference stress is usually defined at the same time that a particular stress concentration factor is presented. Consider several examples to explain the selection of reference stresses. Example 1.1 Tension Bar with Hole Uniform tension is applied to a bar with a single circular hole, as shown in Fig. IAa. The maximum stress occurs at point A, and the stress distribution can be shown to be as in Fig. IAa. Suppose that the thickness of the plate is /z, the width of the plate is //, and the diameter of the hole is d. The reference stress could be defined in two ways: a. Use the stress in a cross section far from the circular hole as the reference stress. The area at this section is called the gross cross-sectional area. Thus define P Vnom ~ T77
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so that the stress concentration factor becomes ^r &tg
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b. Use the stress based on the cross section at the hole, which is formed by removing the circular hole from the gross cross section. The corresponding area is referred to as the net cross-sectional area. If the stresses at this cross section are uniformly distributed and equal to o~n:



a =



" W=W



(3)



Figure 1.4 Examples: (a) Tension bar with hole; (b) torsion bar with groove.



The stress concentration factor based on the reference stress crn, namely, o-nom = an, is ~ CTmax CTmax 0"max(# ~ d)h H ~ d &tn = = = ~ = Ktg — 0"nom &n * ti



(4)



In general, Ktg and Ktn are different. Both are plotted in Chart 4.1. Observe that as d/H increases from O to 1, Ktg increases from 3 to o°, whereas Ktn decreases from 3 to 2. Either Ktn or Ktg can be used in calculating the maximum stress. It would appear that Ktg is easier to determine as a is immediately evident from the geometry



of the bar. But the value of Ktg is hard to read from a stress concentration plot for d/H > 0.5, since the curve becomes very steep. In contrast, the value of Ktn is easy to read, but it is necessary to calculate the net cross-sectional area to find the maximum stress. Since the stress of interest is usually on the net cross section, Ktn is the more generally used factor. In addition, in a fatigue analysis, only Ktn can be used to calculate the stress gradient correctly. In conclusion, normally it is more convenient to give stress concentration factors using reference stresses based on the net area rather than the gross area. However, if a fatigue analysis is not involved and d/H < 0.5, the user may choose to use Ktg to simplify calculations. Example 1.2 Torsion Bar with Groove A bar of circular cross section, with a U-shaped circumferential groove, is subject to an applied torque T. The diameter of the bar is D, the radius of the groove is r, and the depth of the groove is t. The stress distribution for the cross section at the groove is shown in Fig. IAb, with the maximum stress occurring at point A at the bottom of the groove. Among the alternatives to define the reference stress are: a. Use the stress at the outer surface of the bar cross section B '-B', which is far from the groove, as the reference stress. According to basic strength of materials (Pilkey 1994), the shear stress is linearly distributed along the radial direction and TB' — To
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b. Consider point A' in the cross section B'-Bf. The distance of A 7 from the central axis is same as that of point A, that is, d = D - 2t. If the stress at A 7 is taken as the reference stress, then TA>



_ 16Td _ ~ ~rf)* ~



Tnom
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c. Use the surface stress of a grooveless bar of diameter d = D - 2t as the reference stress. This corresponds to a bar of cross section measured at A-A of Fig. IAb. For this area ra/2/4, the maximum torsional stress taken as a reference stress would be TA
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16J
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In fact this stress based on the net area is an assumed value and never occurs at any point of interest in the bar with a U-shaped circumferential groove. However, since it is intuitively appealing and easy to calculate, it is more often used than the other two reference stresses. Example 1.3 Cylinder with Eccentric Hole A cylinder with an eccentric circular hole is subjected to internal pressure p as shown in Fig. 1.5. An elastic solution for stress is difficult to find. It is convenient to use the pressure p as the reference stress ^"nom



P



Figure 1.5



Circular cylinder with eccentric hole,



so that is _ °"max Kt P



These examples illustrate that there are many options for selecting a reference stress. In this book the stress concentration factors are given based on a variety of reference stresses, each of which is noted on the appropriate graph of the stress concentration factor. Sometimes more than one stress concentration factor is plotted on a single chart. The reader should select the type of factor that appears to be the most convenient. 1.2.2



Accuracy of Stress Concentration Factors



Stress concentration factors are obtained analytically from the elasticity theory, computationally from the finite element method, and experimentally using methods such as photoelasticity or strain gages. For torsion, the membrane analogy (Pilkey and Wunderlich 1993) can be employed. When the experimental work is conducted with sufficient precision, excellent agreement is often obtained with well-established analytical stress concentration factors. Unfortunately, use of stress concentration factors in analysis and design is not on as firm a foundation as the theoretical basis for determining the factors. The theory of elasticity solutions are based on formulations that include such assumptions as that the material must be isotropic and homogeneous. However, in actuality materials may be neither uniform nor homogeneous, and may even have defects. More data are necessary because, for the required precision in material tests, statistical procedures are often necessary. Directional effects in materials must also be carefully taken into account. It is hardly necessary to point out that the designer cannot wait for exact answers to all of these questions. As always, existing information must be reviewed and judgment used in developing reasonable approximate procedures for design, tending toward the safe side in doubtful cases. In time, advances will take place and revisions in the use of stress concentration factors will need to be made accordingly. On the other hand, it can be said that our limited experience in using these methods has been satisfactory.



1.3



STRESS CONCENTRATION AS A TWO-DIMENSIONAL PROBLEM



Consider a thin element lying in the jc, y plane, loaded by in-plane forces applied in the x, y plane at the boundary (Fig. l.6a). For this case the stress components crz, rxz, ryz can be assumed to be equal to zero. This state of stress is called plane stress, and the stress components ax, cry, rxy are functions of x and y only. If the dimension in the z direction of a long cylindrical or prismatic body is very large relative to its dimensions in the jc, y plane and the applied forces are perpendicular to the longitudinal direction (z direction) (Fig. 1.6&), it may be assumed that at the midsection the z direction strains ez, yxz, and yyx are equal to zero. This is called the plane strain state. These two-dimensional problems are referred to as plane problems. The differential equations of equilibrium together with the compatibility equation for the stresses crx, ay, rxy in a plane elastic body are (Pilkey and Wunderlich 1993) dax dx
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(£+£)>-->, cr 0 are to be calculated.



RI Radius of central hole R



R2 Outer radius of the disk



Distance between the center of the disk and the center of 0\



Rx Radius at which ar , OQ are to be calculated. a



Radius of hole O1



r, 0 Polar coordinates



Figure 1.11 Rotating disk with a central hole and two symmetrically located holes.



The O\ hole may be treated as if it were in an infinite region and subjected to biaxial stresses o>,cT0 as shown in Fig. l.l2a.ForpointA,RA = R—a = 0.5R2—0.06R2 = 0.44R2, and the elasticity solution of (1) gives 2



2



CTM = ^±W*i (l + 0.24 -^- 0.44 ) = 0.566 (^W*t)



+



a+



a



--H^4 ™ ^-^ ) = 1.244 (^W*l) V s / Substitute a = o-rA/o-eA = 0.566/1.244 = 0.455 into the stress concentration factor formula for the case of an element with a circular hole under biaxial tensile load (Eq. 4.18) giving KtA = ^^ = 3 - 0.455 - 2.545 0-0A



and the maximum stress at point A is



(



SJ



I



\



—-^pO)2Rl} 8



(3)



/



Similarly, at point B, R8 = R + a = 0.5R2 + 0.06R2 = 0.56R2, (TrB = 0.56 (^^pa>2R2} V ^ /
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(T9B = 1.061 (^^ POJ2R2]



V *



Substitute a = crrB/crQB formula of Eq. (4.18):



=



/



0.56/1.061 = 0.528 into the stress concentration factor



KtB



= ^1^3 _ 0.528 - 2.472 O and cr2 < O. The condition of failure is (Eq. 1.27) ^--^- = 1 &ut O, cr2 < O, (J3 = O, the maximum shear stress is



Tmax = —r



= - y(CT maxl + O-max2)2 + ^ax3



(8)



von Mises Criterion From Eq. (1.34), °"eq = Y^ 1 2 ~ (Ti(T2 + 1. The effective stress concentration factor is a function not only of geometry but also of material properties. Some characteristics of Ke for static loading of different materials are discussed briefly below. 1. Ductile material. Consider a tensile loaded plane element with a V-shaped notch. The material law for the material is sketched in Fig. 1.30. If the maximum stress at the root of the notch is less than the yield strength crmax < o~y, the stress distributions near the notch would appear as in curves 1 and 2 in Fig. 1.30. The maximum stress



Figure 1.29 Specimens for obtaining Ke.



Figure 1.30 Stress distribution near a notch for a ductile material,



value is CTmax = KtVnom



(1-44)



As the crmax exceeds cry, the strain at the root of the notch continues to increase but the maximum stress increases only slightly. The stress distributions on the cross section will be of the form of curves 3 and 4 in Fig. 1.30. Equation (1.44) no longer applies to this case. As crnom continues to increase, the stress distribution at the notch becomes more uniform and the effective stress concentration factor Ke is close to unity. 2. Brittle material. Most brittle materials can be treated as elastic bodies. When the applied load increases, the stress and strain retain their linear relationship until damage occurs. The effective stress concentration factor Ke is the same as Kt. 3. Gray cast iron. Although gray cast irons belong to brittle materials, they contain flake graphite dispersed in the steel matrix and a number of small cavities, which produce much higher stress concentrations than would be expected from the geometry of the discontinuity. In such a case the use of the stress concentration factor Kt may result in significant error and K6 can be expected to approach unity, since the stress raiser has a smaller influence on the strength of the member than that of the small cavities and flake graphite. It can be reasoned from these three cases that the effective stress concentration factor depends on the characteristics of the material and the nature of the load, as well as the geometry of the stress raiser. Also 1 ^ K6 ^ Kt. The maximum stress at rupture can be



defined to be CTmax = KeVnam



(1-45)



To express the relationship between K6 and Kt9 introduce the concept of notch sensitivity 
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