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Preface t o the Three-Volume Paperback Edition of Mathematical Thought



The receptio n accorde d th e original editio n o f this book i s most gratifying. I am flattered , i f not a penn y riche r fo r it , by a pirate d Chines e translation. Even more satisfying is a forthcoming authorized Spanis h translation. This wor k i s part o f m y long-tim e effort s t o humaniz e th e subjec t of mathematics. At th e ver y beginning o f m y career I bande d wit h a fe w colleagues to produce a freshman text that departed fro m the traditional dry-asdust mathematics textbook. Later, I wrote a calculus text with the same end in view. While I was directing a research grou p i n electromagnetic theor y an d doing research myself , I still made time to write Mathematics In Western Culture, which i s partly history and partl y an exploratio n o f th e influenc e of mathematics upon philosophy , religion, literature, art, music, economic theory, and political thought . Mor e recentl y I hav e writte n wit h th e genera l reade r i n mind a book on the philosophical foundations of mathematics and a book on the underlying mathematical structure of a good deal of science, most especially cosmogony and physics. I hop e that students , teachers , a s well a s the genera l reade r wil l profit from thi s more affordable and accessibl e three-volume paperback editio n of Mathematical Thought. I wish to acknowledge the helpful suggestions made by Harold Edwards , Donald Gillis , and Rober t Schlap p among others. M y very special thanks go to Fred Pohl e for his time, interest, and generosity. Having over th e years taught a course base d o n this book, he saw a need for a multivolume paperback versio n and provided the impetus for this edition. Beyon d this h e gav e unstintingly of hi s time an d knowledg e i n helpin g m e correct errors. I am truly in his debt, as I am to my wife Helen, who undertook muc h of the work involved in preparing thi s edition.
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Preface If w e wis h t o forese e th e futur e o f mathematics ou r prope r course i s t o stud y th e histor y an d presen t conditio n o f th e science. HENR I POINCAR É



This boo k treat s th e majo r mathematica l creation s an d development s from ancien t time s throug h th e firs t fe w decades o f the twentiet h century . It aim s t o presen t th e centra l ideas , wit h particula r emphasi s o n thos e currents o f activity that hav e loome d larges t i n th e mai n period s of the lif e of mathematic s an d hav e bee n influentia l i n promotin g an d shapin g sub sequent mathematica l activity . Th e ver y concep t o f mathematics , th e changes i n tha t concep t i n differen t periods , an d th e mathematicians ' ow n understanding of what they were achieving have also been vital concerns. This wor k mus t b e regarde d a s a surve y o f th e history . Whe n on e considers tha t Euler' s work s fill some seventy volumes, Cauchy's twenty-si x volumes, an d Gauss' s twelv e volumes , on e ca n readil y appreciat e tha t a one-volume work cannot present a ful l account . Som e chapters of this work present only samples of what has been create d i n the area s involved, though I trus t tha t thes e sample s ar e th e mos t representativ e ones. Moreover , i n citing theorems or results, I have often omitte d minor conditions required for strict correctness in order t o keep the mai n idea s in focus . Restricte d a s this work may be, I believ e that som e perspective on the entire history has been presented. The book' s organizatio n emphasize s the leadin g mathematica l themes rather tha n th e men . Ever y branc h o f mathematics bear s th e stam p o f its founders, and grea t men have played decisive roles in determining the course of mathematics. Bu t i t i s their idea s tha t hav e bee n featured ; biography i s entirely subordinate . I n thi s respect, I hav e followe d th e advic e o f Pascal: "When we cite authors we cite thei r demonstrations , not thei r names." To achiev e coherence , particularl y i n th e perio d afte r 1700 , I hav e treated eac h development at that stage where it became mature, prominent , and influentia l in the mathematical realm . Thus non-Euclidean geometry is presented i n th e nineteenth century even though th e history of the effort s t o
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replace o r prov e th e Euclidea n paralle l axio m dat e fro m Euclid' s tim e onward. Of course, man y topic s recur a t variou s periods . To keep th e material withi n bounds I hav e ignored severa l civilizations such a s th e Chinese, 1 Japanese , an d Maya n becaus e thei r wor k ha d n o material impac t o n th e mai n lin e o f mathematica l thought . Als o som e developments i n mathematics , suc h a s th e theor y o f probabilit y an d th e calculus of finite differences , whic h are importan t today , di d no t pla y majo r roles durin g th e perio d covere d an d hav e accordingl y receive d ver y littl e attention. Th e vas t expansio n o f th e las t fe w decade s ha s oblige d m e t o include only those creations o f the twentieth century that becam e significan t in tha t period . T o continu e into the twentiet h century the extensions of such subjects as ordinary differential equation s or the calculus of variations would call for highl y specialized material o f interest only to research me n i n those fields and would have added inordinately to the size of the work. Beyond these considerations, th e importanc e o f man y o f th e mor e recen t development s cannot b e evaluate d objectivel y a t thi s time . Th e histor y o f mathematic s teaches u s tha t man y subject s whic h arouse d tremendou s enthusias m an d engaged th e attentio n o f th e bes t mathematician s ultimatel y fade d int o oblivion. On e ha s but t o recall Cayley' s dictu m tha t projectiv e geometr y is all geometry, an d Sylvester' s assertion that the theory of algebraic invariant s summed u p al l that is valuable in mathematics. Indeed on e of the interesting questions tha t th e histor y answers is what survive s in mathematics . Histor y makes its own an d sounde r evaluations . Readers o f even a basi c accoun t o f the dozen s of major development s cannot b e expecte d t o know th e substanc e of all these developments. Henc e except fo r some very elementary areas th e content s of the subjects whose history i s being treate d ar e als o described , thu s fusin g expositio n wit h history. These explanations of the various creations may no t clarif y the m completel y but shoul d giv e som e ide a o f thei r nature . Consequentl y thi s boo k ma y serve t o som e exten t a s a historica l introductio n t o mathematics . Thi s approach i s certainl y on e o f th e bes t way s t o acquir e understandin g an d appreciation. I hop e tha t thi s wor k wil l b e helpfu l t o professiona l and prospectiv e mathematicians. Th e professiona l man i s obliged toda y to devote so much of his time and energ y to his specialty that he has little opportunity t o familiarize himself with th e histor y of his subject. Yet thi s background i s important . The root s of the present lie deep in the past and almos t nothing in that past is irrelevant t o th e ma n wh o seeks to understand ho w the presen t cam e t o b e what it is. Moreover, mathematics , despite th e proliferation into hundreds of branches, i s a unity and ha s its major problems and goals . Unles s the various specialties contribut e t o th e hear t o f mathematic s the y ar e likel y t o b e 1. A fin e accoun t o f the histor y o f Chinese mathematic s i s available in Joseph Needham' s Science an d Civilization i n China, Cambridge Universit y Press , 1959 , Vol . 3 , pp . 1-168 .
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sterile. Perhap s th e sures t wa y t o comba t th e danger s whic h bese t ou r fragmented subjec t is to acquir e som e knowledg e of the pas t achievements , traditions, an d objective s of mathematics s o that on e can direc t hi s researc h into fruitfu l channels . A s Hilbert pu t it , "Mathematic s i s an organis m fo r whose vita l strengt h th e indissolubl e unio n o f th e part s i s a necessar y condition." For student s o f mathematic s thi s wor k ma y hav e othe r values . Th e usual course s present segment s of mathematics tha t see m t o hav e littl e relationship t o eac h other . Th e histor y ma y giv e perspectiv e o n th e entir e subject and relate the subject matter of the courses not only to each other bu t also t o th e mai n bod y o f mathematical thought . The usua l courses in mathematic s are als o deceptive in a basic respect . They giv e an organized logical presentation which leaves the impression that mathematicians g o from theore m t o theore m almos t naturally , tha t mathe maticians ca n maste r an y difficulty , an d tha t th e subject s ar e completel y thrashed ou t and settled. The succession of theorems overwhelms the student, especially i f he is just learning the subject . The history , by contrast , teache s u s that th e developmen t o f a subjec t is made bit by bit with results coming from variou s directions. We learn, too , that ofte n decade s an d eve n hundreds o f years of effort wer e required befor e significant step s could b e made. I n plac e o f the impressio n that th e subjects are completel y thrashe d ou t on e find s tha t wha t i s attained i s often bu t a start, that many gaps have to be filled, or that the really important extensions remain t o be created . The polishe d presentation s i n th e course s fai l t o sho w th e struggle s of the creative process, the frustrations, and th e long arduous road mathema ticians mus t trave l t o attai n a sizabl e structure . Onc e awar e o f this , th e student wil l no t onl y gai n insigh t bu t deriv e courag e t o pursu e tenaciously his own problems and no t b e dismayed by the incompleteness or deficiencies in hi s ow n work . Indee d th e accoun t o f ho w mathematician s stumbled , groped thei r wa y through obscurities , and arrive d piecemea l a t thei r result s should giv e heart t o any tyr o in research . To cove r th e larg e are a whic h thi s wor k comprise s I hav e trie d t o select th e mos t reliabl e sources . I n th e pre-calculu s perio d thes e sources , such as T. L . Heath's A History o f Greek Mathematics, are admittedly secondary, though I hav e no t relie d o n just on e suc h source . Fo r th e subsequen t de velopment i t ha s usually been possibl e t o go directly to th e origina l papers , which fortunately can be found in the journals or in the collected works of the prominent mathematicians. I have also been aided by numerous accounts and surveys of research, som e i n fac t t o b e foun d i n th e collecte d works . I hav e tried t o give references for all of the majo r results ; but t o do so for all assertions would hav e mean t a mas s o f references and th e consumptio n o f space that i s better devote d t o the accoun t itself .
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The source s hav e bee n indicate d i n th e bibliographie s o f the variou s chapters. Th e intereste d reade r ca n obtai n muc h mor e informatio n fro m these sources than I hav e extracted . Thes e bibliographie s als o contain man y references which should not and di d not serv e as sources. However , they have been include d eithe r because the y offer additiona l information , becaus e th e level of presentation ma y be helpful t o some readers , o r because they may be more accessible than th e original sources. I wish to express thanks to my colleagues Marti n Burrow , Bruc e Chandler, Marti n Davis , Donal d Ludwig , Wilhel m Magnus , Carlo s Moreno , Harold N . Shapiro , an d Marvi n Tretkoff , who answere d numerou s ques tions, rea d man y chapters , an d gav e valuabl e criticisms . I a m especiall y indebted t o my wife Helen for her critical editing o f the manuscript, extensive checking of names, dates, and sources , and mos t careful readin g of the galleys and pag e proofs . Mrs . Eleanor e M . Gross , who di d th e bul k o f the typing , was enormousl y helpful. T o th e staf f o f Oxford Universit y Press, I wis h t o express my gratitude for their scrupulous production o f this work. New York M May 1972
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Publisher's Note to this Three-Volume Paperback Edition



Mathematical Thought from Ancient to Modern Times was first published by Oxford Universit y Press as a one-volume cloth edition. In publishing this three-volume paperback edition we have retained the same pagination a s the cloth in order to maintain consistenc y within the Index , Subject Index, and Notes. These volumes are paginated consecutivel y and, for the reader' s convenience, both Indexe s appea r at the end of each volume.
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The Theor y o f Numbers i n th e Nineteenth Centur y It i s tru e tha t Fourie r ha d th e opinio n tha t th e principa l object o f mathematics wa s public us e and th e explanatio n of natural phenomena ; bu t a philosophe r lik e hi m ough t t o know tha t th e sol e objec t o f th e scienc e i s th e hono r o f th e human spiri t an d tha t unde r thi s vie w a proble m o f [th e theory of ] number s i s wort h a s muc h a s a proble m o n th e system o f the world . c . G . J. JACOB I



1. Introduction Up t o the nineteent h centur y th e theor y o f numbers wa s a serie s of isolated though ofte n brillian t results . A ne w er a bega n wit h Gauss' s Disquisitiones Arithmetic ae1 which h e composed a t th e ag e of twenty. Thi s grea t wor k ha d been sen t t o th e Frenc h Academ y i n 180 0 an d wa s rejecte d bu t Gaus s published i t o n hi s own . I n thi s boo k h e standardize d th e notation ; h e systematized th e existin g theor y an d extende d it ; an d h e classifie d th e problems to be studied and th e known methods of attack and introduce d new methods. I n Gauss' s wor k o n th e theor y o f numbers ther e ar e thre e mai n ideas: the theory of congruences, th e introduction o f algebraic numbers , an d the theory of forms as the leading idea in Diophantine analysis . This work not only bega n th e moder n theor y o f numbers bu t determine d th e direction s of work i n th e subjec t u p t o th e presen t time . Th e Disquisitiones is difficult t o read bu t Dirichle t expounde d it . Another majo r nineteenth-centur y developmen t i s analyti c numbe r theory, which uses analysis in addition t o algebra t o treat problem s involving the integers. Th e leader s in thi s innovation wer e Dirichle t an d Riemann . 2. Th e Theory o f Congruences Though the notion of congruence did not originate with Gauss—it appears in the work of Euler, Lagrange, an d Legendre—Gaus s introduced th e notatio n 1. Publishe d 180 1 = Werke, 1 . 8l3
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in th e first section of Disquisitiotus and use d it systematicall y thereafter. Th e basic idea is simple. The numbe r 27 is congruent t o 3 modulo 4, 27 = 3 modulo 4, because 2 7 — 3 i s exactl y divisibl e b y 4 . (Th e wor d modul o i s ofte n ab breviated t o mod.) I n general , i f a, b, and m are integers a = b modulo m if a — b is (exactly) divisible by m or if a and b have the sam e remainders on division by m. Then b is said to be a residue of a modulo m and a is a residue of b modulo m . As Gauss shows, all th e residue s o f a modulo m , for fixe d a and m , are given by a + k m where A ; = 0 , ± 1, + 2 , . . .. Congruences wit h respect t o the same modulus can be treated t o some extent lik e equations . Suc h congruence s ca n b e added , subtracted , an d multiplied. On e ca n als o as k fo r th e solutio n o f congruence s involvin g unknowns. Thus, wha t values of x satisf y 2* = 2 5 modulo 12 ? This equation has no solutions because 2 * is even and 2 * — 25 is odd. Henc e 2x — 25 canno t b e a multipl e o f 12 . Th e basi c theore m o n polynomia l congruences, whic h Gauss re-proves in th e second section, had already been established b y Lagrange. 2 A congruence of the nth degre e whose modulus is a prim e numbe r p whic h does not divid e A canno t hav e more than n noncongruent roots . In th e third sectio n Gauss takes up residues of powers. Here h e gives a proof i n term s of congruences of Fermat's minor theorem , which, stated i n terms of congruences, reads: If p i s a prime and a is not a multiple of p the n The theore m follows from hi s study of congruences of higher degree, namely, where a and m are relatively prime. This subject was continued by many men after Gauss . The fourt h sectio n o f Disquisitiones treat s quadrati c residues . I f p i s a prime an d a is not a multiple of p an d i f there exists an * such tha t x" = a mod/), the n a is a quadrati c residu e o f p; otherwis e a is a quadrati c non residue of p. After provin g some subordinate theorems on quadratic residues Gauss gave the first rigorous proof of the law of quadratic reciprocity (Chap . 2. Hiit. de I'Acad. dt Berlin, 24, 1768 , 19 2 ff., pub. 177 0 = (Emirts, 2 , 655-726.



THE THEORY OF CONGRUENCES 81



5



25, sec. 4) . Eule r ha d give n a complet e statemen t much like Gauss's in on e paper o f hi s Opuscula Analytica o f 178 3 (Chap . 25 , sec . 4). Nevertheles s in article 15 1 o f hi s Disquisitiones Gaus s say s tha t n o on e ha d presente d th e theorem i n a s simpl e a for m a s h e had . He refer s t o othe r wor k o f Euler including anothe r pape r i n th e Opuscula an d t o Legendre' s wor k o f 1785 . Of thes e papers Gaus s says rightly that th e proof s were incomplete. Gauss is supposed to have discovered a proof of the law in 179 6 when he was nineteen. He gav e another proo f in the Disquisitiones and later published four others . Amon g hi s unpublishe d paper s tw o mor e wer e found . Gaus s says that he sought many proofs because he wished to find one that coul d be used t o establis h the biquadrati c reciprocit y theore m (se e below) . The la w of quadratic reciprocity, which Gauss called th e gem of arithmetic, is a basic result o n congruences . After Gaus s gav e hi s proofs , more tha n fift y other s were given b y later mathematicians . Gauss als o treate d congruence s o f polynomials . I f A an d B ar e tw o polynomials i n x with , say , real coefficient s the n on e know s that on e ca n find unique polynomials Q and R such tha t



A = B.Q + R, where the degree of R is less than the degree of B. One can then say that two polynomials A^ an d A 2 ar e congruen t modulo a thir d polynomia l P if they have the same remainder R on division b y P. Cauchy use d thi s idea 3 t o defin e comple x number s b y polynomia l congruences. Thu s iff(x) i s a polynomia l wit h real coefficient s the n unde r division b y x 2 + 1 because the remainde r i s of lower degree tha n th e divisor . Her e a and b are necessarily rea l b y virtu e o f th e divisio n process . I f g(x) i s anothe r suc h polynomial the n Cauchy no w points out that if Alt A 2, and B are an y polynomials an d if then We can no w see readily tha t



3. Exmices d'analyse et dephysique mathtmatique, 4, 1847 , 84 ff . = (Euvres, (1) , 10, 312-23 an d (2), 14 , 93-120.
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Thus the numbers a + b x and c + d x combine like complex numbers; that is, they have th e forma l propertie s o f complex numbers, x taking the plac e o f i. Cauchy als o proved tha t ever y polynomial g(x) no t congruen t t o 0 modul o has a n inverse , tha t is , a polynomia l h(x) suc h tha t h(x)g(x) i s congruent t o 1 modulo , Cauchy di d introduc e i fo r x , i bein g fo r hi m a rea l indeterminat e quantity. H e the n showe d tha t fo r any that Hence an y expressio n involvin g comple x number s behave s a s on e o f th e form c + di an d on e ha s al l th e apparatu s neede d t o wor k wit h comple x expressions. Fo r Cauchy , then , th e polynomial s in i , with hi s understanding about i , tak e th e plac e o f complex number s and on e can pu t int o on e clas s all thos e polynomials having th e sam e residu e modulo z 2 + 1 . Thes e classes are th e comple x numbers. It i s interesting that i n 184 7 Cauch y stil l ha d misgiving s about V —I. He says , "In th e theor y o f algebraic equivalence s substituted for the theor y of imaginary numbers the letter i ceases to represent the symbolic sign which w e repudiat e completel y an d whic h we can abandon withou t regre t since on e doe s no t kno w what thi s supposed sig n signifie s no r wha t sens e to attribute t o it. O n th e contrar y w e represent by the lette r i a rea l quantit y but indeterminat e an d i n substitutin g the sig n = fo r = w e transform what has been calle d an imaginary equation into an algebraic equivalence relative to th e variabl e i an d t o th e diviso r i 2 + I . Sinc e thi s diviso r remain s th e same in al l the formula s on e can dispens e with writin g it. " In th e secon d decad e o f th e centur y Gaus s proceede d t o searc h fo r reciprocity laws applicable t o congruences of higher degree. These laws again involve residues of congruences. Thus for the congruenc e one ca n defin e q as a biquadratic residu e ofp i f there is an integra l value of x satisfying th e equation . H e di d arriv e a t a la w o f biquadrati c reciprocit y (see below ) an d a la w o f cubic reciprocity. Much o f this work appeared i n papers fro m 180 8 t o 181 7 an d th e theore m prope r o n biquadrati c residues was give n i n paper s o f 182 8 and 1832. * 4. Comm. Soc. Gott., 6, 1828 , an d 7 , 183 2 = Werke, 2 , 65-92 an d 93-148 ; also pp. 165-78 .
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To attain eleganc e and simplicit y in his theory of cubic and biquadrati c residues Gaus s mad e us e o f complex integers , tha t is , numbers o f the for m a + hi with a and b integral o r 0 . I n Gauss' s wor k on biquadrati c residue s it wa s necessary to conside r the cas e wher e the modulu s p i s a prim e o f th e form 4n + 1 an d Gaus s neede d th e comple x factor s int o whic h prim e numbers o f th e for m 4 « + 1 ca n b e decomposed . T o obtai n thes e Gaus s realized tha t on e mus t g o beyon d th e domai n o f th e ordinar y integer s t o introduce th e complex integers. Though Eule r and Lagrange had introduced such integers into th e theor y of numbers it wa s Gauss who establishe d thei r importance. Whereas i n th e ordinar y theor y o f integers th e unit s ar e + 1 an d — 1 in Gauss' s theor y of complex integer s th e unit s are + 1 and + i. A comple x integer i s called composit e if it i s the produc t o f two such integers neither of which is a unit. I f such a decomposition i s not possibl e the integer is called a prime. Thu s 5 = ( 1 + 2 t ) ( l — 2t) an d s o i s composite , wherea s 3 i s a complex prime . Gauss showed that comple x integers have essentially the same properties as ordinary integers. Euclid had prove d (Chap . 4, sec. 7) that ever y integer is uniquely decomposabl e int o a produc t o f primes . Gaus s prove d tha t thi s unique decomposition, which is often referre d t o as the fundamental theorem of arithmetic, hold s also for complex integers provide d we do not regar d th e four uni t number s a s differen t factors . Tha t is , i f a = be = (ib)( — ic), th e two decomposition s ar e th e same . Gaus s als o showe d tha t Euclid' s proces s for findin g th e greates t commo n diviso r of two integer s i s applicable t o th e complex integers . Many theorem s for ordinary prime s carr y ove r t o th e comple x primes . Thus Fermat' s theore m carrie s ove r i n th e form : If/ > b e a comple x prim e a + hi and k any comple x intege r no t divisibl e b y p the n where N p i s th e nor m o f p. Ther e i s als o a la w o f quadrati c reciprocity fo r comple x integers , whic h wa s state d b y Gaus s i n hi s 182 8 paper. In term s o f comple x integer s Gaus s wa s abl e t o stat e th e la w o f bi quadratic reciprocit y rathe r simply . On e define s a n uneve n intege r a s one not divisibl e b y 1 + i . A primar y uneve n intege r i s a n uneve n intege r a + b i such that b is even and a + b — 1 is even. Thus — 7 and — 5 + 2 i ar e primary uneve n numbers . Th e la w o f reciprocity fo r biquadrati c residue s states tha t i f a and ft are tw o primary uneve n prime s an d A and B ar e thei r norms, the n
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The symbo l ha s th e followin g meaning : I f p i s an y comple x prim e and k is any biquadrati c residue not divisibl e by p, the n i s the power of i which satisfies th e congruence wherein Np stands for the norm of p. This law is equivalent to the statement: The biquadrati c character s o f tw o primar y uneve n prim e number s with respect t o one another ar e identical , tha t is, i f either o f the primes is congruent t o 1 modulo 4; bu t i f neither o f the prime s satisfies th e congruence, the n th e tw o biquadrati c character s ar e opposite , tha t is , Gauss state d thi s reciprocit y theore m bu t di d no t publis h hi s proof . This was given by Jacobi in his lectures at Konigsberg in 1836-37. Ferdinand Gotthold Eisenstei n (1823-52), a pupil of Gauss, published five proofs of the law, of which the first two appeared i n 1844. 5 For cubic reciprocity Gaus s found tha t h e could obtain a law by using the "integers " a + b p where p is a root o f + x + 1 = 0 and a and b are ordinary (rational ) integer s bu t Gaus s di d no t publis h thi s result . I t wa s found i n hi s papers afte r hi s death . Th e la w o f cubic reciprocit y wa s first stated b y Jacobi8 and proved by him in his lectures at Konigsberg. Th e first published proof is due to Eisenstein.7 Upon noting this proof Jacobi claimed8 that i t wa s precisely the one given in his lectures but Eisenstei n indignantly denied an y plagiarism. 9 There ar e als o reciprocity law s for congruences o f degree greater than four . 3. Algebraic Numbers The theor y of complex integers is a step in the direction of a vast subject, the theory o f algebrai c numbers . Neithe r Eule r no r Lagrang e envisione d th e rich possibilitie s whic h thei r wor k on comple x integer s opened up . Neithe r did Gauss . The theor y grew out o f the attempts t o prove Fermat' s assertion abou t The cases n = 3 , 4, and 5 have already been discussed (Chap. 25, sec. 4). Gaus s tried t o prove th e assertio n fo r n = 7 but failed . Perhap s because h e wa s disguste d wit h hi s failure , h e sai d i n a lette r o f 181 6 t o Heinrich W . M . Olber s (1758-1840) , " I confes s indee d tha t Fermat' s theorem as an isolated proposition has little interest for me, since a multitude of such propositions, whic h one ca n neithe r prov e no r refute , ca n easil y b e 5. Jour, 6. Jour, 7. Jour, 8. Jour, 9. Jour,



fur Math., fiir Math., fur Math., fur Math., fur Math.,



28 , 1844 , 53-67 and 223-45 . 2 , 1827 , 66-69 = Werke, 6, 233-37. 27 , 1844 , 289-310 . 30 , 1846 , 166-82 , p. 17 2 = Werke, 6 , 254-74. 35 , 1847 , 135-27 4 (p . 273).
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formulated." Thi s particula r cas e o f n = 7 wa s dispose d o f b y Lam £ i n 1839,10 an d Dirichle t establishe d th e assertio n fo r « = 14. 11 However, th e general propositio n wa s unproven . It was taken up by Ernst Eduard Rumme r (1810-93), who turned fro m theology t o mathematics, becam e a pupi l o f Gauss and Dirichlet , an d late r served a s a professor at Bresla u and Berlin . Thoug h Kummer' s majo r work was in th e theor y o f numbers, h e mad e beautifu l discoverie s i n geometr y which ha d thei r origi n i n optica l problems ; h e als o mad e importan t con tributions t o the stud y of refraction of light b y the atmosphere . Kummer too k wher e p is prime, an d factore d i t int o where a is an imaginar y />th root of unity. That is, a is a root of (1) This le d hi m t o exten d Gauss' s theor y o f comple x integer s t o algebrai c numbers insofa r a s the y ar e introduce d b y equation s suc h a s (1) , tha t is , numbers o f the for m where each a , is an ordinar y (rational ) integer . (Sinc e a satisfie s (1) , term s in a*"" 1 ca n b e replace d b y term s o f lowe r power. ) Kumme r calle d th e numbers/(a) comple x integers . By 184 3 Kumme r mad e appropriat e definition s o f integer , prim e integer, divisibility , and th e like (w e shall give the standard definition s i n a moment) an d the n made th e mistake of assuming that unique factorization holds in th e clas s of algebraic number s that h e had introduced . H e pointe d out while transmitting hi s manuscript t o Dirichlet in 184 3 that thi s assumption wa s necessary to prove Fermat' s theorem . Dirichle t informe d hi m tha t unique factorizatio n hold s only for certain prime s p. Incidentally , Cauch y and Lam £ mad e th e sam e mistak e o f assumin g uniqu e factorizatio n fo r algebraic numbers . I n 184 4 Kummer 12 recognize d th e correctnes s o f Dirichlet's criticism . To restor e uniqu e factorizatio n Kumme r create d a theor y o f idea l numbers in a series of papers startin g i n 1844. 13 To understan d hi s idea le t us conside r th e domai n o f , where a and b are integers . I n thi s domain



10. Jour, 11. Jour, 12. Jour, 13. Jour,



d e Math., 5 , 1840 , 195-211 . fur Math., 9 , 1832 , 390-9 3 = Wake, 1 , 189-94. d e Math., 12 , 1847 , 185-212 . fur Math., 35 , 1847 , 319-26 , 327-67.
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and al l four factor s ca n readil y be shown to be prime integers. Then unique decomposition doe s no t hold . Le t u s introduce , fo r thi s domain , th e idea l numbers W e se e that 6 = Thu s 6 i s now uniquel y expressed a s th e produc t o f fou r factors, al l idea l number s a s fa r a s th e domai n i s concerned. 14 In term s o f thes e ideal s an d othe r prime s factorizatio n i n th e domai n i s unique (apar t fro m factor s consistin g of units). With idea l number s one ca n prove som e o f th e result s o f ordinar y numbe r theor y i n al l domain s tha t previously lacked uniqu e factorization. Kummer's idea l numbers , thoug h ordinar y numbers , d o no t belon g t o the clas s o f algebrai c number s h e ha d introduced . Moreover , th e idea l numbers wer e no t define d i n an y genera l way . A s far a s Fermat' s theore m is concerned, wit h hi s ideal number s Kummer di d succee d in showin g tha t it wa s correct fo r a numbe r o f prime numbers . In th e first hundred integer s only 37 , 59 , an d 6 7 were no t covere d b y Kummer' s demonstration . The n Kummer i n a pape r o f 1857 15 extende d hi s result s t o thes e exceptiona l primes. Thes e result s were further extende d b y Dimitr y Mirimanof f (1861 — 1945), a professo r a t th e Universit y o f Geneva , b y perfectin g Kummer' s method.16 Mirimanof f prove d tha t Fermat' s theore m i s correct fo r eac h n up t o 256 if x, y, an d z are prim e t o that exponen t n, Whereas Kumme r worke d wit h algebrai c number s forme d ou t o f th e roots o f unity, Richar d Dedekin d (1831-1916) , a pupi l o f Gauss, wh o spen t fifty years o f his lif e a s a teache r a t a technica l hig h schoo l i n Germany , approached the problem of unique factorization in an entirel y new and fres h manner. Dedekin d publishe d hi s result s i n supplemen t 1 0 t o th e secon d edition o f Diric*hlet' s Zahlentheorie (1871 ) whic h Dedekin d edited . H e extended thes e results in th e supplement s to the thir d an d fourt h edition s of the same book.17 Therein h e created th e modern theory of algebraic numbers. Dedekind's theor y o f algebraic number s i s a generalizatio n o f Gauss's complex integers and Kummer' s algebrai c number s but th e generalization is somewhat a t varianc e wit h Gauss' s comple x integers . A number r that i s a root o f (2)



where th e a t's ar e ordinar y integer s (positiv e o r negative) , an d tha t i s no t a roo t of such an equatio n of degree less than n is called an algebrai c numbe r of degree n. If the coefficien t o f the highes t power of x in (2 ) is 1 , the solution s are calle d algebraic integers of degree n. The sum , difference, an d produc t of 14. Wit h th e introductio n o f the idea l numbers , 2 an d 3 ar e n o longe r indecomposable , for 2 = an d3 = 15. AbH. Konig. Akad. de r Wiss. Berlin, 1858 , 41-74 . 16. Jour, fiir Math., 128 , 1905 , 45-68. 17. 4t h ed. , 189 4 = Werke, 3 , 2-222.
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algebraic integer s ar e algebrai c integers , an d i f a n algebrai c intege r i s a rational numbe r i t is an ordinar y integer . We should note that unde r th e new definitions a n algebraic intege r can contain ordinar y fractions. Thu s i s an algebrai c integer of the second degree because it is a root of + 13 * + 7 1 = 0 . On th e othe r hand ! is an algebrai c numbe r o f degree 2 but no t a n algebrai c integer becaus e it i s a root o f — 2x + 3 = 0 . Dedekind introduce d nex t th e concep t o f a numbe r field . Thi s i s a collection F of real o r complex numbers such that if a and J3 belong t o F then so do and , if. Every number fiel d contain s th e rational number s because if a belongs then so does a/a o r 1 and consequentl y 1 + 1 , 1 + 2 , an d s o forth . I t i s no t difficul t t o sho w tha t th e se t o f all algebraic number s forms a field. If one starts with the rational number field and 6 is an algebraic number of degree n then th e se t formed b y combinin g 6 with itself and th e rationa l numbers under th e fou r operation s i s also a field of degree n. This field may be described alternatively as the smallest field containing the rational number s and 9 . It is also called an extension field of the rational numbers. Such a field does not consis t of all algebrai c numbers and i s a specifi c algebrai c numbe r field. The notatio n R(Q) i s now common. Though on e might expect that th e members o f R(6) ar e th e quotient s f(Q)lg(8) wher e f(x) an d g(x) ar e an y polynomials with rational coefficients , on e ca n prov e that i f 6 is of degree n , then an y membe r a of R(6) ca n b e expresse d in th e for m where th e a t ar e ordinar y rational numbers . Moreover , ther e exist algebraic integers o f this field such tha t al l th e algebrai c integers of the field are o f the for m where the A t ar e ordinar y positive and negativ e integers. A ring, a concep t introduce d b y Dedekind , i s essentially any collection of number s suc h tha t i f a an d belong , s o do an d Th e set o f al l algebrai c integer s form s a rin g a s doe s th e se t o f al l algebrai c integers of any specifi c algebrai c numbe r field. The algebrai c intege r a. is said to be divisibl e by th e algebrai c integer if there is an algebraic integer suc h that . If j i s an algebraic intege r which divide s ever y othe r intege r o f a fiel d o f algebraic number s the n j i s called a uni t i n tha t field. Thes e units , whic h includ e + 1 an d —1 , ar e a generalization o f th e unit s + 1 an d — 1 o f ordinar y numbe r theory . Th e algebraic integer a is a prime if it is not zero or a unit and if any factorization of a int o , wher e an d belon g t o th e sam e algebrai c numbe r field , implies tha t ft or y i s a uni t in tha t field.
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Now le t u s see to wha t exten t th e fundamenta l theorem of arithmetic holds. In the ring of all algebraic integers there are no primes. Let us consider the rin g o f integers in a specifi c algebrai c numbe r field R(0), sa y the field where a an d b ar e ordinar y rationa l numbers . I n thi s field unique factorization does not hold. For example , Each of these last four factors is prime in the sense that it cannot be expressed as a product o f the form wit h c, d, e, and/integral. On th e othe r han d le t u s consider th e fiel d wher e a and b are ordinary rationa l numbers . I f on e applies th e fou r algebrai c operation s t o these number s on e gets suc h numbers . I f a and b are restricte d t o integer s one gets the algebrai c integer s (o f degree 2 ) of this domain. I n thi s domain we can take as an equivalen t definition o f unit that th e algebraic intege r M is a uni t i f \JM i s als o a n algebrai c integer . Thu s 1 , —1 , 5 — , an d 5 + ar e units . Ever y intege r i s divisibl e b y an y on e o f th e units . Further, an algebrai c intege r of the domain is prime if it is divisible only by itself and th e units. Now It woul d seem as though there is no unique decomposition into primes. But the factors shown are not primes. I n fac t Each o f the las t fou r factor s is a prim e i n th e domai n an d uniqu e decomposition doe s hold i n thi s domain. In th e ring of integers of a specific algebrai c numbe r field factorization of the algebraic integers into primes is always possible but unique factorization does not generally hold. I n fac t fo r domains of the for m wher e D may have any positive integral value not divisible by a square, the unique factorization theore m is valid only when D = 1 , 2, 3, 7 , 11 , 19 , 43, 67, an d 163, at leas t for D's up t o 10 9.18 Thus th e algebraic number s themselves do not posses s the property o f unique factorization.



4. Th e Ideals of Dedekind Having generalize d th e notio n of algebraic number , Dedekind now undertook to restore unique factorization in algebraic numbe r fields by a scheme quite differen t fro m Kummer's . I n plac e o f ideal number s he introduce d 18. H . M . Star k has shown tha t th e abov e value s o f D are th e onl y ones possible. See his "On th e Proble m o f Unique Factorizatio n i n Comple x Quadrati c Fields, " Proceedings of Symposia i n Pure Mathematics, XII , 41-56 , Amer. Math. Soc., 1969 .
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classes o f algebraic number s whic h h e calle d ideal s i n hono r o f Kumrner's ideal numbers . Before definin g Dedekind' s ideal s le t u s not e th e underlyin g thought . Consider the ordinary integers. In plac e of the integer 2, Dedekind consider s the clas s o f integer s 2m , where m i s an y integer . Thi s clas s consist s of al l integers divisibl e by 2 . Likewis e 3 is replaced b y th e clas s 3 n o f all integer s divisible b y 3 . Th e produc t 6 become s th e collectio n o f al l number s 6p , where p i s any integer . The n th e produc t 2 - 3 = 6 is replaced b y the state ment that th e class 2m " times" the class 3n equals the class 6p. Moreover, th e class 2 m is a facto r o f th e clas s 6p , despit e th e fac t tha t th e forme r clas s contains th e latter . Thes e classe s ar e example s i n th e rin g o f ordinar y integers o f wha t Dedekin d calle d ideals . T o follo w Dedekind' s wor k on e must accusto m onesel f to thinkin g in term s o f classes of numbers . More generally , Dedekin d define d hi s ideal s a s follows : Le t K b e a specific algebrai c numbe r field . A se t o f integers A o f K i s said t o for m a n ideal i f when a and ar e an y tw o integers i n th e set , th e integer s where p, and v are an y othe r algebrai c integer s i n K , als o belon g t o th e set. Alternatively a n idea l A i s sai d t o b e generate d b y th e algebrai c integer s of K i f A consist s of all sums e an y integer s o f th e fiel d K . Thi s idea l i s denote d b y . The zero ideal consists of the number 0 alone and accordingl y is denoted b y (0) . The uni t idea l i s that generate d b y the numbe r 1 , tha t is, (1). A n idea l A i s called principa l i f it i s generated b y th e singl e integer a , so that (a ) consists of all th e algebrai c integer s divisible by a. I n th e rin g of the ordinar y integer s every ideal i s a principa l ideal . An exampl e o f a n idea l i n th e algebrai c numbe r fiel d where a and b are ordinar y rationa l numbers , i s the idea l generate d b y th e integers 2 an d , Thi s idea l consist s o f al l integer s o f th e for m where /j, an d v are arbitrar y integer s o f th e field . Th e ideal als o happen s t o b e a principa l idea l becaus e i t i s generate d b y th e number 2 alon e i n vie w o f the fac t tha t mus t als o belong t o the idea l generate d b y 2. Two ideal s an d ar e equa l i f ever y member o f the forme r idea l i s a membe r o f the latte r an d conversely . T o tackle the proble m of factorization we must first consider the produc t o f two ideals. The product of the ideal A = an d the ideal of K i s defined t o b e th e idea l where th e ar



It i s almost eviden t tha t thi s produc t i s commutative and associative . Wit h this definition w e may say that A divides B if there exists an ideal C such that
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B = AC . One write s A B an d A is called a facto r of B. A s already suggeste d above b y our exampl e o f the ordinar y integers, th e element s of B ar e included in th e element s o f A an d ordinar y divisibilit y is replaced b y clas s inclusion. The ideal s tha t ar e th e analogue s o f the ordinar y prim e number s ar e called prim e ideals . Suc h a n idea l P i s define d t o b e on e whic h ha s n o factors othe r tha n itsel f and th e idea l (1) , s o that P i s not containe d i n an y other idea l o f K. Fo r thi s reason a prim e idea l i s also calle d maximal . Al l of these definition s an d theorem s lea d t o th e basi c theorem s fo r ideal s o f a n algebraic numbe r fiel d K . An y idea l i s divisible by onl y a finit e numbe r o f ideals an d i f a prime idea l divide s th e produc t A B o f two ideals (o f the sam e number class ) i t divide s A o r B . Finall y th e fundamenta l theore m i n th e theory of ideals is that every ideal ca n b e factored uniquel y into prime ideals . In our earlier example s of algebraic numbe r fields of the form a + D integral, we found tha t some permitted uniqu e factorization of the algebrai c integers o f thos e field s an d other s di d not . Th e answe r t o th e questio n o f which d o o r d o no t i s give n b y th e theore m tha t th e factorizatio n o f th e integers o f an algebrai c numbe r fiel d K int o prime s is unique i f and onl y if all th e ideal s i n K ar e principal . From thes e examples o f Dedekind's wor k w e ca n se e that hi s theory o f ideals i s indeed a generalizatio n o f the ordinar y integers . I n particular , i t furnishes th e concept s an d propertie s i n th e domai n o f algebraic number s which enabl e on e t o establish uniqu e factorization. Leopold Kronecke r (1823-91) , wh o wa s Kummer' s favorit e pupi l an d who succeede d Kumme r a s professo r a t th e Universit y of Berlin, als o too k up th e subjec t o f algebraic number s an d develope d i t alon g line s similar t o Dedekind's. Kroneckcr' s doctora l thesi s "O n Comple x Units, " writte n i n 1845 thoug h no t publishe d unti l muc h later, 19 wa s hi s firs t wor k i n th e subject. The thesi s deals with the units that ca n exist in the algebraic numbe r fields created b y Gauss . Kronecker create d anothe r theor y o f field s (domain s o f rationality). 20 His fiel d concep t i s mor e genera l tha n Dedekind' s becaus e h e considere d fields o f rationa l function s i n an y numbe r o f variable s (indeterminates) . Specifically Kronecke r introduce d (1881 ) th e notio n o f a n indeterminat e adjoined t o a field , th e indeterminat e bein g just a ne w abstrac t quantity . This ide a o f extendin g a fiel d b y addin g a n indeterminat e h e mad e th e cornerstone o f his theor y o f algebraic numbers . Her e h e used the knowledg e that ha d bee n buil t u p b y Liouville , Cantor , an d other s on th e distinction between algebrai c an d transcendenta l numbers . I n particula r h e observe d that i f x i s transcendental over a field K ( x is an indeterminate ) then the fiel d 19. Jour, fur Math., 93 , 1882 , 1-5 2 = Werke, 1 , 5-71 . 20. "Grundziig e cinc r arithmctischc n Thcori c dc r algcbraischc n Grosser!, " Jour, fu r Math., 92 , 1882 , 1-12 2 = Werke, 2 , 237-387 ; als o publishe d separatel y b y G . Reimer , 1882.
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K(x) obtaine d b y adjoinin g th e indeterminat e x t o K, tha t is , the smallest field containin g K an d x , i s isomorphi c t o th e fiel d K[x\ o f rationa l functions i n on e variabl e wit h coefficient s i n .AT. 21 He di d stres s that th e in determinate wa s merely an elemen t o f an algebr a an d no t a variabl e i n the sense o f analysis. 22 H e the n showe d i n 1887 23 tha t t o eac h ordinar y prim e number/) there corresponds within the ring Q(x) o f polynomials with rational coefficients a prim e polynomia l p(x) whic h i s irreducibl e i n th e rationa l field Q. B y considering tw o polynomial s t o b e equa l i f the y ar e congruen t modulo a give n prim e polynomia l p(x), th e rin g o f all polynomial s in Q(x) becomes a fiel d o f residu e classe s possessin g th e sam e algebrai c propertie s as th e algebrai c numbe r fiel d K(8) arisin g fro m th e fiel d K b y adjoinin g a roo t o f p(x) = 0 . Her e h e use d th e idea Gauch y had alread y employe d to introduc e imaginar y number s b y usin g polynomial s congruent modul o + 1 . I n thi s sam e wor k he showed tha t th e theor y of algebraic number s is independent o f the fundamenta l theore m o f algebra an d o f the theor y of the complet e rea l numbe r system . In hi s theor y o f field s (i n th e "Grundziige" ) whos e element s ar e formed b y startin g wit h a fiel d K an d the n adjoinin g indeterminate s Kronecker introduce d th e notio n o f a modula r syste m tha t played th e rol e o f ideals i n Dedekind' s theory . Fo r Kronecke r a modula r system i s a se t M o f those polynomial s in n variables suc h tha t if an d belon g t o th e se t s o does an d i f P belong s s o does Q P where Q is any polynomia l i n A basi s o f a modula r syste m M i s any se t of polynomials . . . of M suc h that ever y polynomial o f M i s expressible in th e for m where . . . ar e constants or polynomials (not necessarily belongin g to M). Th e theor y o f divisibility in Kronecker' s genera l fields was define d i n terms o f modular system s much a s Dedekind ha d don e wit h ideals . The wor k on algebrai c numbe r theor y wa s climaxed i n th e nineteent h century b y Hilbert' s famou s repor t o n algebrai c numbers. 24 Thi s repor t i s primarily a n accoun t o f what ha d bee n don e during th e century . However , Hilbert reworked all of this earlier theor y and gav e new, elegant, an d power ful method s o f securing these results. He ha d begu n t o creat e ne w idea s i n algebraic numbe r theor y fro m abou t 189 2 on an d on e o f the ne w creation s on Galoisian number fields was also incorporated i n the report. Subsequently Hilbert an d man y othe r me n extende d algebrai c numbe r theor y vastly . 21. Werke, 2 , 253 . 22. Werke, 2, 339 . 23. Jour, fur Math., 100 , 1887 , 490-51 0 = Werke, 3, 211-40. 24. "Di e Theori e de r algebraische n Zahlkorper " (Th e Theor y o f Algebrai c Numbe r Fields), Jahres. de r Deut. Math.-Ver., 4 , 1897 , 175-54 6 = Ges. Abh., 1 , 63-363.
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However, these later developments, relative Galoisian fields, relative Abelian number field s and clas s fields, al l of which stimulated an immense amount of work in th e twentiet h century , ar e o f concern primaril y t o specialists. Algebraic numbe r theory , originall y a schem e fo r investigatin g th e solutions of problems i n th e olde r theor y o f numbers, has become a n end in itself. I t ha s com e t o occup y a positio n i n betwee n th e theor y o f numbers and abstrac t algebra , an d no w number theor y an d moder n highe r algebr a merge in algebrai c numbe r theory . O f course algebrai c numbe r theor y ha s also produced ne w theorems in th e ordinar y theor y o f numbers.



5. Th e Theory o f Forms Another clas s of problems i n th e theor y o f numbers i s the representatio n o f integers b y forms. Th e expressio n (3)



wherein a , b, and c are integral , i s a binar y for m becaus e tw o variables ar e involved, an d i t i s a quadrati c for m becaus e i t i s of the secon d degree . A number M i s said to be represented b y the for m i f for specific integral value s of a, b, c, x, and y the above expression equals M. On e proble m i s to find the set o f numbers M tha t ar e representabl e b y a give n for m o r clas s of forms. The convers e problem, give n M an d give n a , b, and c or som e class of a, b, and c , to fin d th e value s of x and y tha t represen t M , i s equally important . The latte r proble m belong s t o Diophantin e analysi s an d th e forme r ma y equally wel l be considered par t of the sam e subject. Euler ha d obtaine d som e specia l result s o n thes e problems . However , Lagrange mad e the ke y discovery that i f a numbe r i s representable b y one form it is also representable by many other forms, which he called equivalent. The latte r could be obtained from th e original for m b y a change of variables W



wherein an d ar e integra = l an d I. 26 I n particular , Lagrange showe d tha t fo r a give n discriminan t (Gaus s use d th e wor d determinant) ther e is a finit e numbe r of forms suc h that eac h for m with tha t discriminan t i s equivalent t o on e o f this finit e number . Thu s al l forms wit h a give n discriminan t ca n b e segregate d int o classes , eac h clas s consisting o f forms equivalen t t o on e membe r o f that class . This resul t an d some inductively established results by Legendre attracted Gauss' s attention . In a bol d ste p Gaus s extracted fro m Lagrange' s work the notio n o f equivalence of forms and concentrate d o n that. Th e fifth section of his Disquisitiones, by far th e larges t section , i s devoted t o thi s subject. 25. Noun Mem. del'Acad.deBerlin, 1773 , 263-312; and 1775 , 323 ff. = (Ewtres, 3,693-795 .
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Gauss systematize d an d extende d th e theor y o f forms. He first defined equivalence of forms. Le t be transformed by means of (4) into the form Then = If now 1 , the discriminant s o f the tw o forms ar e equal . The n the invers e o f the transformatio n (4 ) wil l als o contai n integra l coefficient s (by Cramer' s rule ) an d wil l transfor m F' int o F. F an d F ' ar e sai d t o b e equivalent. I f , F an d F' ar e sai d t o b e properl y equivalent , and i f , then F and F' ar e sai d t o b e improperly equivalent . Gauss proved a numbe r of theorems on the equivalenc e o f forms. Thu s if F is equivalent t o F' an d F' t o F" then F is equivalent t o F". If F is equivalent t o F', any numbe r M representabl e b y F is representable by F' an d i n as many ways by one as by the other. H e then shows, if FandF' are equivalent, how to find all the transformations from Finto F'. He also finds all the representations o f a given number M b y a form F , provide d th e value s of x and y are relativel y prime. By definitio n tw o equivalen t form s hav e th e sam e valu e fo r thei r discriminant D = L — ac. However, tw o form s with th e sam e discriminan t are no t necessaril y equivalent. Gaus s show s tha t al l form s wit h a give n D can b e segregate d int o classes ; th e member s o f any on e clas s are properl y equivalent t o eac h other . Thoug h th e numbe r o f forms wit h a give n D is infinite, th e numbe r of classes for a given D i s finite. In eac h clas s one for m can b e take n a s representative an d Gaus s gives criteria fo r the choic e o f a simplest representative . Th e simples t for m o f all thos e with determinan t D has a = 1, 6 = 0 , c = —D. This h e calls the principal for m an d th e class to which i t belong s is called th e principa l class . Gauss then take s up th e compositio n (product ) of forms. I f the for m



is transformed into th e produc t o f two form s



by th e substitution
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then F is said t o b e transformabl e into^"' . I f further th e si x numbers do no t hav e a commo n divisor , the n F i s called a composit e o f the form s f and/'. Gauss was then able to prove a n essentia l theorem: Iff an d g belong t o the same class and/' and g' belon g to the same class, then the form compose d of/and/' wil l belon g t o th e sam e clas s as the for m compose d o f g and g'. Thus on e ca n spea k o f a clas s o f form s compose d o f tw o (o r more ) give n classes. I n thi s composition of classes, th e principa l clas s acts a s a uni t class ; that is , if the clas s K i s composed wit h a principa l class , th e resultin g clas s will b e K . Gauss no w turns t o a treatmen t o f ternary quadrati c form s where th e coefficient s ar e integers , an d undertake s a stud y very much lik e what h e ha s just don e fo r binar y forms . Th e goa l a s in th e cas e o f binar y forms i s the representatio n o f integers. Th e theor y o f ternary form s wa s no t carried fa r b y Gauss . The objectiv e of the entir e work on th e theor y o f forms was , a s alread y noted, t o produc e theorem s i n th e theor y o f numbers. I n th e cours e o f his treatment o f forms Gaus s show s how th e theor y ca n b e use d t o prov e an y number o f theorems about th e integers including many tha t wer e previously proved b y suc h me n a s Eule r an d Lagrange . Thu s Gaus s prove s tha t an y prime numbe r o f the for m 4 « + 1 can b e represented a s a sum o f squares in one an d onl y on e way . An y prim e numbe r o f the for m 8n + 1 or 8n + 3 can b e represente d i n th e for m ^ (fo r positive integra l x an d y) i n one an d onl y on e way . H e show s ho w t o fin d al l th e representation s o f a given numbe r M b y th e give n for m i „ . „ provide d th e discriminant D is a positive non-square number . Furthe r ifFis a primitive for m (the values o f a, b , and c are relativel y prime) wit h discriminan t D an d i f p is a prim e numbe r dividin g D , the n th e number s no t divisibl e b y p whic h can b e represente d b y F agree i n tha t the y ar e al l either quadrati c residue s of p o r non-residue s of p . Among th e result s Gaus s dre w fro m hi s wor k o n ternar y quadrati c forms i s the first proof of the theore m tha t ever y number ca n b e represente d as th e su m o f three triangula r numbers . These , w e recall, ar e th e number s



He also re-proved th e theorem alread y prove d by Lagrange tha t any positive integer ca n b e expresse d a s th e su m o f four squares . Apropo s o f the forme r result, i t is worth notin g tha t Cauch y rea d a paper t o the Pari s Academ y i n
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1815 which establishe d th e genera l resul t first asserted by Ferma t tha t ever y integer i s th e su m o f k o r fewe r £-gona l numbers. 26 (Th e general k-gonal number i s The algebrai c theory of binary and ternar y quadratic form s as presented by Gaus s ha s a n interestin g geometrica l analogu e whic h Gaus s himsel f initiated. I n a revie w whic h appeare d i n th e Gottingische Gelehrte Anzeigen of 183027 o f a boo k o n ternar y quadrati c form s b y Ludwi g Augus t Seebe r (1793-1855) Gaus s sketche d th e geometrica l representatio n o f his forms an d classes o f forms. 28 Thi s wor k i s th e beginnin g o f a developmen t calle d th e geometrical theor y of numbers which first gained prominenc e when Hermann Minkowski (1864-1909) , wh o serve d a s professo r o f mathematics a t severa l universities, publishe d his Geometric der Zahlen (1896) . The subjec t o f forms becam e a majo r on e i n th e theor y o f numbers of the nineteent h century . Further wor k was done b y a hos t o f men o n binar y and ternar y quadrati c form s an d o n forms wit h more variable s an d o f higher degree.29



6. Analytic Number Theory One o f th e majo r development s i n numbe r theor y i s th e introductio n o f analytic method s an d o f analyti c result s t o expres s an d prov e fact s abou t integers. Actually , Euler ha d use d analysi s in numbe r theor y (se e below ) and Jacob i use d ellipti c function s t o obtai n result s i n th e theor y o f con gruences an d th e theor y o f forms. 30 However , Euler' s use s o f analysi s i n number theor y wer e mino r an d Jacobi' s number-theoreti c result s wer e almost accidenta l by-product s of his analytic work . The first deep an d deliberat e us e of analysis to tackle what seemed t o be a clea r proble m o f algebr a wa s mad e b y Pete r Gusta v Lejeune-Dirichle t (1805-59), a studen t of Gaus s an d Jacobi , professo r a t Bresla u an d Berlin , and the n successo r t o Gaus s a t Gottingen . Dirichlet' s grea t work , th e Vorlesungen uber Zahlentheorie, 3i expounde d Gauss' s Disquisitiones and gav e hi s own contributions. The proble m tha t cause d Dirichle t t o employ analysis was to show tha t every arithmeti c sequenc e a,a + b,a + 2b,a + 3b,---,a + nb,---, 26. Mem. de I'Acad. de s Sci., Paris, (1) , 14, 1813-15 , 177-22 0 = (Euvres, (2) , 6 , 320-53 . 27. Werke, 2 , 188-196 . 28. Feli x Klei n i n hi s Entwicklung (se e th e bibliograph y a t th e en d o f thi s chapter) , pp. 35-39 , expand s o n Gauss' s sketch . 29. Se e work s o f Smith an d Dickson , liste d i n th e bibliography , fo r furthe r details . 30. Jour, fiir Math., 37 , 1848 , 61-94 an d 221-5 4 = Werke, 2 , 219-88 . 31. Publishe d 1863 ; the second , third , an d fourt h edition s o f 1871 , 1879, and 189 4 were supplemented extensivel y b y Dedekind .
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where a and b are relativel y prime , contain s a n infinit e numbe r o f primes . Euler 32 and Legendre 33 mad e thi s conjecture and i n 180 8 Legendre 3* gave a proo f tha t wa s faulty. I n 183 7 Dirichlet 35 gav e a correct proof . This resul t generalizes Euclid' s theore m o n th e infinitud e o f prime s i n th e sequenc e 1,2, 3 , . . .. Dirichlet's analytical proof was long and complicated. Specifically it use d wha t ar e no w calle d th e Dirichle t series, , wherei n th e < and z ar e complex . Dirichlet als o prove d tha t th e su m o f the reciprocal s of the prime s in th e sequenc e diverges . This extend s a resul t o f Euler on th e usua l primes (se e below) . I n 1841 36 Dirichle t proved a theore m o n the prime s i n progression s of complex number s a + hi. The chie f problem involvin g the introductio n of analysis concerned th e function tr(x) whic h represents the numbe r o f primes not exceedin g x . Thu s 77(8) i s 4 sinc e 2 , 3 , 5 , an d 7 ar e prim e an d 77(11 ) i s 5 . A s x increase s th e additional prime s become scarce r an d th e proble m was, Wha t i s the prope r analytical expressio n for -n-(x) ? Legendre , wh o ha d prove d tha t n o rationa l expression would serve, at on e time gave u p hop e tha t an y expressio n could be found . The n Euler , Legendre , Gauss , an d other s surmised tha t (5)



Gauss use d table s o f primes (h e actuall y studie d al l th e prime s u p t o 3,000,000) t o mak e conjecture s about n(x) an d inferred 37 tha t TT(X) differ s little fro m dtjlog t . He kne w also that



In 184 8 Pafnuti L. Tchebycheff (1821-94) , a professor at the University of Petrograd , too k u p th e questio n o f th e numbe r o f prim e number s les s than o r equal t o x and mad e a big step forward in this old problem. I n a key paper, "Su r le s nombres premiers" 38 Tchebycheff prove d tha t



where 0.92 2 < A^ < 1 an d 1 < A 2 < 1.105 , bu t di d no t prov e tha t th e function tend s t o a limit . Thi s inequalit y wa s improve d b y man y mathe 32. Opuscula Analytica, 2 , 1783. 33. Mem. de I'Acad. de s Sci., Paris, 1785 , 465-559, pub . 1788. 34. Theorie de s nombres, 2nd ed. , p. 404. 35. Abh. Konig. Akad. de r Wiss., Berlin, 1837 , 45-81 an d 108-1 0 = Werke, 1 , 307-42. 36. Abh. Konig. Akad. de r Wiss., Berlin, 1841 , 141-61 = Werke, 2 , 509-32 . 37. Werke, 2 , 444-47. 38. Mem. Acad. Sci. St. Peters., 7, 1854 , 15-33; als o Jour, d e Math., (1) , 17, 1852, 366-90 = (Euvres, 1 , 51-70.



ANALYTIC NUMBER THEORY 83



!



maticians includin g Sylvester, who amon g other s doubted i n 188 1 tha t th e function ha d a limit . I n hi s work Tchebycheff use d wha t w e no w cal l th e Riemann zet a function ,



though he used it for real values of z. (Thi s series is a special case of Dirichlet's series.) Incidentall y he also proved in th e sam e paper tha t fo r n > 3 there is always a t leas t on e prim e betwee n n and 2n — 2. The zet a functio n fo r rea l z appear s i n a wor k o f Euler 39 wher e h e introduced



Here the ' s are prime numbers. Eule r use d th e function t o prove that th e sum o f the reciprocal s of the prim e numbers diverges. For s an eve n positive integer Eule r knew the value of £(s) (Chap . 20, sec. 4). Then in a paper rea d in 1749 40 Eule r asserte d tha t fo r real s



He verifie d th e equatio n t o th e poin t where , h e said , ther e wa s n o doub t about it . Thi s relatio n wa s establishe d b y Rieman n i n th e 185 9 pape r referred t o below. Riemann, using the zeta function for complex z, attempted to prov e th e prim e numbe r theorem , tha t is , (5 ) above. 41 H e pointe d ou t that t o further th e investigatio n one would hav e t o know the comple x zeros of £(z) . Actually , fail s t o converg e for x < 1 when z = x + iy , but th e values of i n th e half-plan e x < 1 are define d by analyti c continuation . H e expressed th e hypothesi s that al l th e zero s in th e stri p 0 < x < 1 lie on th e line x = 1/2 . This hypothesi s is still unproven.*2 In 189 6 Hadamard, 43 b y applyin g th e theor y o f entire function s (o f a complex variable) , whic h h e investigate d fo r th e purpos e o f provin g th e prime numbe r theorem , an d b y provin g th e crucia l fac t tha t fo r x = 1 , was able finall y t o prov e th e prim e numbe r theorem . Charles-Jea n de l a Valle e Poussi n (1866-1962 ) obtaine d th e resul t for th e zet a functio n 39. Comm. Acad. Set. Petrop., 9 , 1737 , 160-88 , pub . 174 4 = Opera, (1) , 14 , 216-44. 40. Hist, d e I'Acad. d e Berlin, 17 , 1761 , 83-106, pub. 1768 = Opera, (1) , 15, 70-90. 41. Monatsber. Berliner Akad., 1859 , 671-8 0 = Werke, 145-55 . 42. I n 191 4 Godfre y H . Hard y prove d (Comp. Rend., 158 , 1914 , 1012-1 4 = Coll. Papers, 2, 6-9) tha t a n infinit y o f zeros o f £(z) li e on the lin e x = \. 43. Bull. Soc. Math, d e France, 14 , 1896 , 199-22 0 = (Euvres, 1 , 189-210 .
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and prove d th e prime number theore m at th e same time.** This theorem is a central on e in analyti c numbe r theory .
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The Reviva l of Projective Geometry The doctrine s of pure geometry often, an d i n many questions, give a simpl e an d natura l wa y t o penetrat e t o th e origi n o f truths, t o la y bar e th e mysteriou s chai n which unite s them , and t o mak e the m know n individually , luminousl y an d completely. MICHE L CHASLE S



1. Th e Renewal of Interest i n Geometry For ove r on e hundre d year s afte r th e introductio n o f analytic geometr y b y Descartes an d Fermat , algebrai c an d analyti c methods dominate d geometr y almost t o th e exclusio n of synthetic methods. During thi s period som e men , for exampl e th e Englis h mathematician s wh o persiste d i n tryin g t o foun d the calculu s rigorousl y o n geometry , produce d ne w result s synthetically. Geometric methods , elegan t an d intuitivel y clear, alway s captivate d som e minds. Maclaurin , especially , preferred syntheti c geometry to analysis. Pure geometry, then , retained som e lif e eve n if it wa s not a t th e hear t o f the mos t vital development s o f the seventeent h and eighteent h centuries. In th e early nineteenth centur y severa l grea t mathematician s decide d tha t syntheti c geometry ha d bee n unfairl y an d unwisel y neglected an d mad e a positiv e effort t o reviv e an d exten d tha t approach . One o f the ne w champion s o f synthetic methods, Jean-Victor Poncelet , did conced e th e limitation s o f th e olde r pur e geometry . H e says , "Whil e analytic geometr y offer s b y it s characteristi c metho d genera l an d unifor m means of proceeding t o the solution of questions which present themselves . . . while i t arrive s a t result s whos e generalit y i s withou t bound , th e othe r [synthetic geometry] proceed s by chance; its way depends completel y on th e sagacity of those who employ it and it s results are almost always limited to th e particular figur e whic h on e considers. " Bu t Poncele t di d no t believ e tha t synthetic methods were necessarily so limited and h e propose d t o create new ones whic h woul d riva l th e powe r o f analytic geometry . Michel Chasle s (1793-1880) wa s another great proponent of geometrical 834
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methods. I n hi s Aperfu historique sur I'origine e t le developpement de s methodes e n geometric (1837), a historical study in which Chasles admitted tha t he ignore d the German writer s because he did not know the language, h e states that th e mathematicians o f hi s tim e an d earlie r ha d declare d geometr y a dea d language which in the future would be of no use and influence . No t only does Chasles den y thi s bu t h e cite s Lagrange , wh o wa s entirel y a n analyst , a s saying in his sixtieth year,1 when he had encountered a very difficult proble m of celestial mechanics , "Even though analysis may have advantages ove r th e old geometri c methods , whic h on e usually , bu t improperly , call s synthesis, there ar e nevertheles s problem s i n whic h th e latte r appea r mor e advanta geous, partl y becaus e o f thei r intrinsi c clarit y an d partl y becaus e o f th e elegance and eas e of their solutions. There are even some problems for which the algebraic analysi s in some measure does not suffice an d which , it appears , the syntheti c methods alone ca n master." Lagrange cite s as an exampl e th e very difficul t proble m o f the attractio n o f an ellipsoi d o f revolution exerte d on a poin t (uni t mass ) on its surface or inside. This problem had bee n solved purely synthetically by Maclaurin . Chasles als o give s a n extrac t fro m a lette r h e receive d fro m Lamber t Adolphe Quetele t (1796-1874) , th e Belgia n astronome r an d statistician . Quetelet says , "I t i s no t prope r tha t mos t o f our youn g mathematician s value pur e geometr y s o lightly. " Th e youn g me n complai n o f lac k o f generality of method, continue s Quetelet, bu t i s this the faul t o f geometry o r of those who cultivate geometry, h e asks. To counte r thi s lack of generality, Chasles give s tw o rule s t o prospectiv e geometers . The y shoul d generaliz e special theorems to obtain th e most general result, which should at th e same time be simple and natural. Second , they should not be satisfied with the proof of a resul t i f it i s not par t o f a genera l metho d o r doctrin e o n whic h i t i s naturally dependent . T o kno w whe n on e reall y ha s th e tru e basi s fo r a theorem, h e says, ther e is always a principa l trut h whic h one will recogniz e because othe r theorem s wil l resul t fro m a simpl e transformatio n o r a s a ready consequence. The great truths, which are the foundations of knowledge, always have th e characteristic s o f simplicity and intuitiveness . Other mathematician s attacke d analyti c methods in harshe r language . Carnot wishe d "t o fre e geometr y fro m th e hieroglyphic s of analysis." Late r in th e centur y Eduar d Stud y (1862-1922 ) referre d t o th e machine-lik e process of coordinate geometry a s the "clatte r of the coordinat e mill. " The objection s to analytic methods in geometry were based on more than a persona l preferenc e or taste . Ther e was, first of all, a genuin e questio n of whether analytic geometry was really geometry since algebra wa s the essence of th e metho d an d results , an d th e geometri c significanc e o f bot h wer e hidden. Moreover , a s Chasle s pointe d out , analysi s throug h it s forma l 1. Nouv. Mem. de I'Acad. de Berlin, 1773, 121-48, pub. 177 5 = (Euvres, 3 , 617-58 .
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processes neglects all the small steps which geometry continually makes. Th e quick an d perhap s penetratin g step s of analysis do no t revea l th e sens e of what i s accomplished. Th e connectio n betwee n th e startin g poin t an d th e final resul t i s no t clear . Chasle s asks, "Is it the n sufficien t i n a philosophi c and basi c stud y o f a scienc e to know that somethin g is true i f one doe s no t know why it is so and wha t place it should take in the series of truths to which it belongs? " The geometri c method, on the other hand, permits simpl e and intuitively eviden t proofs an d conclusions. There wa s anothe r argumen t which , firs t voice d b y Descartes , stil l appealed i n th e nineteent h century. Geometr y wa s regarde d a s th e trut h about spac e and th e real world. Algebra and analysi s were not in themselves significant truth s eve n abou t number s an d functions . The y wer e merel y methods of arriving at truths , and artificia l at that . This view of algebra an d analysis wa s graduall y disappearing . Nevertheles s th e criticis m wa s stil l vigorous i n th e earl y nineteent h centur y becaus e th e method s o f analysi s were incomplet e an d eve n logicall y unsound. The geometer s rightl y ques tioned th e validit y o f th e analyti c proof s an d credite d the m wit h merel y suggesting results . The analyst s coul d retor t onl y that th e geometri c proof s were clums y and inelegant . The upsho t of the controversy is that the pure geometers reasserted thei r role i n mathematics . A s i f t o reveng e themselve s on Descarte s becaus e hi s creation of analytic geometry had caused the abandonment of pure geometry , the earl y nineteenth-centur y geometer s mad e i t thei r objectiv e t o bea t Descartes a t th e gam e o f geometry . Th e rivalr y betwee n analyst s an d geometers gre w so bitter that Steiner , wh o wa s a pure geometer, threatene d to quit writing for Crelle's Journal fur Mathematik i f Grelle continued t o publish th e analytica l paper s o f Pliicker. The stimulus to revive synthetic geometry came primarily from one man, Gaspard Monge . W e hav e alread y discusse d hi s valuabl e contribution s t o analytic an d differentia l geometr y an d hi s inspirin g lecture s a t th e Ecol e Poly technique during the years 179 5 to 1809 . Monge himsel f did no t inten d to d o mor e tha n brin g geometr y bac k int o th e fol d o f mathematic s a s a suggestive approac h t o an d a n interpretatio n o f analytic results. H e sough t only t o stres s bot h mode s o f thought. However , hi s ow n wor k i n geometr y and hi s enthusias m fo r i t inspire d i n hi s pupils , Charle s Dupin , Fran£ois Joseph Servois , Charles-Julie n Brianchon , Jean-Baptiste Bio t (1774-1862) , Lazare-Nicholas-Marguerite Carnot , an d Jean-Victor Poncelet , th e urg e t o revitalize pur e geometry . Monge's contributio n t o pur e geometr y wa s hi s Traite d e geometrie descriptive (1799) . Thi s subjec t show s how t o projec t orthogonall y a three dimensional objec t o n tw o plane s ( a horizonta l an d a vertica l one ) so that from thi s representatio n on e ca n deduc e mathematica l propertie s o f th e object. Th e schem e is useful i n architecture , th e desig n o f fortifications, per-
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spective, carpentry , an d stonecuttin g and wa s the first to treat th e projectio n of a three-dimensiona l figur e int o tw o two-dimensiona l ones . Th e idea s and metho d o f descriptive geometr y di d not prove t o be the avenue t o subsequent development s i n geometr y or , fo r tha t matter , t o an y othe r par t o f mathematics.



2. Synthetic Euclidean Geometry Though th e geometer s wh o reacte d t o Monge' s inspiratio n turne d t o pro jective geometry , w e shal l paus e t o not e som e ne w result s i n syntheti c Euclidean geometry . Thes e results , perhap s mino r i n significance , never theless exhibi t new theme s ari d th e almos t inexhaustibl e richnes s o f this old subject. Actuall y hundreds o f new theorem s were produced , o f which we can give just a fe w examples. Associated wit h ever y triangl e AB C ar e nin e particula r points , th e midpoints o f the sides, the fee t o f the three altitudes, an d th e midpoint s of the segments whic h join th e vertice s t o th e poin t o f intersection of the altitudes. All nin e point s li e on on e circle , calle d th e nine-poin t circle . Thi s theore m was firs t publishe d b y Gergonn e an d Poncelct. 2 I t i s often credite d t o Kar l Wilhelm Feuerbac h (1800-34) , a high-schoo l teacher , wh o publishe d hi s proof i n Eigensckaften einiger merkwurdigen Punkte des geradlinigen Dreiecks (Properties o f Some Distinctiv e Points o f the Rectilinea r Triangle , 1822) . I n this boo k Feuerbac h adde d anothe r fac t abou t th e nine-poin t circle . A n excircle (escribe d circle ) i s on e whic h i s tangen t t o on e o f th e side s and t o the extension s of th e othe r tw o sides . (Th e cente r o f a n escribe d circl e lies on th e bisector s o f tw o exterio r angle s an d th e remot e interio r angle. ) Feuerbach's theore m state s tha t th e nine-poin t circl e i s tangen t t o th e inscribed circl e an d th e thre e excircles . In a smal l boo k publishe d i n 1816 , Uber einige Eigenschaften de s ebenen geradlinigen Dreiecks (O n Som e Propertie s o f Plan e Rectilinea r Triangles) , Crelle showe d ho w t o determin e a poin t P insid e a triangl e suc h tha t th e lines joinin g P t o th e vertice s of th e triangl e an d th e side s o f th e triangl e make equal angles. That is,



in Figure 35.1. There is also



a poin t P' differen t fro m P suc h tha t The coni c sections , w e know, wer e treate d definitivel y b y Apollonius as sections o f a con e an d the n introduce d a s plan e loc i i n th e seventeent h century. I n 182 2 Germinal Dandeli n (1794-1847 ) prove d a ver y interesting theorem abou t th e coni c sections in relatio n t o th e cone. 3 Hi s theorem states that if two spheres are inscribed in a circular cone so that they are tangent to a given plan e cuttin g th e con e i n a coni c section , the point s o f contact o f th e 2. Ann. de Math., 11 , 1820/21 , 205-20. 3. Nouv. Mem. d e I'Acad. Roy. de s Sci., Bruxelles , 2, 1822 , 169-202 .
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Figure 35.1



Figure 35.2 spheres with th e plane are th e foci of the conic section, and th e intersection s of the plan e with the planes o f the circles along whic h the spheres touc h th e cone ar e th e directrice s o f the conic . Another interestin g them e pursue d i n th e nineteent h centur y wa s th e solution of maximum and minimu m problems by purely geometric methods , that is , withou t relyin g upo n th e calculu s o f variations . O f th e severa l theorems Jaco b Steine r prove d b y usin g syntheti c methods , th e mos t famous resul t is the isoperimetric theorem : Of all plane figure s wit h a given perimeter th e circl e bound s th e greates t area . Steine r gav e variou s proofs. 4 Unfortunately, Steine r assume d tha t ther e exist s a curv e tha t doe s hav e maximum area . Dirichle t trie d severa l time s t o persuad e hi m tha t hi s proofs wer e incomplet e o n tha t accoun t bu t Steine r insiste d tha t thi s was self-evident. Once , however , he di d writ e (i n th e first of the 184 2 papers):5 "and th e proof is readily made i f one assumes that ther e is a largest figure. " The proo f o f th e existenc e o f a maximizin g curv e baffle d mathe maticians for a numbe r o f years until Weierstrass in his lectures of the 1870 s at Berli n resorted t o the calculus of variations.6 Late r Constanti n Caratheo dory (1873-1950 ) an d Study 7 i n a join t pape r rigorize d Steiner' s proof s without employin g that calculus . Their proof s (ther e were two) were direc t rather tha n indirec t a s i n Steiner' s method . Herman n Amandu s Schwarz , who di d grea t wor k in partia l differentia l equation s an d analysi s and wh o 4. Jour, fur Math., 18 , 1838, 281-96; and 24 , 1842 , 83-162, 189-250 ; the 184 2 papers ar e in hi s Ges. Werke, 2 , 177-308 . 5. Ges. Werke, 2 , 197. 6. Werke, 7 , 257-64, 301-2 . 7. Math. Ann., 68, 1909 , 133-40 = Caratheodory , Ges. math. Schriften, 2 , 3-11.
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Figure 35.3 served a s a professo r a t severa l universitie s including Gottinge n an d Berlin , gave a rigorou s proof for the isoperimetri c problem i n thre e dimensions. 8 Steiner als o proved (i n the first of the 184 2 papers) tha t of all triangle s with a given perimeter , th e equilateral ha s the greatest.area. Another of his results9 state s tha t i f A, B , an d C are thre e give n point s (Fig . 35.2 ) an d i f each o f the angles of triangle ABC is less than 120° , then the point P for which PA + P B + P C is a minimum is such that each of the angles at Pis 120° . If, however, on e angl e o f the triangle , sa y angle A , i s equal t o o r large r tha n 120°, the n P coincides with A. This result had bee n prove n muc h earlier by Cavalieri (Exercitationes Geometricae Sex, 1647 ) bu t i t wa s undoubtedl y unknown t o Steiner . Steine r als o extended th e resul t t o n points. Schwarz solve d th e followin g problem : Given an acute-angled triangle , consider al l triangle s such that eac h ha s its vertices on th e thre e sides of the original triangle ; the problem i s to find the triangle that ha s least perimeter. Schwarz proved synthetically 10 that th e vertices of this triangle of minimum perimeter ar e th e fee t o f the altitude s o f the give n triangle (Fig . 35.3). 11 A theore m nove l fo r Euclidea n geometr y wa s discovere d i n 189 9 b y Frank Morley , professo r o f mathematics a t Johns Hopkin s University , an d proofs were subsequently published by many men. 12 The theore m state s that if th e angl e trisector s ar e draw n a t eac h verte x o f a triangle , adjacen t trisectors mee t a t th e vertice s o f a n equilatera l triangl e (Fig . 35.4) . Th e novelty lie s in th e involvemen t of angle trisectors . U p t o th e middl e o f the nineteenth centur y n o mathematicia n woul d hav e considere d suc h line s because only those elements and figures that are constructible were regarde d as havin g legitimac y i n Euclidea n geometry . Constructibilit y guarantee d 8. Nachrichten Konig. Ges. der Wiss. zu Gott., 1884 , 1-1 3 = Ges. math. Abh., 2, 327-40. 9. Monatsber. Berliner A/cad., 1837 , 14 4 = Ges. Werke, 2 , 9 3 and 729-31 . 10. Pape r unpublished , Ges. Math. Abh., 2, 344-45 . 11. Schwarz' s proo f ca n b e foun d i n Richar d Couran t an d Herber t Robbins , What I s Mathematics?, Oxfor d Universit y Press , 1941 , pp . 346-49 . A proof usin g th e calculu s wa s given b y J. F . de ' Tosch i d i Fagnan o (1715—97 ) i n th e Ad a Eruditorum, 1775 , p . 297 . There were les s elegan t geometrica l proof s before Schwarz's . 12. Fo r a proo f an d reference s t o publishe d proof s se e H . S . M . Coxeter , Introduction t o Geometry, John Wile y an d Sons , 1961 , pp . 23-25 .
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Figure 35. 4



existence. However , th e conceptio n o f what establishe d existenc e change d a s we shal l se e more clearl y whe n w e examin e th e wor k o n th e foundation s of Euclidean geometry . A numbe r o f efforts wer e directe d towar d reducin g th e us e o f straightedge an d compas s alon g th e lines initiated by Moh r and Mascheron i (Chap . 12, sec . 2) . I n hi s Traite o f 182 2 Poncele t showe d tha t al l construction s possible wit h straightedg e an d compas s (excep t th e constructio n of circular arcs) ar e possibl e wit h straightedg e alon e provide d tha t w e ar e give n a fixed circle and it s center. Steine r re-proved th e same result more elegantly in a smal l book , Di e geometrischen Constructionen ausgefiihrt mittelst de r geraden Linie und eines festen Kreises (Th e Geometrica l Construction s Execute d b y Means o f the Straigh t Lin e and a Fixe d Circle). 13 Though Steine r intende d the boo k fo r pedagogical purposes , h e doe s clai m i n th e prefac e that h e will establish th e conjecture whic h a Frenc h mathematicia n ha d expressed . The brie f sampling above of Euclidean theorem s established by synthetic methods shoul d no t leav e th e reade r wit h th e impressio n tha t analyti c geometric method s wer e no t als o used . I n fact , Gergonn e gav e analyti c proofs o f man y geometri c theorem s whic h h e publishe d i n th e journa l h e founded, th e Annales de Mathematiques.



3. Th e Revival o f Synthetic Protective Geometry The majo r are a t o whic h Mong e an d hi s pupil s turne d wa s projectiv e geometry. Thi s subjec t ha d ha d a somewha t vigorou s bu t short-live d burs t of activity i n th e seventeent h century (Chap . 14 ) but wa s submerged b y th e rise o f analyti c geometry, th e calculus , an d analysis . As w e hav e alread y noted, Desargues' s majo r wor k o f 163 9 wa s los t sigh t o f unti l 184 5 an d Pascal's majo r essa y o n conie s (1639 ) wa s neve r recovered . Onl y L a Hire' s books, whic h use d som e o f Desargues' s results , wer e available . Wha t th e nineteenth-century me n learne d fro m L a Hire' s book s they often incorrectly credited t o him . O n th e whole , however , thes e geometers wer e ignoran t o f Desargues's an d Pascal' s wor k and ha d t o re-create it . 13. Publishe d 183 3 = Werke, 1 , 461-522.
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Figure 35.5 The reviva l of projcctive geometry was initiated by Lazare N . M. Carno t (1753-1823), a pupi l o f Monge and fathe r of the distinguishe d physicist Sadi Carnot. Hi s major work was Geometric deposition (1803) and h e also contributed the Essai sur l a theorie de s transversales (1806) . Mong e ha d espouse d th e join t use o f analysi s an d pur e geometry , bu t Carno t refuse d t o us e analyti c methods and starte d th e championshi p o f pure geometry . Man y o f the idea s we shal l shortl y discus s more full y ar e a t leas t suggeste d i n Carnot' s work . Thus the principle that Mong e calle d contingen t relations and which becam e known als o a s th e principl e o f correlativit y an d mor e commonl y a s th e principle o f continuit y i s t o b e foun d there . T o avoi d separat e figure s fo r various size s o f angle s an d direction s o f line s Carno t di d no t us e negativ e numbers, whic h he regarded a s contradictory, bu t introduce d a complicate d scheme calle d "correspondenc e o f signs. " Among th e earl y nineteenth-centur y worker s in projective geometr y w e shall jus t mentio n Frangois-Josep h Servoi s an d Charles-Julie n Briancho n (1785-1864), bot h o f who m mad e application s o f thei r wor k t o militar y problems. Thoug h the y aided i n reconstructing, systematizing, and extendin g old results , th e onl y ne w theore m o f consequenc e i s Brianchon' s famou s result,14 whic h h e prove d whil e stil l a studen t a t th e Ecole . Th e theore m states tha t i f ther e ar e si x tangent s t o a coni c (Fig . 35.5) , thu s formin g a circumscribed hexagon , th e thre e lines , eac h o f whic h join s tw o opposit e vertices, pas s throug h on e point . Briancho n derive d thi s theore m b y usin g the pole-pola r relationship . The reviva l o f projectiv e geometr y receive d it s mai n impetu s fro m Poncelet (1788-1867) . Poncele t wa s a pupi l o f Monge an d h e als o learne d much fro m Carnot . Whil e servin g a s a n office r i n Napoleon' s campaig n against Russia , h e wa s capture d an d spen t th e yea r 1813-1 4 i n a Russia n prison a t Saratoff . Ther e Poncele t reconstructe d withou t th e ai d o f an y books wha t h e ha d learne d fro m Mong e and Carno t an d the n proceede d t o create ne w results . He late r expande d an d revise d thi s wor k an d publishe d 14. Jour d e I'Ecole Poly., 6 , 1806 , 297-311 .
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it a s th e Traite de s proprietes projectives des figures (1822). Thi s wor k wa s hi s chief contributio n t o projectiv e geometr y an d t o th e erectio n o f a ne w discipline. I n hi s later lif e h e wa s obliged t o devot e a grea t dea l o f time t o government service , though h e di d hol d professorship s fo r limited periods . Poncelet becam e th e mos t ardent champio n o f synthetic geometry an d even attacke d th e analysts . H e ha d bee n friendl y wit h th e analys t JosephDiez Gergonn e (1771-1859 ) an d ha d publishe d paper s i n Gergonne' s Annales de Mathematiques, bu t hi s attacks were soon directed t o Gergonne also. Poncelet wa s convinced o f the autonom y and importanc e o f pure geometry . Though h e admitte d th e powe r o f analysis he believe d tha t on e coul d giv e the sam e powe r t o syntheti c geometry . I n a pape r o f 1818 , publishe d i n Gergonne's Annales, 15 h e sai d tha t th e powe r o f analytic methods lay no t i n the us e of algebra bu t i n it s generality and thi s advantage resulte d fro m th e fact tha t th e metri c propertie s discovere d fo r a typica l figur e remai n ap plicable, othe r tha n fo r a possibl e change o f sign, to all related figures which spring fro m th e typica l o r basi c one . Thi s generalit y coul d b e secure d i n synthetic geometr y b y th e principl e o f continuity (which we shal l examin e shortly). Poncelet wa s the first mathematician t o appreciat e full y tha t projectiv e geometry wa s a ne w branc h o f mathematics wit h method s an d goal s o f its own. Wherea s th e seventeenth-centur y projective geometer s ha d deal t wit h specific problems , Poncele t entertaine d th e genera l proble m o f seekin g al l properties o f geometrica l figure s tha t wer e commo n t o al l section s o f an y projection o f a figure , tha t is , remain unaltere d b y projectio n an d section . This is the them e tha t h e an d hi s successors took up. Becaus e distances an d angles are altered b y projection and sectio n Poncelet selected an d develope d the theor y of involution and o f harmonic set s of points but no t th e concept of cross ratio . Mong e ha d use d parallel projectio n i n hi s work; like Desargues, Pascal, Newton , an d Lambert , Poncele t use d centra l projection , tha t is , projection fro m a point . Thi s concep t Poncele t elevate d int o a metho d of approac h t o geometri c problems . Poncele t als o considere d projectiv e transformation from on e space figure to another, of course in purely geometri c form. Her e h e seeme d t o hav e los t interes t i n projectiv e propertie s an d wa s more concerne d wit h th e us e of the metho d i n bas-relie f an d stag e design . His wor k center s abou t thre e ideas . Th e firs t i s tha t o f homologou s figures. Two figures are homologou s if one can b e derived fro m th e othe r b y one projection and a section, which is called a perspectivity, or by a sequence of projection s an d sections , tha t is , a projectivity . I n workin g wit h homol ogous figure s hi s plan wa s t o fin d fo r a give n figur e a simple r homologou s figure and by studying it find properties which are invariant unde r projection 15. Ann. de Math., 8 , 1817/18 , 141-55 . Thi s pape r i s reprinte d i n Poncelet' s Applications d'analyse e t de geometrie (1862-64) , 2, 466-76 .
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and section , an d s o obtain propertie s o f the mor e complicate d figure . Th e essence o f this metho d wa s used b y Desargue s and Pascal , an d Poncele t i n his Traite praise d Desargues' s originality in thi s and othe r respects . Poncelet's secon d leadin g them e i s the principl e o f continuity. I n hi s Traite h e phrase s i t thus : "If on e figur e i s derived fro m anothe r b y a con tinuous change and the latter is as general as the former, then any property of the first figure can be asserted at once for the second figure." The determina tion o f when bot h figures are genera l i s not explained . Poncelet' s principl e also assert s tha t i f a figur e shoul d degenerate , a s a hexago n doe s int o a pentagon whe n on e sid e i s mad e t o approac h zero , an y propert y o f th e original figure will carry over into an appropriately worded statemen t for the degenerate figure . The principle was really not new with Poncelet. In a broad philosophical sense it goe s back t o Leibniz , who stated i n 168 7 that whe n th e difference s between tw o cases ca n b e mad e smalle r tha n an y datu m i n th e given , th e differences ca n be made smaller than any given quantity in the result. Since Leibniz's tim e th e principl e wa s recognize d an d use d constantly . Mong e began th e use of the principle of continuity to establish theorems. He wanted to prove a general theore m but use d a special position o f the figure to prove it and the n maintained tha t the theorem was true generally, even when some elements in th e figures became imaginary. Thu s to prove a theore m abou t a line and a surface h e would prove it when the line cuts the surfac e an d the n maintain tha t the result holds even when the line no longer cut s the surfac e and th e point s o f intersection ar e imaginary . Neithe r Mong e no r Carnot , who also used the principle , gav e an y justification o f it. Poncelet, who coined th e term "principl e of continuity," advanced th e principle as an absolute truth and applied it boldly in his Traite. To "demonstrate" its soundness he takes the theore m o n the equality of the product s of the segments of intersecting chords of a circle and note s that when the point of intersection moves outside the circle one obtains the equality of the products of the secant s and thei r external segments. Further, when one secant becomes a tangent , th e tangen t an d it s externa l segmen t becom e equa l an d thei r product continue s to equal th e produc t o f the othe r secan t an d it s external segment. All of this was reasonable enough, but Poncelet applied the principle to prov e man y theorem s and, lik e Monge, extende d th e principl e t o mak e assertions about imaginar y figures. (We shall note some examples later.) The othe r member s o f th e Pari s Academ y o f Science s criticize d th e principle o f continuit y an d regarde d i t a s havin g onl y heuristi c value . Cauchy, in particular, criticized the principle but unfortunatel y his criticism was directe d a t application s mad e b y Poncele t wherei n th e principl e di d work. The critic s also charged tha t the confidence which Poncelet and others had i n the principle really came from th e fact tha t it could be justified o n an algebraic basis . As a matte r o f fact, th e note s Poncelet mad e in priso n show
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that h e di d us e analysis to tes t th e soundnes s of the principle . These notes , incidentally, wer e writte n u p b y Poncele t an d publishe d b y hi m i n tw o volumes entitle d Applications d'analyse e t d e geometric (1862-64 ) whic h i s really a revisio n o f hi s Traite o f 1822 , an d i n th e late r wor k h e doe s us e analytic methods. Poncelet admitted tha t a proo f could be based o n algebr a but h e insisted that th e principle did not depend o n such a proof. However, it is quit e certai n tha t Poncele t relie d o n th e algebrai c metho d t o se e wha t should b e the case and the n affirmed th e geometric results using the principl e as a justification. Chasles in hi s Aperfu defende d Poncelet . Chasles's position was that th e algebra i s a n a posterior i proo f o f th e principle . However , h e hedge d b y pointing ou t tha t on e mus t b e carefu l no t t o carr y ove r fro m on e figur e t o another an y propert y which depends essentially o n th e element s being rea l o r imaginary. Thu s on e sectio n o f a con e ma y b e a hyperbola , an d thi s ha s asymptotes. When th e section is an ellips e the asymptotes become imaginary . Hence on e shoul d no t prov e a resul t abou t th e asymptote s alon e becaus e these depen d upo n th e particula r natur e o f the section . Also one shoul d no t carry th e result s fo r a parabol a ove r t o th e hyperbol a becaus e th e cuttin g plane doe s no t hav e a general positio n in th e cas e o f the parabola . The n h e discusses th e cas e o f tw o intersectin g circles whic h hav e a commo n chord . When th e circle s n o longe r intersect , the commo n chor d i s imaginary. Th e fact tha t th e rea l commo n chor d passe s throug h tw o real point s is , h e says , an incidenta l o r a contingen t property. On e mus t defin e th e chor d i n som e way whic h doe s no t depen d o n th e fac t tha t i t passe s throug h rea l point s when th e circle s intersect but s o that i t i s a permanen t propert y o f the tw o circles in any position. Thus one can defin e i t as the (real ) radical axis, which means tha t i t is a lin e such tha t fro m an y poin t on it th e tangent s to the tw o circles are equal, or one can defin e it by means of the property that an y circl e drawn abou t any point of the line as a center cuts the two circles orthogonally. Chasles, too , insiste d tha t th e principl e o f continuit y is suited t o trea t imaginary element s in geometry . H e firs t explain s wha t on e mean s b y th e imaginary i n geometry . Th e imaginar y element s pertain t o a conditio n o r state of a figure in whic h certain parts ar e nonexistent , provided thes e parts are rea l in another state of the figure. For, h e adds, one cannot hav e any idea of imaginary quantitie s except b y thinkin g of the relate d state s in whic h th e quantities ar e real . Thes e latte r state s ar e th e one s whic h h e calle d "acci dental" an d whic h furnis h th e ke y to th e imaginary i n geometry . T o prov e results abou t imaginar y elements one has onl y t o tak e th e genera l conditio n of th e figur e i n whic h th e element s ar e real , an d then , accordin g t o th e principle o f accidenta l relation s o r th e principl e o f continuity , on e ma y conclude that th e result holds when the elements are imaginary. " So one sees that th e use and th e consideration of the imaginary are completely justified." The principl e o f continuity was accepte d durin g th e nineteent h centur y a s
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intuitively clea r an d therefor e having th e status of an axiom . Th e geometer s used i t freel y an d neve r deeme d tha t i t require d proof . Though Poncele t use d th e principl e o f continuity to assert results about imaginary point s an d line s h e neve r gav e an y genera l definitio n o f suc h elements. T o introduc e som e imaginar y point s h e gav e a geometrica l definition whic h i s complicate d an d hardl y perspicuous . W e shal l under stand thes e imaginary element s more readil y whe n w e discuss them fro m a n algebraic poin t o f view. Despite th e lac k of clarity in Poncelet' s approac h h e must b e credite d wit h introducin g th e notio n o f th e circula r point s a t infinity, tha t is , tw o imaginar y point s situate d o n th e lin e a t infinit y an d common t o an y tw o circles. 16 H e als o introduce d th e imaginar y spherica l circle whic h an y tw o sphere s hav e i n common . H e the n prove d tha t tw o real conie s which d o no t intersec t hav e tw o imaginary commo n chords , an d two conie s intersect i n fou r points , rea l o r imaginary . The thir d leadin g idea in Poncelet's work is the notion of pole and pola r with respec t t o a conic . Th e concep t goe s bac k t o Apollonius and wa s used by Desargue s (Chap . 14 , sec. 3 ) and other s in th e seventeenth-centur y work on projectiv e geometry . Als o Euler , Legendre , Monge , Servois , an d Brian chon ha d alread y use d it . Bu t Poncele t gav e a genera l formulatio n o f th e transformation fro m pol e to polar an d conversel y and use d it i n hi s Traite of 1822 an d i n his " Memoire sur la theorie generale des polaires reciproques" presented t o the Pari s Academy i n 1824 17 as a metho d o f establishing man y theorems. One o f Poncelet' s objective s i n studyin g pola r reciprocatio n wit h respect t o a coni c wa s to establis h th e principl e of duality. Th e worker s in projective geometr y ha d observe d tha t theorem s dealin g wit h figures lying in one plane when rephrase d by replacing the word "point " by "line" and "line" b y "point" no t onl y made sens e but prove d t o b e true . Th e reaso n for th e validit y of theorems resultin g from suc h a rephrasin g wa s no t clear , and i n fac t Briancho n questione d th e principle . Poncele t though t tha t th e pole an d pola r relationshi p was the reason . However, thi s relation require d th e mediatio n of a conic . Gergonne 18 insisted that th e principle was a general one and applie d to all statements and theorems excep t thos e involvin g metric properties. Pol e an d pola r wer e no t needed a s a n intermediar y supportin g device . H e introduce d th e ter m "duality" to denote the relationship between the original and ne w theorem. He als o observe d tha t i n three-dimensiona l situations poin t an d plan e ar e dual element s and th e lin e i s dual t o itself . To illustrat e Gergonne' s understandin g of the principl e of duality let us examine hi s dualizatio n o f Desargues' s triangl e theorem . W e shoul d not e 16. Traite, 1 , 48 . 17. Jour, fur Math., 4 , 1829 , 1-71 . 18. Ann. de Math., 16 , 1825-26 , 209-31 .
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first what th e dual of a triangle is. A triangle consists of three points not all on the sam e line , an d th e line s joining them . Th e dua l figur e consist s o f thre e lines no t al l o n th e sam e point , an d th e point s joining the m (th e point s o f intersection). Th e dua l figur e i s again a triangl e an d s o the triangl e i s called self-dual. Gergonn e invented th e schem e of writing dual theorem s i n doubl e columns wit h th e dua l alongsid e th e origina l proposition . Now le t u s conside r Desargues' s theorem , wher e thi s tim e th e tw o triangles an d th e point 0 li e in one plane, and le t us see what result s when we interchange poin t an d line . Gergonn e i n the 1825-2 6 paper already referre d to wrot e thi s theore m an d it s dual a s follows : Desargues's Theorem Dual



of Desargues's Theorem



If w e have tw o triangle s such tha t I f w e hav e tw o triangle s suc h tha t lines joining corre - point s whic h ar e th e joins o f corre sponding vertice s pass through one point spendin g side s lie on on e lin e 0, the n O , then corresponding side s intersect i n correspondin g vertice s are joined b y three point s o n on e straigh t line . thre e line s going throug h on e point .



Here th e dua l theore m i s the convers e o f the origina l theorem . Gergonne's formulatio n of the general principl e of duality was somewhat vague an d ha d deficiencies . Though h e wa s convince d i t wa s a universa l principle, h e coul d no t justif y i t an d Poncele t rightl y objecte d t o th e defi ciencies. Als o h e dispute d wit h Gergonn e ove r priorit y o f discover y o f th e principle (whic h really belong s t o Poncelet ) an d eve n accuse d Gergonn e o f plagiarism. However , Poncele t di d rel y upon pol e an d pola r an d woul d no t grant tha t Gergonn e ha d take n a ste p forwar d i n recognizin g th e wide r application o f th e principle . Late r discussion s among Poncelet , Gergonne , Mobius, Chasles , an d Pliicke r clarifie d th e principl e for all , an d Mobiu s i n his De r barycentrische Calcul an d Pliicker , later , gav e a goo d statemen t o f th e relationship o f th e principl e o f dualit y t o pol e an d polar : Th e notio n o f duality is independent o f conies and quadri c forms bu t agree s wit h pol e an d polar whe n th e latte r ca n b e used . Th e logica l justification o f th e genera l principle o f duality was not supplie d a t thi s time . The syntheti c developmen t o f projectiv e geometr y wa s furthere d b y Jacob Steine r (1796-1863) . H e i s the firs t o f a Germa n schoo l o f geometers who too k ove r Frenc h ideas , notabl y Poncelet's , an d favore d syntheti c methods t o th e exten t of even hatin g analysis. The so n of a Swis s farmer, he himself worked on th e far m unti l h e wa s nineteen years old. Though h e was largely self-educate d he ultimatel y becam e a professo r a t Berlin . I n hi s younger year s h e wa s a teache r i n Pestalozzi' s school and wa s impressed b y the importanc e o f buildin g u p th e geometri c intuition . I t wa s Pestalozzi's principle t o ge t th e studen t to creat e th e mathematic s with th e lea d o f th e teacher an d th e us e o f the Socrati c method . Steine r wen t t o extremes . H e
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Figure 35.6



Figure 35.7 taught geometr y bu t use d n o figures , an d i n trainin g doctora l candidate s he darkene d th e room . I n hi s ow n late r wor k Steine r too k ove r theorem s and proof s publishe d i n Englis h an d othe r journals an d gav e n o indicatio n in his own publications tha t hi s results had alread y been established . H e ha d done good origina l work when younger and sough t to maintain hi s reputation for productivity . His majo r wor k was Systematische Entwicklung der Abhdngigkeit geometrischen Gestalten vo n einander (Systemati c Developmen t o f th e Dependenc e o f Geo metric Form s o n On e Another , 1832 ) an d hi s chie f principl e wa s t o us e projective concepts t o build u p mor e complicated structure s from simpl e ones such a s points, lines, pencils of lines, planes, and pencil s of planes. Hi s results were no t especiall y new bu t hi s method was . To illustrat e his principle we shall examine his now standard projectiv e method o f denning th e coni c sections. One start s (Fig . 35.6 ) wit h tw o pencils of line s (familie s o f concurren t lines) , sa y an d tha t ar e perspectivel y related throug h a penci l of points o n a lin e /, an d th e pencils / an d x tha t are perspectivel y relate d b y mean s o f a penci l o f points o n anothe r lin e m. Then th e pencil s an d ar e sai d t o b e projectivel y related. Th e line s marked a in th e penci l with center a t an d th e penci l with center a t _ are examples o f corresponding line s of th e projectivit y betwee n th e tw o pencil s and . A conic is now define d as the se t of points of intersection of all pair s of corresponding line s of the tw o projective pencils. Thus P is a poin t o n th e
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conic. Moreover , th e coni c passe s throug h an d (Fig - 35.7) . I n thi s manner Steine r buil t u p th e conie s or secon d degre e curve s by mean s o f the simpler forms , pencils o f lines. However , h e di d no t identif y hi s conies wit h sections of a cone . He also built up the ruled quadrics , th e hyperboloid o f one sheet and th e hyperbolic paraboloid , i n a simila r manner , makin g projectiv e correspond ence th e basi s o f hi s definitions . Actuall y hi s metho d i s no t sufficientl y general fo r al l o f projective geometry . In hi s proof s h e use d cros s rati o a s a fundamenta l tool . However , h e ignored imaginar y element s an d referre d t o the m a s "th e ghosts " o r th e "shadows o f geometry. " H e als o di d no t us e signe d quantitie s thoug h Mobius, whose wor k w e shall soo n examine , ha d alread y introduce d them . Steiner use d th e principl e o f dualit y fro m th e ver y outse t o f hi s work . Thus h e dualize d th e definitio n o f a coni c t o obtai n a ne w structur e calle d a lin e curve . I f on e start s wit h tw o projectivel y (bu t no t perspectively ) related pencil s o f point s the n th e famil y o f line s (Fig . 35.8 ) joinin g th e corresponding points o f the tw o pencils i s called a line conic. To distinguis h such familie s o f lines, which als o describe a curve , the usua l curve as a locus of points is called a poin t curve . The tangen t line s of a poin t curv e are a line curve an d i n th e cas e o f a coni c d o constitut e th e dua l curve . Conversel y every lin e conic envelope s a poin t coni c o r i s the collectio n of tangents o f a point conic . With Steiner' s notio n o f a dua l t o a poin t conic , on e ca n dualiz e man y theorems. Le t u s tak e Pascal' s theore m an d for m th e dua l statement . W e shall writ e the theore m o n th e lef t an d th e ne w statement o n th e right . Pascal's Theorem If we take six points, A, B, C, D, E, an d F o n th e poin t conic , the n th e line s which join A an d B an d D an d E meet i n a poin t P; th e line s which join B an d C and E an d F meet i n a poin t Q; the line s whic h join C and D an d F and A mee t i n a poin t R .



The thre e point s P, Q , and R li e o n



one lin e / .



Dual of Pascal's Theorem If w e tak e si x line s a , b , c, d, e , an d f o n th e lin e conic , the n th e point s which join a an d b an d d an d e ar e joined b y th e lin e p; th e point s which joi n b and c and e and f ar e joined b y th e lin e q; the point s whic h join c and d and/ and a are joined b y th e lin e r . The thre e line s p, q , and r are o n one poin t L .



Figure 14.1 2 of Chapter 1 4 illustrates Pascal's theorem . The dua l theore m is the on e tha t Briancho n ha d discovere d b y mean s o f th e pol e an d pola r relationship (Fig . 35.5 above) . Steiner, like Gergonnc , di d nothin g to estab lish th e logica l basi s fo r th e principl e o f duality . However , h e develope d projective geometr y systematicall y b y classifyin g figure s an d b y notin g th e dual statement s a s h e proceeded . H e als o studie d thoroughl y curve s an d surfaces o f the secon d degree .
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Figure 35. 8 Michel Chasles , wh o devoted hi s entire life t o geometry, followe d up o n the work of Poncelet and Steiner , though he did not personally know Steiner's work because , a s w e hav e noted , Ghasle s could no t rea d German . Chasle s presented hi s ow n idea s i n hi s Traite d e geometric superieure (1852 ) an d Traite des sections coniques (1865). Since much of Ghasles's work either unintentionally duplicated Steiner' s o r wa s supersede d b y mor e genera l concepts , w e shall note just a fe w major result s that ar e du e t o him. Chasles go t th e ide a o f cross rati o fro m hi s attempts t o understan d th e lost wor k o f Euclid , Pnrisms (thoug h Steine r an d Mobiu s ha d alread y re introduced it) . Desargues , too , ha d use d th e concept, bu t Chasle s knew only what L a Hir e ha d writte n abou t it . Chasle s did lear n a t som e time that th e idea i s also in Pappu s becaus e i n Not e I X o f his Aperfu (p . 302) h e refer s t o Pappus's us e of the idea . On e o f Chasles's result s in thi s area 19 i s that fou r fixed point s o f a coni c an d an y fift h poin t o f the coni c determin e fou r line s with th e sam e cros s ratio . In 182 8 Chasles 20 gave th e theorem : Give n tw o set s of collinear point s in one-to-on e correspondenc e an d suc h that th e cross ratio of any fou r points on on e lin e equal s tha t o f the correspondin g point s o n th e other , the n th e lines joining corresponding points are tangent t o a conic that touche s the two given lines. This result is the equivalen t o f Steiner's definition of a line conic, because th e cros s ratio conditio n her e ensure s that th e tw o set s o f collinear points ar e projectively relate d an d th e lines joining correspondin g point s ar e the line s of Steiner's lin e conic. Chasles pointed out tha t b y virtue of the principle of duality lines can b e as fundamenta l a s point s i n th e developmen t o f plane projectiv e geometr y and credit s Poncele t an d Gergonn e wit h bein g clea r o n thi s point. Chasle s also introduce d ne w terminology . Th e cros s rati o h e calle d anharmoni c ratio. He introduced th e term homograph y to describe a transformation of a plane int o itsel f or anothe r plane , whic h carrie s point s int o point s an d line s into lines . Thi s ter m cover s homologou s o r projectivel y relate d figures . H e 19. Correspondance mathematique et physique, 5 , 1829 , 6-22 . 20. Correspondance mathematique et physique, 4 , 1828 , 363—71 .
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Figure 35. 9 Figur



e 35.1 0



added th e conditio n tha t th e transformatio n mus t preserv e cros s rati o bu t this latte r fac t ca n b e proved . Th e transformatio n tha t carrie s point s int o lines and line s into point s he calle d a correlation . Though h e defende d pur e geometr y Chasle s though t analyticall y bu t presented hi s proof s an d result s geometrically . Thi s approac h i s called th e "mixed method " and wa s used late r b y others. By 185 0 th e genera l concept s an d goal s o f projectiv e geometr y a s distinguished fro m Euclidea n geometr y wer e clear ; nevertheles s the logica l relationship o f th e tw o geometrie s wa s no t clarified . Th e concep t o f length was use d i n projectiv e geometr y fro m Desargue s t o Chasles . I n fac t th e concept o f cros s rati o wa s define d i n term s o f length. Ye t lengt h i s no t a projective concept because it is not invariant under projective transformation. Karl Georg Christian von Staudt (1798-1867) , a professor a t Erlange n who was intereste d i n foundations , decide d t o fre e projectiv e geometr y fro m dependence o n length and congruence . The essenc e of his plan, presente d i n his Geometric de r Lage (Geometr y o f Position , 1847) , wa s t o introduc e a n analogue o f length o n a projectiv e basis. Hi s schem e i s called "th e algebr a of throws." On e choose s three arbitrary point s on a lin e and assign s to them the symbol s 0, 1 , GO. The n b y mean s o f a geometri c constructio n (whic h in itself come s fro m Mobius)— a "throw"— a symbo l i s attache d t o an y arbitrary poin t P . To se e wha t th e constructio n amount s t o i n Euclidea n geometr y suppose w e star t wit h th e point s labelle d 0 an d 1 o n a lin e (Fig . 35.9) . Through the point M o n a paralle l line draw OM an d the n draw 1 N parallel to OM . Now dra w \ M an d dra w N 2 paralle l t o \M . I t i s immediate tha t 01 = 1 2 because opposit e side s of a parallelogram are equal. Thus one carries over th e lengt h 01 to 1 2 by a geometri c construction. Now t o trea t th e projectiv e case we start with three point s 0, 1 , oo (Fig . 35.10). The poin t o o lies on /„, , the line at infinity , bu t thi s is just an ordinar y line i n projectiv e geometry . No w pick a poin t M an d dra w a "parallel " t o



THE REVIVA L O F SYNTHETIC PROJECTIV E GEOMETR Y 85



1



the lin e 0 1 throug h M . Thi s mean s tha t th e lin e throug h M mus t mee t th e line 0 1 at o o and s o we draw . Now dra w OA f and prolon g it t o , Next we draw throug h 1 a "parallel " to OAf. This mean s the "parallel" through 1 mus t mee t OA f on . We thereb y ge t th e lin e I P and thi s determines N . Now dra w \ M an d prolon g i t unti l it meet s a t Q. Th e lin e throug h N parallel t o \ M i s QNand wher e it meets 01 we get a point whic h is labeled 2. By thi s typ e o f constructio n w e ca n attac h "rationa l coordinates " t o points on the line Oloo. To assign irrational number s to points on the line one must introduce an axio m o f continuity (Chap . 41) . This notion was not well understood a t tha t tim e an d a s a consequenc e vo n Staudt' s wor k lacke d rigor. Von Staudt' s assignmen t o f coordinates t o th e point s o f a lin e di d no t involve length. His coordinates, thoug h they were the usual number symbols, served a s systematic identification symbols for the points . To ad d o r subtrac t such "numbers " vo n Staud t coul d no t the n us e th e law s o f arithmetic . Instead h e gav e geometri c construction s tha t define d th e operation s wit h these symbol s s o that, fo r example , th e su m o f the number s 2 an d 3 is th e number 5 . These operation s obeye d al l th e usua l laws of numbers. Thus his symbols o r coordinate s coul d b e treate d a s ordinar y number s eve n thoug h they wer e buil t u p geometrically . With thes e label s attache d t o hi s point s vo n Staud t coul d defin e th e cross ratio o f four points . If the coordinate s o f these points are an d x±, the n th e cros s ratio is defined t o b e



Thus von Staudt ha d th e fundamental tools to build u p projectiv e geometr y without dependin g on th e notion s of length an d congruence . A harmoni c set o f four point s is one fo r which th e cros s ratio i s — 1. O n the basi s of harmonic set s vo n Staud t gav e th e fundamenta l definition tha t two pencil s o f point s ar e projectivel y relate d whe n unde r a one-to-on e correspondence o f their members a harmoni c set corresponds t o a harmoni c set. Four concurrent lines form a harmonic set if the points in which they meet an arbitrar y transversa l constitut e a harmoni c se t of points. Thu s th e pro jectivity o f two pencil s of lines can als o b e defined . With thes e notions vo n Staudt define d a collineatio n of th e plan e int o itself a s a one-to-on e trans formation o f point t o poin t an d lin e to line and showe d tha t i t carrie s a set of harmonic element s into a se t o f harmonic elements. The principa l contribution of von Staud t i n hi s Geometric der Lage was t o show tha t projectiv e geometry is indeed mor e fundamenta l than Euclidean . Its concept s are logicall y antecedent. Thi s book and hi s Beitrdge zu r Geometrie der Lage (Contribution s t o th e Geometr y o f Position , 1856 , 1857 , 1860 ) revealed projectiv e geometry as a subject independent of distance. However ,
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he di d us e th e paralle l axio m o f Euclidean geometry , whic h fro m a logica l standpoint wa s a blemis h becaus e parallelis m i s not a projectiv e invariant . This blemish wa s removed b y Feli x Klein. 21 4. Algebraic Projective Geometry While th e syntheti c geometer s wer e developin g projectiv e geometry , th e algebraic geometers pursued their methods of treating the same subject . Th e first o f th e ne w algebrai c idea s wa s what ar e no w calle d homogeneou s co ordinates. On e suc h schem e wa s create d b y Augustu s Ferdinand Mobiu s (1790—1868), who like Gauss and Hamilto n mad e his living as an astronome r but devote d considerabl e time to mathematics. Though Mobiu s did not tak e sides i n th e controvers y o n syntheti c versu s algebrai c method s hi s con tributions were on th e algebrai c side . His schem e fo r representin g th e point s o f a plan e b y coordinate s introduced i n hi s majo r work , De r barycentrische Calcul, 22 wa s t o star t wit h a fixed triangle and t o tak e a s the coordinate s of any poin t P in th e plan e th e amount o f mass whic h mus t b e place d a t eac h o f the thre e vertice s o f th e triangle s o that P would b e th e cente r o f gravity o f the thre e masses . Whe n P lies outside the triangl e then one or two of the coordinate s can b e negative . If th e thre e masse s ar e al l multiplie d b y th e sam e constan t th e poin t P remains the cente r of gravity. Hence in Mobius's scheme the coordinates of a point ar e no t unique ; onl y the ratios of the thre e ar e determined. Th e sam e scheme applie d t o point s in spac e require s fou r coordinates . B y writing th e equations o f curve s an d surface s i n thi s coordinat e syste m th e equation s become homogeneous ; tha t is , all term s hav e th e sam e degree. W e shal l see examples o f the us e of homogeneous coordinates shortly. Mobius distinguishe d th e type s o f transformation s from on e plan e o r space t o another . I f corresponding figures are equal , th e transformatio n is a congruence an d i f they ar e similar , th e transformatio n i s a similarity . Next in generalit y i s th e transformatio n tha t preserve s parallelis m thoug h no t length o r shape and thi s type is called affin e ( a notion introduced b y Euler) . The mos t genera l transformatio n tha t carrie s line s int o line s h e calle d a collineation. Mobiu s prove d in Der barycentrische Calcul tha t every collineation is a projective transformation; that is, it results from a sequence of perspectivities. His proof assumed that th e transformation is one-to-one an d continuous , but th e continuit y condition can b e replaced b y a weaker one. H e als o gav e an analytica l representatio n o f the transformation . As Mobius pointe d out , one coul d conside r invarian t propertie s o f figures under eac h o f the abov e types o f transformations. 21. Math. Ann., 6, 1873 , 112-4 5 = Ges. Abh., 1 , 311-43. Se e also Chap . 38 , sec. 3 . 22. Publishe d 182 7 = Werke, 1 , 1-388.
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Figure 35.11



Mobius introduce d signe d element s i n geometr y no t onl y fo r th e lin e segments bu t fo r area s an d volumes . Consequentl y h e wa s abl e t o giv e a complete treatmen t o f the notio n o f the signe d cros s rati o of four point s on a line. H e als o showe d tha t th e cros s rati o o f fou r line s o f a penci l ca n b e expressed i n term s o f the sine s o f the angle s a t th e verte x P (Fig . 35.11 ) b y



and thi s ratio i s the sam e a s the cros s ratio of the fou r point s A , B , C , and D cut ou t o n an y transversa l t o th e line s o f th e pencil . Henc e cros s rati o i s unaltered b y projection an d section . Mobiu s ha d man y other idea s whic h he developed slowl y and di d no t pus h ver y far . The ma n wh o gav e th e algebrai c approac h t o projectiv e geometr y it s efficacy an d vitalit y is Julius Pliicke r (1801-68) . Afte r servin g a s a professor of mathematic s a t severa l institution s unti l 1836 , h e becam e a professo r of mathematics an d physic s at Bonn , a positio n h e hel d fo r th e res t o f his life . Pliicker wa s primaril y a physicis t an d i n fac t a n experimenta l physicis t i n which activit y h e mad e man y notabl e discoveries . Fro m 186 3 o n h e agai n devoted himsel f t o mathematics . Pliicker, too , introduce d homogeneou s coordinate s bu t i n a manne r different fro m Mobius's . Hi s firs t notion , trilinea r coordinates, 23 wa s als o presented i n th e secon d volum e o f hi s Analytisch-geometrische Entwickelungen (1828 and 1831) . H e start s with a fixed triangle and take s the coordinate s of any poin t P to be the signe d perpendicular distances from P to the sides of the triangle; eac h distanc e ca n b e multiplie d by th e sam e arbitrar y constant . Later i n th e secon d volum e he introduce d a specia l cas e whic h amount s t o regarding one lin e of the triangl e as th e lin e a t infinity . Thi s i s equivalent to replacing th e usua l rectangular Cartesia n coordinate s x an d y b y and s o tha t th e equation s o f curve s becom e homogeneou s i n , an d . The latte r notio n is the on e whic h became mor e widel y used . 23. Jour, fur Math., 5 , 1830 , 1-36 = Wiss. Abh., 1 , 124-58.
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By usin g homogeneou s coordinate s an d Euler' s theore m o n homo geneous functions , whic h state s tha t i f the n



Pliicker was able to give elegant algebrai c representation s of geometric ideas . Thus i f i s th e equatio n o f a coni c wit h a s th e coordinates of a poin t o n th e coni c the n



can b e interpreted , whe n ar e th e runnin g coordinates , a s th e equation o f the tangen t a t th e poin t or , whe n ar e th e running coordinates , a s the equatio n o f the pola r lin e o f the arbitrar y poin t ) wit h respec t t o th e conic . Using homogeneous coordinates Pliicker gave th e algebraic formulation of the infinitel y distan t line , the circula r points at infinity , an d othe r notions. In th e homogeneou s coordinat e syste m th e equatio n o f th e infinitely distan t lin e i= s 0 . Thi s lin e i s no t exceptiona l i n projectiv e geometry, bu t i n ou r visualizatio n of th e geometri c element s eac h norma l point o f the Euclidea n plan e i s at a finit e positio n given b y an d and s o we ar e oblige d t o thin k o f point s o= n 0 a s infinitel y distant. The equatio n o f a circle becomes o n th e introductio n o f homogeneous Cartesia n coordinate s and x 3 throug h an d Since th e equatio n o f the infinitel y distan t line i= s this lin e with th e circl e is given b y



0 , th e intersectio n of



and thi s is the equation of the circular points at oo . These circular points have the coordinate s (1 , i, 0) an d (1 , — i, 0) o r triple s proportiona l t o them . Likewise th e equatio n o f the spherica l circle (Kugelkreis) a t infinit y i s If we write the equatio n o f a straight line in th e homogeneou s form (w e shall us e x, y, an d z i n plac e of an d) Ax + By + Cz = 0
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and no w require that the line pass through th e points an then th e resultin g nonhomogeneous equation o f the lin e is wherein an



d. and (1 , — i, 0) i s



5



d (1 , i, 0)



Likewise the equation o f the line throug h



Each o f thes e line s i s perpendicula r t o itsel f becaus e th e slop e equal s it s negative reciprocal . Sophus Lie called the m craz y lines; they are now called isotropic lines. Pliicker's effort s t o trea t dualit y algebraicall y le d hi m t o a beautifu l idea, line coordinates.24 If the equation o f a line in homogeneous coordinates is ux + v y + wz — 0,



and i f x, y, an d z ar e fixe d quantities , u , v , an d w o r an y thre e number s proportional t o them ar e th e coordinates of a line in th e plane. Then just as an= equation 0 represents a collection of points, sof(u, v , w) = 0 represents a collectio n of lines or a lin e curve. With thi s notion of line coordinates Pliicker was able to give an algebraic formulation an d proo f o f th e principl e o f duality . Give n an y equatio n f ( r , s , t) = 0 i f w e interpre t r , s , an d t a s th e homogeneou s coordinate s , and o f a point the n we have the equation o f a point curve, whereas if we interpret the m as u, v, and w we have the dual line curve. Any propert y proved b y algebrai c processe s for th e poin t curv e will , becaus e th e algebr a is the sam e unde r eithe r interpretation o f the variables, giv e rise t o the dua l property o f the lin e curve. In thi s second 183 0 paper and i n Volume 2 of his Entwickelungen Pliicker also pointed out tha t th e ver y same curv e regarded a s a collectio n of points can also be regarded as the collection of lines tangent to the curve because the tangents determin e th e shap e a s much as th e point s do. Th e famil y o f tangents is a lin e curve and ha s a n equatio n i n lin e coordinates. The degre e of this equatio n i s calle d th e clas s o f th e curve , wherea s th e degre e o f th e equation i n poin t coordinate s i s called th e order. 5. Higher Plane Curves an d Surfaces The eighteenth-centur y men had don e some work on curves of degree higher than th e secon d (Chap . 23 , sec. 3 ) bu t th e subjec t was dormant fro m 175 0 to 1825 . Pliicker too k up thir d and fourt h degre e curve s and use d projective concepts freel y i n thi s work. 24. Jour, fur Math., 6 , 1830 , 107-4 6 = Wiss. Abh., \ , 178-219 .
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In hi s System de r analytischen Geometric (1834 ) h e use d a principle , whic h though helpfu l wa s hardl y wel l grounded , t o establis h canonica l form s o f curves. T o sho w that the general curv e of order (degree ) 4, say, could b e pu t into a particula r canonica l for m h e argue d tha t i f the numbe r o f constants were th e sam e i n th e tw o forms the n on e could b e converted int o th e other . Thus h e argue d tha t a ternar y (three-variable ) for m o f fourth orde r coul d always b e put i n th e for m where p, q , r, and s are linea r an d Q is a quadrati c form, becaus e bot h side s contained 1 4 constants. I n hi s equation s /j. wa s real a s wer e th e coefficients . Pliicker als o too k u p th e numbe r o f intersectio n point s o f curves , a topic whic h ha d als o bee n pursue d i n th e eighteent h century . H e use d a scheme for representing the famil y o f all curve s which g o through th e inter sections o f two nth degre e curve s an d whic h ha d bee n introduce d b y Lame i n a boo k o f 1818 . An y curv e C n passin g throug h thes e intersection s can b e expresse d a s where A is a parameter . Using thi s schem e Pliicke r gav e a clea r explanatio n o f Cramer' s paradox (Chap . 23 , sec. 3). A general curv e i s determined b y n(n + 3)/ 2 points becaus e thi s is the numbe r o f essential coefficients i n it s equation. O n the othe r hand , sinc e two ' s intersect in points , throug h th e n(n + 3)/2 points in whic h tw o ' s intersect an infinit e numbe r o f other ' s pass. Th e apparent contradictio n wa s explaine d b y Pliicker. 25 An y tw o nt h degre e curves d o indee d mee t i n points . However , onl y (nj2) ( n + 3 ) — 1 points are independent . Tha t is , i f w e tak e tw o ret h degre e curve s throug h th e (n/2) (re + 3 ) — 1 point s an y othe r nt h degre e curv e throug h thes e point s will pas s throug h th e remainin g (r e — l)(r e — 2)/2 o f th e points . Thu s when re = 4 , 1 3 point s ar e independent . An y tw o curve s throug h th e 1 3 points determin e 1 6 points bu t an y othe r curv e throug h th e 1 3 will pas s through th e remainin g three . Pliicker the n too k up 2 6 th e theor y o f intersection s of a n mt h degre e curve and a n reth degree curve. He regarded th e latter a s fixed and th e curves intersecting i t a s variable. Using th e abridge d notatio n , fo r th e expressio n for th e reth degree curve and simila r notation fo r the other s he wrot e for th e cas e wher e m > n s o tha t . i s a polynomia l o f degre e m — n. From thi s equation Pliicker go t the correct metho d o f determining the inter 25. Annales d e Math., 19 , 1828 , 97-106 = Wiss. Abh., 1, 76-82. 26. Jour, fiir Math., 16 , 1837 , 47-54.
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sections of a wit h al l curves of degree m. Since according t o this equatio n m — n + 1 linearly independen t curve s (the numbe r o f coefficients i n > pass throug h th e intersection s o f an d Pliicker' s conclusio n was, given mn — ( n — ! ) ( « — 2)/2 arbitrar y point s o n , th e remainin g (n — \}(n — 2)/2 o f th e m n intersectio n point s wit h a ar e determined . The sam e resul t was obtained a t abou t th e same tim e b y Jacobi.27 In hi s System o f 183 4 and mor e explicitl y in hi s Theorie de r algebraischen Curven (1839 ) Plucke r gav e wha t ar e no w called th e Pliicke r formulas which relate th e orde r n and th e clas s k of a curve and th e simpl e singularities. Let d be th e numbe r o f double point s (singula r points at whic h th e tw o tangents are distinct ) an d r the numbe r o f cusps. To th e doubl e point s ther e corre spond i n th e line curve double tangent s ( a double tangent i s actually tangent at tw o distinct points) the number of which is, say, t. To the cusps there correspond osculating tangents (tangents which cross the curve at inflection points) the number o f which is, say, w. Then Plucker was able to establish the following dual formulas : k = n(n - 1 ) -Id - 3 r n w = 3n(n - 2 ) -6d - 8r r



=k(k - 1 ) -It - 3w =3k(k - 2 ) - 6 t -8w.



The numbe r o f any on e element include s real an d imaginar y cases . In th e cas e when n = 3 , d = 0 , an d r = 0 , the n w , th e numbe r o f inflection points, is 9. Up t o Pliicker's time, De Gua and Maclauri n had prove d that a lin e throug h tw o inflection point s of the genera l curv e o f third orde r goes throug h a thir d one , and th e fac t tha t a genera l ha d thre e real in flection point s ha d bee n assume d fro m Clairaut' s tim e on . I n hi s System o f 1834 Plucke r proved tha t a ha s eithe r on e or thre e rea l inflectio n points , and i n th e latte r cas e the y li e o n on e line . H e als o arrive d a t th e mor e general resul t which take s complex elements into account. A general ha s nine inflectio n point s o f which si x are imaginary . T o deriv e thi s resul t h e used hi s principle o f counting constants to show that where f, g , h , and I ar e linea r forms , an d derive d th e resul t o f De Gu a an d Maclaurin. H e the n showe d (wit h incomplet e arguments ) tha t th e nin e inflection point s of li e three o n a lin e so that ther e ar e twelv e such lines. Ludwig Ott o Hess e (1811-74) , wh o serve d a s a professo r a t severa l universities, complete d Pliicker' s proof 28 an d showe d tha t th e twelv e lines can b e grouped int o fou r triangles . As a n additiona l exampl e o f th e discover y o f genera l propertie s o f curves we shall consider the proble m o f the inflectio n point s of an nt h degre e 27. Jour, fiir Math., 15 , 1836, 285-308 = Werke, 3 , 329-54. 28. Jour, fiir Math., 28 , 1844 , 97-107 = Ges. Abh., 123-35.
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curve f(x, y ) = 0 . Pliicke r ha d expresse d th e usua l calculu s conditio n fo r an inflectio n poin t whe n y = f ( x ) , namely , i n th e for m appropriate t o f(x, y ) = 0 an d obtaine d a n equatio n o f degre e 3 n — 4. Since th e origina l curv e an d th e ne w curv e mus t hav e n(3n — 4) inter sections, i t appeare d tha t th e origina l curv e ha s n(3n — 4) point s o f in flection. Because this number wa s too large Pliicke r suggeste d tha t th e curv e of the equatio n o f degree 3 n — 4 has a tangentia l contac t wit h each o f the n infinite branche s of the original curve f = 0 , so that 2 « of the common point s are no t inflectio n points , an d s o obtaine d th e correc t number , 3n(n — 2). Hesse clarifie d thi s point 29 b y usin g homogeneou s coordinates ; tha t is , h e replaced x b y , an d y b y an d b y usin g Euler's theore m o n homo geneous functions h e showed tha t Pliicker' s equation fo r the inflection points can b e written a s



where th e subscript s denot e partia l derivatives . This equatio n i s o f degre e 3(n — 2) an d s o meet s th e curv e o f th e nt h degre e i n th e correct numbe r o f inflectio n points . Th e determinan t itsel f i s calle d th e Hessian of^ , a notio n introduced b y Hesse. 30 Pliicker amon g other s too k u p th e investigatio n of quartic curves . H e was th e firs t t o discove r ( Theone der algebraischen Curven, 1839 ) tha t suc h curves contai n 2 8 double tangent s of which eigh t a t mos t wer e real . Jacobi then proved 31 tha t a curv e o f rath order ha s i n genera l double tangents . The wor k i n algebrai c geometr y als o covered figures in space . Thoug h the representatio n p f straight lines in spac e ha d alread y bee n introduce d b y Euler an d Cauchy , Pliicke r i n hi s System de r Geometric de s Raumes (Syste m of Geometry o f Space, 1846 ) introduced a modifie d representatio n x = rz + p, y



= sz + a



in whic h the four parameter s r , p, s, and a fix the line. Now lines can be used to buil d u p al l o f space, since , fo r example , plane s ar e n o mor e tha n col lections of lines, an d point s are intersection s of lines. Pliicker the n sai d tha t if line s ar e regarde d a s th e fundamenta l elemen t o f space , spac e i s four dimensional becaus e fou r parameter s ar e neede d t o cove r al l o f space wit h lines. Th e notio n o f a four-dimensiona l space o f point s h e rejecte d a s to o 29. Jour, fiir Math., 41 , 1851 , 272-8 4 = Ges. Abh., 263-78 . 30. Jour, fiir Math., 28 , 1844 , 68-9 6 = Ges. Abh., 89-122. 31. Jour, fiir Math., 40 , 1850 , 237-6 0 = Werke, 3 , 517-42 .
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metaphysical. Tha t th e dimension depend s o n th e space-elemen t i s the ne w thought. The stud y of figures i n spac e included surface s o f the thir d an d fourt h degrees. A ruled surface is generated b y a line moving according to some law. The hyperboli c paraboloi d (saddle-surface ) and hyperboloi d o f on e shee t are examples , a s i s the helicoid . I f a surfac e of the secon d degre e contain s one line it contains an infinit y o f lines and i t is ruled. (I t must then be a cone, cylinder, th e hyperboli c paraboloid , o r th e hyperboloi d o f on e sheet. ) However, thi s is not tru e o f cubic surfaces. As a n exampl e o f a remarkabl e propert y o f cubi c surface s ther e wa s Cayley's discover y i n 1849 32 o f th e existenc e o f exactl y 2 7 line s o n ever y surface o f the thir d degree . No t al l nee d b e rea l bu t ther e ar e surface s fo r which they are all real. Clebsch gave an exampl e in 1871. 33 These lines have special properties. For example, each i s cut by ten others. Much furthe r wor k was devote d t o th e stud y of these lines on cubi c surfaces. Among man y discoverie s concernin g surface s o f fourt h orde r on e o f Kummer's result s deserve s mention. H e ha d worke d wit h familie s o f lines that represent rays of light, and b y considering the associated focal surfaces 34 he wa s le d t o introduc e a fourt h degre e surfac e (an d o f class four ) wit h 1 6 double point s an d 1 6 doubl e plane s a s th e foca l surfac e of a syste m of rays of second order . Thi s surface , know n as the Kumme r surface , embraces a s a special cas e th e Fresne l wav e surface , whic h represent s th e wav e fron t o f light propagatin g i n anisotropi c media . The wor k o n syntheti c and algebrai c projectiv e geometr y o f th e firs t half o f the nineteent h century opened u p a brillian t perio d fo r geometrical researches of all kinds. The syntheti c geometers dominated th e period . They attacked eac h ne w resul t t o discove r som e genera l principle , ofte n no t demonstrable geometrically , bu t fro m whic h the y nevertheles s derive d a spate o f consequence s tied on e t o th e othe r an d t o th e genera l principle . Fortunately, algebrai c method s wer e als o introduce d and , as w e shal l see , ultimately dominate d th e field . However , w e shal l interrup t th e histor y of projective geometr y t o conside r som e revolutionar y ne w creation s tha t affected al l subsequen t work in geometr y and, in fact , altere d radicall y th e face o f mathematics. Bibliography Berzolari, Luigi: "Allgemeinc Theorie der hoheren ebenen algebraischen Kurven, " Encyk. de r Math. Wiss., B . G. Teubner , 1903-15 , II I C4 , 313-455 . 32. Cambridge and Dublin Math. Jour., 4 , 1849 , 118-32 = Math. Papers, \ , 445-56 . 33. Math. Ann., 4, 1871 , 284-345 . 34. Monatsber. Berliner Akad., 1864 , 246-60, 495-99.
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Non-Euclidean Geometr y . . . because i t seem s t o b e tru e tha t man y thing s have , a s i t were, an epoc h i n whic h the y ar e discovere d i n several place s simultaneously, jus t a s th e violet s appea r o n al l side s i n th e springtime. WOLFGAN G BOLYA I The characte r o f necessit y ascribe d t o th e truth s o f mathe matics an d eve n th e peculia r certaint y attribute d t o the m i s an illusion . JOH N STUAR T MIL L



1. Introduction Amidst al l th e comple x technica l creation s o f th e nineteent h centur y th e most profoun d one , non-Euclidea n geometry , wa s technicall y th e simplest . This creatio n gav e ris e t o importan t ne w branche s o f mathematics bu t it s most significan t implicatio n i s tha t i t oblige d mathematician s t o revis e radically thei r understandin g o f the natur e o f mathematics an d it s relatio n to th e physica l world . I t als o gav e ris e t o problem s i n th e foundation s of mathematics with which the twentiet h century is still struggling. As we shall see, non-Euclidea n geometr y was the culminatio n of a long series of efforts i n the are a o f Euclidean geometry . The fruitio n o f this work came i n th e early nineteenth centur y durin g th e sam e decade s i n whic h projectiv e geometry was being revived and extended . However, th e two domains were not relate d to each othe r a t thi s time. 2. Th e Status o f Euclidean Geometry about 1800 Though th e Greek s had recognize d tha t abstrac t o r mathematica l spac e is distinct fro m sensor y perception s o f space , an d Newto n emphasize d thi s point,1 all mathematicians until about 180 0 were convinced tha t Euclidea n geometry wa s the correc t idealizatio n of the propertie s of physical spac e an d of figures in tha t space . I n fact , a s we have alread y noted , ther e wer e man y attempts t o build arithmetic, algebra, an d analysis , whose logical foundation 1. Principia, Boo k I , Def . 8 , Scholium .
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was obscure , o n Euclidea n geometr y an d thereb y guarante e th e trut h o f these branche s too . Many me n actuall y voiced thei r absolute trust in the trut h o f Euclidean geometry. Fo r example , Isaa c Barrow, wh o buil t his mathematics including his calculu s o n geometry , list s eigh t reason s fo r th e certaint y o f geometry : the clearnes s o f th e concepts , th e unambiguou s definitions , th e intuitiv e assurance an d universa l trut h o f it s axioms , th e clea r possibilit y an d eas y imaginability o f it s postulates , th e smal l numbe r o f it s axioms , th e clea r conceivability o f th e mod e b y whic h magnitude s ar e generated , th e eas y order o f the demonstrations , an d th e avoidanc e o f things not known . Barrow di d rais e th e question , Ho w ar e w e sur e tha t th e geometri c principles d o appl y t o natur e ? His answe r wa s tha t thes e are derive d fro m innate reason . Sense d object s ar e merel y th e agent s whic h awake n them . Moreover th e principle s o f geometr y ha d bee n confirme d b y constan t experience and woul d continue to be so because the world, designe d by God , is immutable. Geometr y i s then th e perfec t and certai n science . It i s relevan t tha t th e philosopher s o f th e lat e seventeent h an d th e eighteenth centur y als o raise d th e questio n o f how w e ca n b e sur e that th e larger bod y o f knowledge tha t Newtonia n scienc e ha d produce d wa s true . Almost all , notabl y Hobbes , Locke , an d Leibniz , answered tha t th e mathe matical laws , lik e Euclidea n geometry , wer e inheren t i n th e desig n o f th e universe. Leibni z di d leav e som e roo m fo r doub t whe n h e distinguishe d between possibl e and actua l worlds . Bu t th e onl y significant exception wa s David Hume, who i n his Treatise o f Human Nature (1739 ) denie d th e existence of laws o r necessar y sequences of events in th e universe . He contende d tha t these sequence s wer e observe d t o occu r an d huma n being s conclude d tha t they alway s wil l occu r i n th e sam e fashion . Scienc e i s purely empirical. I n particular th e law s of Euclidean geometry are no t necessar y physical truths. Hume's influenc e wa s negate d an d indee d supersede d b y Immanue l Kant's. Kant's answer to the questio n of how we can b e sure that Euclidea n geometry applie s t o th e physica l world, whic h h e gav e i n hi s Critique o f Pure Reason (1781) , i s a peculia r one . H e maintaine d tha t ou r mind s suppl y certain mode s o f organization—h e calle d the m intuitions—o f spac e an d time an d tha t experience is absorbed an d organize d by our mind s in accordance wit h thes e modes or intuitions. Our mind s are s o constructed tha t the y compel u s t o vie w th e externa l worl d i n onl y on e way . A s a consequenc e certain principle s abou t spac e ar e prio r t o experience ; thes e principles an d their logica l consequences , which Kan t calle d a prior i syntheti c truths , ar e those of Euclidean geometry. The natur e of the external world is known to us only i n th e manne r i n whic h ou r mind s oblig e u s t o interpre t it . O n th e grounds just describe d Kant affirmed, an d hi s contemporaries accepted , tha t the physica l worl d must be Euclidean . I n an y cas e whether one appealed t o experience, relie d upo n innat e truths , or accepted Kant' s view, the commo n conclusion wa s the uniquenes s and necessit y o f Euclidean geometry .
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3. Th e Research o n the Parallel Axiom Though confidenc e i n Euclidea n geometr y a s th e correc t idealizatio n o f physical space remaine d unshake n from 30 0 B.C. to about 1800 , on e concer n did occup y th e mathematician s durin g almos t al l of that lon g period . Th e axioms adopte d b y Eucli d wer e suppose d t o b e self-eviden t truth s abou t physical spac e and abou t figures in tha t space . However , th e paralle l axio m in the for m state d by Euclid (Chap . IV , sec . 3) was believed t o be somewhat too complicated . N o on e reall y doubte d it s trut h an d ye t i t lacke d th e compelling quality of the othe r axioms . Apparentl y eve n Eucli d himsel f did not lik e his own version of the paralle l axio m becaus e he did no t cal l upon i t until he ha d prove d al l the theorem s he could withou t it . A relate d proble m whic h di d no t bothe r a s man y peopl e bu t whic h ultimately cam e t o th e for e a s equally vital i s whether on e ma y assum e th e existence o f infinit e straigh t line s i n physica l space . Eucli d wa s carefu l t o postulate only that one can produc e a (finite ) straigh t line as far as necessary so tha t eve n th e extende d straigh t lin e wa s stil l finite . Als o th e peculia r wording o f Euclid's paralle l axiom , tha t tw o lines will meet o n tha t sid e of the transversa l wher e th e su m o f th e interio r angle s i s les s tha n tw o righ t angles, wa s a wa y o f avoiding th e outrigh t assertio n tha t ther e ar e pair s of lines that wil l never meet n o matter ho w far they are extended. Nevertheless Euclid di d impl y the existenc e of infinite straigh t line s for, were the y finite, they coul d no t b e extende d a s far a s necessary i n an y give n contex t an d h e proved th e existenc e of parallel lines . The histor y o f non-Euclidea n geometr y begin s wit h th e effort s t o eliminate th e doubt s abou t Euclid' s paralle l axiom . Fro m Gree k time s t o about 180 0 tw o approache s wer e made . On e wa s t o replac e th e paralle l axiom b y a mor e self-eviden t statement . The othe r wa s to tr y t o deduc e i t from th e other nine axioms of Euclid; were this possible it would be a theorem and s o be beyon d doubt . W e shal l not giv e a full y detaile d accoun t o f this work becaus e thi s history is readily available. 2 The first major attempt was made by Ptolemy in his tract on the paralle l postulate. H e trie d to prove the assertio n by deducing it from th e other nin e axioms an d Euclid' s theorems 1 to 28 , which do no t depen d o n th e paralle l axiom. Bu t Ptolem y assume d unconsciousl y tha t tw o straigh t line s d o no t enclose a space and tha t i f AB and C D are paralle l (Fig . 36.1 ) the n whateve r holds for th e interio r angle s on on e sid e o f FG must hold o n th e other . The fifth-centur y commentato r Proclu s wa s ver y explici t abou t hi s objection t o th e paralle l axiom . H e says , "Thi s [postulate ] ough t eve n t o be struck out o f the postulate s altogether; for it is a theore m involvin g many difficulties, whic h Ptolemy , i n a certai n book , se t himsel f to solve , an d i t requires fo r th e demonstratio n o f i t a numbe r o f definition s a s wel l a s theorems, an d th e convers e o f it i s actually prove d b y Eucli d himsel f as a 2. See , for example, the referenc e to Bonola in th e bibliography at th e en d of the chapter .
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theorem." Proclu s point s ou t tha t whil e i t i s necessary t o believ e tha t tw o lines wil l ten d towar d eac h othe r o n th e sid e o f th e transversa l wher e th e sum o f the interio r angle s is less than tw o right angles , i t i s not s o clear tha t these two lines will actually intersect at a finite point. Thi s conclusion is only probable. For, he continues, there are certain curve s that approach each othe r more an d mor e bu t do not actually meet. Thus, a hyperbola approache s bu t does no t mee t it s asymptote. Henc e might no t thi s be true o f the tw o lines in Euclid's postulate ? H e the n say s tha t u p t o a certai n su m o f th e interio r angles o n on e sid e of the transversa l th e tw o lines might indee d meet ; how ever, fo r a valu e slightly greater bu t stil l les s tha n tw o right angles , th e lines might b e asymptotic . Proclus based hi s own proof o f the parallel postulat e on an axio m whic h Aristotle use d t o prov e th e univers e is finite. The axio m says , "I f fro m on e point tw o straigh t line s formin g a n angl e b e produce d indefinitely , th e successive distances between th e sai d straigh t line s [perpendiculars fro m on e onto the other] will ultimately exceed an y finite magnitude." Proclus ' proo f was essentially correct bu t h e substituted one questionable axiom for another. Nasir-Eddin (1201-74) , th e Persia n edito r o f Euclid , likewis e gav e a "proof" of Euclid's parallel postulat e by assuming that tw o non-parallel lines approach eac h othe r i n on e directio n an d diverg e i n th e other. Specifically , ifAB an d CD (Fig. 36.2) are two lines cut by GH, JK, LM, ..., if these latter are perpendicula r t o AB, an d i f th e angle s 1 , 3, 5, ... ar e obtus e whil e 2, 4, 6, ... ar e acute the n G H > JK > L M Thi s fact, Nasir-Eddi n says, is clearl y seen . Wallis did som e work on th e paralle l axio m in 166 3 which he published in 1693. 3 First he reproduced Nasir-Eddin' s work on the parallel axiom which he ha d translate d fo r him b y a professo r o f Arabic a t Oxford . Incidentally , this wa s ho w Nasir-Eddin' s wor k o n th e paralle l axio m becam e know n t o Europe. Wallis then criticize d Nasir-Eddin's proof and offere d hi s own proo f of Euclid's assertion. Hi s proo f rest s on th e explici t assumption tha t t o eac h triangle ther e i s a simila r one whos e sides have an y give n rati o t o th e side s of th e origina l one . Walli s believe d tha t thi s axiom wa s more eviden t tha n 3. Opera, 2 , 669-78 .
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the assumptio n of arbitraril y smal l subdivisio n an d arbitraril y larg e exten sion. I n fact , h e said , Euclid' s axio m tha t w e ca n construc t a circl e wit h given cente r an d radiu s presupposes tha t ther e i s an arbitraril y larg e radiu s at ou r disposal . Henc e on e ca n jus t a s wel l assum e th e analogu e fo r rectilinear figure s suc h a s a triangle . The simples t of the substitut e axioms wa s suggested b y Joseph Fen n i n 1769, namely , that tw o intersecting lines cannot bot h b e paralle l t o a thir d straight line. This axiom also appears in Proclus' comments on Proposition 3 1 of Book I o f Euclid's Elements. Fenn's statement i s entirely equivalen t t o th e axiom give n i n 179 5 by John Playfai r (1748-1819) : Throug h a give n poin t P not o n a line /, there is only one line in th e plan e of P and / which does no t meet / . This i s the axio m use d in modern book s (whic h for simplicity usually say ther e i s "one an d onl y one line . . ."). Legendre worke d o n the proble m of the paralle l postulat e over a perio d of about twent y years. Hi s result s appeared i n book s an d article s includin g the man y edition s of his Elements de geometric.* I n on e attac k o n th e proble m he prove d th e paralle l postulat e o n th e assumptio n tha t ther e exis t similar triangles o f different sizes ; actuall y hi s proof wa s analytical bu t h e assume d that th e uni t of length does no t matter . The n h e gave a proo f base d o n th e assumption tha t give n an y thre e noncollinea r point s ther e exist s a circl e passing through all three. In still another approach h e used all but the parallel postulate an d prove d tha t th e su m o f th e angle s o f a triangl e canno t b e greater tha n tw o righ t angles . H e the n observe d tha t unde r thes e same assumptions th e are a i s proportional t o th e defect , tha t is , two righ t angle s minus th e sum of the angles . He therefor e tried t o construct a triangl e twice the siz e of a given triangle so that th e defect of the larger on e would be twice that o f the give n one. Proceedin g i n thi s way h e hope d t o get triangle s with larger an d large r defect s an d thu s angle sums approaching zero . This result, he thought , would be absurd an d s o the su m o f the angle s would hav e t o be 180°. Thi s fac t i n tur n woul d impl y th e Euclidea n paralle l axiom . Bu t Legendre foun d tha t th e constructio n reduced t o proving tha t throug h an y given point within a given angle less than 60 ° one can always draw a straight line whic h meet s bot h side s of th e angle . Thi s h e coul d no t prov e withou t Euclid's parallel postulate. In eac h o f the twelv e editions (12th ed., 1813 ) of Legendre's version of Euclid's Elements he added appendices which supposedly gave proofs of the parallel postulate but eac h was deficient because it assumed something implicitl y which coul d no t b e assume d o r assume d a n axio m a s questionable a s Euclid's. In th e cours e o f his researches Legendre, 5 usin g the Euclidea n axiom s except fo r th e paralle l axiom , prove d th e followin g significant theorems : If th e su m o f th e angle s o f one triangl e i s two righ t angles , the n i t i s so in 4. 1s t ed., 1794 . 5. Mem. d e I'Acad. de s Sci., Paris, 12 , 1833 , 367-410 .
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every triangle . Als o if the su m i s les s tha n tw o righ t angle s i n on e triangl e it is so in every triangle. Then he gives the proo f tha t if the su m of the angle s of an y triangl e i s tw o righ t angles , Euclid' s paralle l postulat e holds . Thi s work on the sum of the angles of a triangle was also fruitless because Legendr e failed t o show (without the aid of the parallel axio m or an equivalen t axiom ) that th e su m of the angle s of a triangl e cannot b e less than tw o right angles . The effort s describe d thu s far were mainly attempts to find a more self evident substitute axiom for Euclid's parallel axiom and many of the proposed axioms di d see m intuitivel y more self-evident . Consequently thei r creator s were satisfie d tha t the y ha d accomplishe d thei r objective . However , close r examination showe d tha t thes e substitut e axiom s wer e no t reall y mor e satisfactory. Som e o f them mad e assertion s about wha t happen s indefinitel y far ou t i n space . Thus , t o requir e tha t ther e b e a circl e throug h an y thre e points no t i n a straigh t lin e require s large r an d large r circle s a s th e thre e points approac h collinearity . On th e othe r han d th e substitut e axiom s tha t did no t involv e "infinity " directly , for example, th e axio m tha t ther e exis t two simila r but unequa l triangles , were see n t o b e rathe r comple x assump tions and b y no means preferable t o Euclid' s own parallel axiom. The secon d group o f efforts t o solv e the proble m o f the paralle l axio m sought t o deduce Euclid's assertion from th e othe r nin e axioms. Th e deduc tion coul d b e direct o r indirect. Ptolem y ha d attempte d a direct proof . Th e indirect metho d assume s some contradictor y assertio n i n plac e o f Euclid' s statement an d attempt s t o deduc e a contradictio n withi n thi s ne w bod y o f ensuing theorems . Fo r example , sinc e Euclid' s parallel axio m i s equivalent to the axio m tha t throug h a point P not o n a line I there is one and onl y one parallel t o I, there are tw o alternatives to this axiom. On e i s that ther e are n o parallels t o / through P and th e othe r i s that ther e i s more tha n on e paralle l to / throug h P . I f b y adoptin g eac h o f these in plac e o f the "on e parallel" axiom on e coul d sho w tha t th e ne w se t le d t o a contradiction , the n thes e alternatives woul d hav e t o b e rejecte d an d th e "on e parallel " assertio n would b e proved. The mos t significan t effor t o f this sort wa s made b y Gerolam o Saccher i (1667-1733), a Jesui t pries t an d professo r a t th e Universit y o f Pavia . H e studied th e wor k o f Nasir-Eddin an d Walli s carefully an d the n adopte d hi s own approach . Saccher i starte d wit h th e quadrilatera l (Fig . 36.3 ) ABCD i n which A and B ar e right angle s and A C = BD. I t i s then easy to prove tha t . No w Euclid' s paralle l axio m i s equivalent t o th e assertio n tha t angles C and D are right angles . Henc e Saccher i considere d th e tw o possible alternatives: (1) th e hypothesi s of the obtus e angle: an (2) th e hypothesi s of the acut e angle : an



d , . ar e obtuse ; d ar e acute .



On th e basi s o f the firs t hypothesi s (an d th e othe r nin e axiom s o f Euclid)
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Saccheri prove d tha t angle s C and D mus t b e righ t angles . Thu s wit h this hypothesis he did deduc e a contradiction . Saccheri nex t considere d th e secon d hypothesi s an d prove d man y interesting theorems . H e continue d unti l h e reache d th e followin g theorem: Given an y poin t A an d a lin e b (Fig . 36.4) , o n th e hypothesi s of th e acut e angle ther e exis t i n th e penci l (family ) o f line s throug h A tw o line s p an d q which divid e th e penci l int o tw o parts . Th e firs t o f thes e consist s o f th e lines whic h intersec t b, an d th e secon d consist s of thos e line s (lyin g i n angl e a) whic h hav e a commo n perpendicula r wit h b somewher e alon g b . Th e lines p an d q themselves are asymptoti c to b . From thi s resul t an d a lengthy subsequent argumen t Saccher i deduce d tha t p an d b would hav e a commo n perpendicular a t thei r commo n point , whic h i s a t infinity . Saccher i believed tha t thi s resul t wa s a t odd s wit h th e "natur e o f th e straigh t line " and therefor e concluded tha t h e ha d arrive d a t a contradiction . There remaine d onl y th e hypothesi s that angle s Cand D o f Figure 36. 3 are righ t angles . Saccher i ha d previousl y proved tha t whe n C an d D ar e right angles , th e su m o f the angle s o f any triangl e equal s 180 ° and tha t this fact implie s Euclid' s paralle l postulate . H e therefor e fel t justifie d i n con cluding tha t Eucli d wa s uphel d an d s o publishe d hi s Euclides a b Omni Naevo Vindicatus (Eucli d Vindicate d fro m Al l Faults , 1733) . However , sinc e Saccheri di d no t obtai n a contradictio n o n th e basi s o f th e acut e angl e hypothesis th e proble m o f the paralle l axio m wa s stil l open . The effort s t o find an acceptabl e substitut e for the Euclidea n axio m o n parallels o r t o prove tha t th e Euclidea n assertion must be a theore m wer e so numerous an d s o futil e tha t i n 175 9 d'Alembert calle d th e proble m o f th e parallel axio m "th e scanda l o f the element s of geometry. "



4. Foreshadowings o f Non-Euclidean Geometry In hi s dissertation of 1763 Georg S . Kliigel (1739-1812) , professo r of mathe matics at th e Universit y of Helmstadt, who kne w Saccheri's book , made th e remarkable observatio n that the certainty with which men accepted the truth of th e Euclidea n paralle l axio m wa s base d o n experience . This observation
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introduced fo r th e firs t tim e th e though t tha t experienc e rathe r tha n self-evidence substantiate d th e axioms . Kluge l expresse d doub t tha t th e Euclidean assertio n coul d b e proved . H e realize d tha t Saccher i ha d no t arrived at a contradiction bu t merel y a t result s that seeme d a t variance wit h experience. KliigePs paper suggested wor k o n the parallel axio m t o Lambert. I n hi s book, Theorie der Parallellinien writte n i n 176 6 an d publishe d i n 1786, 6 Lambert, somewha t lik e Saccheri , considere d a quadrilatera l wit h thre e right angle s an d considere d th e possibilitie s of the fourt h angl e bein g right , obtuse, an d acute . Lamber t di d discar d th e obtuse angle hypothesi s becaus e it led to a contradiction. However , unlik e Saccheri, Lamber t di d not conclude that h e ha d obtaine d a contradictio n fro m th e acut e angl e hypothesis . The consequence s Lamber t deduce d fro m bot h th e obtus e an d acut e angle hypothesis , respectively, even thoug h th e forme r did lea d t o a contra diction, ar e noteworthy . Hi s mos t remarkabl e resul t i s tha t unde r eithe r hypothesis th e are a o f a polygo n o f n sides is proportional t o th e differenc e between th e su m o f the angle s an d 2 n — 4 righ t angles . (Saccher i ha d thi s result fo r a triangle. ) H e als o note d tha t th e obtus e angl e hypothesi s gav e rise t o theorem s jus t lik e thos e whic h hol d fo r figure s o n th e surfac e o f a sphere. An d h e conjecture d tha t th e theorem s tha t followe d fro m th e acut e angle hypothesi s woul d appl y t o figure s o n a spher e o f imaginar y radius . This le d hi m t o write a paper 7 o n th e trigonometri c function s o f imaginar y angles, tha t is , iA , wher e A i s a rea l angl e an d i = , whic h i n effec t introduced th e hyperboli c function s (Chap . 19 , sec. 2). W e shal l se e a littl e more clearl y late r just wha t Lambert' s observation s mean . Lambert's view s o n geometr y wer e quit e advanced . H e realize d tha t any bod y of hypotheses which did not lead t o contradictions offered a possible geometry. Such a geometry woul d be a valid logical structure even thoug h it might hav e littl e t o do wit h real figures. The latte r might b e suggestive of a particular geometr y bu t d o no t contro l th e variet y o f logically developabl e geometries. Lamber t di d no t reac h th e mor e radica l conclusio n tha t wa s introduced somewha t late r b y Gauss . Still anothe r forwar d ste p wa s mad e b y Ferdinan d Kar l Schweikar t (1780-1859), a professo r o f jurisprudence, who devoted spare time t o mathe matics. H e worke d o n non-Euclidea n geometry durin g th e perio d i n whic h Gauss devote d som e though t t o th e subjec t bu t Schweikar t arrive d a t hi s conclusions independently . He was , however, influence d b y Saccheri' s an d Lambert's work. In a memorandu m o f 181 6 which h e sen t t o Gauss i n 1818 for approval , Schweikar t actually distinguishe d tw o geometries. There is the geometry o f Euclid an d a geometr y base d o n th e assumptio n tha t th e su m of th e angle s o f a triangl e is not tw o righ t angles . Thi s latte r geometr y h e 6. Alflgtizin fiir reine und angewandte Mathenialik, 1786 , 137-64 , 325-58 . 7. Hist, de VAcad. d e Berlin, 24 , 1768 , 327-54, pub . 177 0 = Opera Mathematica, 2 , 245^69 .
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called astra l geometry, because it might hold in the space of the stars, and its theorems wer e thos e whic h Saccher i an d Lamber t ha d establishe d o n th e basis of the acut e angl e hypothesis . Franz Adol f Taurinu s (1794-1874) , a nephe w o f Schweikart, too k u p his uncle's suggestion t o study astra l geometry . Though he establishe d in his Geometriae Prima Elementa (1826 ) som e ne w results , notabl y som e analyti c geometry, h e conclude d tha t onl y Euclid' s geometr y coul d b e tru e o f physical spac e bu t tha t th e astra l geometr y wa s logically consistent. Taurinus also showe d tha t th e formula s whic h woul d hol d o n a spher e o f imaginary radius ar e precisel y those that hol d in hi s astral geometry . The wor k o f Lambert, Schweikart , an d Taurinu s constitute s advance s that warran t recapitulation . Al l thre e an d othe r me n suc h a s Kliige l an d Abraham G . Kastner (1719-1800) , a professor a t Gottingen, were convinced that Euclid's parallel axio m coul d no t be proven, tha t is, it is independent of Euclid's othe r axioms . Further , Lambert , Schweikart , an d Taurinu s wer e convinced tha t i t i s possibl e t o adop t a n alternativ e axio m contradictin g Euclid's an d buil d a logicall y consisten t geometry . Lamber t mad e n o assertions about the applicability of such a geometry; Taurinus thought it is not applicabl e t o physical space ; bu t Schweikar t believe d i t migh t appl y t o the regio n o f the stars . Thes e thre e me n als o note d tha t th e geometr y o n a real spher e ha s th e propertie s o f th e geometr y base d o n th e obtus e angl e hypothesis (i f one leaves aside the contradiction which results from th e latter) and th e geometr y o n a spher e o f imaginary radiu s ha s th e propertie s of the geometry based o n the acute angle hypothesis . Thus all three recognized th e existence o f a non-Euclidea n geometr y bu t the y misse d on e fundamenta l point, namely , tha t Euclidea n geometr y i s no t th e onl y geometr y tha t describes th e propertie s o f physica l spac e t o withi n th e accurac y fo r which experience can vouch . 5. Th e Creation o f Non-Euclidean Geometry No majo r branc h o f mathematics or eve n a majo r specifi c resul t is the wor k of on e man . At best , som e decisiv e ste p o r proo f ma y b e credite d t o a n individual. Thi s cumulativ e development o f mathematics applie s especiall y to non-Euclidea n geometry . I f one means b y th e creatio n o f non-Euclidea n geometry the recognition tha t ther e can be geometries alternative t o Euclid's then Kliige l an d Lamber t deserv e th e credit . I f non-Euclidea n geometr y means th e technica l development o f the consequence s of a syste m of axioms containing an alternative to Euclid's parallel axiom then most credit mus t be accorded t o Saccher i an d eve n h e benefite d b y th e wor k of many me n wh o tried t o find a mor e acceptabl e substitut e axiom fo r Euclid's. However , th e most significan t fac t abou t non-Euclidea n geometr y i s that i t can b e used t o describe the properties of physical spac e as accurately as Euclidean geometr y
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does. Th e latte r i s not th e necessar y geometr y o f physical space; its physical truth canno t b e guaranteed o n any a priori grounds . Thi s realization, whic h did no t cal l fo r any technica l mathematica l developmen t becaus e thi s ha d already bee n done , wa s first achieved b y Gauss . Carl Friedrich Gauss (1777-1855) was the son of a mason in the German city o f Brunswick an d seeme d destine d fo r manual work . But th e directo r o f the schoo l a t whic h h e receive d hi s elementar y educatio n wa s struc k b y Gauss's intelligenc e and calle d hi m t o th e attentio n o f Duke Kar l Wilhelm . The Duk e sen t Gaus s t o a highe r schoo l an d the n i n 179 5 to the Universit y of Gottingen . Gaus s no w bega n t o wor k har d o n hi s ideas. A t eightee n h e invented th e metho d o f leas t square s an d a t ninetee n h e showe d tha t th e 17-sided regular polygo n is constructible. These successes convinced him that he shoul d turn fro m philolog y t o mathematics. I n 179 8 he transferred to th e University o f Helmstad t an d ther e h e wa s notice d b y Johan n Friedric h Pfaff wh o becam e hi s teacher an d friend . Afte r finishin g hi s doctor's degre e Gauss returned t o Brunswick where he wrote some of his most famous papers . This work earned fo r him i n 180 7 the appointmen t a s professor o f astronomy and directo r o f the observator y a t Gottingen . Excep t fo r one visi t t o Berlin to attend a scientific meeting h e remained a t Gottinge n for the rest of his life. He di d no t lik e t o teac h an d sai d so . However, h e di d enjo y socia l life , wa s married twice , an d raise d a family . Gauss's first major wor k was his doctoral thesi s in whic h he prove d th e fundamental theore m o f algebra . I n 180 1 he publishe d th e classi c Disquisitiones Arithmeticae. Hi s mathematica l wor k i n differentia l geometry , th e " Disquisitiones Generales circ a Superficie s Gurvas " (Genera l Investigation s of Curve d Surfaces , 1827) , which , incidentally , wa s th e outcom e o f hi s interest in surveying, geodesy, and map-making , is a mathematical landmar k (Chap. 37 , sec. 2). H e mad e man y othe r contribution s to algebra, comple x functions, an d potentia l theory . I n unpublishe d paper s h e recorde d hi s innovative work in two major fields: the elliptic functions an d non-Euclidea n geometry. His interest s in physic s were equall y broa d an d h e devote d mos t o f his energy t o them . Whe n Giusepp e Piazz i (1746-1826 ) discovere d th e plane t Ceres in 180 1 Gaus s undertook to determine its path. This was the beginning of his work in astronomy , th e activit y that absorbe d hi m mos t and t o which he devoted abou t twent y years. One o f his great publication s in this area is his Theoria Motus Corporum Coelestium (Theor y o f Motion o f the Heavenl y Bodies , 1809). Gaus s als o earne d grea t distinctio n i n hi s physica l researc h o n theoretical an d experimenta l magnetism . Maxwel l say s i n hi s Electricity and Magnetism tha t Gauss's studies of magnetism reconstructed the whol e science, the instrument s used , th e method s o f observation , an d th e calculatio n o f results. Gauss' s paper s o n terrestria l magnetis m ar e model s o f physica l research an d supplie d th e bes t metho d o f measuring th e earth' s magneti c
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field. His work on astronomy and magnetis m opened u p a new and brillian t period o f alliance between mathematic s an d physics . Though Gaus s and Wilhel m Webe r (1804-91 ) di d no t inven t th e ide a of telegraphy, i n 183 3 the y improve d o n earlie r technique s with a practica l device which made a needle rotate right and left depending upon the direction of curren t sen t ove r a wire . Gaus s als o worke d i n optics , whic h ha d bee n neglected sinc e Euler's days, and hi s investigations of 1838-41 gave a totally new basi s for the handlin g o f optical problems . The universalit y of Gauss's activitie s is all the more remarkabl e becaus e his contemporaries ha d begu n t o confine themselve s to specialized investigations. Despit e th e fac t tha t h e i s acknowledge d t o b e th e greates t mathe matician a t leas t sinc e Newton , Gaus s wa s no t s o much a n innovato r a s a transitional figure fro m th e eighteent h t o the nineteent h century . Although he achieved som e new views which did engag e othe r mathematicians he was oriented mor e t o th e pas t tha n t o th e future . Feli x Klei n describe s Gauss' s position i n thes e words : W e coul d hav e a tablea u o f th e developmen t o f mathematics i f we woul d imagin e a chai n o f high mountain s representin g the me n o f th e eighteent h centur y terminate d b y a n imposin g summit — Gauss—then a large an d ric h regio n filled with new element s of life. Gauss' s contemporaries appreciate d hi s genius and b y th e tim e o f his death i n 1855 he was widely venerated an d calle d th e "princ e of mathematicians. " Gauss publishe d relativel y little of his work becaus e h e polishe d whatever h e di d partl y t o achiev e eleganc e an d partl y t o achiev e for his demonstrations th e maximu m o f conciseness without sacrificin g rigor , a t leas t th e rigor o f his time . I n th e cas e o f non-Euclidea n geometr y h e publishe d n o definitive work . H e sai d i n a lette r t o Besse l o f January 27 , 1829 , that h e probably woul d neve r publis h hi s findings in thi s subject becaus e h e feared ridicule, or , a s he pu t it , h e feare d th e clamo r o f the Boeotians , a figurative reference t o a dull-witted Greek tribe . Gauss may have been overl y cautious, but on e mus t remembe r tha t thoug h som e mathematician s ha d bee n gradually reachin g th e clima x o f the wor k i n non-Euclidea n geometr y th e intellectual world at larg e was still dominated b y Kant's teachings. What we do kno w about Gauss' s wor k in non-Euclidea n geometr y is gleaned fro m hi s letters to friends, tw o short reviews in th e Gottingische Gelehrte Anzeigen of 1816 and 182 2 and som e notes of 183 1 found amon g hi s paper s afte r hi s death. 8 Gauss wa s full y awar e o f th e vai n effort s t o establis h Euclid' s paralle l postulate becaus e thi s was common knowledg e in Gottinge n an d th e whol e history o f these effort s wa s thoroughl y familia r t o Gauss' s teache r Kastner . Gauss tol d hi s friend Schumache r tha t a s fa r bac k a s 179 2 (Gaus s was the n fifteen) he had already grasped th e idea that there could be a logical geometry in whic h Euclid's parallel postulat e di d no t hold . By 179 4 Gaus s had foun d 8. Werke, 8 , 157-268 , contain s al l of the abov e and th e lette r discussed below.



872 NON-EUCLIDEA



N GEOMETR Y



that i n his concept of non-Euclidean geometr y the area of a quadrangle mus t be proportiona l t o th e differenc e betwee n 360 ° an d th e su m o f the angles . However, a t thi s late r dat e an d eve n u p t o 179 9 Gaus s wa s stil l tryin g t o deduce Euclid' s parallel postulate from othe r more plausible assumptions and he stil l believe d Euclidea n geometr y t o b e th e geometr y o f physical spac e even thoug h h e coul d conceiv e o f othe r logica l non-Euclidea n geometries . However, o n Decembe r 1 7, 1799 , Gaus s wrot e t o hi s frien d th e Hungaria n mathematician Wolfgan g Farkas Bolya i (1775-1856) , As for me I hav e alread y mad e som e progres s i n m y work . However, th e path I have chosen does not lead at all to the goal which we seek [deductio n of th e paralle l axiom] , an d whic h yo u assur e m e yo u hav e reached . I t seems rathe r t o compe l m e t o doub t th e trut h o f geometry itself. It i s true that I hav e com e upo n muc h whic h b y mos t peopl e woul d b e hel d t o constitute a proof ; bu t i n m y eye s i t prove s a s goo d a s nothing . Fo r example, i f we could show that a rectilinea r triangle whose area would b e greater tha n an y give n are a i s possible, then I woul d b e read y t o prov e the whol e o f [Euclidean ] geometr y absolutel y rigorously . Most peopl e woul d certainl y le t thi s stan d a s an axiom ; bu t I , no ! It would , indeed , b e possible tha t th e are a migh t alway s remai n belo w a certain limit , howeve r fa r apar t th e thre e angula r point s o f the triangl e were taken .



This passage shows that by 179 9 Gauss was rather convince d that the paralle l axiom canno t b e deduce d fro m th e remainin g Euclidea n axiom s an d bega n to tak e mor e seriousl y th e developmen t o f a ne w an d possibl y applicabl e geometry. From abou t 181 3 on Gaus s develope d hi s new geometr y whic h h e first called anti-Euclidea n geometry , the n astra l geometry , an d finall y non Euclidean geometry . H e becam e convince d tha t i t wa s logicall y consistent and rathe r sur e that i t might be applicable. I n review s of 1816 and 182 2 and in hi s lette r t o Besse l o f 182 9 Gaus s reaffirme d tha t th e paralle l postulat e could no t b e proved o n th e basi s of the othe r axiom s in Euclid . His letter t o Olbers writte n i n 1817 9 i s a landmark . I n i t Gaus s says , " I a m becomin g more an d mor e convince d tha t th e [physical ] necessit y of our [Euclidean ] geometry canno t b e proved , a t leas t no t b y huma n reaso n no r fo r huma n reason. Perhap s i n anothe r lif e w e wil l b e abl e t o obtai n insigh t int o th e nature o f space , whic h i s no w unattainable . Unti l the n w e mus t plac e geometry no t i n th e sam e clas s wit h arithmetic , whic h i s purel y a priori , but wit h mechanics. " To tes t th e applicabilit y of Euclidean geometr y an d hi s non-Euclidean geometry Gaus s actuall y measure d th e su m o f th e angle s o f th e triangl e formed b y three mountain peaks, Brocken, Hohehagen , an d Inselsberg . Th e 9. Werke, 8 , 177.
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sides o f thi s triangl e wer e 69 , 85 , an d 19 7 km. H e found 10 tha t th e su m exceeded 180 ° b y 14!85 . Th e experimen t prove d nothin g becaus e th e experimental erro r wa s much large r tha n th e exces s and s o the correc t su m could hav e bee n 180 ° o r eve n less . A s Gaus s realized , th e triangl e wa s a small one and sinc e in th e non-Euclidean geometry th e defect is proportional to the area onl y a large triangle could possibly reveal any significant departur e from a n angl e su m o f 180° . We shal l no t discus s the specifi c non-Euclidea n theorem s tha t ar e du e to Gauss. He di d not write up a full deductiv e presentation an d th e theorem s he di d prov e ar e muc h lik e thos e w e shal l encounte r i n th e wor k o f Lobatchevsky an d Bolyai . Thes e tw o me n ar e generall y credite d wit h th e creation o f non-Euclidea n geometry . Jus t wha t i s t o thei r credi t wil l b e discussed late r bu t the y di d publis h organize d presentation s o f a non Euclidean geometry on a deductive synthetic basis with the full understandin g that thi s new geometr y wa s logically as legitimate a s Euclid's . Nikolai Ivanovich Lobatchevsk y (1793-1856) , a Russian , studied a t th e University o f Kazan an d fro m 182 7 t o 184 6 was professor and recto r a t tha t university. He presente d his views on the foundation s of geometry in a paper before th e departmen t o f mathematics an d physic s of the Universit y i n 1826 . However, th e pape r wa s never printe d an d wa s lost. H e gav e hi s approac h to non-Euclidea n geometr y in a serie s of papers, th e first two o f which wer e published i n Kaza n journal s an d th e thir d i n th e Journal fur Mathematik. 11 The first was entitled "On th e Foundation s o f Geometry" an d appeare d i n 1829-30. Th e second , entitle d "Ne w Foundation s o f Geometr y wit h a Complete Theor y o f Parallels " (1835-37) , i s a bette r presentatio n o f Lobatchevsky's ideas . H e calle d hi s ne w geometr y imaginar y geometr y for reasons whic h ar e perhap s alread y apparen t an d wil l b e cleare r later . I n 1840 h e publishe d a boo k i n German , Geometrische Untersuchungen zur Theorie der Parallellinien (Geometrica l Researche s o n th e Theor y o f Parallels 12 ). I n this boo k h e lament s th e sligh t interes t show n i n hi s writings . Though h e became blin d h e dictate d a completel y ne w expositio n o f his geometry an d published i t i n 185 5 unde r th e titl e Pangeometrie. John (Janos) Bolyai (1802-60), son of Wolfgang Bolyai, was a Hungaria n army officer . O n non-Euclidea n geometry , whic h h e calle d absolut e geom etry, h e wrot e a twenty-six-pag e paper "Th e Scienc e of Absolute Space."13 This wa s publishe d a s a n appendi x t o hi s father' s boo k Tentamen Juventutem Studiosam i n Elementa Matheseos (Essa y on th e Element s o f Mathematic s fo r 10. Werke, 4 , 258.



11. Jour. ftir. Math., 17 , 1837 , 295-320 . 12. Th e Englis h translatio n appear s i n Bonola . Se e th e bibliograph y a t th e en d o f this chapter. 13. Th e Englis h translatio n appear s i n Bonola . Se e th e bibliograph y a t th e en d o f thi s chapter.
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Studious Youths) . Though th e two-volum e boo k appeare d i n 1832-3 3 an d therefore afte r a publicatio n b y Lobatchevsky, Bolya i seems to have worke d out his ideas on non-Euclidean geometry by 182 5 and wa s convinced b y that time tha t th e ne w geometr y wa s no t self-contradictory . I n a lette r t o hi s father date d November 23 , 1823, John wrote, " I have made suc h wonderful discoveries tha t I a m mysel f los t i n astonishment. " Bolyai' s wor k wa s s o much like Lobatchevsky's that when Bolyai first saw the latter's wor k in 183 5 he though t i t wa s copie d fro m hi s own 1832—3 3 publication . O n th e othe r hand, Gaus s rea d John Bolyai' s articl e i n 183 2 an d wrot e t o Wolfgang 14 that he was unable t o praise it for to do so would b e to praise hi s own work. 6. Th e Technical Content o f Non-Euclidean Geometry Gauss, Lobatchevsky , an d Bolya i ha d realize d tha t th e Euclidea n paralle l axiom coul d no t b e prove d o n th e basi s of the othe r nin e axiom s an d tha t some such additional axio m was needed t o found Euclidea n geometry . Sinc e the paralle l axio m wa s a n independen t fac t i t wa s the n a t leas t logicall y possible t o adop t a contradictor y statemen t an d develo p th e consequence s of the ne w se t of axioms. To stud y th e technica l conten t o f what thes e men created , i t i s just a s well to take Lobatchevsky's work because all three did about th e same thing . Lobatchevsky gave, a s we know, several versions which differ onl y in details. We shal l use his 1835-3 7 pape r a s the basi s for the accoun t here . Since, a s in Euclid' s Elements, man y theorem s ca n b e prove d whic h d o not depen d a t al l upo n th e paralle l axiom , suc h theorem s ar e vali d i n th e new geometry. Lobatchevsk y devotes the first six chapters of his paper t o th e proof o f these basic theorems. H e assume s at th e outset that spac e is infinite, and h e i s then able t o prove that tw o straight lines cannot intersect in more than one point and tha t tw o perpendiculars to the same line cannot intersect. In hi s sevent h chapte r Lobatchevsk y boldl y reject s th e Euclidea n parallel axio m an d make s the followin g assumption : Give n a lin e AB an d a point C (Fig. 36.5 ) the n al l lines through C fall int o tw o classe s with respect to AB, namely , th e clas s of lines which meet AB an d th e clas s of lines which do not . T o th e latte r belon g tw o line s p an d q which for m th e boundar y between th e tw o classes . These tw o boundary line s are calle d paralle l lines . More precisely , if C is a poin t a t a perpendicula r distanc e a from th e lin e AB, the n ther e exist s an angle 15 IT (a) suc h tha t al l line s throug h C which make wit h th e perpendicula r C D an angl e les s tha n ir(a) wil l intersec t AB; all other line s through C do not intersect AB.i6 The tw o lines which make the 14. Werke, 8 , 220-21 . 15. Th e symbo l IT (a) i s standard an d s o is used here . Actually th e -n in w(a ) ha s nothin g t o do wit h th e numbe r IT. 16. Th e ide a tha t a specifi c angle ca n b e associate d wit h a lengt h i s due t o Lambert .
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Figure 36.5 angle IT (a) with AB ar e th e parallels and -n-(a) i s called the angl e of parallelism. Lines throug h C othe r tha n th e parallel s an d whic h d o no t mee t A B ar e called non-intersectin g lines , thoug h i n Euclid' s sens e the y ar e paralle l t o AB an d s o in thi s sense Lobatchevsky's geometry contain s an infinit e numbe r of parallels throug h C . If the n th e Euclidea n axio m results . If not , then i t follow s that IT (a) increase s an d approache s a s a decrease s t o zero , an d TT(O) decreases an d approache s zer o a s a becomes infinite . Th e su m o f the angle s of a triangl e i s alway s les s tha n IT, decrease s a s th e are a o f th e triangl e increases, an d approache s -n as the are a approaches zero . I f two triangles ar e similar the n the y ar e congruent . Now Lobatchevsk y turn s t o th e trigonometri c par t o f hi s geometry . The firs t ste p i s the determinatio n o f -rr(a). Th e result , if a complet e central angle i s 277, is 17 (1) from whic h i t follow s tha t ?r(0 ) = 7r/ 2 an d TT(+OO ) = 0 . Th e relatio n (1 ) is significant i n tha t wit h eac h lengt h x i t associate s a definit e angl e TT(X). When x = 1 , ta n s o tha t TT(\) = 40°24' . Thu s th e uni t o f length i s that lengt h whose angle o f parallelism is 40°24'. This uni t of length does no t hav e direc t physica l significance . I t ca n b e physicall y one inc h o r one mile . On e woul d choos e th e physica l interpretation whic h would mak e the geometr y physicall y applicable. 18 Then Lobatchevsk y deduce s formula s connectin g side s an d angle s o f the plan e triangle s of his geometry. I n a pape r o f 183 4 h e ha d define d co s x 17. Thi s i s a specia l formulation . I n hi s 184 0 work Lobatchevsk y give s wha t amount s t o the for m usuall y given i n moder n text s an d whic h Gaus s als o has, namely, (a)



where k i s a constant , calle d th e spac e constant . Fo r theoretica l purposes th e valu e o f k is immaterial. Bolya i also give s th e for m («) . 18. I n th e cas e o f the relatio n ta n th e choic e o f th e valu e fo r x whic h should correspon d to , say, 40°24' woul d determin e k.



8y6



NON-EUCLIDEAN GEOMETR Y



Figure 36.6 and si n x fo r rea l x a s th e rea l an d imaginar y part s o f e ix. Lobatchevsky' s point wa s t o giv e a purel y analytica l foundatio n fo r trigonometr y an d s o make i t independen t o f Euclidea n geometry . Th e mai n trigonometri c formulas o f his geometry ar e (Fig . 36.6 ) cot TT(O) = co t tr(c) si n A sin A = co s B si n Tr(b) sin TT(C) = si n ir(a} si n ir(b).



These formula s hold i n ordinar y spherica l trigonometr y provide d tha t th e sides hav e imaginar y lengths . That is , if one replace s a , b, and c in th e usua l formulas of spherical trigonometry by ia, ib, and i c one obtains Lobatchevsky' s formulas. Sinc e th e trigonometri c function s o f imaginary angles are replace able b y hyperbolic function s on e migh t expect t o see these latter function s in Lobatchevsky's formulas . The y ca n b e introduce d b y usin g th e relatio n tan (jr(x)/2) = e~ xlk. Thus th e first of the formula s above ca n b e converte d into



Also wherea s i n th e usua l spherica l geometr y th e are a o f a triangl e wit h angles A , B , an d C is ( A + B + C — n), i n th e non-Euclidea n geometr y it i s whic h amount s t o replacin g r b y i r in th e usua l formula. By workin g with a n infinitesima l triangl e Lobatchevsk y derive d i n hi s first paper (1829-30 ) th e formul a



for th e elemen t of arc o n a curv e y — f(x] a t th e poin t ( x , y ) . The n th e entir e circumference o f a circl e of radius r can b e calculated . I t i s



The expressio n for the are a o f a circl e proves t o b e
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Figure 36.7 He als o gives theorem s o n th e area of plane an d curve d region s an d volume s of solids . The formula s o f Euclidea n geometr y resul t fro m th e non-Euclidea n formulas whe n th e magnitude s ar e small . Thu s i f we us e the fac t tha t



and neglec t fo r small r all bu t th e firs t tw o term s then , fo r example , In th e first paper (1829-30 ) Lobatchevsk y als o considere d th e applica bility of his geometry t o physical space . Th e essenc e of his argument rest s on the paralla x o f stars. Suppos e an d (Fig . 36.7 ) ar e th e position s o f the earth si x months apart and S is a star . The parallax/ ) of S is the differenc e i n the direction s o f an d . measured , say , fro m th e perpendicula r If i s th e Euclidea n paralle l t o the n s i n c e i s a n isoscele s triangle, i s half of the chang e i n directio n o f the star , tha t is, pj2. Thi s angl e i s 1"2 4 for th e sta r Siriu s (Lobatchevsky' s value) . As long a s such a n angl e i s not zero , th e lin e fro m t o the sta r canno t be th e paralle l to T S becaus e th e line cuts TS . If , however, ther e were a lower boun d t o th e various parallaxe s o f al l th e star s the n an y lin e fro m makin g a smalle r angle with tha n thi s lower bound coul d b e taken t o be a paralle l t o T S through an d thi s geometr y woul d b e equall y usefu l s o fa r a s stella r measurements ar e concerned . Bu t the n Lobatchevsk y showe d tha t th e uni t of lengt h i n hi s geometry woul d hav e t o be , physically , more tha n a hal f a million time s the radiu s o f the earth' s path . I n othe r words , Lobatchevsky' s geometry coul d b e applicable onl y i n a n enormousl y larg e triangle . 7. The Claims of Lobatchevsky and Bolyai to Priority The creatio n o f non-Euclidean geometr y i s often use d a s an exampl e o f how an ide a occur s independentl y t o differen t peopl e a t abou t th e sam e time . Sometimes thi s i s regarde d a s pur e coincidenc e an d sometime s a s evidenc e of th e spiri t o f the tim e workin g it s influenc e i n widel y separate d quarters . The creatio n o f non-Euclidea n geometr y b y Gauss , Lobatchevsky , an d Bolyai i s not a n exampl e o f a simultaneou s creatio n no r i s the grea t credi t



878 NON-EUCLIDEA



N GEOMETR Y



given t o Lobatchevsky an d Bolya i justified. I t i s true, a s already noted , tha t they were the first to publish an avowed non-Euclidea n geometr y and i n this act showe d mor e courag e tha n Gaus s did . However, th e creatio n o f non Euclidean geometr y i s hardly thei r contribution . We hav e alread y pointe d out that even Gauss was preceded b y Lambert, tha t Schweikart and Taurinus were independent creators , an d tha t Lamber t an d Taurinu s published thei r work. Moreove r th e realizatio n tha t th e ne w geometry may be applicable t o physical spac e i s due t o Gauss . Both Lobatchevsk y an d Bolya i ow e muc h t o Gauss . Lobatchevsky' s teacher i n Kaza n wa s Johann Marti n Bartel s (1769-1836) , a goo d frien d o f Gauss. I n fac t the y spen t th e year s 180 5 to 180 7 together i n Brunswick . Subsequently Gaus s and Bartel s kept i n communicatio n wit h eac h other . I t is extremel y unlikel y tha t Bartel s di d no t pas s o n t o Lobatchevsky , wh o remained a t Kaza n a s a colleague , Gauss' s progres s i n non-Euclidea n geometry. I n particula r Bartel s mus t hav e know n Gauss' s doubt s a s t o th e truth o f Euclidean geometry . As for John Bolyai , his father Wolfgang was als o a clos e friend o f Gauss and a fello w studen t in Gottinge n fro m 179 6 to 1798 . Wolfgan g and Gaus s not onl y continue d t o communicat e wit h eac h othe r bu t discusse d th e specific subject of the parallel axiom, as one of the quotations above indicates. Wolfgang continue d to work hard o n the proble m o f the paralle l axio m an d sent a purported proof to Gauss in 1804 . Gauss showed him that the proof was fallacious. B y 181 7 Gaus s was certai n no t onl y tha t th e axio m coul d no t b e proved bu t tha t a logicall y consisten t an d physicall y applicabl e nonEuclidean geometr y coul d b e constructed . Beyon d hi s communicatio n o f 1799 t o thi s effect , Gaus s transmitte d hi s later thought s freely t o Wolfgang . Wolfgang continue d t o work on th e proble m unti l he publishe d his Tentamen of 1832-33 . Since he recommended t o his son that he take up th e proble m of the paralle l axiom h e almos t certainl y retailed wha t h e knew. There ar e contrar y views . The mathematicia n Friedric h Enge l (1861 1941) believe d tha t thoug h Lobatchevsky' s teache r Bartel s wa s Gauss' s friend, Lobatchevsk y coul d hardl y hav e learne d mor e throug h thi s connection tha n tha t Gaus s doubte d th e physica l correctnes s o f th e paralle l axiom. Bu t thi s fac t i n itsel f wa s crucial . However , Enge l doubte d tha t Lobatchevsky learne d eve n thi s muc h fro m Gauss , fo r Lobatchevsk y ha d tried fro m 181 6 o n t o prove th e Euclidea n paralle l axiom ; the n recognizing the hopelessnes s o f suc h effort s finall y i n 182 6 create d th e ne w geometry . John Bolya i als o trie d t o prov e th e Euclidea n paralle l axio m unti l abou t 1820 an d the n turne d t o th e constructio n o f a ne w geometry . Bu t thes e continuing effort s t o prov e th e paralle l axio m d o no t impl y ignoranc e o f Gauss's thoughts. 19 Sinc e no one, not eve n Gauss , ha d show n tha t Euclid' s 19. However , se e Georg e Bruc e Halstcd , Amer. Math. Monthly, 6 , 1899 , 166-72; an d 7 , 1 900, 247-52.
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parallel axio m coul d no t b e deduce d fro m th e othe r nin e axiom s bot h Lobatchevsky and Bolya i may have decided t o try their hand a t the problem. Having failed , the y coul d appreciat e al l th e mor e readil y th e wisdo m o f Gauss's view s on th e subject. As fo r th e technica l conten t contribute d b y Lobatchevsk y an d Joh n Bolyai, though they may have created thi s independently of their predecessors and o f eac h other , Saccheri' s an d Lambert' s work , t o sa y nothin g o f Schweikart's an d Taurinus's , wa s widel y know n i n Gottinge n an d wa s certainly know n t o Bartel s an d Wolfgan g Bolyai . An d whe n Lobatchevsk y refers i n hi s 1835-3 7 pape r t o th e futilit y o f th e effort s ove r tw o thousan d years t o settl e the questio n o f the paralle l axiom , b y inferenc e h e admit s t o the knowledg e o f the earlie r work .



8. Th e Implications o f Non-Euclidean Geometry We hav e alread y state d tha t th e creatio n o f non-Euclidean geometr y wa s the mos t consequentia l an d revolutionar y ste p i n mathematic s sinc e Gree k times. W e shal l no t trea t al l th e implication s o f th e subjec t a t thi s time . Instead w e shal l follo w th e historica l cours e o f events . Th e impac t o f th e creation an d th e ful l realizatio n o f it s significanc e wer e delaye d becaus e Gauss di d no t publis h hi s wor k o n thi s subjec t an d Lobatchevsky' s an d Bolyai's wor k wa s ignore d fo r abou t thirt y years . Thoug h thes e me n wer e aware o f th e importanc e o f thei r work , th e mathematician s generall y exhibited thei r usua l reluctanc e t o entertai n radica l ideas . Also , th e ke y subject i n th e geometr y o f th e 1830 s an d 1840 s wa s projectiv e geometr y and fo r this reason to o the wor k o n non-Euclidea n geometr y di d no t attrac t the English , French, an d Germa n mathematicians . Whe n Gauss' s note s and correspondence o n non-Euclidea n geometr y wer e publishe d afte r hi s deat h in 185 5 attention wa s drawn t o th e subject . Hi s nam e gav e weigh t t o th e ideas an d soo n thereafte r Lobatchevsky' s an d Bolyai' s wor k wa s note d b y Richard Baltze r (1818-87 ) i n a boo k o f 1866-67. Subsequen t development s finally brough t mathematician s t o th e realizatio n o f th e ful l impor t o f non-Euclidean geometry . Gauss di d se e the mos t revolutionar y implication . Th e firs t ste p i n th e creation o f non-Euclidea n geometr y wa s th e realizatio n tha t th e paralle l axiom coul d no t b e prove d o n th e basi s of the othe r nin e axioms. I t wa s an independent assertio n an d s o it was possible to adopt a contradictor y axio m and develo p a n entirel y ne w geometry . Thi s Gaus s an d other s did . But Gauss, havin g realize d tha t Euclidea n geometr y i s no t necessaril y th e geometry o f physical space , tha t is , is not necessaril y true , pu t geometr y i n the sam e clas s with mechanics , an d asserte d tha t th e qualit y o f truth mus t be restricted t o arithmetic (an d its development i n analysis). This confidence in arithmeti c i s i n itsel f curious . Arithmeti c a t thi s tim e ha d n o logica l
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foundation a t all . Th e assuranc e tha t arithmetic , algebra , an d analysi s offered truth s about th e physica l world stemmed entirel y from relianc e upo n experience. The histor y o f non-Euclidea n geometr y reveal s i n a strikin g manne r how much mathematician s are influenced not by the reasoning they perform but b y th e spiri t o f the times . Saccher i ha d rejecte d th e strang e theorem s of non-Euclidean geometr y and conclude d that Eucli d was vindicated. But one hundred year s late r Gauss , Lobatchevsky , an d Bolya i confidentl y accepted the ne w geometry . The y believe d tha t thei r ne w geometr y wa s logicall y consistent an d henc e tha t thi s geometr y wa s a s vali d a s Euclid's . Bu t the y had n o proo f o f this consistency . Thoug h the y prove d man y theorem s an d obtained n o eviden t contradictions , th e possibilit y remaine d ope n tha t a contradiction migh t still b e derived . Wer e thi s to happen, the n th e assump tion o f their paralle l axio m woul d b e invali d and , a s Saccheri ha d believed , Euclid's paralle l axio m woul d b e a consequenc e o f his other axioms . Actually Bolyai and Lobatchevsk y considered this question of consistency and wer e partl y convinced o f it becaus e thei r trigonometr y wa s the sam e as for a sphere o f imaginary radius and th e sphere is part of Euclidean geometry . But Bolya i was not satisfie d wit h thi s evidence because trigonometr y in itsel f is no t a complet e mathematica l system . Thu s despit e th e absenc e o f an y proof o f consistency , o r o f th e applicabilit y o f th e ne w geometry , whic h might a t leas t hav e serve d a s a convincin g argument , Gauss , Bolyai , an d Lobatchevsky accepte d wha t thei r predecessor s ha d regarde d a s absurd . This acceptance wa s an ac t o f faith. Th e questio n of the consistenc y of non Euclidean geometr y remaine d ope n fo r another fort y years . One mor e poin t abou t th e creation o f non-Euclidean geometry warrant s attention an d emphasis . Ther e i s a commo n belie f that Gauss , Bolyai , an d Lobatchevsky wen t of f into a corner , playe d wit h changin g th e axiom s o f Euclidean geometr y just t o satisf y thei r intellectua l curiosit y and s o create d the ne w geometry . An d sinc e thi s creatio n ha s prove d t o b e enormousl y important fo r science— a for m o f non-Euclidea n geometr y whic h w e hav e yet t o examin e ha s bee n use d i n th e theor y o f relativity—man y mathe maticians have contended tha t pure intellectual curiosity is sufficient justifica tion fo r th e exploratio n o f an y mathematica l ide a an d tha t th e value s for science wil l almos t surel y ensu e a s purportedl y happene d i n th e cas e o f non-Euclidean geometry . Bu t th e histor y o f non-Euclidea n geometr y doe s not suppor t thi s thesis . W e hav e see n tha t non-Euclidea n geometr y cam e about afte r centurie s of work o n th e paralle l axiom . Th e concer n abou t thi s axiom stemme d fro m th e fac t tha t i t shoul d be , a s a n axiom , a self-evident truth. Sinc e th e axiom s of geometry ar e ou r basi c fact s abou t physica l space and vas t branche s o f mathematics an d o f physical science use the propertie s of Euclidean geometr y th e mathematician s wished t o be sure that the y wer e relying upo n truths . I n othe r words , th e proble m o f the paralle l axio m wa s
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The Differentia l Geometr y o f Gauss an d Rieman n Thou, nature , ar t m y goddess ; t o th y law s m y service s ar e bound . . .. CAR L F . GAUS S



1. Introduction We shall now pick up the threads of the development of differential geometry, particularly th e theor y o f surface s a s founde d b y Eule r an d extende d b y Monge. Th e nex t great ste p in thi s subject was made b y Gauss. Gauss ha d devote d a n immens e amount o f work t o geodes y an d map making startin g i n 1816 . Hi s participatio n i n actua l physica l surveys , o n which h e publishe d man y papers , stimulate d hi s interes t i n differentia l geometry an d le d t o hi s definitiv e 182 7 pape r " Disquisitiones Generale s circa Superficie s Curvas " (Genera l Investigation s of Curve d Surfaces). 1 However, beyon d contributin g thi s definitiv e treatmen t o f th e differentia l geometry o f surfaces lyin g i n three-dimensiona l space Gaus s advance d th e totally ne w concep t tha t a surfac e i s a spac e i n itself . I t wa s thi s concep t that Rieman n generalized , thereb y opening up ne w vistas in non-Euclidea n geometry. 2. Gauss's Differential Geometry Euler had alread y introduced the idea (Chap . 23, sec. 7) that the coordinates (x, y, z ) o f any poin t o n a surface can b e represente d i n term s o f two para meters u and v; tha t is , the equation s of a surfac e are give n b y



(1) x



= x(u,v), =y y(u,v),



z



= z(u,v).



Gauss's poin t o f departure wa s to use this parametric representatio n fo r th e systematic study of surfaces. Fro m thes e parametric equation s w e hav e (2) d



x — a du + a' dv, dy



=



b du + b ' dv, dz



1. Comm. Soc. Gott., 6, 1828 , 99-14 6 = Werke, 4 , 217-58 . 882



= c du + c ' dv
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wherein a = a' the determinant s



= an
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d s o forth . Fo r convenienc e Gaus s introduce s



and th e quantit y



which h e suppose s is not identicall y 0 . The fundamenta l quantit y o n an y surfac e i s the elemen t o f arc lengt h which i n (x , y, z ) coordinate s is (3) Gauss now use s the equation s (2 ) t o writ e (3 ) as (4) where The angl e betwee n tw o curve s o n a surfac e i s anothe r fundamenta l quantity. A curve o n th e surfac e i s determined b y a relatio n betwee n u an d v, for the n x , y, an d z becom e function s o f one parameter , u or v , and th e equations (1 ) become th e parametric representation of a curve. One say s in the language o f differentials tha t a t a point (u , v) a curve or the direction of a curve emanatin g fro m th e poin t i s given by th e rati o du : dv. If then w e hav e two curve s o r tw o direction s emanating fro m (u , v), one give n b y du:dv an d the othe r b y du'.dv', an d i f 6 is th e angl e betwee n thes e directions , Gaus s shows tha t (5)



Gauss undertakes next to study the curvature of a surface. Hi s definitio n of curvatur e i s a generalizatio n t o surface s o f th e indicatri x use d fo r spac e curves b y Eule r an d use d fo r surfaces b y Olind e Rodrigues. 2 A t eac h poin t (x, y, z ) o n a surfac e ther e i s a norma l wit h a directio n attached . Gaus s considers a uni t spher e an d choose s a radiu s havin g th e directio n o f th e directed norma l o n th e surface . Th e choic e o f radiu s determine s a poin t (X, Y , Z ) o n the sphere . I f we next conside r o n the surfac e an y smal l region surrounding (x , y, z ) the n ther e i s a correspondin g regio n o n th e spher e surrounding (X , 7 , Z) . Th e curvatur e of the surface at ( x , y , z ) i s denned as the limi t of the rati o of the area of the region o n the sphere to the area of the corresponding region on the surface as the two areas shrink to their respective 2. Corresp. sur I'Ecole Poly., 3 , 1814-16 , 162-82 .
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points. Gaus s evaluate s thi s rati o b y notin g firs t tha t th e tangen t plan e a t (X, Y , Z ) o n the sphere is parallel to the one at (x , y, z ) o n the surface. Hence the rati o o f th e tw o area s i s th e rati o o f thei r projection s o n th e respectiv e tangent planes . T o fin d thi s latter rati o Gaus s perform s a n amazin g numbe r of differentiations an d obtain s a resul t which i s still basic , namely , tha t th e (total) curvatur e K o f the surfac e is (6)



wherein (7)



Then Gaus s show s that hi s K i s the produc t o f the tw o principa l curvature s at ( x , y , z) , whic h ha d bee n introduce d b y Euler . Th e notio n o f mea n curvature, th e averag e o f the tw o principa l curvatures , wa s introduce d b y Sophie Germai n i n 1831. 3 Now Gaus s make s a n extremel y importan t observation . Whe n th e surface i s give n b y th e parametri c equation s (1) , th e propertie s o f th e surface see m t o depen d o n th e function s x, y, z . B y fixing u, say u = 3 , an d letting v vary , on e obtain s a curv e o n th e surface . Fo r th e variou s possibl e fixed value s o f u on e obtain s a famil y o f curves . Likewis e b y fixin g v on e obtains a famil y o f curves. These tw o familie s ar e th e parametri c curve s on the surfac e s o tha t eac h poin t i s give n b y a pai r o f number s (c , d), say , where u — c an d v = d ar e th e parametri c curve s whic h pas s throug h th e point. Thes e coordinate s do no t necessaril y denote distance s any mor e tha n latitude and longitud e do. Le t u s think of a surfac e on which th e parametri c curves hav e bee n determine d i n som e way . Then , Gaus s affirms , th e geo metrical propertie s o f the surfac e ar e determine d solel y by th e E , F , an d G in th e expressio n (4 ) fo r ds 2. Thes e function s o f u and v are al l tha t matter . It i s certainly the case , a s is evident fro m (4 ) and (5) , tha t distance s an d angles on th e surfac e ar c determine d b y th e E , F, and G . But Gauss' s funda mental expressio n fo r curvature , (6 ) above , depend s upo n th e additiona l quantities L, A/, an d N. Gaus s no w proves tha t (8)



wherein H = an d i s equal t o Gauss's A defined above. Equatio n (8), calle d th e Gaus s characteristi c equation , show s tha t th e curvatur e K and, i n particula r i n vie w of (6) , the quantit y LN — depen d onl y upo n 3. Jour, fitr Math., 7 , 1831 , 1-29 .
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E, F , an d G , Sinc e E , F , an d G ar e function s onl y o f th e parametri c coordinates o n th e surface , th e curvatur e to o i s a functio n onl y of th e pa rameters an d doe s no t depen d a t al l o n whethe r o r ho w th e surfac e lie s i n three-space. Gauss had mad e th e observation that the properties o f a surface depen d only on E, F, and G . However, many propertie s other than curvatur e involve the quantitie s L , M, an d N an d no t i n th e combinatio n L N — whic h appears in equatio n (6) . The analytica l substantiatio n o f Gauss's poin t was made b y Gaspar e Mainard i (1800-79), * an d independentl y b y Delfin o Codazzi (1824-75), 5 bot h o f who m gav e tw o additiona l relation s i n th e form o f differentia l equation s whic h togethe r wit h Gauss' s characteristi c equation, K havin g th e valu e i n (6) , determin e L , M , an d N i n term s o f E, F, an d G . Then Ossia n Bonne t (1819—92 ) prove d i n 1867 6 the theore m tha t when six functions satisf y th e Gaus s characteristi c equation an d th e tw o Mainardi Codazzi equations , the y determin e a surfac e uniquel y excep t a s t o positio n and orientatio n i n space . Specifically , if E, F , an d G and L , M , an d N ar e given a s function s o f u and v which satisf y th e Gaus s characteristi c equatio n and th e Mainardi-Codazz i equation s an d i f EG — the n ther e exists a surfac e given b y thre e function s x , y, an d z a s function s o f u and v which has th e first fundamental for m and L , M , an d N ar e relate d t o E , F , an d G through (7) . This surfac e i s uniquely determined except fo r position in space. (Fo r real surfaces with rea l coordinates (u , v) we must have EG — > 0 , E > 0 , and G > 0) . Bonnet's theorem i s the analogu e o f the correspondin g theorem o n curve s (Chap . 23 , sec. 6) . The fac t tha t th e properties of a surface depen d onl y on th e E, F, and G has man y implication s some o f whic h wer e draw n b y Gaus s i n hi s 182 7 paper. Fo r example , i f a surfac e i s bent withou t stretchin g o r contracting , the coordinat e line s u = const , an d v = const , wil l remai n th e sam e an d s o ds wil l remain th e same . Henc e al l properties of the surface , th e curvatur e in particular, wil l remai n th e same . Moreover , i f two surface s ca n b e pu t int o one-to-one correspondenc e wit h eac h other = , tha t is , i f (u, v), wher e an d ar e th e coordinate s o f points on th e secon d surface , and i f th e elemen t o f distanc e a t correspondin g point s i s th e sam e o n th e two surfaces , tha t is , if



4. Giornale dell' htituto Lombardo, 9 , 1856 , 385-98 . 5. Annali di Mat., (3) , 2 , 1868-69 , 101-19 . 6. Jour, d e I'Ecole Poly., 25 , 1867 , 31-151 .
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wherein E , F , and G are function s o f u and v and E' , F', G ' are function s o f u' an d v', then th e tw o surfaces , whic h ar e sai d t o be isometric, must have th e same geometry . I n particular , a s Gaus s pointe d out , the y mus t hav e th e same tota l curvatur e a t correspondin g points . Thi s resul t Gaus s calle d a " theorema egregium, " a mos t excellent theorem . As a corollary, it follows tha t t o move a part of a surface over to anothe r part (whic h mean s preservin g distance ) a necessar y conditio n i s tha t th e surface hav e constan t curvature . Thus , a par t o f a spher e ca n b e move d without distortio n t o anothe r bu t thi s canno t b e don e o n a n ellipsoid . (However, bendin g ca n tak e plac e i n fittin g a surfac e o r par t o f a surfac e onto anothe r unde r a n isometri c mapping.) Thoug h the curvatures at corre sponding point s ar e equal , i f tw o surface s d o no t hav e constan t curvatur e they nee d no t necessaril y b e isometricall y related . I n 1839 7 Ferdinan d Minding (1806-85 ) prove d tha t i f two surface s d o hav e constan t an d equa l curvature the n on e can b e mapped isometricall y onto th e other . Another topi c of great importance that Gaus s took up i n his 182 7 paper is that o f finding geodesies on surfaces . (Th e ter m geodesic was introduced in 1850 b y Liouvill e and wa s take n fro m geodesy. ) This proble m call s fo r th e calculus o f variation s whic h Gaus s uses . H e approache s thi s subjec t b y working wit h th e x,y, z representatio n an d prove s a theore m state d b y John Bernoulli that th e principal normal o f a geodesic curve is normal t o th e surface. (Thu s th e principa l norma l a t a poin t o f a latitud e circl e o n a sphere lie s in th e plan e o f the circl e and i s not norma l t o the spher e whereas the principal norma l at a point on a longitude circle is normal t o the sphere.) Any relatio n betwee n u an d v determine s a curv e o n th e surfac e an d th e relation whic h gives a geodesic is determined by a differential equation . This equation, whic h Gauss merely says is a secon d orde r equatio n i n u and v bu t does no t giv e explicitly , can b e writte n i n man y forms . On e i s (9) where n, m, /j., v , I, an d A are function s o f E, F , an d G . One mus t be careful abou t assumin g the existenc e of a uniqu e geodesic between tw o point s o n a surface . Tw o nearb y point s o n a spher e hav e a unique geodesi c joinin g them , bu t tw o diametricall y opposit e point s ar e joined b y an infinit y of geodesies. Similarly, two points on the same generator of a circula r cylinde r are connecte d b y a geodesi c along th e generato r bu t also b y a n infinit e numbe r o f geodesic helices . If ther e i s but on e geodesi c arc betwee n tw o points in a region , tha t ar c give s the shortes t path betwee n them i n tha t region . Th e proble m o f actually determining the geodesie s o n particular surface s wa s taken up b y man y men . 7. Jour, fiir Math., 19 , 1839 , 370-87 .
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Figure 37. 1



In th e 182 7 article Gaus s prove d a famou s theore m o n curvatur e fo r a triangle forme d b y geodesie s (Fig . 37.1) . Le t K b e th e variable curvatur e of a surface . K dA i s the n th e integra l o f thi s curvatur e ove r th e are a A . Gauss's theore m applie d t o the triangl e state s that



that is , the integra l o f the curvatur e ove r a geodesi c triangl e i s equal t o th e excess o f th e su m o f th e angle s ove r 180 ° or , wher e th e angl e su m i s les s than TT, t o th e defec t fro m 180° . Thi s theorem , Gaus s says , ough t t o b e counted a s a mos t elegan t theorem . Th e resul t generalize s th e theore m o f Lambert (Chap . 36 , sec. 4), whic h state s that the area of a spherical triangle equals th e produc t o f it s spherica l exces s and th e squar e o f th e radius , fo r in a spherica l triangl e K i s constant an d equal s 1 JR 2 . One mor e importan t piec e o f wor k i n Gauss' s differentia l geometr y must b e noted . Lagrang e (Chap . 23 , sec . 8 ) ha d treate d th e conforma l mapping o f a surfac e o f revolutio n int o th e plane . I n 182 2 Gaus s wo n a prize offere d b y th e Danis h Roya l Societ y o f Science s fo r a pape r o n th e problem o f findin g th e analyti c conditio n fo r transformin g an y surfac e conformally ont o an y othe r surface. 8 Hi s condition , whic h hold s i n th e neighborhood o f corresponding point s o n th e tw o surfaces , amounts t o th e fact tha t a functio n P + iQ, whic h w e shal l no t specif y further , o f the pa rameters T an d U b y mean s o f whic h on e surfac e i s represente d i s a function / o f p + i q which is the corresponding function o f the parameters t and u b y whic h th e othe r surfac e i s represente d an d P — iQ is/'(/ > — iq), where/' is for obtaine d from f b y replacing i by —i. The function/depend s on th e correspondenc e betwee n th e tw o surfaces, the correspondenc e bein g specified b y T = T(t, u ) and U(t, u). Gaus s di d no t answe r th e questio n of whether an d i n wha t wa y a finite portion o f th e surfac e ca n b e mappe d conformally ont o th e other surface . This problem wa s taken u p b y Rieman n in hi s work o n comple x function s (Chap . 27 , sec. 10) . Gauss's wor k i n differentia l geometr y i s a landmar k i n itself . Bu t it s implications wer e fa r deepe r tha n h e himsel f appreciated. Unti l thi s work , 8. Werke, 4 , 189-216 .
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surfaces ha d bee n studie d a s figure s i n three-dimensiona l Euclidea n space . But Gaus s showe d tha t th e geometr y o f a surfac e coul d b e studie d b y concentrating on th e surfac e itself. I f one introduce s the u an d v coordinate s which com e fro m th e parametri c representatio n x = x(u,v), = y y(u,v),



z



= z(u, v)



of the surface in three-dimensional space and use s the E, F, and G determined thereby the n on e obtains the Euclidea n propertie s of that surface . However , given thes e u and v coordinates o n th e surfac e an d th e expressio n for i n terms o f E, F , an d G as functions o f u and v , all th e propertie s o f the surface follow fro m thi s expression. This suggest s two vital thoughts. The firs t i s that the surfac e can b e considered a s a space i n itsel f because al l its properties ar e determined b y the . One ca n forget about th e fac t tha t th e surfac e lies in a three-dimensional space . Wha t kin d o f geometry doe s th e surfac e possess if it i s regarded a s a spac e i n itself ? I f on e take s th e "straigh t lines " o n tha t surface t o b e th e geodesies , the n th e geometr y i s non-Euclidean . Thus i f the surfac e o f the spher e i s studied a s a spac e i n itself , i t ha s it s own geometr y an d eve n if the familia r latitude and longitud e are use d a s the coordinates o f points, th e geometr y o f that surfac e i s not Euclidea n becaus e the "straigh t lines " o r geodesie s are arc s o f the grea t circle s o n th e surface. However, th e geometr y o f the spherica l surfac e is Euclidean i f it i s regarde d as a surfac e in three-dimensiona l space. Th e shortes t distanc e betwee n tw o points o n th e surfac e is then th e lin e segment of three-dimensional Euclidea n geometry (thoug h it does not li e on the surface) . Wha t Gauss's wor k implie d is tha t ther e ar e non-Euclidea n geometrie s a t leas t o n surface s regarde d a s spaces i n themselves . Whether Gaus s sa w thi s non-Euclidea n interpretatio n of his geometr y o f surfaces is not clear . One ca n g o further . On e migh t thin k tha t th e prope r E , F , an d G for a surfac e i s determine d b y th e parametri c equation s ( 1 ) . But on e coul d start wit h th e surface , introduce th e tw o familie s o f parametri c curve s an d then pic k function s E , F , an d G o f u an d v almos t arbitrarily . The n th e surface ha s a geometr y determine d b y thes e E , F , an d G . This geometr y i s intrinsic t o th e surfac e an d ha s n o connectio n wit h th e surroundin g space. 8a Consequently th e sam e surfac e ca n hav e different geometrie s dependin g o n the choic e o f th e function s E, F, an d G . The implication s are deeper . I f one can pic k different set s of E, F, and G and thereb y determin e differen t geometrie s o n th e sam e surface , why can' t one pic k differen t distanc e function s i n ou r ordinar y three-dimensiona l space ? Th e commo n distanc e functio n i n rectangula r coordinate s is , o f course, an d thi s i s obligator y i f on e start s wit h Euclidean geometr y becaus e i t i s just th e analyti c statemen t o f the Pythag orean theorem . However , give n th e sam e rectangula r Cartesia n coordinate s 8a. Not e tha t a differen t parametrizatio n ther e ca n b e a differen t E, F , an d G and a differen t curvature. Thi s i s wha t i s mean t b y curvatur e o f space-tim e i n relativity . I t i s no t a "curve d space."
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for th e point s o f space, on e migh t pic k a differen t expressio n fo r an d obtain a quite differen t geometr y fo r that space , a non-Euclidean geometry . This extensio n t o an y spac e o f th e idea s Gaus s firs t obtaine d b y studyin g surfaces wa s taken u p an d develope d b y Riemann . 3. Riemann's Approach t o Geometry The doubt s about what we may believe about th e geometry o f physical space, raised b y the work of Gauss, Lobatchevsky, and Bolyai , stimulated one of the major creation s o f th e nineteent h century , Riemannia n geometry . Th e creator was Georg Bernhar d Riemann , th e deepes t philosopher o f geometry. Though th e detail s of Lobatchevsky' s an d Bolyai' s wor k wer e unknow n t o Riemann, the y were know n t o Gauss , an d Rieman n certainl y knew Gauss' s doubts a s t o th e trut h an d necessar y applicabilit y o f Euclidea n geometry . Thus in th e field of geometry Rieman n followe d Gaus s wherea s in functio n theory h e followe d Cauch y an d Abel . Hi s investigatio n o f geometr y wa s influenced als o by the teachings of the psychologist Johann Friedrich Herbar t (1776-1841). Gauss assigne d to Rieman n th e subjec t o f the foundation s of geometry as th e on e o n whic h h e shoul d delive r his qualifying lecture , the Habilitationsvortrag, fo r th e titl e o f Privatdozent. Th e lectur e wa s delivere d i n 185 4 t o the facult y a t Gottinge n wit h Gaus s present , an d wa s publishe d i n 186 8 under th e titl e "Ube r di e Hypothesen , welch e de r Geometri c z u Grund e liegen" (O n th e Hypothese s Which Li e at th e Foundatio n o f Geometry).9 In a pape r o n th e conductio n o f heat, whic h Rieman n wrot e i n 186 1 to compet e fo r a priz e offered b y th e Pari s Academy o f Sciences and whic h is ofte n referre d to a s hi s Pariserarbeit, Rieman n foun d th e nee d t o conside r further hi s ideas o n geometr y ari d her e h e gav e som e technica l elaboration s of hi s 185 4 paper . Thi s 186 1 paper, whic h di d no t wi n th e prize , wa s pub lished posthumousl y in 187 6 in hi s Collected Works. 10 I n th e secon d editio n of the Werke Heinric h Webe r i n a not e explain s Riemann's highl y compressed material. The geometr y of space offere d b y Riemann wa s not just an extensio n of Gauss's differentia l geometry . I t reconsidere d th e whol e approac h t o th e study of space. Riemann too k up th e question of just what we may b e certai n of abou t physica l space . Wha t condition s or fact s ar e presuppose d i n th e very experienc e of space befor e we determin e by experienc e the particula r axioms tha t hol d i n physica l space? On e o f Riemann' s objective s wa s t o show that Euclid's particular axioms were empirical rather than , as had been believed, self-eviden t truths . He adopte d th e analytical approac h becaus e in 9. Abh. de r Ges. de r Wiss. z u Coll., 13 , 1868 , 1-2 0 = Werke, 2n d ed. , 272-87 . A n Englis h translation ca n b e foun d i n \V . K . Clifford' s Collected Mathematical Papers. Als o i n Nature, 8, 1873 , 14-36 , an d i n D . E . Smith , A Source Book i n Mathematics, 411-25 . 10. Werke, 2n d ed. , 1892 , 391-404 .
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geometrical proof s we may b e misled by ou r perception s to assume facts not explicitly recognized. Thus Riemann's ide a was that by relying upon analysis we migh t star t wit h wha t i s surel y a prior i abou t spac e an d deduc e th e necessary consequences. Any other properties of space woul d the n b e known to b e empirical . Gaus s ha d concerne d himsel f with thi s very sam e proble m but o f thi s investigatio n onl y th e essa y o n curve d surface s wa s published. Riemann's searc h fo r what i s a prior i le d hi m t o study th e loca l behavio r of space or , i n othe r words , th e differentia l geometri c approac h a s opposed t o the consideratio n of space a s a whole as one finds it in Eucli d o r in th e non Euclidean geometr y o f Gauss, Bolyai , and Lobatchevsky . Befor e examinin g the details we should be forewarned tha t Riemann' s idea s as expressed in th e lecture and i n the manuscript of 1854 are vague. One reaso n is that Rieman n adapted i t to his audience, the entire faculty a t Gottingen . Part of the vagueness stems from th e philosophica l considerations with which Riemann bega n his paper . Guided t o a larg e exten t b y Gauss' s intrinsi c geometry o f surfaces in Euclidean space , Rieman n develope d a n intrinsi c geometry fo r an y space . He preferre d t o trea t ^-dimensiona l geometr y eve n thoug h th e three dimensional cas e wa s clearl y th e importan t on e an d h e speak s o f n-dimensional space as a manifold. A point in a manifold of n dimensions is represented by assignin g specia l values to n variable parameters , an d th e aggregate o f all suc h possibl e point s constitute s th e rc-dimensional manifold itself, just a s the aggregat e o f the point s on a surfac e constitute s the surface itself. Th e n variabl e parameter s ar e calle d coordinate s o f th e manifold . When th e ' s vary continuously , the point s range over th e manifold. Because Rieman n believe d tha t w e kno w spac e onl y locally he starte d by definin g th e distanc e betwee n tw o generi c point s whos e correspondin g coordinates diffe r onl y by infinitesimal amounts. He assume s that th e squar e of this distance is (10) wherein th e ar e function s o f the coordinate s an d the righ t sid e of (10) is always positive for all possibl e values of the dx t. Thi s expression fo r ! is a generalization o f the Euclidea n distanc e formula He mention s th e possibilit y of assumin g fo r ds th e fourt h roo t o f a homo geneous functio n o f th e fourt h degre e i n th e differential s but di d no t pursu e thi s possibility. By allowing the t o be function s o f th e coordinates Riemann provide d fo r the possibility that the nature o f the spac e may var y fro m poin t t o point .



RIEMANN'S APPROAC H T O GEOMETR Y 89



1



Though Rieman n i n hi s paper o f 185 4 di d no t se t fort h explicitl y th e following definitions he undoubtedly had the m in mind becaus e they parallel what Gaus s did fo r surfaces. A curve o n a Riemannia n manifol d is given b y the se t o f n function s (11) Then th e lengt h o f a curv e betwee n t = a and t = | 3 is defined b y (12)



The shortes t curve between tw o given points, t = a and t = , the geodesic , is the n determinabl e b y th e metho d o f th e calculu s o f variations . I n th e notation o f that subjec t it is the curv e for which = 0 . One mus t then determine th e particula r function s o f th e for m (11 ) whic h furnis h thi s shortest path betwee n the tw o points. In term s of the parameter ar c length s, the equation s o f the geodesie s prove t o b e



This is a syste m of n second orde r ordinar y differentia l equations. 11 The angl e 9 betwee n tw o curve s meetin g a t a poin t one curv e determine d b y th e direction s , and th e othe r by i = 1,2, . . ., n, where the primes indicate values belonging to the second direction , i s defined by th e formula (13)



By followin g th e procedure s whic h Gaus s use d fo r surfaces , a metrica l ^-dimensional geometr y ca n b e develope d wit h th e abov e definition s a s a basis. Al l th e metrica l propertie s ar e determine d b y th e coefficient s i n the expressio n fo r The secon d majo r concep t i n Riemann' s 185 4 pape r i s th e notio n o f curvature o f a manifold . Throug h i t Rieman n sough t t o characteriz e Euclidean spac e an d mor e generall y spaces o n which figures may b e moved about withou t change in shape or magnitude. Riemann' s notio n of curvature for an y n-dimensiona l manifold is a generalizatio n o f Gauss's notio n o f total curvature fo r surfaces. Like Gauss' s notion , the curvatur e o f the manifol d is defined i n term s o f quantities determinable o n th e manifol d itself and ther e 11. Fo r th e meanin g o f th e brac e symbo l see (19 ) below. Rieman n did no t giv e thes e equations explicitly.
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is n o nee d t o thin k o f th e manifol d a s lyin g i n som e higher-dimensiona l manifold. Given a poin t P i n th e ?i-dimensiona l manifold , Rieman n consider s a two-dimensional manifol d a t th e poin t an d i n th e w-dimensiona l manifold . Such a two-dimensiona l manifol d i s forme d b y a singl y infinit e se t o f geodesies throug h th e poin t an d tangen t t o a plan e sectio n o f the manifold through th e poin t P . No w a geodesi c can b e describe d b y th e poin t P and a direction a t tha t point . Le t i b e th e directio n o f one geodesi c and b e th e directio n o f another. The n th e z't h directio n of any on e o f the singl y infinit e se t o f geodesies a t P i s given b y



(subject t o th e conditio n whic h arise s from th e condition Thi s se t o f geodesie s form s a two dimensional manifol d which ha s a Gaussia n curvature . Becaus e ther e i s a n infinity o f such two-dimensiona l manifold s through P w e obtai n a n infinit e number o f curvatures a t tha t poin t i n th e /i-dimcnsiona l manifold . But from n(n — l ) / 2 o f thes e measure s o f curvature , th e res t ca n b e deduced . A n explicit expressio n fo r th e measur e o f curvatur e ca n no w b e derived . Thi s was don e b y Rieman n i n hi s 186 1 pape r an d wil l b e give n below . Fo r a manifold whic h i s a surface , Riemann' s curvatur e i s exactl y Gauss' s tota l curvature. Strictl y speaking, Riemann' s curvature , lik e Gauss's, i s a propert y of th e metri c impose d o n th e manifol d rather tha n o f the manifol d itself . After Rieman n ha d complete d hi s general investigatio n of ^-dimensional geometry an d showe d ho w curvatur e i s introduced , h e considere d mor e restricted manifold s on whic h finit e spatia l form s mus t b e capabl e o f move ment withou t change of size or shape an d mus t b e capable of rotation i n an y direction. This le d hi m t o spaces o f constant curvature . When al l the measures of curvature at a point are th e same and equa l t o all th e measure s at an y othe r point , we get what Rieman n call s a manifold of constant curvature . O n suc h a manifol d i t i s possibl e t o trea t congruen t figures. In th e 185 4 paper Rieman n gav e th e followin g result s but n o details: If a b e th e measur e o f curvature th e formul a for the infinitesima l element o f distance o n a manifold of constant curvature becomes (i n a suitable coordinate system) (14) Riemann though t tha t the curvature a must b e positive or zero, s o that whe n a > 0 w e get a spherica l spac e an d whe n a = 0 w e get a Euclidea n spac e and conversely . H e als o believe d tha t i f a spac e i s infinitel y extended th e
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curvature mus t be zero. H e did , however , suggest tha t ther e migh t b e a rea l surface o f constant negativ e curvature. 12 To elaborat e o n Riemann , fo r 0 an d n = 3 w e get a three dimensional spherica l geometr y thoug h w e cannot visualiz e it. Th e spac e is finite i n exten t bu t boundless . Al l geodesie s i n i t ar c o f constan t length , namely, 2-rrja, an d retur n upo n themselves . Th e volum e o f th e spac e i s . Fo r an d n — 2 w e ge t th e spac e o f th e ordinar y spherica l surface. Th e geodesie s are of course the great circle s and are finite. Moreover , any tw o intersec t i n tw o points . Actuall y i t i s no t clea r whethe r Rieman n regarded th e geodesie s o f a surfac e of constant positiv e curvature a s cutting in on e o r tw o points. H e probabl y intende d th e latter . Feli x Klei n pointe d out late r (se e th e nex t chapter ) tha t ther e wer e tw o distinc t geometrie s involved. Riemann als o point s ou t a distinction , of which mor e wa s made later , between boundlessness [as is the cas e for the surfac e o f a sphere] an d infinite ness o f space . Unboundedness , h e says , ha s a greate r empirica l credibility than an y othe r empiricall y derive d fac t suc h a s infinit e extent . Toward th e end o f his paper Riemann notes that since physical spac e is a specia l kind o f manifold the geometr y o f that spac e cannot b e derived onl y from genera l notion s abou t manifolds . Th e propertie s tha t distinguis h physical spac e fro m othe r tripl y extended manifold s ar c t o b e obtaine d onl y from experience . H e adds , "I t remains t o resolve the questio n o f knowing in what measur e an d u p t o wha t poin t thes e hypothese s abou t manifold s are confirmed b y experience. " I n particula r th e axiom s o f Euclidean geometr y may b e onl y approximatel y tru e o f physica l space . Lik e Lobatchevsky , Riemann believe d tha t astronom y wil l decid e whic h geometr y fit s space . He end s hi s paper wit h th e propheti c remark : "Eithe r therefor e the realit y which underlie s spac e mus t for m a discret e manifol d o r w e mus t see k th e ground o f it s metri c relation s outsid e it , i n th e bindin g force s which ac t o n it. ... Thi s lead s u s into th e domai n o f another science , tha t of physics, into which th e objec t o f our wor k doe s no t allo w u s t o g o today." This poin t wa s developed b y Willia m Kingdo n Clifford. 13 I hol d i n fact: (I ) Tha t smal l portion s o f space arc o f a natur e analogous to littl e hill s o n a surfac e whic h i s o n th e averag e flat . (2 ) Tha t thi s property o f bein g curve d o r distorte d i s continuall y passe d o n fro m on e portion o f spac e t o anothe r afte r th e manne r o f a wave . (3 ) Tha t thi s variation o f th e curvatur e o f spac e i s reall y wha t happen s i n tha t phenomenon whic h w e cal l th e motio n o f matter whethe r ponderabl e o r ethereal. (4 ) That i n thi s physical worl d nothin g els e take s place bu t thi s variation, subject , possibly , t o th e la w o f continuity . 12. Suc h surface s were already know n to Ferdinan d Mindin g (Jour, fur Math., 19 , 1839 , 370-87, pp . 378-8 0 i n particular) , includin g th e ver y on e late r calle d th e pseudospher e (sec Chap . 38 , sec . 2) . Se e als o Gauss, Werke, 8 , 265 . 13. Proc. Camb. Phil. Soc., 2, 1870 , 157-5 8 = Math. Papers, 20-22 .
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The ordinar y law s o f Euclidean geometr y ar e no t vali d fo r a spac e whos e curvature changes not onl y from plac e to place but becaus e of the motio n of matter, fro m tim e t o time . H e adde d tha t a mor e exac t investigatio n o f physical law s woul d no t b e abl e t o ignor e thes e "hills " i n space . Thu s Riemann and Clifford , unlik e most other geometers, felt th e need to associate matter with space in orde r t o determine what i s true of physical space. Thi s line o f thought leads , o f course, to th e theor y of relativity. In hi s Pariserarbeit (1861 ) Rieman n returne d t o th e questio n of when a given Riemannia n spac e whos e metric is (15) might be a space of constant curvature or even a Euclidea n space. However , he formulate d the mor e general questio n o f when a metri c such a s (15 ) ca n be transforme d by th e equations (16) into a give n metri c (17)



with the understanding of course that ds would equal ds' s o that the geometries of the two spaces would be the same except for the choice of coordinates. Th e transformation (16 ) i s not alway s possible because , a s Rieman n point s out, there ar e n( n + l ) / 2 independent function s i n (15) , whereas th e trans formation introduce s only re functions whic h migh t b e use d t o conver t th e into th e To trea t th e genera l questio n Rieman n introduce d specia l quantitie s which we shall replace by the mor e familiar Ghristoffel symbol s with th e understanding tha t The Christoffe l symbols , denoted i n variou s ways , ar e (18) (19) where i s the cofactor divided b y g of, i n th e determinan t ofg. Rieman n also introduced wha t i s now know n as the Rieman n fou r inde x symbol (20)
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Then Rieman n show s that a necessar y conditio n tha t ds 2 b e transformabl e to i i s (21)



where the left-han d symbol refers t o quantities formed for the ds' metri c an d (21) hold s for al l value s of a, eac h o f which ranges fro m 1 to n . And no w Rieman n turn s t o th e specifi c questio n o f when a give n can b e transforme d t o on e wit h constan t coefficients . H e firs t derive s a n explicit expressio n fo r th e curvatur e o f a manifold . Th e genera l definitio n already give n i n th e 185 4 paper make s use of the geodesi c line s issuing from a poin t O of the space . Le t d and determin e tw o vector s o r direction s of geodesies emanating fro m 0 . (Eac h direction i s specified b y the component s of the tangen t t o the geodesic. ) Then conside r th e penci l o f geodesic vectors emanating fro m 0 an d give n b y /« / + wher e K an d A are parameters . If one thinks of d and a s operating on the whic h describe any on e curve, the n ther e i s a meanin g fo r th e secon d differentia l Riemann the n form s (22)



Here on e understand s tha t th e d and operat e formally on th e expression s following the m (an d d and commute ) s o that (23)



and I f on e calculate s on e find s tha t al l term s involving thir d differential s o f a functio n vanish . Onl y term s involvin g and remain . B y calculating thes e terms an d b y usin g th e notation Riemann obtain s (24)



Now le t



Then th e curvatur e K o f a Riemannia n manifol d i s (25)
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The overal l conclusio n is that th e necessar y an d sufficien t conditio n tha t a given ds 2 ca n b e brough t t o th e for m (fo r n = 3 ) (26)



where th e ' s are constants , i s that al l th e symbol s b e zero . I n cas e the ar e al l positive the ca n b e reduce d t o tha t is, the space i s Euclidean. As we can se e from th e valu e o f [Q], when K i s zero, th e space i s essentially Euclidean . It i s wort h notin g tha t Riemann' s curvatur e fo r a n n-dimensiona l manifold reduce s t o Gauss' s tota l curvatur e o f a surface . I n fac t whe n of th e 1 6 symbols , 1 2 are zer o an d fo r th e remainin g fou r w e hav e (12,12) = -(12,21 ) = -(21,12 ) = ( 2 1 , 2 1 ) . The n Riemann' s t f reduce s to k =



(12 . 12 ) g



By using (20 ) this expression ca n b e shown t o be equa l t o Gauss' s expressio n for th e tota l curvatur e o f a surface . 4. Th e Successors o f Riemann When Riemann' s essa y o f 185 4 wa s publishe d i n 1868 , tw o year s afte r hi s death, i t create d intens e interest, and man y mathematician s hastene d t o fill in th e idea s h e sketche d an d t o exten d them . Th e immediat e successor s of Riemann wer e Beltrami , Christoffel, an d Lipschitz . Eugenio Beltram i (1835-1900) , professor o f mathematics a t Bologna an d other Italia n universities , wh o kne w Riemann' s 185 4 pape r bu t apparentl y did no t kno w his 186 1 paper, too k up th e matte r o f proving tha t th e genera l expression fo r ds z reduce s t o th e for m (14 ) give n b y Rieman n fo r a spac e o f constant curvature. 14 Beyon d thi s result and provin g a fe w other assertion s by Riemann, Beltram i took up the subject of differential invariants , which we shall conside r in th e nex t section. Elwin Brun o Christoffe l (1829-1900) , wh o wa s a professo r o f mathe matics a t Zuric h an d late r a t Strasbourg , advance d th e idea s i n bot h o f Riemann's papers . I n tw o ke y papers 15 ChristofTeP s majo r concer n wa s t o reconsider an d amplif y th e them e alread y treate d somewha t sketchil y b y Riemann i n hi s 186 1 paper , namely , whe n on e form



14. Annali di Mat., (2) , 2, 1868-69 , 232-5 5 = Opere Mat., 1 , 406-29. 15. Jour, fur Math., 70 , 1869 , 46-7 0 an d 241-4 5 = Ges. Math. Abh., 1 , 352 IT. , 37 8 fT .
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can b e transforme d int o anothe r



Christofiel sough t necessar y an d sufficien t conditions . It wa s i n thi s paper , incidentally, tha t h e introduce d th e Christoffe l symbols . Let u s consider firs t th e two-dimensiona l case wher e and and suppos e that x and y ma y b e expresse d a s functions o f X an d Y so that F becomes F' unde r th e transformation . O f cours e dX + dY. No w when x , y, dx, an d dy ar e replace d i n F by thei r values in X and Y an d whe n on e equate s coefficient s i n thi s new for m o f F wit h thos e of F' on e obtain s



These ar e thre e differentia l equation s for x an d y a s function s o f X an d Y . If they can b e solved then we know how to transform from F to F'. However, there ar e onl y tw o function s involved . There mus t the n b e som e relation s between a , b , an d c o n th e on e han d an d A , B, an d C o n th e other . B y differentiating th e thre e equation s abov e an d furthe r algebrai c step s th e relation prove s t o be K = K'. For th e ^-variabl e case , Christoffe l use s th e sam e technique . H e start s with



and



The transformatio n i s
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He let s The



nifi s th e cofacto r o f i n th e determinan t le t . He , lik e Riemann , introduce s independentl y th e fou r inde x symbol (withou t the comma )



He the n deduce s n( n + l ) / 2 partia l differentia l equation s fo r th e a functions o f the A typica l on e is



s



These equation s ar e th e necessar y an d sufficien t condition s tha t a trans formation exis t for which F = F'. Partly t o trea t th e integrabilit y o f thi s se t o f equation s an d partl y because Christoffe l wishe s to consider forms o f degree higher than tw o in th e dxt, h e performs a number of differentiations an d algebrai c steps which show that (27)



where , an d tak e al l value s fro m 1 to n . There ar e equations o f thi s form . Thes e equation s ar e th e necessar y an d sufficien t conditions fo r th e equivalenc e o f tw o differentia l form s o f fourt h order . Indeed le t b e fou r set s of differentials o f x and likewis e for th e y's. The n i f we have th e quadrilinea r for m



the relation s (27 ) are necessar y and sufficien t tha t wher e i s the analogue o f t i n th e y variables . This theor y ca n b e generalize d t o fi-pl y differentia l forms . I n fac t Christoffel introduce s (28)



where the ter m i n parenthese s is defined i n term s of the muc h as the fou r index symbol is and th e symbol i s used to distinguish the differentials o f the set o f fro (29)



m th e se t obtaine d b y applyin g , He the n show s tha t
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and obtain s necessar y an d sufficien t condition s tha t b e transformabl e into He give s nex t a genera l procedur e whereb y fro m a ft-pl y for m a -ply for m ' ca n b e derived . Th e ke y ste p is to introduc e (30)



These (p. + 1)-inde x symbol s ar e th e coefficient s o f th e form . Th e procedure Christoffe l use s her e i s wha t Ricc i an d Levi-Civit a late r calle d covariant differentiatio n (Chap. 48) . Whereas Christoffe l wrot e only one key paper on Riemannian geometry , Rudolph Lipschitz , professo r of mathematics a t Bon n University , wrot e a great number appearin g i n the Journal fur Mathematik fro m 186 9 on. Thoug h there ar e som e generalization s o f the wor k o f Beltrami and Christoffel , th e essential subjec t matte r an d result s ar e th e sam e a s thos e o f the latte r tw o men. H e di d produc e som e ne w result s on subspace s o f Riemannia n an d Euclidean n-dimensiona l spaces . The idea s projected b y Riemann an d develope d by his three immediate successors suggested host s of new problem s in bot h Euclidea n an d Rieman nian differentia l geometry . I n particula r th e result s already obtaine d i n th e Euclidean cas e for three dimensions were generalized to curves, surfaces, an d higher-dimensional form s i n n dimensions. Of many result s we shall cite just one. In 188 6 Friedric h Schu r (1856-1932 ) prove d th e theore m name d afte r him.16 I n accordanc e with Riemann' s approach t o the notio n o f curvature, Schur speak s of the curvatur e of an orientatio n of space. Such a n orientatio n is determine d b y a penci l o f geodesie s wher e a an d ar e th e directions of two geodesie s issuing from a point . Thi s penci l forms a surface and ha s a Gaus s curvature whic h Schu r call s the Riemannia n curvatur e of that orientation. His theorem then states that if at each point the Riemannia n curvature o f a spac e is independent of the orientatio n then th e Riemannia n curvature is constant throughout the space . The manifol d i s then a spac e of constant curvature . 5. Invariants o f Differential Forms It wa s clear fro m th e stud y of the questio n of when a given expression for can b e transforme d b y a transformatio n of the for m (31) 16. Math. Ann., 27, 1886 , 167-7 2 an d 537-67 .
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to another suc h expression with preservation o f the valu e of dsz tha t differen t coordinate representation s ca n b e obtaine d fo r th e ver y sam e manifold . However, the geometrical propertie s of the manifold must be independent o f the particula r coordinat e syste m used t o represent and stud y it. Analytically these geometrica l propertie s woul d b e represente d b y invariants , tha t is , expressions whic h retai n thei r for m unde r th e chang e o f coordinate s an d which will consequently have the same value at a given point. The invariant s of interes t i n Riemannia n geometr y involv e no t onl y th e fundamenta l quadratic form , whic h contain s th e differential s dx i an d bu t ma y als o contain derivative s of the coefficient s an d o f other functions . The y are there fore calle d differentia l invariants . To us e the two-dimensiona l cas e a s an example , i f (32)



is th e elemen t o f distanc e fo r a surfac e the n th e Gaussia n curvatur e K i s given b y formul a (8 ) above. I f no w th e coordinate s ar e change d t o (33) . . . . .



. _



.. .



then ther e i s th e theore m tha t i f £ + 2 F du dv + G c transform s into then K = K', wher e K' i s the sam e expres sion a s in (8 ) but i n the accented variables . Henc e th e Gaussian curvatur e o f a surfac e is a scala r invariant . Th e invarian t K i s sai d t o b e a n invarian t attached to the form (32 ) and involve s only E, F, and G and thei r derivatives. The stud y o f differentia l invariant s wa s actuall y initiate d i n a mor e limited contex t b y Lame . H e wa s intereste d i n invariant s unde r trans formations fro m on e orthogona l curvilinea r coordinat e syste m i n thre e dimensions t o another . Fo r rectangula r Cartesia n coordinate s h e showed 17 that (34) (35)



are differentia l invariant s (he calle d the m differentia l parameters) . Thus if is transforme d int o unde r a n orthogona l transformatio n (rotation o f axes) the n



at th e sam e poin t whos e coordinates are (x , y, z) i n th e origina l system an d in th e ne w coordinat e system . Th e analogou s equation hold s for 17. Jour, de I'Ecole Poly., 14 , 1834 , 191-288 .



INVARIANTS O F DIFFERENTIA L FORM S gO



I



For orthogona l curvilinea r coordinate s i n Euclidea n spac e wher e has th e form (36)



Lame showe d (Legons sur les coordonnees curvilignes, 1859 , cf. above Chapte r 28 , sec. 5 ) tha t th e divergenc e o f th e gradien t o f < whic h i n rectangula r co ordinates i s given b y above , ha s th e invarian t for m



Incidentally i n thi s same wor k Lame gav e condition s on whe n th e give n by (36 ) determines a curvilinea r coordinate syste m in Euclidea n spac e and , if it does , ho w t o chang e t o rectangula r coordinates . The investigatio n of invariants for the theor y o f surfaces was firs t mad e by Beltrami. 18 H e gave the tw o differential invariant s



and



These hav e geometrical meaning. Fo r example in the case of the curve = s const , ar e th e orthogona l trajectorie s o f a famil y o f geodesies o n th e surface. The searc h fo r differentia l invariant s wa s carrie d ove r t o quadrati c differential form s i n n variables. Th e reaso n agai n wa s that thes e invariant s are independen t of particular choice s of coordinates; they represent intrinsic properties o f th e manifol d itself . Thu s th e Rieman n curvatur e i s a scala r invariant. Beltrami, usin g a method give n by Jacobi,19 succeeded i n carrying ove r to n-dimensiona l Riemannia n space s th e Lam e invariants. 20 Le t g a s usual be th e determinan t o f the - an d le t b e th e cofacto r divide d b y g o f in g. Then Beltram i showed tha t Lame' s first invariant become s



18. Gior. d i Mat., 2 , 1864 , 267-82 , an d succeedin g papers in Vols . 2 and 3 = Opere Mat., 1, 107-98 . 19. Jour, fur Math., 36 , 1848 , 113-3 4 = Werke, 2 , 193-216 . 20. Memorie dell' Accademia delle Scienze dell' htituto d i Bologna, (2) , 8 , 1868 , 551-9 0 = Opere Mat., 2 , 74-118 .
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This is the genera l form for the squar e of the gradien t o f . Fo r th e secon d o f Lame's invariants Beltrami obtaine d



He als o introduced th e mixe d differentia l invarian t



This i s th e genera l for m o f th e scala r produc t o f th e gradient s o f an d ifi. Of course the form ds 2 is itself an invariant under a change of coordinates. From this , a s w e foun d i n th e previou s section , Christoffe l derive d highe r order differentia l forms , hi s G 4 and G tf, which are also invariants. Moreover , he showed how from G^ on e can derive G H + 1, which is also an invariant . Th e construction o f such invariants was also pursued b y Lipschitz . Th e numbe r and variet y are extensive . As we shall see this theory of differential invariant s was th e inspiratio n fo r tensor analysis. Bibliography Beltrami, Eugenic : Opere matematiche, 4 vols. , Ulric o Hoepli , 1902-20 . Clifford, Willia m K. : Mathematical Papers, Macmillan , 1882 ; Chelse a (reprint) , 1968. Coolidge, Julia n L. : A History o f Geometrical Methods, Dove r (reprint) , 1963 , pp. 355-87 . Encyklopadie de r Mathematischen Wissenschaften, III , Tei l 3 , variou s articles , B . G . Teubner, 1902-7 . Gauss, Car l F. : Werke, 4 , 192-216 , 217-58 , Koniglich e Gesellschaf t de r Wissen schaften z u Gottingen , 1880 . A translation , "Genera l Investigation s o f Curved Surfaces, " ha s bee n reprinte d b y Rave n Press , 1965 . Helmholtz, Herman n von : " Uber di e tatsachlichen Grundlage n de r Geometric, " Wissenschaftliche Abhandlungen, 2 , 610-17 . : "Uber di e Tatsachen, di e der Geometri c zum Grunde liegen," Nachrichten Konig. Ges. der Wiss. z u Coll., 15 , 1868 , 193-221 ; Wiss. Abh., 2 , 618-39 . : "Ube r de n Ursprun g Sin n un d Bedeutun g de r geometrische n Satze" ; English translation , "O n th e Origi n an d Significanc e o f Geometrica l Axioms," i n Helmholtz : Popular Scientific Lectures, Dove r (reprint) , 1962 , 223-49. Als o i n James R . Newman : Th e World o f Mathematics, Simo n an d Schuster, 1956 , Vol . 1 , 647-68. Jammer, Max : Concepts o f Space, Harvar d Universit y Press, 1954 . Killing, W. : Di e nicht-euklidischen Raumformen i n analytischer Behandlung, B . G . Teubner, 1885 . Klein, F. : Vorlesungen fiber di e Entwicklung de r Mathematik im 19 . Jahrhundert, Chelse a (reprint), 1950 , Vol . 1 , 6-62; Vol . 2 , 147-206 .
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Projective an d Metri c Geometr y But i t should alway s be require d tha t a mathematica l subjec t not b e considere d exhauste d unti l i t ha s becom e intuitivel y evident . . . FELI X KLEI N



1. Introduction Prior t o an d durin g th e wor k o n non-Euclidea n geometry , th e stud y o f projective propertie s wa s th e majo r geometri c activity . Moreover , i t wa s evident fro m th e wor k o f vo n Staud t (Chap . 35 , sec . 3 ) tha t projectiv e geometry i s logicall y prio r t o Euclidea n geometr y becaus e i t deal s wit h qualitative an d descriptiv e propertie s tha t ente r int o th e ver y formatio n of geometrical figure s an d doe s no t us e th e measure s o f lin e segment s an d angles. Thi s fact suggeste d tha t Euclidea n geometr y migh t b e som e specialization o f projective geometry . Wit h th e non-Euclidea n geometries no w a t hand th e possibility arose tha t these , too, at least the ones dealing wit h spaces of constant curvature, might be specializations of projective geometry. Henc e the relationshi p o f projectiv e geometr y t o th e non-Euclidea n geometries , which ar e metri c geometrie s because distanc e is employed a s a fundamental concept, becam e a subjec t o f research. Th e clarificatio n o f the relationshi p of projective geometry t o Euclidean and th e non-Euclidea n geometries is the great achievement of the work we are about t o examine. Equally vital was the establishment o f the consistenc y of the basi c non-Euclidea n geometries . 2. Surfaces a s Models o f Non-Euclidean Geometry The non-Euclidea n geometrie s tha t seeme d t o b e mos t significan t afte r Riemann's wor k wer e thos e of spaces o f constant curvature . Rieman n him self had suggeste d in his 1854 paper that a space of constant positive curvature in tw o dimension s coul d b e realize d o n a surfac e o f a spher e provide d th e geodesic o n th e spher e wa s take n t o b e th e "straigh t line. " Thi s non Euclidean geometr y is now referred t o as double elliptic geometry for reasons which wil l b e cleare r later . Prio r t o Riemann' s work , th e non-Euclidea n geometry o f Gauss , Lobatchevsky , an d Bolyai , whic h Klei n late r calle d 904



SURFACES A S MODEL S O F NON-EUCLIDEA N GEOMETR Y



905



Figure 38.1 hyperbolic geometry , ha d bee n introduce d a s th e geometr y i n a plan e i n which ordinary (an d necessarily infinite) straigh t lines are the geodesies. Th e relationship o f this geometry t o Riemann's varietie s was not clear . Rieman n and Minding 1 ha d though t abou t surface s o f constant negativ e curvatur e but neithe r man relate d thes e to hyperbolic geometry . Independently o f Riemann, Beltram i recognized 2 tha t surface s o f constant curvatur e ar e non-Euclidea n spaces . H e gave a limite d representatio n of hyperbolic geometry on a surface, 3 whic h showe d tha t th e geometr y o f a restricted portio n o f th e hyperboli c plan e hold s o n a surfac e o f constan t negative curvature if the geodesies on this surface are take n to be the straight lines. The length s and angle s on the surfac e are the lengths and angle s of the ordinary Euclidea n geometr y o n th e surface . On e suc h surfac e i s known as the pseudospher e (Fig . 38.1). I t i s generate d b y revolvin g a curv e calle d the tractri x abou t it s asymptote. The equatio n o f the tractri x is



and th e equatio n o f the surfac e i s



The curvatur e of the surfac e i s — l/k2. Thu s th e pseudospher e is a mode l fo r a limite d portio n o f the plan e o f Gauss, Lobatchevsky , and Bolyai . On th e pseudosphere a figur e ma y b e shifte d abou t an d jus t bendin g wil l mak e i t conform t o th e surface , a s a plan e figur e b y bendin g ca n b e fitte d t o th e surface o f a circula r cylinder. 1. Jour, fur Math., 19 , 1839 , 370-87. 2. Annali di Mat., 7 , 1866 , 185-204 = Opere Mat., 1 , 262-80. 3. Gior. di Mat., 6 , 1868 , 248-312 = Opere Mat., \ , 374-405 .
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Beltrami had show n that on a surface of negative constant curvature one can realiz e a piece of the Lobatchevskia n plane . However , ther e is no regular analytic surface o f negative constant curvature o n which the geometry o f the entire Lobatchevskian plan e is valid. All such surfaces have a singular curve— the tangen t plan e i s not continuou s across it—s o tha t a continuatio n o f the surface acros s this curv e will not continu e th e figures that represen t thos e of Lobatchevsky's geometry . Thi s result is due t o Hilbert. 4 In thi s connectio n i t i s worth notin g tha t Heinric h Liebman n (1874 1939)5 prove d tha t th e spher e i s th e onl y close d analyti c surfac e (fre e o f singularities) o f constant positiv e curvature an d s o the onl y on e tha t ca n b e used a s a Euclidea n mode l fo r double ellipti c geometry . The developmen t o f thes e model s helpe d th e mathematician s t o understand an d se e meaning i n th e basi c non-Euclidea n geometries . On e must kee p i n min d tha t thes e geometries , i n th e two-dimensiona l case , ar e fundamentally geometrie s of the plan e i n whic h th e line s and angle s are th e usual line s an d angle s o f Euclidea n geometry . Whil e hyperboli c geometr y had bee n develope d i n this fashion, the conclusions still seemed strange t o the mathematicians an d ha d bee n onl y grudgingly admitte d int o mathematics . The doubl e elliptic geometry, suggested b y Riemann's differentia l geometri c approach, di d no t eve n have an axiomatic developmen t as a geometry of the plane. Henc e th e onl y meanin g mathematician s coul d se e for i t wa s tha t provided b y th e geometr y o n th e sphere . A fa r bette r understandin g o f the nature o f these geometrie s wa s secure d throug h anothe r developmen t tha t sought t o relate Euclidea n an d projectiv e geometry .



3. Projective an d Metric Geometry Though Poncele t ha d introduce d th e distinctio n betwee n projectiv e an d metric propertie s o f figure s an d ha d state d i n hi s Traite o f 182 2 tha t th e projective propertie s wer e logicall y mor e fundamental , i t wa s vo n Staud t who began t o build up projectiv e geometry on a basis independent o f length and angl e siz e (Chap . 35 , sec. 3) . I n 185 3 Edmon d Laguerr e (1834-86) , a professor a t th e Colleg e d e France , thoug h primaril y intereste d i n wha t happens t o angles unde r a projectiv e transformation, actuall y advance d th e goal o f establishing metri c propertie s o f Euclidean geometr y o n th e basi s of 4. Amer. Math. Sac., Trans., 2, 1901 , 86-99 = Ges. Abh., 2, 437-48. The proo f an d furthe r historical detail s ca n b e foun d i n Appendi x V o f Davi d Hilbert' s Grundlagen der Geometric, 7th ed. , B . G . Teubner , 1930 . Th e theore m presuppose s tha t th e line s o f hyperboli c geometry woul d b e th e geodesie s o f the surfac e and th e length s and angle s would b e th e Euclidean length s and angle s on th e surface . 5. Nachrichten Konig. Ges. der Wiss. zu Gott., 1899, 44-55 ; Math. Ann., 53, 1900 , 81-112; an d 54, 1901 , 505-17 .
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projective concept s b y supplyin g a projectiv e basi s fo r th e measur e o f a n angle.6 To obtai n a measur e o f the angl e betwee n tw o given intersectin g line s one can consider two lines through the origin and parallel respectively to th e two give n lines . Let th e tw o lines through th e origi n hav e th e equation s (i n nonhomogeneous coordinates) y = x tan _ an d y = x tan _ . Let y = i x an d y = —ix b e tw o (imaginary ) line s from th e origi n t o th e circula r point s a t infinity, tha t is , th e point s (1 , i, 0) an d (1 , — i, 0). Cal l thes e fou r line s , w, an d respectively . Le t b e th e angl e betwee n u an d , Then Laguerre's result is that (1) where i s the cros s ratio of the fou r lines. 7 What is significant abou t the expressio n (1 ) i s that i t ma y b e take n a s the definitio n of the siz e of an angle in terms of the projective concept of cross ratio. The logarith m functio n is, of course, purel y quantitative an d ma y b e introduce d i n an y geometry . Independently o f Laguerre, Cayle y made th e next step. He approache d geometry fro m th e standpoin t o f algebra, an d i n fac t wa s intereste d i n th e geometric interpretatio n o f quantic s (homogeneou s polynomia l forms) , a subject w e shal l conside r i n Chapte r 39 . Seekin g t o sho w tha t metrica l notions can be formulated in projective terms he concentrated o n the relation of Euclidean to projective geometry. Th e wor k we are about to describe is in his "Sixt h Memoi r upo n Quantics." 8 Cayley's wor k prove d t o b e a generalizatio n o f Laguerre' s idea . Th e latter ha d use d th e circula r point s a t infinit y t o defin e angl e i n th e plane . The circula r points are really a degenerate conic . I n tw o dimensions Cayley introduced an y coni c in plac e o f the circula r points and i n thre e dimensions he introduce d an y quadri c surface . Thes e figure s h e calle d th e absolutes . Cayley asserte d tha t al l metri c propertie s o f figure s ar e non e othe r tha n projective propertie s augmente d b y th e absolut e o r i n relatio n t o th e absolute. H e the n showe d ho w thi s principl e le d t o a ne w expressio n for angle and a n expressio n for distance between two points. He start s wit h th e fac t tha t th e point s of a plan e ar e represente d b y homogeneous coordinates . Thes e coordinate s ar e no t t o b e regarde d a s distances o r ratio s o f distances but a s a n assume d fundamenta l notion no t 6. Nouvelles Annales de Mathe'matiques, 12 , 1853 , 57-6 6 = GEuvres, 2 , 6-15 . 7. Th e cros s rati o i s itsel f a comple x number . Th e coefficien t i/ 2 ensure s tha t a righ t angle ha s siz e w/2 . Th e computatio n o f such cros s ratio s ca n b e found i n text s on projec tive geometry . See , fo r example , Willia m C . Graustein : Introduction t o Higher Geometry, Macmillan, 1933 , Chap . 8 . 8. Phil. Trans., 149 , 1859 , 61-9 1 = Coll. Math. Papers, 2 , 561-606 .
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requiring o r admittin g o f explanation. T o defin e distance an d siz e of angle he introduces th e quadratic for m



and th e bilinea r form



The equatio n F(x, x) = 0 define s a coni c whic h i s Cayley' s absolute . Th e equation o f the absolut e in lin e coordinates is



where . i s the cofacto r of ati i n th e determinan t |a ] o f the coefficient s ofF . Cayley no w define s th e distanc e S between tw o point s x an d y , wher e and y = , by th e formula (2)



The angle between two lines whose line coordinates are u v= i s defined by



and



(3)



These genera l formula s become simpl e if we tak e fo r th e absolut e th e particular = coni c 0 . The n i f an d ar e the homogeneou s coordinate s o f tw o points , th e distanc e betwee n the m i s given b y W



and th e angl e betwee n two line s whos e homogeneous line coordinates ar e and i s given b y (5)



With respec t t o th e expressio n for distance if we us e the shorthan d tha t then, if a = , b and c are thre e points o n a line ,
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That is, the distance s add a s they should. By taking the absolut e conic to be the circula r point s a t infinity , (1 , i, 0) an d (1 , — i, 0), Cayle y showe d tha t his formula s fo r distance an d angl e reduc e t o th e usua l Euclidea n formulas . It wil l be note d tha t th e expression s for length an d angl e involv e th e algebraic expressio n for the absolute. Generally the analytic expression of any Euclidean metrica l propert y involve s th e relatio n o f tha t propert y t o th e absolute. Metrica l properties are not properties of the figure per se but o f the figure i n relatio n t o th e absolute . Thi s i s Cayley's ide a o f the genera l pro jective determinatio n o f metrics . Th e plac e o f th e metri c concep t i n pro jective geometr y an d th e greate r generalit y o f the latte r wer e described b y Cayley as, "Metrical geometr y is part o f projective geometry." Cayley's idea was taken over by Felix Klein (1849-1925) and generalized so as to include the non-Euclidean geometries. Klein, a professor at Gottingen, was one of the leading mathematicians in Germany during the last part of the nineteenth and first part of the twentieth century. During th e years 1869-7 0 he learne d th e wor k o f Lobatchevsky , Bolyai , vo n Staudt , an d Cayley ; however, even in 187 1 h e did no t kno w Laguerre' s result . I t seeme d to him to b e possibl e t o subsum e th e non-Euclidea n geometries , hyperboli c an d double elliptic geometry , unde r projectiv e geometry b y exploitin g Cayley' s idea. He gave a sketch of his thoughts in a paper of 1871 9 and then developed them i n tw o papers. 10 Klei n wa s the first to recognize that w e do not nee d surfaces' to obtain model s of non-Euclidean geometries . To star t with , Klein note d tha t Cayle y did not make clear just what he had i n min d fo r th e meanin g o f his coordinates . The y wer e eithe r simpl y variables wit h n o geometrica l interpretatio n o r the y wer e Euclidea n distances. But to derive the metric geometries from projectiv e geometry it was necessary to build u p th e coordinates o n a projective basis. Von Staud t ha d shown (Chap . 35 , sec. 3) that i t wa s possible to assign numbers to points by his algebr a o f throws. But h e use d th e Euclidea n parallel axiom . I t seeme d clear to Klein that thi s axiom coul d be dispensed with and i n the 187 3 paper he show s tha t thi s ca n b e done . Henc e coordinate s an d cros s ratio o f fou r points, fou r lines , o r fou r plane s can b e defined o n a purel y projective basis. Klein's majo r ide a wa s tha t b y specializin g th e natur e o f Cayley' s absolute quadri c surface (i f one consider s three-dimensional geometry) on e could sho w tha t th e metric , whic h accordin g t o Cayle y depende d o n th e nature of the absolute, would yield hyperbolic arid double ellipti c geometry. When the second degree surface is a real ellipsoid , real elliptic paraboloid, o r real hyperboloid of two sheets one gets Lobatchevsky's metric geometry, an d when th e secon d degre e surfac e i s imaginar y on e get s Riemann' s non Euclidean geometr y (o f constan t positiv e curvature) . I f th e absolut e i s 9. Nachrichten Konig. Ges. der Wiss. zu Gott., 1871 , 419-3 3 = Ges. Math. Abh., 1 , 244-53. 10. Math. Ann., 4 , 1871 , 573-625 ; an d 6 , 1873 , 112-4 5 = Ges. Math. Abh., 1 , 254-305, 311-43.
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Figure 38.2 taken t o be th e sphere-circle , whos e equatio n i n homogeneou s coordinate s i s = 0 , t = 0 , then th e usual Euclidean metri c geometr y obtains . Thus the metri c geometrie s become specia l case s of projective geometry . To appreciat e Klein' s idea s le t u s conside r two-dimensiona l geometry . One choose s a coni c i n th e projectiv e plane ; thi s conic wil l b e th e absolute . Its equatio n i s (6)



in poin t coordinate s an d (7)



in lin e coordinates . T o deriv e Lobatchevsky' s geometr y th e coni c mus t b e real, e.g. in plane homogeneous coordinates ; for Riemann's geometry o n a surfac e o f constan t positiv e curvatur e i t i s imaginary , fo r example, ; and fo r Euclidea n geometry , th e coni c degen erates int o tw o coinciden t line s represented i n homogeneou s coordinate s b y and o n this locus one chooses two imaginary point s whose equation i s that is , th e circula r point s a t infinit y whos e homogeneou s coordinates ar e (1 , z , 0) an d (1 , — i, 0). I n ever y cas e th e coni c ha s a rea l equation. To b e specifi c le t u s suppose th e coni c is the on e show n i n Figur e 38.2 . If , an d ar e tw o point s o f a line , thi s lin e meet s th e absolut e i n tw o points (rea l o r imaginary) . Then th e distanc e is taken t o b e (8) where th e quantit y i n parenthese s denote s th e cros s ratio o f the fou r point s and c is a constant . Thi s cros s rati o ca n b e expresse d i n term s o f th e co -
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Figure 38.3 ordinates o f the points . Moreover , if there are thre e point s o line the n i t ca n readil y b e shown that



n the



i



so that Likewise if u and v are tw o line s (Fig . 38.3) on e consider s the tangent s t and w fro m thei r point o f intersection t o th e absolut e (th e tangent s may b e imaginary lines) ; the n th e angl e betwee n u and v is defined t o b e where agai n c ' i s a constan t an d th e quantit y i n parenthese s denote s th e cross ratio o f the fou r lines. To expres s the value s of d and analyticall y and t o show their depend ence upo n th e choic e o f th e absolute , le t th e equatio n o f th e absolut e b e given b y F an d G above. By definitio n



One can now show that if x



coordinates o f P1 an d P 2 the n



and y



are the



Likewise, i f (u ]i, u 2, u3) an d (v^, v 2, v3) ar e th e coordinate s o f th e tw o lines, then on e ca n show , using G, tha t



The constan t c' is generally taken to be ij2 s o as to make real and a complete central angl e 2-tr. Klein used the logarithmic expressions above for angle and distanc e and showed ho w the metric geometries can b e derived fro m projectiv e geometry.
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Thus if one starts with projective geometry then by his choice of the absolut e and b y usin g th e abov e expression s for distance an d angl e on e ca n ge t th e Euclidean, hyperbolic , and ellipti c geometries a s special cases. The natur e of the metri c geometr y i s fixe d b y th e choic e o f th e absolute . Incidentally , Klein's expression s fo r distanc e an d angl e ca n b e show n t o b e equa l t o Cayley's. If on e make s a projectiv e (i.e . linear) transformatio n of the projectiv e plane int o itsel f whic h transform s the absolut e int o itsel f (thoug h point s o n the absolut e g o into othe r points ) the n becaus e cros s ratio is unaltered b y a linear transformation , distance and angl e will be unaltered. These particula r linear transformations which leave the absolute fixed are the rigid motions or congruence transformations of the particular metri c geometry determined b y the absolute . A general projectiv e transformation will not leav e the absolute invariant. Thu s projectiv e geometr y prope r i s mor e genera l i n th e trans formations i t allows. Another contributio n o f Klei n t o non-Euclidea n geometr y wa s th e observation, whic h he say s he first made in 1871 ll bu t publishe d i n 1874, 12 that ther e ar e two kinds of elliptic geometry. I n th e double ellipti c geometr y two point s d o no t alway s determin e a uniqu e straigh t line . Thi s i s eviden t from th e spherical model when th e two points are diametricall y opposite. I n the secon d ellipti c geometry , calle d singl e elliptic , tw o points alway s deter mine a uniqu e straight line . Whe n looke d a t fro m th e standpoin t o f differ ential geometry , th e differentia l for m ds 2 o f a surfac e o f constan t positiv e curvature i s (i n homogeneou s coordinates )



In bot h case s > 0 . However , i n th e firs t typ e th e geodesie s ar e curve s of finit e lengt h 27r/ a o r i f R i s the radius , 2nR, and ar e close d (retur n upo n themselves). I n th e secon d the geodesie s ar e o f length -n\a or irR and ar e stil l closed. A model o f a surface whic h has the properties o f single elliptic geometr y and whic h i s du e t o Klein, 13 i s provide d b y a hemispher e includin g th e boundary. However , on e mus t identif y an y tw o point s o n th e boundar y which ar e diametrically opposite. Th e grea t circula r arc s on the hemispher e are th e "straight lines" o r geodesies of this geometry and th e ordinary angles on th e surfac e ar e th e angle s o f th e geometry . Singl e ellipti c geometr y (sometimes calle d ellipti c i n whic h cas e doubl e ellipti c geometry i s calle d spherical) i s the n als o realize d o n a spac e o f constan t positiv e curvature . 11. Math. Ann., 4, 1871 , 604. See also, Math. Ann., 6, 1873 , 125; an d Math. Ann., 37, 1890, 554-57. 12. Math. Ann., 7 , 1874 , 549-57; 9 , 1876 , 476-82 = Ges. math. Abh., 2, 63-77 . 13. Se e th e reference s i n footnot e 11 .
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One canno t actuall y unit e th e pair s o f points whic h ar e identifie d i n thi s model a t leas t i n three-dimensiona l space . Th e surfac e woul d hav e to cross itself and point s that coincid e on the intersection woul d have t o be regarded as distinct . We ca n no w se e why Klei n introduce d th e terminolog y hyperboli c fo r Lobatchevsky's geometry , elliptic fo r th e cas e o f Riemann's geometry o n a surface of constant positive curvature, an d paraboli c fo r Euclidean geometry . This terminolog y wa s suggeste d b y th e fac t tha t th e ordinar y hyperbol a meets th e lin e a t infinit y i n tw o point s an d correspondingl y i n hyperboli c geometry eac h lin e meet s th e absolut e i n tw o rea l points . Th e ordinar y ellipse ha s no real point s in commo n wit h th e lin e at infinit y an d i n elliptic geometry, likewise , each line has no real point s in common wit h the absolute . The ordinar y parabol a ha s only on e real poin t i n commo n wit h th e lin e a t infinity an d i n Euclidea n geometr y (a s extende d i n projectiv e geometry ) each lin e ha s one real poin t i n commo n wit h th e absolute . The impor t whic h graduall y emerge d fro m Klein' s contribution s was tha t projectiv e geometr y i s reall y logicall y independen t o f Euclidea n geometry. Moreover , th e non-Euclidea n an d Euclidea n geometries were also seen to be special cases or subgeometries of projective geometry . Actuall y th e strictly logica l o r rigorou s wor k o n th e axiomati c foundation s o f projective geometry an d it s relations to the subgeometries remained t o be done (Chap . 42). Bu t b y makin g apparen t th e basi c rol e o f projectiv e geometr y Klei n paved th e wa y fo r an axiomati c developmen t whic h coul d star t wit h projective geometr y and deriv e the severa l metric geometrie s fro m it .



4. Models an d th e Consistency Problem



By the earl y 1870 s several basi c non-Euclidea n geometries , the hyperboli c and th e two elliptic geometries, ha d bee n introduced an d intensively studied. The fundamenta l questio n whic h ha d ye t t o b e answere d i n orde r t o mak e these geometries legitimate branches o f mathematics wa s whether they wer e consistent. Al l of the wor k done b y Gauss , Lobatchevsky , Bolyai , Riemann , Cayley, an d Klei n migh t stil l hav e prove d t o b e nonsens e if contradiction s were inherent i n thes e geometries . Actually th e proo f o f th e consistenc y o f two-dimensiona l doubl e elliptic geometr y wa s at hand , an d possibl y Riemann appreciate d thi s fac t though h e mad e n o explici t statement . Beltrami 1* ha d pointe d ou t tha t Riemann's two-dimensiona l geometr y o f constan t positiv e curvatur e i s realized o n a sphere. This model make s possible the proo f of the consistency of two-dimensiona l doubl e ellipti c geometry . Th e axiom s (whic h wer e no t explicit a t thi s time) an d th e theorem s of this geometry are al l applicable to 14. Annali di Mat., (2) , 2, 1868-69 , 232-5 5 = Opere Matemaliche, \ , 406-29 .
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the geometr y o f the surfac e o f the spher e provide d tha t lin e i n th e doubl e elliptic geometry i s interpreted a s great circl e on the surface of the sphere . I f there shoul d b e contradictory theorem s in thi s double elliptic geometry the n there woul d b e contradictor y theorem s abou t th e geometr y o f the surfac e of th e sphere . No w th e spher e i s par t o f Euclidea n geometry . Henc e i f Euclidean geometr y i s consistent , the n doubl e ellipti c geometr y mus t als o be so . T o th e mathematician s o f th e 1870 s th e consistenc y o f Euclidea n geometry wa s hardl y ope n t o questio n because , apar t fro m th e view s o f a few me n suc h a s Gauss , Bolyai , Lobatchevsky , an d Riemann , Euclidea n geometry wa s stil l th e necessar y geometry o f the physica l worl d an d i t wa s inconceivable tha t ther e coul d b e contradictor y propertie s i n th e geometr y of the physical world. However, i t is important, especiall y in the light of later developments, t o realiz e tha t thi s proof o f the consistenc y of double ellipti c geometry depend s upo n th e consistenc y of Euclidean geometry . The metho d o f provin g th e consistenc y o f doubl e ellipti c geometr y could no t b e use d fo r singl e elliptic geometry o r fo r hyperboli c geometry . The hemispherica l mode l o f single elliptic geometr y canno t b e realize d i n three-dimensional Euclidea n geometry thoug h it can b e in four-dimensional Euclidean geometry . I f one wer e willing to believ e in th e consistenc y of the latter, the n on e migh t accep t th e consistenc y of singl e ellipti c geometry . However, thoug h ^-dimensiona l geometr y ha d alread y bee n considere d b y Grassmann, Riemann , an d others , i t i s doubtful that an y mathematicia n o f the 1870 s woul d hav e bee n willin g t o affir m th e consistenc y o f four dimensional Euclidea n geometry . The cas e for the consistenc y of hyperbolic geometry coul d no t b e made on any suc h grounds. Beltram i had give n the pseudospherical interpretation, which i s a surfac e i n Euclidea n space , bu t thi s serves as a mode l fo r only a limited regio n o f hyperbolic geometry an d s o could not b e use d t o establish the consistenc y of the entir e geometry . Lobatchevsk y an d Bolya i ha d considered thi s problem (Chap . 36 , sec. 8) bu t ha d no t bee n abl e t o settl e it . As a matte r o f fact , thoug h Bolya i proudl y publishe d hi s non-Euclidea n geometry, there is evidence that h e doubted it s consistency because in paper s found afte r hi s deat h h e continue d t o tr y t o prov e th e Euclidea n paralle l axiom. The consistenc y o f th e hyperboli c an d singl e elliptic geometrie s wa s established b y ne w models . Th e mode l fo r hyperboli c geometr y i s du e t o Beltrami.15 However, th e distance function use d in this model is due t o Klein and th e mode l i s often ascribe d t o him. Let us consider the two-dimensiona l case. Within th e Euclidea n plan e (whic h is part o f the projectiv e plane ) on e selects a rea l coni c whic h on e ma y a s wel l tak e t o b e a circl e (Fig . 38.4). 15. Annali d i Mat., 7 , 1866 , 185-20 4 = Opere Mat., \ , 262-80 ; Gior. di Mat., 6 , 1868 , 284-312 = Opere Mat., 1 , 374-405 .
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Figure 38. 4



According t o thi s representatio n o f hyperboli c geometr y th e point s o f th e geometry ar e th e point s interio r t o thi s circle . A lin e o f thi s geometr y i s a chord o f the circle , sa y th e chor d X Y (bu t no t includin g X an d Y) . I f w e take an y poin t Q no t o n X Y the n w e can fin d an y numbe r o f lines throug h Q whic h d o no t mee t XY . Tw o o f these lines , namely, QX an d QY , separat e the line s throug h Q int o tw o classes , thos e line s whic h cu t X Y an d thos e which d o not . I n othe r words , th e paralle l axio m o f hyperbolic geometr y i s satisfied b y th e point s an d line s (chords ) interio r t o th e circle . Further , le t the siz e o f the angl e forme d b y tw o line s a and b b e



where m an d n ar e th e conjugat e imaginar y tangent s fro m th e verte x o f th e angle t o th e circl e an d (ab, mn) i s th e cros s rati o o f th e fou r line s a , b , m , and n . Th e constan t 1/2 ; ensure s tha t a righ t angl e ha s th e measur e ir/2. The definitio n o f distance betwee n tw o point s i s given b y formul a (8) , tha t is, < / = clo g wit h c usuall y take n t o b e k/2. Accordin g t o thi s formula a s o r approache s X o r Y , th e distanc e become s infinite . Hence i n term s o f thi s distance , a chor d i s a n infinit e lin e o f hyperboli c geometry. Thus wit h th e projectiv e definition s o f distanc e an d angl e size , th e points, chords , angles , an d othe r figure s interio r t o th e circl e satisf y th e axioms o f hyperbolic geometry . The n th e theorem s o f hyperbolic geometr y also appl y t o thes e figure s insid e th e circle . I n thi s mode l th e axiom s an d theorems o f hyperboli c geometr y ar e reall y assertion s about specia l figure s and concept s (e.g . distance define d i n the manne r o f hyperbolic geometry) of Euclidean geometry. Sinc e the axioms and theorem s in question apply t o these figures an d concepts , regarde d a s belongin g t o Euclidea n geometry , al l o f the assertion s o f hyperbolic geometry ar e theorem s o f Euclidea n geometry . If, then , ther e wer e a contradictio n i n hyperboli c geometry , thi s contra diction woul d b e a contradictio n within Euclidea n geometry . But i f Euclidean geometry i s consistent, the n hyperboli c geometr y mus t als o be . Thu s th e
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Figure 38.5 consistency of hyperbolic geometry is reduced t o the consistency of Euclidean geometry. The fac t that hyperbolic geometry is consistent implies that the Euclidea n parallel axio m is independent o f the other Euclidea n axioms . I f this were not the case, that is, if the Euclidean parallel axiom were derivable from th e other axioms, i t woul d als o b e a theore m o f hyperbolic geometry for , asid e fro m the paralle l axiom , th e othe r axiom s of Euclidean geometr y ar e th e same as those of hyperbolic geometry. But this theorem woul d contradict th e paralle l axiom o f hyperboli c geometr y an d hyperboli c geometr y woul d b e incon sistent. Th e consistenc y of two-dimensional singl e elliptic geometr y ca n b e shown i n th e sam e manne r a s fo r hyperboli c geometry becaus e thi s elliptic geometry i s also realized within th e projectiv e plane and wit h the projectiv e definition o f distance. Independently an d i n connectio n wit h hi s wor k o n automorphi c functions Poincare 16 gav e anothe r mode l whic h als o establishe s th e con sistency o f hyperbolic geometry. One for m i n whic h this Poincare mode l for hyperbolic plane geometryl7 can be expressed takes the absolute to be a circle (Fig. 38.5) . Within th e absolute the straigh t lines of the geometr y are arc s of circles whic h cu t th e absolut e orthogonall y and straigh t line s throug h th e center o f th e absolute . Th e lengt h o f an y segmen t i s give n b y log , where an d, are th e points in which the arc through an d cut s the absolute, and th e lengths . , etc . ar e th e chords . Th e angl e between tw o intersecting "lines" o f this model i s the norma l Euclidea n angl e betwee n th e tw o arcs . Two circula r arcs whic h are tangen t a t a poin t o n the absolut e ar e paralle l 16. Ad a Math., 1 , 1882 , 1-6 2 = (Euvres, 2, 108-68 ; see p. 8 and p . 5 2 of the paper . 17. Thi s form , attribute d t o Poincare , i s clos e t o on e h e gav e i n th e Bull. Soc. Math, de France, 15 , 1887 , 203-1 6 = (Euvres, 11 , 79-91 . Th e mode l describe d her e seem s t o hav e been given first by Joseph Wellstein (1869-1919 ) in H. Weber and J. Wellstein , Enzyklopadie der Elementar-Mathematik, 2 , 1905 , 39-81 .
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"lines." Sinc e i n thi s model , too , the axiom s an d theorem s o f hyperboli c geometry ar e specia l theorem s o f Euclidean geometry , th e argumen t give n above apropo s o f the Beltram i mode l ma y b e applie d her e t o establis h th e consistency of hyperbolic geometry. The higher-dimensiona l analogues of the above model s are als o valid. 5. Geometry from th e Transformation Viewpoint Klein's succes s in subsumin g the variou s metri c geometrie s unde r projectiv e geometry le d him t o seek to characterize th e variou s geometries no t just o n the basi s of nonmetric and metri c propertie s and th e distinctions among th e metrics bu t fro m th e broade r standpoin t o f what thes e geometries and othe r geometries whic h ha d alread y appeare d o n the scen e sought t o accomplish . He gave this characterization i n a speech of 1872, " Vergleichende Betracht ungen iibe r neuer e geometrische Forschungen" ( A Comparative Revie w of Recent Researche s in Geometry), 18 o n th e occasio n o f his admission t o th e faculty of the University of Erlangen, and th e views expressed in it are known as the Erlange r Programm . Klein's basic idea is that each geometry can be characterized b y a group of transformation s and tha t a geometr y i s really concerne d wit h invariant s under thi s group o f transformations. Moreover a subgeometry of a geometr y is th e collectio n o f invariant s unde r a subgrou p o f transformation s of th e original group. Under this definition all theorems of a geometry corresponding to a given group continu e to be theorems in the geometry of the subgroup . Though Klei n i n hi s paper doe s not giv e the analytica l formulation s of the group s o f transformations he discusse s we shall giv e some for the sak e of explicitness. According t o his notion of a geometr y projectiv e geometry, say in tw o dimensions , i s th e stud y o f invariant s unde r th e grou p o f trans formations fro m th e points of one plane to those of another or to points of the same plan e (collineations) . Eac h transformatio n is of the for m (9)



wherein homogeneous coordinates are presupposed, the ait are real numbers, and th e determinan t o f th e coefficient s mus t no t b e zero . I n nonhomo geneous coordinates th e transformation s are represente d by (10) 18. Math. Ann., 43, 1893 , 63-100 = Ges. Math. Abh., 1, 460-97. An English translation can be foun d i n th e N.Y. Math. Soc. Bull., 2, 1893 , 215-49.
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and agai n th e determinan t o f the mus t no t be zero. Th e invariant s unde r the projectiv e grou p are , fo r example , linearity , collinearity , cros s ratio , harmonic sets , and th e propert y o f being a coni c section . One subgrou p o f th e projectiv e group i s th e collectio n o f aflin e trans formations.19 Thi s subgrou p i s define d a s follows : Le t an y lin e i n th e projective plan e b e fixed. The point s o f ar e calle d idea l point s o r point s at infinit y and i s called th e lin e a t infinity . Othe r point s and line s of the projective plan e ar e calle d ordinar y point s and thes e are th e usua l point s of the Euclidea n plane . The affin e grou p o f collineations is that subgroup of the projective group whic h leaves i invarian t (thoug h not necessaril y pointwise) and affin e geometr y i s the se t of properties an d relation s invariant unde r th e affine group . Algebraically , i n tw o dimension s an d i n homogeneou s co ordinates, th e affin e transformation s are represente d b y equation s (9 ) abov e but i n whic h " an d wit h th e sam e determinan t condition . I n nonhomogeneous coordinate s affin e transformation s are give n by



Under a n affin e transformation , straigh t line s g o int o straigh t lines , an d parallel straigh t line s int o paralle l lines . However , length s and angl e size s are altered . Affin e geometr y wa s firs t note d b y Eule r an d the n b y Mobiu s in hi s De r barycentnsche Calcul. I t i s usefu l i n th e stud y o f th e mechanic s o f deformations. The grou p of any metri c geometry is the sam e as the affin e grou p excep t that th e determinan t abov e mus t have th e valu e + 1 or — 1. The firs t o f the metric geometries is Euclidean geometry. To defin e the group of this geometry one starts with an d suppose s there is a fixed involution on . One requires that thi s involutio n ha s n o rea l doubl e point s bu t ha s the circula r point s a t oo a s (imaginary ) doubl e points . We no w conside r al l projective transformations which not onl y leave fixe d bu t carr y an y poin t o f the involution into its correspondin g poin t o f the involution , whic h implie s tha t eac h circula r point goe s int o itself . Algebraicall y thes e transformation s o f th e Euclidea n group ar e represented i n nonhomogeneous (two-dimensional ) coordinates by



The invariant s ar e length , siz e of angle, an d siz e an d shap e o f any figure . Euclidean geometr y a s th e ter m i s used i n thi s classification i s the se t of invariants unde r thi s clas s o f transformations . Th e transformation s ar e rotations, translations , an d reflections . To obtai n th e invariant s associate d with similar figures, the subgroup o f the affin e grou p know n as the paraboli c 19. Klei n di d no t singl e out thi s subgroup.



GEOMETRY FRO M TH E TRANSFORMATIO N VIEWPOIN T g i



g



metric grou p i s introduced. Thi s grou p i s defined a s th e clas s of projective transformations whic h leave s th e involution on lx invariant , an d thi s mean s that eac h pai r o f corresponding point s goes into som e pair of correspondin g points. I n nonhomogeneou s coordinates th e transformation s of the parabolic metric grou p ar e o f the for m



wherein , and i . These transformations preserve angl e size. To characteriz e hyperboli c metri c geometr y w e retur n t o projectiv e geometry an d conside r an arbitrary, real , nondegenerate conic (th e absolute) in th e projectiv e plane. Th e subgrou p o f the projectiv e grou p whic h leave s this conic invariant (thoug h not necessarily pointwise) is called the hyperbolic metric group and th e corresponding geometry is hyperbolic metric geometry . The invariant s ar e thos e associated wit h congruence. Single elliptic geometry i s the geometr y correspondin g t o th e subgrou p of projectiv e transformation s which leave s a definit e imaginar y ellips e (th e absolute) o f the projectiv e plane invariant . Th e plan e o f elliptic geometry is the rea l projectiv e plan e an d th e invariant s ar e thos e associate d wit h congruence. Even doubl e ellipti c geometry ca n b e encompasse d i n thi s transformation viewpoint , bu t on e mus t star t wit h three-dimensiona l projectiv e transformations t o characteriz e th e two-dimensiona l metri c geometry . Th e subgroup o f transformation s consists o f thos e three-dimensiona l projectiv e transformations whic h transfor m a definit e spher e (surface ) S o f th e finit e portion o f space int o itself . Th e spherica l surfac e S is the "plane " of double elliptic geometry . Agai n th e invariant s ar e associate d wit h congruence . In fou r metri c geometries , tha t is , Euclidean , hyperbolic , an d th e two ellipti c geometries , th e transformation s whic h ar e permitte d i n th e corresponding subgroup ar e wha t ar e usuall y called rigi d motion s an d thes e are th e onl y geometries which permi t rigi d motions . Klein introduced a number of intermediate classifications which we shall not repea t here . Th e schem e belo w show s the relationship s of the principa l geometries. Projective geometry Arhne geometry



Parabolic metric geometry Euclidean geometr y



Single elliptic geometry Other subdivision s o f affine geometr y



Double elliptic geometry



Hyperbolic geometry
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Klein als o considered mor e genera l geometrie s tha n projective . A t thi s time (1872 ) algebrai c geometr y wa s graduall y bein g distinguishe d a s a separate disciplin e an d h e characterize d thi s geometr y b y introducin g th e transformations whic h i n thre e dimension s an d i n nonhomogeneou s coordinates rea d



He require d tha t th e function s , and % be rationa l and single-value d an d that i t mus t b e possibl e t o solv e fo r x, y, an d z i n term s o f single-value d rational function s o f Thes e transformation s ar e calle d Cremon a transformations an d th e invariant s unde r the m ar e th e subjec t matte r o f algebraic geometr y (Chap . 39) . Klein also projected the study of invariants under one-to-one continuous transformations wit h continuou s inverses . Thi s i s th e clas s no w calle d homeomorphisms and th e study of the invariants unde r suc h transformations is th e subjec t matte r o f topolog y (Chap . 50) . Thoug h Rieman n ha d als o considered wha t ar e no w recognize d t o be topologica l problem s i n hi s work with Rieman n surfaces , th e projectio n of topolog y a s a majo r geometr y wa s a bol d ste p in 1872 . It ha s bee n possibl e since Klein' s day s t o mak e furthe r addition s an d specializations o f Klein' s classification . Bu t no t al l o f geometr y ca n b e incorporated i n Klein' s scheme . Algebrai c geometr y toda y an d differentia l geometry d o not come under this scheme.20 Though Klein's view of geometry did no t prov e t o b e all-embracing , i t di d affor d a systemati c metho d o f classifying an d studyin g a goo d portio n o f geometry an d suggeste d numer ous researc h problems . Hi s "definition " o f geometr y guide d geometrica l thinking fo r abou t fift y years . Moreover , hi s emphasi s o n invariant s unde r transformations carried beyon d mathematics to mechanics and mathematica l physics generally. The physica l proble m o f invariance unde r transformatio n or th e proble m o f expressing physical law s in a manne r independen t o f the coordinate system became importan t in physical thinking after th e invarianc e of Maxwell' s equation s unde r Lorent z transformation s ( a four-dimensional subgroup o f affin e geometry ) wa s noted . Thi s lin e o f thinkin g le d t o th e special theor y o f relativity. We shal l merel y mentio n her e furthe r studie s o n th e classificatio n of geometries whic h a t leas t i n thei r tim e attracte d considerabl e attention . Helmholtz an d Sophu s Li e (1842-99 ) sough t t o characteriz e geometrie s i n which rigi d motion s ar e possible . Helmholtz' s basi c paper , "Ube r di e Thatsachen, di e de r Geometri c zu m Grund e liegen " (O n th e Fact s Whic h 20. Klei n doe s speak , i n th e cas e of differential geometry , o f the grou p of transformation s which leav e th e expressio n fo r ds 2 invariant . This leads to differential invariants (Ges. math. Abh., 1,487).
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Underlie Geometry), 21 showed tha t i f the motion s of rigid bodie s ar e t o b e possible i n a spac e the n Riemann' s expressio n fo r ds i n a spac e o f constant curvature i s the onl y one possible . Li e attacked th e sam e proble m b y wha t is calle d th e theor y o f continuous transformatio n groups , a theor y h e ha d already introduce d i n th e stud y o f ordinary differentia l equations , an d h e characterized th e spaces in which rigid motion s are possible by means of the kinds of groups o f transformations which thes e spaces permit. 22



6. Th e Reality o f Non-Euclidean Geometry The interes t i n th e classica l syntheti c non-Euclidea n geometrie s an d i n projective geometry decline d afte r th e work of Klein an d Li e partly becaus e the essenc e of these structures was so clearly expose d b y th e transformatio n viewpoint. The feelin g of mathematicians so far as the discovery of additional theorems is concerned wa s that th e min e had bee n exhausted . The rigoriza tion o f the foundation s remaine d t o be accomplished an d thi s was an activ e area fo r quite a fe w years after 188 0 (Chap. 42) . Another reaso n fo r the los s o f interest in th e non-Euclidea n geometrie s was their seemin g lack o f relevance t o the physica l world. I t i s curious tha t the first workers in the field, Gauss, Lobatchevsky , an d Bolya i did think that non-Euclidean geometr y migh t prov e applicabl e whe n furthe r wor k i n astronomy ha d bee n done . Bu t non e o f the mathematician s wh o worked in the late r perio d believe d tha t thes e basi c non-Euclidea n geometrie s would be physicall y significant . Cayley , Klein , an d Poincare , thoug h the y considered thi s matter, affirme d tha t w e would not eve r nee d t o improve o n or abandon Euclidean geometry. Beltrami's pseudosphere model had made nonEuclidean geometr y rea l i n a mathematica l sens e (thoug h no t physically) because i t gav e a readil y visualizabl e interpretatio n o f Lobatchevsky' s geometry bu t a t th e expens e o f changing th e lin e fro m th e ruler' s edg e t o geodesies o n th e pseudosphere . Similarl y th e Beltrami-Klei n an d Poincar e models mad e sens e o f non-Euclidea n geometr y b y changin g th e concept s either o f line, distance , or angle-measure , o r o f all three , an d b y picturin g them i n Euclidea n space . Bu t th e though t tha t physica l spac e unde r th e usual interpretation of straight lin e o r even under som e other interpretatio n could b e non-Euclidea n wa s dismissed . I n fact , mos t mathematician s regarded non-Euclidea n geometr y as a logica l curiosity. Cayley wa s a staunc h supporte r o f Euclidean spac e an d accepte d th e non-Euclidean geometries only so far a s they could b e realized in Euclidea n space by the use of new distance formulas. I n 188 3 in his presidential address to th e Britis h Associatio n fo r th e Advancemen t o f Science 23 h e sai d tha t 21. Nachrichten Konig. Ges. de r Wiss. zu Gott., 15 , 1868 , 193-22 1 = Wiss. Abh., 2, 618-39 . 22. Theorie de r Transformationsgruppen, 3 , 437-543 , 1893. 23. Collected Math. Papers, 11 , 429-59 .
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non-Euclidean spaces were a priori a mistaken idea, but non-Euclidean geometries wer e acceptabl e becaus e the y resulte d merel y fro m a chang e i n th e distance function i n Euclidean space . He did not grant independent existenc e to th e non-Euclidea n geometrie s bu t regarde d the m a s a clas s o f specia l Euclidean structure s o r a s a wa y o f representin g projectiv e relation s i n Euclidean geometry . I t wa s his view tha t Euclid's twelft h [tenth ] axio m i n Playfair' s for m o f i t doe s no t nee d demonstration bu t i s part o f our notio n o f space, o f the physica l space o f our ow n experience—th e space , tha t is , whic h w e becom e acquainte d with by experience, but whic h is the representation lying at th e foundation of all externa l experience . Riemann's vie w ma y b e sai d t o b e that , havin g i n intellectu a mor e general notio n o f spac e (i n fac t a notio n o f non-Euclidea n space) , w e learn b y experience that spac e (th e physical space o f experience) is , if not exactly, a t leas t t o the highes t degre e o f approximation, Euclidea n space .



Klein regarde d Euclidea n spac e a s th e necessar y fundamenta l space . Th e other geometrie s wer e merel y Euclidea n wit h ne w distanc e functions . Th e non-Euclidean geometries were in effect subordinate d to Euclidean geometry. Poincare's judgment wa s more liberal. Scienc e should always try t o use Euclidean geometr y an d var y the laws of physics where necessary. Euclidean geometry ma y no t b e tru e bu t i t i s most convenient . One geometr y canno t be mor e tru e tha n another ; i t ca n onl y b e mor e convenient . Ma n create s geometry an d the n adapts th e physical laws to it t o make th e geometry an d laws fit the world. Poincare insisted 24 that eve n if the angle sum of a triangle should prov e t o b e greate r tha n 180 ° i t woul d b e bette r t o assum e tha t Euclidean geometr y describe s physica l spac e an d tha t ligh t travel s alon g curves becaus e Euclidea n geometr y i s simpler. O f cours e event s proved h e was wrong . I t i s no t th e simplicit y o f th e geometr y alon e tha t count s for science bu t th e simplicit y of the entir e scientifi c theory . Clearl y the mathe maticians o f th e nineteent h centur y wer e stil l tie d t o traditio n i n thei r notions abou t wha t make s physica l sense . Th e adven t o f th e theor y o f relativity force d a drasti c chang e i n th e attitud e towar d non-Euclidea n geometry. The delusio n o f mathematicians tha t wha t the y ar e workin g on a t th e moment i s th e mos t importan t conceivabl e subjec t i s illustrate d agai n b y their attitud e towar d projectiv e geometry . The wor k w e have examine d i n this chapte r doe s indee d show tha t projectiv e geometry i s fundamental t o many geometries . However , i t doe s no t embrac e th e evidentl y vita l Rie mannian geometr y an d th e growin g body o f algebraic geometry. Neverthe24. Bull. Soc. Math, d e France, 15 , 1887 , 203-1 6 = (Euvres, 11 , 79-91 . H e expresse d thi s view agai n i n a n articl e "Le s Geometrie s non-euclidiennes " i n th e Revue Generate de s Sciences, 2 , 1891 , #23 . A n Englis h translatio n i s i n Nature, 45 , 1892 , 404-7 . Se e als o hi s Science an d Hypothesis, Chapte r 3 , i n Th e Foundations of Science, The Scienc e Press , 1946 .
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less, Cayle y affirme d i n hi s 185 9 pape r (sec . 3) that , "Projectiv e geometr y is al l geometr y an d reciprocally." 25 Bertran d Russel l i n hi s Essay o n the Foundations o f Geometry (1897 ) als o believe d tha t projectiv e geometr y wa s necessarily th e a prior i for m o f any geometr y o f physical space . Herman n Hankel, despit e th e attentio n h e gav e t o history, 26 di d not hesitat e to say in 1869 tha t projectiv e geometr y i s th e roya l roa d t o al l mathematics . Ou r examination o f th e development s alread y recorde d show s clearl y tha t mathematicians ca n readil y b e carrie d awa y b y thei r enthusiasms. Bibliography Beltrami, Eugenic : Opere matematiche, Ulric o Hoepli , 1902 , Vol. 1. Bonola, Roberto : Non-Euclidean Geometry, Dover (reprint) , 1955 , pp. 129-264 . Coolidge, Julia n L. : A History o f Geometrical Methods, Dove r (reprint) , 1963 , pp. 68-87. Klein, Felix : Gesammelte mathematische Abhandlungen, Julius Springer , 1921-23 , Vols . 1 an d 2 . Pasch, Moritz , an d Ma x Dehn : Vorlesungen iiber neuere Geometric, 2n d ed. , Julius Springer, 1926 , pp. 185-239 . Pierpont, James : "Non-Euclidea n Geometry . A Retrospect, " Amer, Math. Soc. Bull, 36 , 1930 , 66-76 . Russell, Bertrand : A n Essay o n th e Foundations o f Geometry (1897) , Dove r (reprint) , 1956. 25. Cayle y use d th e ter m "descriptiv e geometry " fo r projectiv e geometry . 26. Di e Entwicklung der Mathematik i n den letzten Jahrhunderten (Th e Development o f Mathe matics in th e Las t Fe w Centuries), 1869 ; 2nd ed. , 1884 .
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Algebraic Geometr y In thes e day s th e ange l o f topology an d th e devi l o f abstrac t algebra figh t fo r th e sou l o f eac h individua l mathematica l domain. HERMAN N WEY L



1. Background While non-Euclidea n an d Riemannia n geometr y wer e bein g created , th e projective geometer s wer e pursuin g thei r theme . A s we hav e seen , th e tw o areas wer e linke d b y th e wor k o f Cayle y an d Klein . Afte r th e algebrai c method becam e widel y used i n projectiv e geometr y th e proble m o f recognizing wha t propertie s o f geometrica l figure s ar e independen t o f th e co ordinate representatio n commande d attentio n an d thi s prompted th e stud y of algebraic invariants . The projectiv e propertie s o f geometrica l figure s ar e thos e tha t ar e invariant unde r linear transformation s of the figures. While working on thes e properties th e mathematician s occasionall y allowe d themselve s t o conside r higher-degree transformation s and t o see k thos e propertie s o f curve s an d surfaces tha t ar e invarian t unde r thes e latte r transformations . Th e clas s of transformations, whic h soon supersede d linea r transformation s a s th e favorite interest, is called birationa l because these are expresse d algebraicall y as rationa l function s o f the coordinate s an d th e invers e transformations are also rationa l function s o f their coordinates . Th e concentratio n o n birationa l transformations undoubtedl y resulted from th e fac t tha t Rieman n ha d use d them i n hi s work o n Abelia n integrals and functions , an d i n fact, a s we shall see, th e firs t bi g step s in th e stud y of the birationa l transformatio n of curves were guide d b y wha t Rieman n ha d done . Thes e tw o subject s forme d th e content of algebraic geometr y i n the latter part o f the nineteenth century. The ter m algebrai c geometr y i s an unfortunat e one becaus e originall y it referre d t o al l th e wor k fro m th e tim e o f Fermat an d Descarte s i n whic h algebra ha d bee n applie d t o geometry ; i n th e latte r par t o f the nineteenth century i t wa s applie d t o th e stud y o f algebrai c invariant s and birationa l transformations. I n th e twentiet h centur y i t refer s t o th e last-mentione d field. 924
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2. Th e Theory o f Algebraic Invariants As we have alread y noted , th e determinatio n o f the geometri c properties of figures that ar e represente d an d studie d throug h coordinat e representatio n calls fo r th e discernmen t o f thos e algebrai c expression s whic h remai n invariant unde r chang e o f coordinates. Alternativel y viewed, th e prqjectiv e transformation o f one figure into another b y means of a linear transformation preserves som e propertie s o f the figure . Th e algebrai c invariant s represen t these invariant geometrica l properties . The subjec t o f algebrai c invariant s ha d previousl y arise n i n numbe r theory (Chap . 34 , sec . 5 ) an d particularl y i n th e stud y o f ho w binar y quadratic form s (1) transform whe n x an d y ar e transforme d b y th e linea r transformatio n T , namely, (2)



where .



Application o f T t o ^produces



(3)



In numbe r theor y th e quantitie s a, b, c, a, /?, y, and S are integer s and r = 1 . However, i t is true generally that the discriminant D of^satisfies th e relation (4)



The linea r transformation s of projectiv e geometr y ar e mor e genera l because th e coefficient s o f th e form s an d th e transformation s ar e no t restricted t o integers . Th e ter m algebrai c invariant s i s use d t o distinguish those arisin g unde r thes e mor e genera l linea r transformation s fro m th e modular invariant s of number theory and, fo r that matter, fro m th e differen tial invariant s of Riemannian geometry . To discus s th e histor y o f algebrai c invarian t theor y w e nee d som e definitions. Th e nt h degree for m i n on e variabl e becomes in homogeneou s coordinates th e binar y for m (5)



In thre e variables the forms are called ternary; in four variables, quaternary; etc. Th e definition s belo w apply t o form s i n n variables. Suppose w e subject the binar y form t o a transformatio n T o f the for m (2). Unde r T th e for mi i s transformed into th e for m
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The coefficient s o f F wil l diffe r fro m thos e off an d th e root s o f F = 0 wil l differ fro m th e root s off = 0 . Any functio n / o f the coefficient s off whic h satisfies th e relationshi p is calle d a n invarian t o f f. I f w = 0 , th e invarian t i s calle d a n absolut e invariant off. Th e degre e o f the invariant i s the degree i n the coefficient s an d the weigh t i s w . Th e discriminan t o f a binar y for m i s an invariant , a s (4 ) illustrates. In thi s case the degre e i s 2 and th e weigh t is 2. The significanc e of the discriminan t o f any polynomia l equatio n f(x) = 0 i s that it s vanishin g is th e conditio n tha t f(x) = 0 hav e equa l root s or , geometrically , tha t th e locus off(x) = 0, which is a serie s of points, ha s tw o coinciden t points. This property i s clearly independen t o f the coordinat e system . If tw o (o r more ) binar y form s



are transforme d b y T int o



then an y functio n 7 of the coefficient s whic h satisfie s th e relationshi p (6)



is sai d t o b e a joint o r simultaneou s invarian t o f th e tw o forms . Thu s th e linear form s an d hav e a s a simultaneou s invarian t the resultan t o f th e tw o forms . Geometricall y th e vanishin g o f the resultan t mean s tha t th e tw o forms represent th e sam e poin t (i n homo geneous coordinates) . Tw o quadrati c form s and posses s a simultaneou s invarian t whose vanishing expresses the fac t tha t an d represen t harmoni c pair s of points. Beyond invariant s of a for m o r system of forms there ar e covariants . An y function C o f th e coefficient s an d variables of f whic h i s an invarian t unde r T excep t for a powe r o f the modulu s (determinant) of T is called a covarian t off. Thus , fo r binary forms , a covarian t satisfie s th e relatio n The definition s o f absolut e an d simultaneou s covariants ar e analogou s t o those fo r invariants. The degre e of a covarian t i n th e coefficient s i s called it s degree an d th e degre e i n it s variables i s called its order. Invariant s are thu s



THE THEOR Y O F ALGEBRAI C INVARIANT S



927



covariants o f order zero . However , sometime s the wor d invarian t i s used t o mean a n invarian t i n th e narrowe r sens e or a covariant . A covariant of f represent s some figure which is not onl y related to^bu t projectively related . Thu s th e Jacobiai i o f tw o quadrati c binar y form s and , namely,



is a simultaneou s covariant o f weight 1 of the tw o forms . Geometrically , th e Jacobian se t equal t o zer o represent s a pai r o f points which i s harmonic to each o f the origina l pair s represente d b y f an d c an d th e harmoni c property is projective . The Hessia n o f a binar y for m introduced b y Hesse, 1



is a covarian t o f weight 2. It s geometri c meanin g is too involved t o warran t space her e (Cf . Chap . 35 , sec . 5) . Th e concep t o f th e Hessia n an d it s covariance applie s to any for m in n variables. The wor k o n algebrai c invariant s wa s started i n 184 1 by Georg e Boole (1815-64) whos e results2 were limited. Wha t i s more relevan t is that Cayle y was attracte d t o th e subjec t b y Boole' s wor k and h e intereste d Sylveste r in the subject . They wer e joined b y Georg e Salmo n (1819-1904) , wh o wa s a professor o f mathematics at Trinit y Colleg e in Dublin from 184 0 to 186 6 an d then becam e a professo r of divinity at tha t institution . These thre e men di d so much wor k o n invariant s that i n on e o f his letters Hermite dubbe d the m the invarian t trinity . In 184 1 Cayle y began t o publish mathematical article s on the algebrai c side of projective geometry. The 184 1 paper of Boole suggested to Cayley th e computation o f invariants of nth degre e homogeneou s functions . H e calle d the invariants derivatives and the n hyperdeterminants; the term invariant is due t o Sylvester. 3 Cayley, employing ideas of Hesse and Eisenstei n on deter minants, develope d a techniqu e fo r generating hi s "derivatives. " The n h e published te n paper s o n quantic s i n th e Philosophical Transactions fro m 185 4 1. Jour, fur Math., 28 , 1844 , 68-9 6 = Ges. Abh., 89-122. 2. Cambridge MathematicalJomnal, 3 , 1841 , 1-20 ; an d 3 , 1842 , 106-19 . 3. Coll. Math. Papers, I, 273 .
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to 1878. 4 Quantics was the term h e adopted fo r homogeneous polynomial s in 2, 3, or more variables. Cayle y becam e s o much intereste d in invariants that he investigate d the m fo r thei r ow n sake . H e als o invente d a symboli c method o f treating invariants. In th e particula r cas e of the binar y quarti c for m Cayley showed that the Hessian Hand th e Jacobian of/and //are covariants and tha t and



are invariants . To thes e results Sylvester an d Salmo n adde d man y more. Another contributor , Ferdinan d Eisenstein , wh o wa s mor e concerne d with th e theor y o f numbers, ha d alread y found for the binar y cubi c form 5 that th e simples t covarian t o f th e secon d degre e i s it s Hessia n H an d th e simplest invarian t i s which is the determinant o f the quadratic Hessia n as well as the discriminant off. Als o the Jacobian of^an d His anothe r covarian t o f order three . The n Siegfried Heinric h Aronhol d (1819-84) , wh o bega n wor k o n invariant s i n 1849, contribute d invariant s for ternary cubi c forms. 6 The first major problem tha t confronted the founders of invariant theor y was th e discover y o f particula r invariants . Thi s wa s th e directio n o f th e work fro m abou t 184 0 t o 1870 . A s we ca n see , man y suc h function s ca n b e constructed becaus e som e invariant s suc h a s the Jacobian an d th e Hessia n are themselve s form s tha t hav e invariant s an d becaus e som e invariant s taken togethe r wit h th e origina l form giv e a ne w syste m of forms tha t hav e simultaneous invariants. Dozens of major mathematician s including the few we hav e alread y mentione d compute d particula r invariants. The continue d calculatio n o f invariant s le d t o th e majo r proble m o f invariant theory , whic h wa s raise d afte r man y specia l o r particula r in variants wer e found; thi s was to find a complet e syste m of invariants. Wha t 4. Coll. Math. Papers, 2 , 4 , 6 , 7 , 10 . 5. Jour, fiir Math., 27 , 1844 , 89-106 , 319-21 . 6. Jour, fiir Math., 55 , 1858 , 97-191 ; an d 62 , 1863 , 281-345 .
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this means is to find for a form o f a given numbe r of variables an d degre e th e smallest possibl e number o f rational integra l invariant s and covariant s suc h that any other rational integral invariant o r covariant coul d be expressed as a rational integra l functio n wit h numerica l coefficient s o f thi s complet e set . Cayley showed tha t the invariants an d covariant s found b y Eisenstein for th e binary cubi c form an d th e ones he obtained fo r the binary quarti c for m ar e a complete syste m fo r th e respectiv e cases. 7 Thi s lef t ope n th e questio n o f a complete syste m for other forms . The existenc e o f a finit e complet e syste m or basi s fo r binar y form s o f any give n degre e wa s firs t establishe d b y Pau l Gorda n (1837-1912) , wh o devoted mos t of his life t o the subject . His result 8 is that to each binar y for m ./(*i> X 2) ther e belong s a finite complete system of rational integra l invariant s and covariants . Gorda n ha d th e aid of theorems due to Glebsch and th e result is know n a s th e Clebsch-Gorda n theorem . Th e proo f i s long an d difficult . Gordan also proved 9 that an y finit e system o f binary form s ha s a finit e com plete syste m o f invariant s an d covariants . Gordan' s proof s showe d ho w t o compute th e complet e systems. Various limited extension s of Gordan's results were obtained durin g th e next twent y years. Gorda n himsel f gave th e complete syste m for the ternar y quadratic form, 10 fo r the ternar y cubi c form, 11 an d fo r a syste m of two an d three ternary quadratics. 12 For the special ternary quartic x\xz + x%x a + x^x l Gordan gav e a complet e system of 54 ground forms. 13 In 188 6 Fran z Merten s (1840-1927) 14 re-prove d Gordan' s theore m for binary system s by an inductiv e method. H e assume d the theore m t o be tru e for an y give n se t of binary form s an d the n prove d i t mus t stil l b e tru e when the degre e o f one o f the form s i s increased b y one . H e di d no t exhibi t explicitly the finite set of independent invariants an d covariant s bu t h e prove d that i t existed. The simples t case, a linear form, wa s the starting point o f the induction an d suc h a for m ha s onl y powers of itself as covariants. Hilbert, after writin g a doctoral thesi s in 188 5 on invariants,15 in 1888 16 also re-proved Gordan' s theore m tha t any given system of binary forms has a finite complete system of invariants and covariants . His proof was a modification o f Mertens's. Bot h proofs were far simpler than Gordan's . But Hilbert' s proof als o did no t presen t a proces s for findin g th e complet e system. 7. Phil. Trans., 146 , 1856 , 101-2 6 = Coll. Math. Papers, 2 , 250-75. 8. Jour, fur Math., 69 , 1868 , 323-54 . 9. Math. Ann., 2, 1870 , 227-80 . 10. R . Clcbsc h an d F . Lindemann , Vorlesungen iiber Geometric, I , 1876 , p . 291 . 11. Math. Ann., 1 , 1869 , 56-89 , 90-128 . 12. Clcbsch-Lindcmann , p . 288 . 13. Math. Ann., 17 , 1880 , 217-33 . 14. Jour, fur Math., 100 , 1887 , 223-30 . 15. Math. Ann., 30, 1887 , 15-2 9 = Ges. Abh., 2, 102-16 . 16. Math. Ann., 33, 1889 , 223-2 6 = Ges. Abh., 2, 162-64 .
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In 188 8 Hilbert astonished the mathematical communit y by announcing a totall y ne w approac h t o th e proble m o f showing tha t an y for m o f given degree an d give n number o f variables, and an y give n system of forms i n an y given numbe r o f variables , hav e a finit e complet e syste m o f independen t rational integra l invariant s an d covariants. 17 Th e basi c ide a o f thi s ne w approach wa s t o forge t abou t invariant s fo r th e momen t an d conside r th e question: I f a n infinit e syste m o f rationa l integra l expression s i n a finit e number o f variables b e given, under wha t condition s does a finite number of these expressions, a basis, exist in terms of which all the others are expressible as linear combination s with rational integra l function s o f the sam e variable s as coefficients ? Th e answe r is , Always . Mor e specifically , Hilbert' s basi s theorem, whic h precede s th e resul t o n invariants , goe s a s follows : B y a n algebraic for m w e understand a rationa l integra l homogeneous function i n n variables wit h coefficient s i n som e definit e domai n o f rationalit y (field) . Given a collectio n of infinitely man y form s o f any degree s in th e n variables, then ther e is a finite number ( a basis) suc h that an y for m F of the collectio n can b e written as where . ar e suitabl e forms in th e n variables (no t necessarily in the infinit e system ) wit h coefficients i n th e sam e domain a s the coefficient s o f the infinit e system . In th e application o f this theorem to invariants and covariants , Hilbert' s result state s that fo r an y for m o r syste m of forms ther e i s a finit e numbe r o f rational integra l invariant s and covariant s b y mean s o f which ever y othe r rational integra l invarian t o r covarian t ca n b e expresse d a s a linea r com bination o f the one s in th e finit e set . Thi s finite collection o f invariants an d covariants i s the complet e invarian t system. Hilbert's existenc e proof wa s so much simple r tha n Gordan' s laboriou s calculation o f a basi s tha t Gorda n coul d no t hel p exclaiming , "Thi s i s not mathematics; i t is theology." However , h e reconsidered th e matte r an d sai d later, " I hav e convince d mysel f that theolog y als o ha s its advantages." I n fact h e himsel f simplified Hilbert' s existenc e proof.18 In th e 1880 s and '90 s th e theor y o f invariants was seen t o have unifie d many area s o f mathematics. Thi s theor y was the "moder n algebra " o f the period. Sylveste r said in 1864: 19 "A s all roads lea d t o Rome s o I find in m y own cas e a t leas t tha t al l algebrai c inquiries , soone r o r later , en d a t th e Capitol o f modern algebr a ove r whose shining portal i s inscribed th e Theory of Invariants. " Soo n th e theor y becam e a n en d i n itself , independen t o f its 17. Math. Ann., 36, 1890 , 473-53 4 = Ges. Abh., 2, 199-257 , and i n succeeding papers until 1893. 18. Nachrichten Kiinig. Ges. der Wiss. zu Colt., 1899 , 240-42 . 19. Phil. Trans., 154 , 1864 , 579-66 6 = Coll. Math. Papers, 2 , 376-479 , p . 380 .
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origins in number theor y and projectiv e geometry . Th e worker s in algebraic invariants persiste d i n provin g ever y kin d o f algebraic identit y whethe r o r not it had geometrica l significance . Maxwell, whe n a student a t Cambridge , said tha t som e o f the me n ther e sa w the whol e universe in term s o f quintics and quantics . On th e othe r han d th e physicists of the late nineteent h centur y too k n o notice o f the subject . Indee d Tai t onc e remarke d o f Cayley , "I s i t no t a shame tha t suc h a n outstandin g ma n put s hi s abilitie s t o suc h entirel y useless questions?" Nevertheless the subjec t did mak e it s impact o n physics, indirectly and directly , largely throug h th e work in differential invariants . Despite the enormous enthusiasm for invariant theor y in the second half of the nineteent h century, the subjec t as conceived and pursue d durin g tha t period los t its attraction. Mathematician s sa y Hilbert kille d invariant theor y because h e had dispose d o f all the problems . Hilber t di d writ e to Minkowski in 189 3 tha t h e woul d n o longer wor k in th e subject , and sai d i n a paper of 1893 tha t th e mos t importan t genera l goal s o f th e theor y wer e attained . However, thi s was far fro m th e case . Hilbert' s theore m di d no t sho w how to compute invariant s for an y give n for m o r syste m of forms an d s o could no t provide a singl e significan t invariant . Th e searc h fo r specifi c invariant s having geometrica l o r physica l significanc e was stil l important . Eve n th e calculation o f a basi s fo r form s o f a give n degre e an d numbe r o f variable s might prov e valuable . What "killed " invarian t theor y in th e nineteenth-centur y sense of the subject i s the usua l collection of factors tha t kille d many othe r activitie s that were over-enthusiastically pursued. Mathematicians follo w leaders . Hilbert's pronouncement, an d th e fact tha t he himself abandoned th e subject, exerted great influenc e o n others . Also , th e calculatio n o f significan t specifi c in variants ha d becom e more difficul t afte r th e mor e readil y attainabl e results were achieved . The computatio n of algebraic invariants did not end with Hilbert's work. Emmy Noethe r (1882-1935) , a studen t of Gordan, di d a doctora l thesi s in 1907 "On Complete Systems of Invariants for Ternary Biquadratic Forms." 20 She also gave a complete system of covariant forms for a ternar y quartic, 331 in all . I n 191 0 she extended Gordan' s resul t to n variables.21 The subsequen t history of algebraic invariant theor y belongs to modern abstract algebra . Th e methodolog y o f Hilber t brough t t o th e for e th e ab stract theor y o f modules, rings, and fields . I n thi s language Hilber t prove d that every modular system (an ideal in the class of polynomials in n variables) has a basi s consisting of a finit e numbe r o f polynomials, or ever y ideal in a polynomial domain o f n variables possesses a finite basis provided tha t i n th e domain o f the coefficient s o f the polynomial s every idea l ha s a finit e basis . 20. Jour, fiir Math., 134 , 1908 , 23-90 . 21. Jour, fur Math., 139 , 1911 , 118-54 .
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From 191 1 t o 191 9 Emmy Noethe r produce d man y paper s o n finit e base s for variou s case s using Hilbert' s techniqu e an d he r own . I n th e subsequen t twentieth-century development the abstract algebrai c viewpoin t dominated . As Eduard Stud y complaine d i n hi s text o n invariant theory , there was lack of concern fo r specific problem s an d onl y abstract method s wer e pursued .



3. Th e Concept o f Birational Transformations We sa w in Chapte r 3 5 that, especially during the third an d fourth decades of the nineteent h century , th e wor k i n projectiv e geometry turne d t o higher degree curves . However , befor e thi s wor k ha d gon e ver y fa r ther e wa s a change i n th e natur e o f the study . The projectiv e viewpoin t mean s linea r transformations i n homogeneou s coordinates . Graduall y transformation s of the secon d an d highe r degree s cam e int o pla y an d th e emphasi s turne d t o birational transformations . Such a transformation , for the cas e o f two non homogeneous coordinates , i s of the for m



where an d ar e rationa l function s i n x an d y an d moreove r x an d y ca n be expresse d a s rational function s o f an d . In homogeneou s coordinate s , an d | the transformation s are o f the for m and th e invers e is where an d ar e homogeneou s polynomials of degree n in thei r respective variables. Th e correspondenc e i s one-to-on e excep t tha t eac h o f a finit e number o f points may correspon d t o a curve. As an illustratio n of a birationa l transformatio n we have inversion wit h respect t o a circle . Geometricall y thi s transformatio n (Fig . 39.1 ) i s from M to M' o r M' t o M b y means o f the definin g equatio n



where r i s th e radiu s o f th e circle . Algebraicall y i f w e se t u p a coordinat e system a t 0 th e Pythagorea n theore m lead s to (7)



where M i s (x,y) an d M' i s . Under thi s transformation circle s transform int o circle s o r straigh t line s an d conversely . Inversion is a transformation that carries the entire plane into itself and such birational transformations
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Figure 39. 1



are calle d Cremon a transformations . Anothe r exampl e o f a Cremon a trans formation i n thre e (homogeneous ) variable s i s the quadrati c transformatio n (8) whose invers e is



The ter m birationa l transformatio n i s als o use d i n a mor e genera l sense, namely , wherei n th e transformatio n fro m th e point s o f one curve int o those o f another i s birational bu t th e transformatio n nee d no t b e birationa l in th e entir e plane . Thu s (i n nonhomogeneous coordinates ) th e transforma tion (9) is not one-to-on e i n th e entire plane bu t doe s take any curv e C to the right of the y-axis into anothe r i n a one-to-on e correspondence . The inversio n transformatio n wa s th e firs t o f th e birationa l trans formations t o appear . I t wa s use d i n limite d situation s b y Poncele t i n hi s Traite o f 182 2 (U370 ) an d the n b y Pliicker , Steiner , Quetelet , an d Ludwi g Immanuel Magnu s (1790-1861) . I t wa s studie d extensivel y b y Mobius 22 and it s use in physic s was recognized b y Lor d Kelvin, 23 an d b y Liouville, 24 who calle d i t th e transformatio n by reciproca l radii . In 185 4 Luig i Cremon a (1830-1903) , wh o serve d a s a professo r o f mathematics a t severa l Italian universities , introduced the general birationa l transformation (o f the entire plane into itself) an d wrot e important paper s on it. 25 Ma x Noethe r (1844-1921) , th e fathe r o f Emmy Noether , the n prove d the fundamenta l result 26 tha t a plane Cremon a transformatio n can b e built 22. Theorie der Kreisverwandschaft (Theor y o f Inversion) , Abh. Konig. Sack. Ces. der Wiss., 2 1855, 529-6 5 = Werke, 2 , 243-345. 23. Jour, d e Math., 10 , 1845 , 364-67 . 24. Jour, d e Math., 12 , 1847 , 265-90 . 25. Gior. d i Mat., 1 , 1863 , 305-1 1 = Opere, 1 , 54-61 ; an d 3 , 1865 , 269-80 , 363-7 6 = Opere, 2 , 193-218 . 26. Math. Ann., 3, 1871 , 165-227 , p . 16 7 in particular .
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up fro m a sequenc e o f quadratic an d linea r transformations . Jacob Rosane s (1842-1922) foun d thi s resul t independently 27 an d als o prove d tha t al l one-to-one algebrai c transformation s of the plan e mus t b e Cremon a trans formations. Th e proof s o f Noether an d Rosane s wer e complete d b y Guid o Castelnuovo (1865-1952). 28 4. Th e Function-Theoretic Approach t o Algebraic Geometry Though th e natur e o f the birationa l transformatio n was clear, th e develop ment of the subject of algebraic geometr y as the study of invariants under such transformations was , a t leas t i n th e nineteent h century , unsatisfactory . Several approache s wer e used ; th e result s wer e disconnecte d an d frag mentary; mos t proof s were incomplete; an d ver y fe w major theorem s wer e obtained. Th e variet y of approaches ha s resulted in marked difference s i n th e languages used . The goal s of the subjec t were also vague. Though invarianc e under birationa l transformation s has bee n th e leadin g theme , th e subjec t covers th e searc h fo r propertie s o f curves, surfaces , an d higher-dimensiona l structures. I n vie w o f thes e factor s ther e ar e no t man y centra l results . We shall giv e a fe w samples of what wa s done . The firs t o f the approache s wa s mad e b y Clebsch . (Rudol f Friedrich) Alfred Glebsc h (1833-72 ) studie d unde r Hess e in Konigsber g fro m 185 0 to 1854. I n hi s early wor k he was interested in mathematical physics and fro m 1858 t o 186 3 was professo r of theoretical mechanic s at Karlsruh e an d the n professor o f mathematics at Giessi n and Gottingen . H e worke d o n problems left b y Jacob i i n th e calculu s o f variation s an d th e theor y o f differentia l equations. In 186 2 he published the Lehrbuch der Elasticitat. However , hi s chief work wa s in algebrai c invariant s and algebrai c geometry . Clebsch ha d worke d on th e projectiv e properties of curves and surface s of third an d fourt h degree s up t o abou t 1860 . He me t Pau l Gorda n i n 1863 and learne d abou t Riemann' s wor k i n comple x functio n theory . Clebsc h then brough t thi s theor y t o bea r o n th e theor y of curves. 29 Thi s approac h is calle d transcendental . Thoug h Clebsc h mad e th e connectio n betwee n complex function s an d algebrai c curves , he admitte d i n a lette r t o Gusta v Roch tha t h e coul d no t understan d Riemann' s wor k o n Abelia n function s nor Roch' s contribution s in hi s dissertation. Clebsch reinterprete d th e comple x functio n theor y i n th e followin g manner: The functio n f(w, z ) = 0 , wherein z and w are comple x variables, calls geometrically for a Rieman n surfac e fo r z and a plan e o r a portio n of a plane fo r w or, i f one prefers , fo r a Rieman n surface t o each poin t of which a pair o f values of z an d w i s attached. By considering only th e rea l part s of z 27. Jour, fiir Math., 73 , 1871 , 97-110. 28. Atti Accad. Torino, 36 , 1901 , 861-74. 29. Jour, fiir Math., 63 , 1864 , 189-243 .
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Figure 39.2



and w the equation/(it>, z) = 0 represents a curve in the real Cartesian plane . z an d w may stil l hav e comple x value s satisfying f(w, z ) = 0 bu t thes e ar e not plotted . Thi s vie w o f rea l curve s wit h comple x point s wa s alread y familiar fro m th e wor k i n projectiv e geometry . T o th e theor y o f birationa l transformations o f the surfac e correspond s a theor y of birational transforma tions of the plane curve . Under the reinterpretation just described th e branc h points o f the Riemann surface correspond to those points of the curv e where a lin e x = const , meet s the curv e in tw o or more consecutiv e points, tha t is, is either tangen t t o the curv e or passes through a cusp. A double point o f the curve correspond s t o a poin t o n th e surfac e wher e tw o sheet s jus t touc h without an y furthe r connection . Highe r multipl e point s o n curve s als o correspond t o other peculiaritie s o f Riemann surfaces . In th e subsequen t accoun t w e shal l utiliz e th e followin g definition s (Cf. Chap . 23 , sec. 3): A multipl e point (singula r point) P o f order k > I o f an nt h degree plan e curv e i s a poin t suc h tha t a generi c lin e through P cuts the curv e in n — k points. Th e multipl e point i s ordinary i f the k tangents a t P are distinct . In countin g intersections of an nt h degree an d a n mt h degre e curve on e mus t tak e int o accoun t th e multiplicit y of the multipl e points o n each curve . I f it i s h on th e curv e an d k on an d i f the tangent s a t P of are distinc t fro m thos e o f , the n th e poin t o f intersectio n ha s multi plicity hk . A curv e C ' i s said t o b e adjoin t t o a curv e C when th e multipl e points o f C ar e ordinar y o r cusp s an d i f C' ha s a poin t o f multiplicit y of order k — 1 at ever y multipl e poin t o f C of order k . Clebsch30 firs t restate d Abel' s theore m (Chap . 27 , sec. 7) o n integral s of the firs t kin d i n term s of curves. Abel considere d a. fixed rational functio n R(x, y) wher e x and y ar e relate d b y any algebrai c curve f(x,y} = 0 , so that y i s a functio n o f x. Suppos e (Fig . 39.2) / = 0 is cut b y anothe r algebrai c curve where th e a t's ar e th e coefficient s i n= with f = 0 b e . 30. Jour, fur Math., 63 , 1864 , 189-243.



0 . Le t th e intersection s o f = 0 (Th e number m o f thes e i s th e
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product o f the degrees of/and . ) Given a poin t ) on/ = 0 , where #0 belongs to one branch of / = 0 , the n we can consider th e sum



The uppe r limits al l lie on= 0 and th e integral / i s a function o f the upper limits . The n ther e i s a characteristi c number p o f these limits which have t o be algebraic function s o f the others . This numbe r p depend s onl y on /. Moreover . / ca n be expressed as the sum of these p integrals and rationa l and logarithmi c function s o f the i = 1 , 2, . . ., m. Further, i f the curv e = 0 is varied b y varying the parameter s flj to the n th e wil l als o var y and/becomes a function o f the throug h the . The functio n /of the c wil l be rationa l i n th e o r a t wors t involve logarithmic function s o f the Clebsch als o carrie d ove r t o curve s Riemann' s concep t o f Abelia n integrals o n Riemann surfaces , that is, integrals of the form J g(x, y) dx, where g is a rational function and/(* , y) = 0 . To illustrate the integrals of the first kind conside r a plan e fourt h degre e curv e C 4 withou t doubl e points . Her e p = 3 and ther e ar e th e thre e everywher e finite integrals



What applie s t o th e C 4 carrie s ove r t o arbitrar y algebrai c curve s f ( x , y ) = 0 of the nth order. I n plac e o f the three everywhere finite integrals there are now/ » such integrals , (where/ ) is the genus of/ = 0) . Each ha s 2p periodicity module s (Chap . 27 , sec. 8). The integral s ar e o f the for m



where i s a polynomia l (a n adjoint ) o f precisel y th e degre e n — 3 whic h vanishes at th e double point s and cusp s of/ = 0 . Clebsch's next contribution 31 was to introduce th e notio n of genus as a concept fo r classifying curves . If the curv e has d double points then the genus p = (l/2)( n — l ) (n — 2) — d. Previousl y ther e wa s th e notio n o f th e deficiency o f a curv e (Chap . 23 , sec . 3), tha t is , th e maximu m possibl e number o f doubl e point s a curv e o f degre e n coul d possess , namely , (n — l)(n — 2)12, minu s th e numbe r i t actuall y doe s possess . Clebsc h showed 32 tha t fo r curve s wit h onl y ordinar y multipl e point s (th e tangents are al l distinct ) th e genu s i s the sam e a s the deficienc y an d th e genu s i s an invariant unde r birationa l transformatio n o f th e entir e plan e int o itself. 33 31. Jour, fur Math., 64 , 1865 , 43-65. 32. Jour, fur Math., 64 , 1865 , 98-100. 33. I f th e multipl e (singular ) point s ar e o f orde r r t the n th e genu s p o f a curv e C is (n — l)( n — 2)/2 — (1/2) 2 r t(rt ~ 1) > wher e th e summatio n extend s ove r al l multipl e points. Th e genu s i s a mor e refine d concept .
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Clebsch's notio n o f genus is related t o Riemann's connectivit y o f a Rieman n surface. Th e Rieman n surfac e correspondin g t o a curv e o f genus p ha s con nectivity 2p + 1 . The notio n o f genus can b e used t o establish significan t theorems about curves. Jacob Liiroth (1844-1910 ) showed 34 tha t a curv e o f genus 0 can b e birationally transforme d int o a straigh t line . Whe n th e genu s i s 1 , Clebsc h showed tha t a curv e ca n b e birationall y transforme d int o a thir d degre e curve. In additio n t o classifying curve s by genus, Clebsch , followin g Riemann , introduced classe s withi n eac h genus . Rieman n ha d considered 35 th e birational transformatio n o f his surfaces. Thu s iff(ui, z ) = 0 is the equatio n of the surfac e an d i f are rationa l function s an d i f th e invers e transformatio n i s rationa l the n f(w, z ) ca n b e transforme = dto 0 . Tw o algebrai c equation s F(w, z ) = 0 (o r thei r surfaces ) ca n b e transforme d birationall y int o on e another onl y if both hav e th e same p value . (Th e numbe r o f sheets need no t be preserved.) Fo r Riemann n o further proo f was needed. I t wa s guaranteed by the intuition . Riemann (i n th e 185 7 paper ) regarde d al l equation s (o r th e surfaces ) which ar e birationall y transformabl e int o eac h othe r a s belongin g t o th e same class. They hav e th e same genu s p. However , ther e ar e differen t classe s with th e sam e p valu e (becaus e th e branch-point s ma y differ) . Th e mos t general clas s o f genu s p i s characterize d b y 3 p — 3 (complex ) constant s (coefficients i n th e equation ) whe n p > 1 , b y on e constan t whe n p = 1 and by zero constants when p = 0 . In the case of elliptic functions/) = 1 and ther e is on e constant . Th e trigonometri c functions , fo r which p = 0 , do no t hav e any arbitrar y constant . Th e numbe r o f constants wa s calle d b y Rieman n the clas s modulus. The constant s are invarian t under birationa l transforma tion. Clebsc h likewis e put al l those curve s which ar e derivabl e fro m a give n one b y a one-to-on e birationa l transformatio n int o on e class . Thos e o f one class necessarily have the sam e genu s but ther e may b e differen t classe s with the sam e genus .



5. Th e Uniformization Problem Clebsch the n turne d hi s attentio n t o wha t i s calle d th e uniformizatio n problem fo r curves . Le t u s not e firs t jus t wha t thi s proble m amount s to . Given th e equatio n (10) 34. Math. Ann., 9, 1876 , 163-65. 35. Jour, fur Math., 54 , 1857 , 115-5 5 = Werke, 2n d ed. , 88-142 .
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we ca n represen t i t in th e parametri c form (11) z



= si n t, w



= co s t



or in th e parametri c for m (12)



Thus even thoug h (10 ) defines w as a multiple-value d functio n of z, w e ca n represent z an d w as single-valued o r unifor m functions o f t. The parametri c equations (11 ) o r (12 ) ar e sai d t o uniformiz e the algebrai c equatio n (10) . For a n equatio n f(u>, z ) = 0 of genus 0 Clebsch 36 showe d tha t eac h o f the variable s ca n b e expresse d a s a rationa l functio n o f a singl e parameter . These rationa l function s ar e uniformizin g functions. When f = 0 i s inter preted a s a curv e i t i s then calle d unicursal . Conversel y i f th e variable s w and z off = 0 are rationall y expressibl e in term s o f an arbitrar y paramete r then/ = 0 is of genus 0. When p = 1 then Clebsc h showed i n th e sam e year 37 tha t w and z ca n be expresse d a s rationa l function s of th e parameter s an d wher e i s a polynomial of either th e third o r fourth degre e i n T\\enf(w, z ) = 0 or th e corresponding curv e i s calle d bicursal , a ter m introduce d b y Cayley. 38 I t is als o calle d ellipti c becaus e th e equatio n lead s t o ellipti c integrals. W e ca n a s wel l say tha t w an d z ar e expressibl e a s single-value d doubly periodi c function s o f a singl e parameter a or a s rationa l function s o f p(a) wher e p(a) i s Weierstrass's function . Clebsch' s result on the uniformization o f curves of genus 1 by mean s o f elliptic functions of a paramete r mad e it possibl e t o establis h for such curve s remarkable propertie s abou t point s of inflection, osculator y conies , tangent s fro m a poin t t o a curve , an d othe r results, man y o f whic h ha d bee n demonstrate d earlie r bu t wit h grea t difficulty. For equations/(zf , z ) = 0 of genus 2 , Alexander vo n Bril l (1842-1935 ) showed39 tha t th e variable s w an d z ar e expressibl e a s rationa l functions of | and -f] wher e i s now apolynomial of the fifth or sixth degre e in Thus function s o f genus 0 , 1 , and 2 ca n b e uniformized . For functio n f(w, z ) = 0 of genus greater tha n 2 the thought was to employ mor e genera l functions, namely , automorphi c functions . I n 188 2 Klein 40 gav e a genera l uniformization theore m bu t th e proo f wa s no t complete . I n 188 3 Poincar e announced 41 his general uniformizatio n theorem bu t h e too had n o complet e 36. Jour, fur Math., 64 , 1865 , 43-65 . 37. Jour, fur Math., 64 , 1865 , 210-70 . 38. Proc. ton. Math. Soc., 4, 1871-73 , 347-5 2 = Coll. Math. Papers, 8 , 181-87 . 39. Jour, fur Math., 65 , 1866 , 269-83 . 40. Math. Ann., 21, 1883 , 141-21 8 = Ges. math. Abh., 3 , 630-710. 41. Bull. Soc. Math, de France, 11 , 1883 , 112-2 5 = (Euvres, 4 , 57-69 .
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proof. Bot h Klei n an d Poincar e continue d t o wor k har d t o prov e thi s theorem bu t n o decisiv e result wa s obtaine d fo r twenty-fiv e years. I n 190 7 Poincare42 an d Pau l Koeb e (1882-1945) 43 independentl y gav e a proo f o f this uniformizatio n theorem . Koeb e the n extende d th e resul t i n man y directions. Wit h th e theore m o n uniformizatio n now rigorousl y established an improve d treatmen t o f algebraic function s and thei r integrals has become possible.



6. Th e Algebraic-Geometric Approach A new direction o f work in algebraic geometr y begin s with th e collaboratio n of Clebsch an d Gorda n durin g th e year s 1865-70 . Clebsc h was not satisfie d merely to show the significance of Riemann's wor k for curves. He sough t now to establis h th e theor y o f Abelia n integral s o n th e basi s o f th e algebrai c theory o f curves . I n 186 5 h e an d Gorda n joine d force s i n thi s wor k an d produced thei r Theorie de r Abelschen Funktionen (1866) . On e mus t appreciat e that a t thi s time Weierstrass's mor e rigorou s theor y o f Abelian integral s was not know n an d Riemann' s foundation—hi s proo f o f existenc e base d o n Dirichlet's principle—wa s not onl y strange bu t no t wel l established. Also at this tim e ther e wa s considerabl e enthusias m fo r th e theor y o f invariants o f algebraic form s (o r curves) and fo r projective methods as the first stage, s o to speak, o f the treatmen t o f birational transformations. Although th e wor k o f Clebsc h an d Gorda n wa s a contributio n t o algebraic geometry, it did not establish a purely algebraic theory of Riemann's theory o f Abelian integrals . They di d us e algebraic an d geometri c method s as oppose d t o Riemann' s function-theoreti c methods bu t the y als o use d basic result s of function theor y and th e function-theoreti c method s of Weierstrass. I n additio n the y too k som e result s about rationa l function s an d th e intersection poin t theore m as given. Their contribution amounted t o starting from som e function-theoretic result s and, usin g algebraic methods , obtaining new result s previousl y established b y function-theoreti c methods. Rationa l transformations wer e th e essenc e of the algebrai c method . They gave the first algebraic proof for the invarianc e of the genu s p of an algebraic curve under rationa l transformations , using as a definitio n o f ^7 th e degree an d numbe r o f singularities of/ = 0 . Then, using the fact tha t p is the number o f linearly independent integral s of the first = kind on 0 and tha t thes e integral s ar e everywher e finite, they showe d tha t th e trans formation i = 1,2,3 , 42. Ad a Math., 31 , 1908 , 1-6 3 = (Euvres, 4 , 70-139 . 43. Math. Ann., 67, 1909 , 145-224 .
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transforms an integral o f the first kind into an integral o f the first kind so that p i s invariant . The y als o gav e ne w proof s o f Abel' s theore m (b y usin g function-theoretic idea s and methods) . Their wor k wa s no t rigorous . I n particula r they , too , i n th e Pliicke r tradition counte d arbitrar y constant s t o determin e th e numbe r o f inter section point s o f a C m wit h a C n. Specia l kind s o f doubl e point s wer e no t investigated. The significanc e of the Glebsch-Gorda n wor k for the theor y o f algebraic function s wa s t o expres s clearl y i n algebrai c for m suc h result s a s Abel's theore m an d t o use it i n th e stud y o f Abelian integrals . They put th e algebraic par t of the theory of Abelian integrals and function s mor e into th e foreground an d i n particula r establishe d the theor y of transformations on its own foundations. Clebsch and Gorda n ha d raised many problems and left many gaps. Th e problems la y i n th e directio n o f ne w algebrai c investigation s fo r a purel y algebraic theor y of algebraic functions . Th e wor k on the algebraic approac h was continued by Alexander von Brill and Ma x Noethe r from 187 1 on; thei r key paper was published in 1874. 44 Brill and Noethe r based thei r theory on a celebrated residua l theore m (Restsatz) whic h i n thei r hand s too k th e plac e of Abel's theorem . The y als o gave an algebrai c proo f of the Riemann-Roc h theorem o n th e numbe r o f constant s whic h appea r i n algebrai c function s F(w, z ) whic h becom e infinit e nowher e excep t i n m prescribe d point s o f a C n. According t o thi s theore m th e mos t general algebrai c functio n whic h fulfills thi s conditio n ha s th e for m where p. = m — p + T,



T i s th e numbe r o f linearly independent functions (o f degree n — 3 ) whic h vanish in th e m prescribed points , and p i s the genu s of the C n. Thus if the is a withou t double points, the n p = 3 and th e 's ar e straigh t lines . Fo r this case when m = 1 , then T = 2 an d , u =l -3 + 2 = 0 ; m = 2 , then T = 1 , an d j u = 2- 3 + l=0; m = 3 , then T = 1 or 0 and /j. = 1 or 0 . When p. = 0 ther e i s n o algebrai c functio n whic h become s infinit e i n th e given points. When m = 3 , there is one and onl y one such function provide d the thre e give n point s b e o n a straigh t line. I f th e thre e point s do li e on a line v = 0 , thi s lin e cut s th e C 4 i n a fourt h point . W e choos e a lin e u = 0 through thi s point an d the n i 44. "Ube r die algebraischen Funktione n und ihr e Anwendung in der Geometric, " Math. Ann., 7, 1874 , 269-310.
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This wor k replace s Riemann' s determinatio n o f th e mos t genera l algebraic functio n havin g given point s at whic h i t becomes infinite . Als o the Brill-Noether resul t transcend s th e projectiv e viewpoint i n tha t i t deals with the geometr y o f point s o n th e curv e give n b y f — 0, whos e mutua l relations ar e not altere d b y a one-to-one birationa l transformation . Thu s for the first time the theorems on points of intersection o f curves were established algebraically. Th e countin g of constants as a method wa s dispensed with. The wor k i n algebrai c geometr y continue d wit h th e detaile d investiga tion o f algebrai c spac e curve s b y Noether 45 an d Halphen. 46 An y spac e curve C ca n b e projecte d birationall y int o a plan e curv e Al l suc h coming from C have the same genus. The genu s of Cis therefore defined t o be that o f any suc h an d th e genu s o f C is invariant unde r birationa l trans formation o f the space . The topi c whic h has received th e greatest attentio n ove r th e years is the study o f singularitie s o f plane algebrai c curves . U p t o 1871 , th e theor y o f algebraic function s considere d fro m th e algebrai c viewpoin t ha d limite d itself t o curve s which ha d distinc t o r separate d doubl e point s an d a t wors t only cusps (Ruckkehrpunkte). Curve s with more complicate d singularitie s were believed t o b e treatabl e a s limiting case s o f curves with doubl e points . Bu t the actua l limitin g procedur e wa s vague an d lacke d rigo r an d unity . Th e culmination o f th e wor k o n singularitie s i s tw o famou s transformatio n theorems. Th e first states that every plane irreducible algebraic curv e can be transformed b y a Cremon a transformatio n t o one having n o singula r points other tha n multipl e points with distinct tangents . Th e secon d assert s that b y a transformatio n birationa l onl y o n th e curv e ever y plan e irreducibl e algebraic curv e ca n b e transforme d int o anothe r havin g onl y doubl e point s with distinc t tangents . Th e reductio n o f curve s t o thes e simple r form s facilitates th e applicatio n o f man y o f th e methodologie s o f algebrai c geometry. However, th e numerou s proofs o f these theorems, especiall y th e secon d one, hav e bee n incomplet e o r a t leas t criticize d b y mathematician s (othe r than th e author) . Ther e reall y ar e tw o case s o f th e secon d theorem , rea l curves i n th e projectiv e plan e an d curve s i n th e comple x functio n theor y sense where x and y eac h ru n ove r a complex plane . Noether 47 i n 187 1 used a sequenc e o f quadratic transformation s which ar e one-to-on e i n th e entir e plane t o prove th e first theorem. H e i s generally credite d wit h th e proo f bu t actually h e merel y indicate d a proo f whic h wa s perfected an d modifie d b y many writers. 48 Kronecker, usin g analysis and algebra , develope d a metho d for provin g th e secon d theorem . H e communicate d thi s method verball y t o 45. Jour, fiir Math., 93 , 1882 , 271-318 . 46. Jour, de I'Ecole Poly., Cahie r 52 , 1882 , 1-20 0 = (Em/res, 3 , 261-455. 47. Nachrichten Konig. Ges. der Wiss. z u Gott., 1871 , 267-78. 48. Se e also Noether, Math. Ann., 9, 1876 , 166-82 ; an d 23 , 1884 , 311-58 .
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Riemann an d Weierstras s in 1858 , lectured on it from 187 0 on and publishe d it in 1881. 49 The metho d use d rational transformations , which with the aid of the equatio n o f the give n plan e curv e ar e one-to-one , an d transforme d th e singular cas e into th e "regular one;" tha t is , the singular points become just double point s with distinc t tangents. Th e result , however, wa s not state d b y Kronecker an d i s only implicit i n hi s work. This secon d theore m t o th e effec t tha t al l multipl e point s ca n b e reduced t o double points by birational transformation s on the curve was first explicitly state d an d prove d b y Halphe n i n 1884. 50 Man y othe r proof s have been give n bu t non e i s universally accepted.



7. Th e Arithmetic Approach In additio n t o th e transcendenta l approac h an d th e algebraic-geometri c approach ther e i s wha t i s calle d th e arithmeti c approac h t o algebrai c curves, which is, however, in concept at least, purely algebraic. This approach is really a grou p o f theories whic h diffe r greatl y i n detai l bu t whic h have i n common th e constructio n an d analysi s of the integrand s of the thre e kinds of Abelian integrals . Thi s approac h wa s develope d b y Kronecke r i n hi s lec tures,51 b y Weierstras s i n hi s lecture s o f 1875-76 , an d b y Dedekin d an d Heinrich Webe r i n a joint paper. 52 Th e approac h i s fully presente d i n th e text b y Kur t Hensel an d Geor g Landsberg : Theorie de r algebraischen Funktionen einer Variabeln (1902) . The centra l ide a o f thi s approac h come s fro m th e wor k o n algebrai c numbers b y Kronecke r an d Dedekin d an d utilize s a n analog y betwee n th e algebraic integer s o f an algebrai c numbe r fiel d an d th e algebrai c function s on th e Rieman n surfac e o f a comple x function . I n th e theor y o f algebrai c numbers on e start s wit h a n irreducibl e polynomia l equatio n f ( x) = 0 with integral coefficients . Th e analogu e fo r algebrai c geometr y i s an irreducibl e polynomial equatio n f(,z)=Q whos e coefficient s o f th e power s o f ar e polynomials i n z (with , say , rea l coefficients) . I n numbe r theor y on e the n considers th e fiel d R(x) generate d b y th e coefficient s off(x)= 0 and on e of its roots . I n th e geometr y on e consider s th e fiel d o f al l R ( , z) whic h ar e algebraic an d one-value d o n th e Rieman n surface . On e the n consider s i n the number theor y the integral algebraic numbers. To thes e there correspon d the algebrai c function s G ( , z) whic h ar e entire , that is , become infinit e only at z — Th e decompositio n of the algebraic integers into real prime factors 49. Jour, fiir Math., 91 , 1881 , 301-34 = Werke, 2 , 193-236 . 50. Reproduce d i n a n appendi x t o a Frenc h editio n (1884 ) o f G. Salmon' s Higher Plane Curves an d i n E . Picard' s Traite d"analyse, 2 , 1893 , 364 ff. = (Euvres, 4 , 1-93 . 51. Jour, fiir Math., 91 , 1881 , 301-34 an d 92 , 1882 , 1-12 2 = Werke, 2 , 193-387 . 52. "Theori e de r algebraische n Funktione n eine r Veranderlichen, " Jour.Jilr Math., 92 , 1882, 181-29 0 = Dedekind' s Werke, I , 238-350 .
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and unit s respectively corresponds t o th e decompositio n o f th e G ( , z) int o factors suc h that eac h vanishes at one point onl y of the Riemann surfac e and factors tha t vanish nowhere , respectively. Where Dedekin d introduce d ideal s in th e numbe r theor y t o discus s divisibility, in th e geometri c analogu e on e replaces a facto r o f a G ( , z) whic h vanishe s at on e poin t o f th e Rieman n surface b y th e collectio n o f all function s o f th e fiel d o f R( , z) whic h vanish at tha t point . Dedekin d an d Webe r use d thi s arithmetic metho d t o treat th e field of algebraic function s an d the y obtaine d th e classi c results. Hilbert 53 continue d wha t i s essentiall y th e algebrai c o r arithmeti c approach t o algebraic geometr y of Dedekind and Kronecker . On e principa l theorem, Hilbert' s Nullstellensatz, state s tha t ever y algebrai c structur e (figure) o f arbitrar y exten t i n a spac e o f arbitraril y man y homogeneou s variables ca n alway s b e represente d b y a finite numbe r o f homogeneous equation s so that th e equation o f any other structure containing the original one can be represented b y where th e Af' s ar e arbitrar y homogeneou s integral form s whos e degree mus t be s o chosen tha t th e lef t sid e of the equatio n i s itself homogeneous . Hilbert followin g Dedekind calle d th e collectio n of the . a modul e (the term i s now ideal and modul e now is something more general). One ca n state Hilbert' s resul t thus : Ever y algebrai c structur e of determine s th e vanishing o f a finite module. 8. Th e Algebraic Geometry o f Surfaces Almost fro m th e beginnin g o f work in th e algebrai c geometr y o f curves, th e theory o f surfaces wa s als o investigated. Her e to o th e directio n o f the wor k turned t o invariant s unde r linea r an d birationa l transformations . Like th e equation f ( x , y} = 0 , th e polynomia l equatio n f ( x, y , z) = 0 ha s a doubl e interpretation. I f x, y, and z take on real value s then th e equatio n represent s a two-dimensiona l surfac e i n three-dimensiona l space . If , however , thes e variables tak e o n comple x values , the n th e equatio n represent s a four dimensional manifol d i n a six-dimensiona l space. The approac h t o th e algebrai c geometr y o f surfaces parallele d tha t fo r curves. Clebsc h employe d function-theoreti c method s an d introduced 54 53. "Ube r di e Theori e de r algebraische n Formen, " Math. Ann., 36 , 1890 , 473-53 4 = Ges. Abh., 2 , 199-257 . 54. Camp. Rend., 67 , 1868 , 1238-39 .
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double integral s whic h pla y th e rol e o f Abelia n integral s i n th e theor y o f curves. Clebsc h note d tha t fo r an algebrai c surfac e f(x, y , z ) = 0 of degree m with isolate d multipl e points an d ordinar y multipl e lines, certai n surfaces of degree m — 4 ough t t o pla y th e rol e whic h th e adjoin t curve s o f degre e m — 3 play wit h respec t t o a curv e o f degree m . Give n a rationa l functio n R(x, y, z ) wher e x , y, an d z ar e relate d b y f(x, y , z ) = 0 , i f on e seek s th e double integrals



which always remain finite when the integrals extend ove r a two-dimensional region o f the four-dimensiona l surface, on e find s tha t the y ar e o f the for m



where Q is a polynomia l of degree m — 4. Q = 0 is an adjoin t surfac e which passes throug h th e multipl e line s off = 0 and ha s a multipl e lin e o f orde r k — 1 at leas t in ever y multipl e line of f o f order k an d ha s a multipl e poin t of order q — 2 a t leas t i n ever y isolated multipl e point ofy ^ of order q . Suc h an integral is called a double integral of the first kind. The numbe r o f linearly independent integral s o f thi s class , whic h i s th e numbe r o f essentia l constants in Q(x,y, z) , is called th e geometrical genu s of / = 0 . If the surfac e has n o multipl e lines of points



Max Noether 55 an d Hieronymu s G . Zeuthe n (1839-1920 ) 56 prove d that/ g is a n invarian t unde r birationa l transformation s o f th e surfac e (no t of th e whole space). Up t o thi s poin t th e analog y wit h th e theor y o f curve s i s good. Th e double integral s of the first kind are analogous t o the Abelian integral s o f the first kind . Bu t no w a firs t differenc e become s manifest . I t i s necessar y t o calculate th e numbe r o f essential constant s in th e polynomial s Q of degre e m — 4 which behav e a t multipl e points of the surfac e in suc h a manne r tha t the integral remain s finite. But one can find by a precise formula the numbe r of conditions thus involved only for a polynomia l of sufficiently larg e degre e N. I f on e put s int o thi s formul a N = m — 4, on e migh t fin d a numbe r 57 different fro m Cayley calle d thi s ne w numbe r th e numerica l (arith metic) genus o f the surface . Th e mos t general cas e is where . When 55. Math. Ann., 2, 1870 , 293-316. 56. Math. Ann., 4, 1871 , 21-49 . 57. Phil. Trans., 159 , 1869, 201-29 = Coll. Math. Papers, 6 , 329-58 ; an d Math. Ann., 3 , 1871, 526-2 9 = Coll. Math. Papers, 8 , 394-97.
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the equality does not hold one has an d th e surface is called irregular; otherwise it is called regular. The n Zeuthen 58 and Noether 59 established the invariance o f the numbe r whe n i t i s not equa l t o Picard 60 develope d a theor y o f doubl e integral s o f th e secon d kind . These ar e th e integral s which becom e infinit e i n th e manne r o f (13) where U and V are rationa l function s of x, y, an d z andf(x,y, z ) — 0. Th e number o f different integral s o f the secon d kind , differen t i n th e sens e that no linea r combinatio n o f these integrals reduce s t o th e for m (13) , i s finite ; this is a birational invarian t of the surface/ = 0 . But it is not tru e here, a s in the cas e of curves, that th e number of distinct Abelian integrals of the second kind is 2p. This ne w invariant of algebraic surface s does not appear to be tied to th e numerica l o r th e geometrica l genus . Far les s has been accomplished fo r the theor y of surfaces tha n fo r curves. One reaso n i s that th e possibl e singularities of surfaces are much more complicated. There is the theorem of Picard an d Georges Simart proven by Beppo Levi (1875-1928) 61 tha t an y (real ) algebrai c surfac e ca n b e birationall y transformed int o a surfac e fre e o f singularities which must, however, be in a space o f five dimensions. But thi s theorem doe s not prov e t o b e to o helpful . In th e case of curves the single invariant number , the genus/), is capable of definitio n i n term s of the characteristic s o f the curv e o r th e connectivit y of the Riemann surface . In the case off(x, y , z ) = 0 the number of characterizing arithmetica l birationa l invariant s is unknown.62 W e shal l no t attemp t to describ e furthe r th e fe w limite d result s fo r th e algebrai c geometr y o f surfaces. The subjec t o f algebraic geometr y no w embrace s th e stud y o f higherdimensional figures (manifolds or varieties) defined b y one or more algebrai c equations. Beyond generalization in this direction, another type , namely, the use o f mor e genera l coefficient s i n th e definin g equations , ha s als o bee n undertaken. Thes e coefficient s ca n b e member s o f an abstrac t rin g o r field and th e method s o f abstrac t algebr a ar e applied . Th e severa l method s of pursuing algebrai c geometr y a s wel l a s th e abstrac t algebrai c formulatio n introduced i n the twentieth century have led to sharp difference s i n language and method s of approach s o that one clas s of workers finds it very difficult t o understand another . Th e emphasi s in thi s century has bee n o n th e abstrac t algebraic approach. I t doe s seem to offer shar p formulations of theorems and 58. Math. Ann., 4, 1871 , 21-49. 59. Math. Ann., 8, 1875 , 495-533 . 60. Jour, de Math., (5) , 5 , 1899 , 5-54 , an d late r papers . 61. Annali d i Mat., (2) , 26, 1897 , 219-53 . 62. Th e manifold s involved canno t b e characterize d eve n topologically .
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proofs thereb y settling much controvers y about th e meaning and correctnes s of th e olde r results . However , muc h o f th e wor k seem s t o hav e fa r mor e bearing on algebr a tha n o n geometry.
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40 The Instillatio n o f Rigo r i n Analysi s But i t woul d b e a seriou s erro r t o thin k tha t on e ca n fin d certainty onl y i n geometrica l demonstration s o r i n th e testimony o f th e senses . A . L . CAUCH Y



1. Introduction By about 180 0 the mathematicians bega n to be concerned abou t th e looseness in the concept s an d proof s of the vast branche s of analysis. Th e ver y concep t of a functio n wa s not clear ; th e us e of series without regar d t o convergenc e and divergenc e had produce d paradoxe s an d disagreements ; the controversy about the representations of functions b y trigonometric series had introduce d further confusion ; and , o f course, th e fundamenta l notions of derivative an d integral ha d neve r bee n properl y defined . All these difficulties finall y brough t on dissatisfactio n with th e logica l statu s of analysis. Abel, i n a lette r of 182 6 to Professo r Christoffer Hansteen, 1 complaine d about "the tremendous obscurity which one unquestionably finds in analysis. It lacks so completely all plan and syste m that it is peculiar that s o many me n could hav e studied it. The wors t of it is, it has never bee n treate d stringently. There are ver y few theorems i n advance d analysi s which have bee n demon strated i n a logicall y tenabl e manner . Everywher e on e find s thi s miserabl e way of concluding from th e special to the general an d i t is extremely peculiar that suc h a procedur e ha s le d t o s o few of the so-calle d paradoxes. " Several mathematician s resolved to bring order out of chaos. The leader s of wha t i s ofte n calle d th e critica l movemen t decide d t o rebuil d analysi s solely on th e basi s of arithmetical concepts . The beginning s of the movement coincide wit h th e creatio n o f non-Euclidean geometry . An entirel y differen t group, except for Gauss, was involved in th e latte r activity and i t is therefore difficult t o trac e an y direc t connectio n between it and th e decisio n to foun d analysis on arithmetic. Perhaps th e decisio n was reached becaus e th e hope of 1. CEuvres, 2 , 263-65 . 947
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grounding analysi s on geometry, whic h many seventeenth-century men ofte n asserted coul d b e done , wa s blaste d b y th e increasin g complexit y o f th e eighteenth-century development s i n analysis . However , Gaus s ha d alread y expressed hi s doubts a s t o th e trut h o f Euclidean geometr y a s early a s 1799 , and i n 181 7 h e decide d tha t trut h reside d onl y i n arithmetic . Moreover , during eve n th e early work by Gauss and other s on non-Euclidean geometry , flaws in Euclid's development ha d alread y bee n noted . Henc e i t is very likely that bot h factor s caused distrus t of geometry an d prompte d th e decisio n t o found analysi s on arithmetical concepts . Thi s certainly was what th e leader s of the critica l movemen t undertoo k t o do . Rigorous analysi s begin s wit h th e wor k of Bolzano, Cauchy , Abel , an d Dirichlet an d wa s furthere d b y Weierstrass . Cauch y an d Weierstras s ar e best know n i n thi s connection . Cauchy' s basi c work s on th e foundation s of analysis ar e hi s Cours d'analyse algebrique, 2 Resume de s lemons sur le calcul in 4 finitesimal,3 an d Lemons su r l e calcul differentiel. 4 Actuall y Cauchy' s rigo r i n these works is loose by modern standards . H e used phrases such as "approach indefinitely," "a s littl e a s one wishes, " "las t ratio s o f infinitely smal l incre ments," an d " a variabl e approache s it s limit. " However , i f one compare s Lagrange's Theorie de s fonctions analytiques 5 an d hi s Lefons su r l e calcul de s functions8 an d th e influentia l boo k b y Lacroix , Traite d u calcul differentiel e t du calcul integral'' wit h th e Cours d'analyse algebrique o f Cauch y on e begin s t o se e the strikin g difference betwee n th e mathematic s o f th e eighteent h centur y and tha t o f the nineteenth . Lagrange , i n particular , wa s purely formal . H e operated wit h symboli c expressions . Th e underlyin g concept s o f limit , continuity, an d s o on ar e no t there . Cauchy i s ver y explici t i n hi s introductio n t o th e 182 1 wor k tha t h e seeks to give rigor t o analysis. He point s out tha t th e fre e us e for all function s of th e propertie s tha t hol d fo r algebraic functions , an d th e us e of divergen t series are no t justified. Thoug h Cauchy' s work was but on e step in the direc tion of rigor, h e himself believed an d state s in his Resume that h e had brough t the ultimat e i n rigo r int o analysis . H e di d giv e th e beginning s o f precis e proofs o f theorems and properl y limited assertions at leas t for the elementar y functions. Abe l i n hi s pape r o f 182 6 o n th e binomia l serie s (sec . 5 ) praise d this achievemen t o f Cauchy : "Th e distinguishe d work [th e Cours d'analyse] should be read b y everyone who loves rigor in mathematica l investigations. " Cauchy abandone d th e explici t representations of Euler and th e power series of Lagrange an d introduce d ne w concept s to trea t functions . 2. 1821 , (Euvres, (2) III. 3. 1823, (Euvres, (2), IV, 1-261.
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1829, (Euvres, (2), IV, 265-572. 1797; 2nd ed., 1813 =(Euvres, 9. 1801; 2nd ed., 1806 = (Euvres, 10. 3 vols., 1st ed., 1797-1800; 2nd ed. , 1810-19.
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2. Functions and Their Properties The eighteent h centur y mathematician s ha d o n th e whol e believe d tha t a function mus t hav e th e sam e analyti c expressio n throughout . Durin g th e latter par t o f the century , largely a s a consequenc e o f the controvers y ove r the vibrating-strin g problem , Eule r an d Lagrang e allowe d function s that have differen t expression s i n differen t domain s an d use d th e wor d con tinuous where the same expression held and discontinuous at points where the expression change d for m (thoug h i n th e moder n sens e th e entir e functio n could b e continuous) . Whil e Euler , d'Alembert , an d Lagrang e ha d t o reconsider th e concep t o f function , the y di d no t arriv e a t an y widel y ac cepted definitio n nor did the y resolve the problem o f what functions coul d be represented b y trigonometrical series . However, the gradual expansio n in the variety an d us e o f function s force d mathematician s t o accep t a broade r concept. Gauss in his earlier work meant b y a function a closed (finit e analytical) expression an d whe n h e spok e o f the hypergeometri c serie s F(a, |3, y, x) a s a functio n o f a, [3, y , and x he qualified it by the remark, "insofa r a s one ca n regard i t a s a function. " Lagrang e ha d alread y use d a broade r concep t i n regarding powe r serie s as functions . I n th e secon d editio n o f his Mecanique analytique (1811-15 ) h e use d th e wor d functio n fo r almos t an y kin d o f de pendence on one or mor e variables. Eve n Lacroi x in his Traite of 179 7 had already introduce d a broade r notion . I n th e introductio n h e says , "Ever y quantity whose value depends on one or several others is called a function of the latter , whethe r one knows or one does not kno w by what operation s it is necessary t o g o fro m th e latte r t o th e firs t quantity. " Lacroi x give s a s a n example a root of an equation of the fifth degree as a function of its coefficients. Fourier's wor k opene d u p eve n mor e widel y th e questio n o f wha t a function is. On the one hand, he insisted that functions need not be representable by any analyti c expressions. In hi s Th e Analytical Theory o f Heat s h e says, "In genera l th e function^*) represent s a successio n of values or ordinate s each o f whic h i s arbitrary . . . . We d o no t suppos e thes e ordinate s t o b e subject t o a commo n law ; the y succee d eac h othe r i n an y manne r what ever. . . ." Actually he himself treated onl y functions wit h a finite number of discontinuities in any finite interval. O n th e other hand , t o a certai n exten t Fourier wa s supporting the contention that a function must be representabl e by an analytic expression, though this expression was a Fourier series. In an y case Fourier' s wor k shoo k th e eighteenth-centur y belie f tha t al l function s were at wors t extension s of algebraic functions . Th e algebrai c function s an d even th e elementar y transcendenta l function s wer e no longe r th e prototyp e of functions. Sinc e th e propertie s o f algebraic function s coul d n o longe r b e carried ove r t o al l functions , th e questio n the n aros e a s t o wha t on e really 8. Englis h translation, p. 430 , Dove r (reprint) , 1955 .
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means b y a function, by continuity, differentiability, integrability, an d othe r properties. In th e positiv e reconstruction s o f analysis which man y me n undertoo k the rea l numbe r syste m wa s take n fo r granted . N o attemp t wa s mad e t o analyze thi s structur e o r t o build i t u p logically . Apparently th e mathema ticians fel t the y were o n sur e ground a s far a s this area wa s concerned . Cauchy begin s hi s 182 1 wor k wit h th e definitio n of a variable . "On e calls a quantit y whic h on e consider s as having t o successively assume man y values different fro m on e another a variable." As for the concep t of function, "When variabl e quantitie s are s o joined betwee n themselves that, th e valu e of one o f these being given, on e ma y determin e th e value s of all th e others , one ordinaril y conceives these divers e quantities expressed b y mean s o f th e one among them , which then take s the name independent variable ; and th e other quantitie s expressed b y mean s o f the independen t variabl e ar e thos e which on e call s function s o f this variable." Cauch y i s also explici t tha t a n infinite serie s i s on e wa y o f specifyin g a function . However , a n analytica l expression fo r a functio n is not required . In a paper o n Fourie r serie s which w e shall return t o later, "Uber di e Darstellung ganz willkiirliche r Functione n durch Sinus-un d Cosinusreihen " (On th e Representatio n o f Completel y Arbitrar y Function s b y Sin e an d Cosine Series), 9 Dirichle t gav e th e definitio n o f a (single-valued ) functio n which i s now mos t often employed , namely , that # is a functio n o f x when t o each valu e o f A ; i n a give n interva l ther e correspond s a uniqu e valu e o f y . He adde d tha t it does not matte r whether throughout this interval y depend s upon x according t o one law or more or whether the dependence ofy o n x can be expresse d b y mathematica l operations . I n fac t i n 1829 10 h e gav e th e example o f a functio n o f x whic h ha s th e valu e c for al l rationa l value s o f x and th e valu e d for all irrationa l value s o f x. Hankel point s out tha t th e bes t textbooks of at leas t th e first half of the century wer e a t a los s a s t o wha t t o d o abou t th e functio n concept . Som e defined a functio n essentiall y in Euler' s sense ; other s require d tha t y var y with x according to some law but di d no t explain what law meant; some used Dirichlet's definition ; an d stil l other s gav e n o definition . But al l deduce d consequences fro m thei r definition s which wer e no t logicall y implie d b y the definitions . The prope r distinctio n between continuit y and discontinuit y gradually emerged. Th e carefu l stud y o f th e propertie s o f function s wa s initiate d b y Bernhard Bolzan o (1781-1848) , a priest , philosopher , an d mathematicia n of Bohemia . Bolzan o was le d t o thi s wor k b y tryin g t o giv e a purel y arith metical proo f o f th e fundamenta l theore m o f algebr a i n plac e o f Gauss' s first proo f (1799 ) whic h use d geometri c ideas . Bolzan o ha d th e correc t 9. Reperlorium de r Physik, 1 , 1837 , 152-7 4 = Werke, 1 , 135-60 . 10. Jour, fur Math., 4 , 1829 , 157-6 9 = Werke, 1 , 117-32 .
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concepts fo r th e establishmen t o f th e calculu s (excep t fo r a theor y o f rea l numbers), bu t hi s wor k wen t unnotice d fo r hal f a century . H e denie d th e existence o f infinitel y smal l number s (infinitesimals ) an d infinitel y larg e numbers, bot h o f which had bee n use d b y the eighteenth-centur y writers. I n a boo k o f 181 7 whos e lon g titl e start s wit h Rein analytischer Beweis (se e th e bibliography) Bolzan o gav e th e prope r definitio n o f continuity , namely , f ( x ) i s continuou s i n a n interva l i f a t an y x i n th e interva l th e differenc e f(x + to ) — f ( x) ca n b e mad e as small as one wishe s by takin g o > sufficientl y small. H e prove s tha t polynomial s are continuous . Cauchy, too , tackle d th e notion s o f limi t an d continuity . A s wit h Bolzano th e limi t concep t wa s base d o n purel y arithmetica l considerations . In th e Cours (1821 ) Cauch y says, "When the successive values attributed t o a variable approach indefinitel y a fixed value so as to en d b y differin g fro m i t by a s littl e a s on e wishes , this last i s called th e limi t o f all th e others . Thus , for example , a n irrationa l numbe r i s th e limi t o f divers e fraction s whic h furnish close r an d close r approximate value s o f it." Thi s exampl e wa s a bi t unfortunate becaus e man y too k i t t o b e a definitio n o f irrational number s in terms o f limit wherea s th e limi t coul d hav e n o meanin g i f irrationals wer e not alread y present . Cauch y omitte d i t i n hi s 182 3 an d 182 9 works. In th e prefac e t o hi s 182 1 wor k Cauch y say s tha t t o spea k o f th e con tinuity o f function s h e mus t mak e know n th e principa l propertie s o f in finitely smal l quantities . "On e say s [Cours, p . 5 ] tha t a variabl e quantit y becomes infinitel y smal l whe n it s numerica l valu e decrease s indefinitel y i n such a wa y a s t o converg e t o th e limi t 0." Suc h variable s h e call s infinites imals. Thu s Cauch y clarifie s Leibniz' s notio n o f infinitesimal an d free s i t of metaphysical ties . Cauch y continues , "On e say s tha t a variabl e quantit y becomes infinitel y larg e whe n it s numerica l valu e increase s indefinitel y in such a manner a s to converge to the limit oo." However, o o means not a fixed quantity bu t somethin g indefinitely large. Cauchy i s now prepare d t o define continuity of a function . I n th e Cours (pp. 34-35 ) h e says . "Le t f ( x] b e a functio n o f the variabl e x , an d suppos e that, for each valu e of* intermediate betwee n tw o given limits [bounds], thi s function constantl y assumes a finit e an d uniqu e value. If , beginnin g wit h a value o f x containe d betwee n thes e limits , on e assign s t o th e variabl e x a n infinitely smal l increment a , th e functio n itsel f will take o n a s an incremen t the differenc e f(x + a ) — f ( x) whic h wil l depen d a t th e sam e tim e o n th e new variable a and o n the value of*. This granted, th e function f ( x ) wil l be, between th e tw o limits assigned t o th e variabl e x , a continuous function o f the variable if , fo r eac h valu e o f x intermediat e betwee n thes e tw o limits , th e numerical value of the difference/^ + a ) — f ( x) decrease s indefinitely with that o f a. I n othe r words , th e function f(x ) will remain continuous with respect t o x between the given limits, if, between these limits, an infinitely small increment of the variable always produces an infinitely small increment of the function itself.
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"We als o say that th e functio n f(x) i s a continuou s function of * in th e neighborhood o f a particula r valu e assigne d t o th e variabl e x , a s long a s it [the function ] i s continuous betwee n thos e tw o limit s o f x, n o matte r ho w close together , whic h enclos e th e valu e i n question. " H e the n say s that/(*) is discontinuous at , if it i s not continuou s in ever y interva l aroun d In hi s Cours (p . 37) Cauchy asserted tha t if a function o f several variable s is continuou s i n eac h on e separatel y i t i s a continuou s functio n o f al l th e variables. Thi s i s not correct . Throughout th e nineteent h centur y th e notio n o f continuit y wa s ex plored an d mathematician s learne d mor e abou t it , sometime s producin g results that astonishe d them . Darbou x gav e a n exampl e o f a functio n whic h took o n al l intermediat e value s betwee n tw o give n value s i n passin g fro m x = a to x = b but wa s not continuous . Thus a basic propert y o f continuous functions i s not sufficien t t o insur e continuity. 11 Weierstrass's wor k o n th e rigorizatio n o f analysis improved o n Bolzano , Abel, an d Cauchy . He , too , sough t to avoid intuitio n and t o build on arith metical concepts . Thoug h h e did thi s work durin g th e year s 1841-5 6 whe n he wa s a high-schoo l teache r muc h o f it di d no t becom e know n unti l 185 9 when h e bega n t o lecture a t th e Universit y o f Berlin. Weierstrass attacke d th e phrase "a variable approache s a limit," which unfortunately suggest s time and motion . H e interprets a variable simpl y as a letter standin g fo r any on e o f a se t of values whic h th e lette r ma y b e given . Thus motion i s eliminated. A continuous variable i s one such that i f x0 i s any value of the set of values of the variable an d . any positive number ther e ar e other value s of the variabl e i n th e interva l To remove the vagueness in the phrase " becomes and remains les s than any give n quantity, " whic h Bolzan o and Cauch y use d in thei r definition s of continuity an d limi t o f a function , Weierstras s gav e th e no w accepte d definition tha t f(x) i s continuous at x = i f given an y positiv e numbe r e , there exist s a suc h tha t fo r al l x i n th e interva l A functio n f(x) ha s a limi t L a t x = i f th e sam e statement hold s bu t wit h L replacin g . A function f(x] i s continuous in an interva l o f x values if it i s continuous at eac h x in th e interval . During th e year s i n whic h th e notio n o f continuit y itsel f wa s bein g refined, th e effort s t o establish analysis rigorously called for the proof of many theorems abou t continuou s function s whic h ha d bee n accepte d intuitively . Bolzano i n hi s 181 7 publicatio n sough t t o prov e tha t i f f(x) i s negative fo r x = a an d positiv e fo r x = b , the n f(x) ha s a zer o betwee n a an d b . H e considered th e sequenc e o f functions (fo r fixed x) (1) 11. Conside r y = si n ( \ j x ) fo r x ^ 0 and y = 0 for x = 0 . This function goe s throug h al l values from on e assume d a t a negativ e valu e of x t o one assume d a t a positiv e valu e o f x. However, i t i s no t continuou s a t x — 0.
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and introduce d th e theore m tha t i f fo r n larg e enoug h w e ca n mak e th e difference les s than an y give n quantity , n o matte r ho w large r is, then ther e exist s a fixed magnitude X suc h tha t th e sequenc e come s close r and close r t o X, an d indee d a s close as one wishes. His determination o f the quantity X wa s somewhat obscure because he did no t hav e a clea r theor y of the rea l numbe r syste m and o f irrational number s in particula r o n which t o build. However, h e had th e idea o f what w e now call the Cauch y conditio n for th e convergenc e o f a sequenc e (se e below). In th e cours e o f the proo f Bolzan o establishe d th e existenc e o f a leas t upper boun d fo r a bounde d se t of real numbers. Hi s precise statemen t is : I f a propert y M doe s not apply t o all values of a variable quantit y x , but t o all those tha t ar e smaller than a certain u, there is always a quantity U which is the larges t o f those of which it ca n b e asserte d tha t al l smalle r x possess th e property M. Th e essenc e of Bolzano's proo f of this lemma wa s to divide th e bounded interva l int o tw o parts an d selec t a particula r par t containin g a n infinite numbe r o f members o f the set . H e the n repeat s th e proces s until h e closes down o n th e numbe r whic h i s the leas t uppe r boun d o f the give n set of rea l numbers . Thi s metho d wa s use d b y Weierstras s i n th e 1860s , wit h due credi t t o Bolzano , t o prov e wha t i s now calle d th e Weierstrass-Bolzan o theorem. I t establishe s for any bounded infinite set of points the existence of a point suc h tha t i n ever y neighborhood o f it ther e ar e point s o f the set . Cauchy ha d use d withou t proof (i n on e o f his proofs o f the existenc e of roots of a polynomial) th e existenc e of a minimu m of a continuou s function defined ove r a close d interval . Weierstras s i n hi s Berli n lecture s proved fo r any continuou s functio n o f on e o r mor e variable s define d ove r a close d bounded domai n th e existenc e of a minimu m valu e an d a maximu m valu e of the function . In wor k inspired b y the idea s o f Georg Canto r an d Weierstrass, Hein e defined unifor m continuit y fo r function s o f one o r severa l variables 12 an d then proved 13 tha t a functio n whic h i s continuou s o n a close d bounde d interval o f th e rea l number s i s uniforml y continuous . Heine' s metho d introduced an d use d th e followin g theorem : Let a close d interval [a , b] and a countabl y infinit e se t A of intervals, all i n [a , b], be give n suc h tha t ever y point x of a < x < b is an interio r poin t o f at leas t one o f the interval s o f A. (The endpoint s a and b are regarde d a s interio r point s whe n a i s th e left hand en d of an interval and b the right-hand en d of another interval.) Then a set consistin g of a finite number of the interval s of A has the sam e property , namely, ever y point o f the close d interval [a , b] is an interio r poin t o f at least one o f this finit e se t of intervals ( a and b can b e endpoints) . Emile Borel (1871-1956) , on e o f the leadin g Frenc h mathematician s o f this century , recognize d th e importanc e o f bein g abl e t o selec t a finit e number o f covering interval s and firs t state d i t a s an independen t theore m 12. Jour, fur Math., 71 , 1870 , 353-65 . 13. Jour, fur Math., 74 , 1872 , 172-88 .
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for th e cas e when the origina l set of intervals A is countable.14 Though man y German an d Frenc h mathematician s refe r t o thi s theore m a s Borel's, sinc e Heine used the property in his proof of uniform continuit y the theorem i s also known a s the Heine-Bore l theorem . Th e meri t o f the theorem , a s Lebesgue pointed out , i s not i n th e proo f of it, whic h i s not difficult , bu t i n perceivin g its importance an d enunciatin g it as a distinct theorem. The theore m applie s to close d set s in an y numbe r o f dimensions and i s now basi c i n se t theory . The extensio n o f the Heine-Bore l theore m t o th e cas e where a finit e set of coverin g interval s ca n b e selecte d fro m a n uncountabl y infinit e se t i s usually credite d t o Lebesgu e wh o claime d t o hav e know n th e theore m i n 1898 an d publishe d i t i n hi s Legons sur I'integration (1904) . However , i t wa s first published b y Pierr e Cousi n (1867-1933) i n 1895. ls 3. Th e Derivative D'Alembert wa s th e firs t t o se e tha t Newto n ha d essentiall y th e correc t notion o f the derivative . D'Alember t say s explicitly in th e Encyclopedic tha t the derivativ e mus t b e base d o n th e limi t o f the rati o o f the difference s o f dependent an d independen t variables . Thi s versio n i s a reformulatio n of Newton's prim e an d ultimat e ratio. D'Alember t di d no t g o further becaus e his thought s were stil l tie d t o geometric intuition . His successor s of the nex t fifty years still failed t o give a clear definitio n o f the derivative . Even Poisso n believed tha t ther e ar e positiv e numbers tha t ar e no t zero , bu t whic h ar e smaller tha n an y give n numbe r howeve r small. Bolzano wa s th e firs t (1817 ) t o defin e th e derivativ e o f f(x) a s th e quantity f ' ( x ) whic h th e rati o approache s in definitely closel y as A x approache s 0 throug h positiv e an d negativ e values . Bolzano emphasize d thatf'(x) wa s no t a quotien t o f zero s o r a rati o o f evanescent quantitie s bu t a numbe r whic h th e rati o abov e approached . In hi s Resume des lemons 16 Cauch y defined th e derivative in the same manner a s Bolzano. H e the n unifie d thi s notion an d th e Leibnizia n differential s by definin g d x t o b e an y finit e quantit y an d d y t o b e f ' ( x) dx. 17 I n othe r words, on e introduce s two quantitie s dx and d y whose ratio, b y definition , i s f (x]. Differential s hav e meanin g i n term s o f the derivativ e and ar e merel y an auxiliar y notion that coul d be dispensed with logically but are convenient as a way of thinking or writing. Cauchy also pointed out what the differentia l expressions use d throughou t th e eighteent h centur y mean t i n term s o f derivatives. He then clarified th e relation betwee n a.ndf'(x) throug h the mean 14. Ann. de I'Ecole Norm. Sup., (3) , 12, 1895 , 9-55. 15. Ad a Math., 19 , 1895, 1-61. 16. 1823 , (Euvres, (2) , 4, 22 . 17. Lacroi x i n th e firs t editio n o f his Traite ha d alread y denne d d y in thi s manner .
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value theorem, that is, _ , where 0 < 6 < 1 . The theore m itself wa s known t o Lagrang e (Chap . 20 , sec. 7) . Cauchy's proof o f the mea n value theore m use d th e continuit y of f (x ) i n th e interva l Though Bolzan o an d Cauch y ha d rigorize d (somewhat ) th e notion s of continuity an d th e derivative , Cauch y an d nearl y al l mathematician s o f his er a believe d an d man y text s "proved " fo r th e nex t fift y year s tha t a continuous functio n mus t b e differentiabl e (excep t o f cours e a t isolate d points suc h a s x = 0 fo r y = I/*) . Bolzan o di d understan d th e distinctio n between continuit y an d differentiability . In hi s Funktionenlehre, whic h h e wrote i n 183 4 bu t di d no t complet e an d publish, 18 he gave a n exampl e o f a continuous functio n whic h ha s n o finit e derivativ e a t an y point . Bolzano' s example, like his other works, was not noticed. 19 Even if it had bee n published in 183 4 i t probabl y woul d hav e mad e n o impressio n becaus e th e curv e did not hav e a n analyti c representation , an d fo r mathematicians o f that perio d functions wer e stil l entitie s given b y analytica l expressions . The exampl e tha t ultimatel y drov e hom e th e distinctio n betwee n con tinuity an d differentiabilit y wa s give n b y Rieman n i n th e Habilitationsschrift, th e pape r o f 185 4 h e wrot e t o qualif y a s a Privatdozent a t Gottingen , "Uber di e Darstellbarkei t eine r Functio n durc h ein e trigonometrisch e Reihe," (On the Representability o f a Function by a Trigonometric Series). 20 (The pape r on th e foundations of geometry (Chap . 37 , sec. 3 ) was given as a qualifying lecture.} Rieman n define d th e followin g function. Le t (x ) denot e the differenc e betwee n x an d th e neares t intege r an d le t (x ) = 0 i f i t i s halfway betwee n tw o integers. Then — 1 / 2 < (x ) < 1/2 . Now_/(#) i s defined as



This series converges for all values of*. However , fo r x = pj2n where/ ) is an integer prim e t o 2n , f(x) i s discontinuou s an d ha s a jump whos e valu e is At al l othe r value s o f x , f(x) i s continuous . Moreover , f(x) i s discontinuous a n infinit e numbe r o f time s in ever y arbitraril y smal l interval. Nevertheless, f(x) i s integrabl e (sec . 4). Moreover , F(x) = \ f ( x ) d x is continuous fo r al l x bu t fail s t o hav e a derivativ e where f(x) i s discontinuous. This pathologica l functio n di d no t attrac t muc h attentio n unti l i t wa s published i n 1868 . An eve n mor e strikin g distinction between continuit y an d differentia bility wa s demonstrate d b y th e Swis s mathematicia n Charle s Cellerie r 18. Schriften, 1 , Prague, 1930 . I t wa s edite d an d publishe d b y K . Rychlik , Prague , 1930 . 19. I n 192 2 Rychli k prove d tha t th e functio n wa s nowher e diffcrentiablc . Se e Gerhar d Kowalewski, "Ube r Bolzano s nichtdifTerenzierbar e stetig c Funktion, " Ad a Math., 44 , 1923, 315-19 . Thi s articl e contain s a descriptio n o f Bolzano's function. 20. Abh. der Ges. der Wiss. zu Gott., 13 , 1868 , 87-13 2 = Werke, 227-64 .
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(1818-89). I n 186 0 he gav e a n exampl e o f a functio n whic h i s continuou s but nowher e differentiable , namely ,



in whic h a is a larg e positiv e integer. Thi s was not published, however , unti l 1890.21 The exampl e tha t attracte d th e most attention i s due t o Weierstrass . As fa r bac k a s 186 1 he ha d affirme d i n hi s lecture s tha t an y attemp t t o prove tha t differentiabilit y follows fro m continuit y must fail . H e the n gav e the classi c exampl e o f a continuou s nowher e differentiabl e function i n a lecture to the Berlin Academy on July 18 , 1872.22 Weierstrass communicate d his exampl e i n a lette r o f 187 4 to D u Bois-Reymon d an d th e exampl e wa s first published b y th e latter. 23 Weierstrass' s functio n i s



wherein a is an od d intege r an d b a positiv e constan t les s tha n 1 such tha t ab > 1 + (37T/2) . Th e serie s is uniformly convergent an d s o defines a continuous function . Th e exampl e give n b y Weierstras s prompte d th e creatio n of many mor e functions tha t are continuous in an interva l or everywhere but fail t o b e differentiabl e either o n a dens e set of points or a t an y point. 24 The historica l significanc e o f th e discover y tha t continuit y doe s no t imply differentiabilit y an d tha t function s ca n hav e al l sort s o f abnorma l behavior wa s great. I t mad e mathematician s all the mor e fearfu l o f trusting intuition o r geometrica l thinking.



4. Th e Integral Newton's work showed how areas could be found b y reversing differentiation. This is of course still th e essentia l method. Leibniz's idea o f area an d volum e as a "sum" of elements such as rectangles or cylinders [the definite integral ] was neglected. When th e latter concept was employed at all in the eighteenth century i t wa s loosely used. Cauchy stressed defining th e integral as the limi t of a sum instead o f the inverse of differentiation. Ther e was at least one major reason fo r the change . 21. Bull. desSci. Math., (2) , 14, 1890 , 142-60 . 22. Werke, 2 , 71-74 . 23. Jour, fur Math., 79, 1875 , 21-37 . 24. Othe r example s an d reference s ca n b e foun d i n E . J . Townsend , Functions o f Real Variables, Henr y Holt , 1928 , and i n E . W . Hobson , Th e Theory o f Functions of a Real Variable, 2, Chap . 6 , Dove r (reprint) , 1957.
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Fourier, a s we know, dealt wit h discontinuous functions, and th e formula for the coefficient s o f a Fourie r series , namely ,



calls fo r th e integral s o f such functions . Fourier regarde d th e integra l a s a sum (th e Leibnizian view ) an d s o ha d n o difficult y i n handlin g eve n discontinuous^.*) . The proble m o f the analytical meanin g o f the integral whe n f(x) i s discontinuous had, however, t o b e considered . Cauchy's mos t systematic attack o n the definite integral wa s made in his Resume (1823 ) wherein he als o points out tha t i t i s necessary t o establis h th e existence o f th e definit e integra l an d indirectl y o f th e antiderivativ e o r primitive functio n befor e on e ca n us e them . H e start s wit h continuou s functions. For continuous/^) he gives25 the precise definition of the integral a s the limit o f a sum . I f th e interva l [x 0, X ] i s subdivide d b y th e x-values , with = X , the n th e integra l is



where |f is any value of* in Th e definition presupposes that/(#) is continuous ove r an d tha t th e lengt h o f th e larges t subinterva l approaches zero . Th e definitio n is arithmetical. Cauch y show s the integra l exists n o matte r ho w th e x ( an d ^ ar e chosen . However , hi s proof wa s not rigorous because he did not have the notion of uniform continuity. He denotes the limi t by th e notatio n propose d b y Fourie r d x in plac e o f



often employe d b y Eule r fo r antidifferentiation . Cauchy the n define s



and show s that F(x) i s continuous in .



By forming



and usin g the mea n valu e theorem fo r integrals Cauchy prove s tha t F'(x) = /(*) . 25. Resume, 81-8 4 = CEuvres, (2) , 4 , 122-27 .
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This is the fundamenta l theore m o f the calculus , and Cauchy' s presentatio n is th e firs t demonstratio n o f it. Then , afte r showin g tha t al l primitive s of a given f(x) diffe r b y a constan t h e define s the indefinit e integral a s



He point s ou t tha t



presupposes f ' ( x ) continuous . Cauch y the n treat s th e singula r (improper ) integrals wher e f(x) become s infinit e a t som e valu e o f x i n th e interva l o f integration o r wher e th e interva l o f integration extend s t o oo . Fo r th e cas e where/(x) ha s a discontinuity at x = c at whic h value/(*) ma y be bounde d or no t Cauch y define s



when these limits exist. When w e get what Cauchy called the principal value. The notion s o f are a bounde d b y a curve , lengt h o f a curve , volum e bounded b y surface s and area s o f surfaces ha d bee n accepte d a s intuitivel y understood, an d i t had bee n considere d on e of the grea t achievement s o f the calculus tha t thes e quantities could b e calculate d b y means o f integrals. Bu t Cauchy, i n keepin g wit h hi s goa l o f arithmetizin g analysis , defined thes e geometric quantitie s b y mean s o f the integral s whic h ha d bee n formulate d to calculate them . Cauch y unwittingl y imposed a limitatio n on th e concept s he defined because the calculus formulas impose restrictions on the quantities involved. Thu s the formula for the length of arc o f a curv e given b y y = f(x) is



and thi s formul a presuppose s th e differentiabilit y off(x). Th e questio n o f what ar e th e most general definition s o f areas, length s of curves, and volume s was t o b e raise d late r (Chap . 42 , sec. 5). Cauchy ha d prove d th e existenc e o f a n integra l fo r an y continuou s integrand. H e ha d als o define d th e integra l whe n th e integran d ha s jump discontinuities an d infinities . Bu t wit h th e growt h o f analysi s th e nee d t o consider integral s o f mor e irregularl y behavin g function s becam e manifest . The subjec t of integrability was taken up by Riemann i n his paper of 1854 on trigonometric series . H e say s that i t i s important a t leas t fo r mathematics , though no t fo r physica l applications , t o conside r th e broade r condition s under whic h the integra l formul a fo r the Fourie r coefficient s holds .
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Riemann generalize d th e integra l t o cove r function s f(x) define d an d bounded ove r a n interva l [a , b]. H e break s u p thi s interva l int o subinter vals26



and defines the oscillation of f(x) in



difference betwee n the greatest an d leas t value off(x) i n The that a necessar y an d sufficien t conditio n tha t th e sums



as the



n he proves



where i s any valu e of x i n , approac h a uniqu e limi t (tha t th e integra l exists) a s the maximu m A# , approaches zer o is that th e su m o f the interval s in whic h th e oscillatio n off(x) i s greater than an y give n numbe r A must approach zer o with th e siz e of the intervals . Riemann the n point s ou t tha t thi s condition o n th e oscillation s allows him t o replace continuou s functions b y functions wit h isolated discontinuities and als o b y function s havin g a n everywher e dens e se t o f point s o f dis continuity. I n fac t th e exampl e h e gav e o f an integrabl e functio n wit h a n infinite numbe r o f discontinuities i n ever y arbitrarily smal l interval (sec . 3) was offered t o illustrate the generality of his integral concept. Thus Rieman n dispensed wit h continuit y and piecewis e continuity in th e definitio n o f th e integral. In hi s 185 4 pape r Rieman n wit h n o furthe r remark s give s anothe r necessary and sufficien t conditio n tha t a bounded function^(x ) b e integrabl e on [a, b]. I t amount s t o first setting u p wha t ar e no w called th e uppe r an d lower sum s



where ; . an d . ar e th e leas t an d greates t value s o f f(x) i n A*, . The n letting Rieman n state s tha t th e integra l off(x) ove r [a , b ] exists if and onl y if



for al l choice s o f fillin g ou t th e interva l [a , b]. Darbou x complete d thi s formulation an d prove d tha t th e conditio n i s necessar y an d sufficient. 27 There are man y value s of S eac h correspondin g to a partitio n o f [a , b] into A#j. Likewis e there ar e man y value s of s. Each S is called an uppe r su m an d each s a lower sum. Let th e greatest lower bound o f the S be J an d th e leas t upper boun d o f the s b e / . I t follow s tha t I < J. Darboux' s theore m the n states that th e sums S and s tend respectivel y to J an d / whe n the number of 26. Fo r brevit y w e use fo r the subinterval s an d thei r lengths . 27. Ann. d e I'Ecole Norm. Sup., (2) , 4, 1875 , 57-112 .
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is increase d indefinitel y i n suc h a wa y tha t th e maximu m subinterva l approaches zero . A bounde d functio n i s sai d t o b e integrabl e o n [a , b] i f J = I. Darboux the n show s tha t a bounde d functio n wil l b e integrabl e o n [a, 6] if and onl y if the discontinuitie s inf(x) constitut e a set of measure zero . By th e latte r h e mean t tha t th e point s o f discontinuity can b e enclose d i n a finite se t o f interval s whos e tota l lengt h i s arbitraril y small . Thi s ver y formulation o f the integrabilit y conditio n wa s give n b y a numbe r o f othe r men i n th e sam e yea r (1875) . Th e term s uppe r integra l an d th e notatio n dx fo r th e greates t lowe r boun d J o f the S's, an d lowe r integra l an d the notatio n fo r the leas t upper boun d 7 of the .r' s were introduce d by Volterra. 28 Darboux als o showed i n th e 187 5 paper tha t th e fundamenta l theore m of th e calculu s holds for function s integrabl e i n th e extende d sense . Bonnet had give n a proof of the mean value theorem o f the differential calculu s which 29 did no t us e the continuit y of , Darboux usin g this proof, whic h is now standard, showe d tha t



when f i s merel y integrabl e i n th e Riemann-Darbou x sense . Darboux' s argument wa s that



= where a =



b . By the mea n valu e theore m



where t t i s some valu e i n . Now i f the maximu m approaches zer o the n th e righ t sid e o f thi s las t equatio n approache s dx an d the left sid e isf(b] - /(a) . One o f th e favorit e activitie s o f th e 1870 s an d th e 1880 s wa s t o construct function s wit h various infinite set s of discontinuities that would stil l be integrable i n Riemann's sense . In thi s connection H . J. S . Smith 30 gav e th e first example o f a functio n nonintegrabl e i n Riemann' s sens e but fo r which the point s o f discontinuity wer e "rare. " Dirichlet's functio n (sec . 2 ) i s also nonintegrable i n thi s sense, bu t i t i s discontinuous everywhere. The notio n of integration was then extended t o unbounded function s an d 28. Gior. di Mat., 19 , 1881 , 333-72. 29. Publishe d i n Serret' s Cours d e calcul differentid e l integral, 1 , 1868 , 17-19. 30. Proc. Lon. Math. Soc., 6 , 1875 , 140-53 = Coll. Papers, 2, 86-100 .
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to variou s imprope r integrals . Th e mos t significan t extension wa s made i n the next century by Lebesgue (Chap . 44). However, a s far as the elementar y calculus was concerned th e notio n of integral wa s by 187 5 sufficiently broa d and rigorousl y founded. The theor y of double integral s was also tackled. The simple r case s ha d been treate d i n th e eighteent h centur y (Chap . 19 , sec. 6). I n hi s pape r o f 1814 (Chap. 27, sec. 4) Cauchy showed that the order o f integration in which one evaluate s a doubl e integral f ( x , y ) d x dy does matter i f th e integran d is discontinuou s in th e domai n o f integration. Specificall y Cauchy pointe d out 31 that th e repeated integral s



need no t be equal whe n /is unbounded . Karl J. Thoma e (1840-1921 ) extende d Riemann' s theory o f integration to function s o f tw o variables. 32 The n Thoma e i n 1878 33 gav e a simpl e example o f a bounde d functio n fo r whic h th e secon d repeate d integra l exists but th e first is meaningless. In th e example s of Cauchy an d Thoma e th e doubl e integra l doe s no t exist. Bu t i n 1883 34 D u Bois-Reymon d showe d that eve n whe n th e doubl e integral exist s th e tw o repeate d integral s nee d not . In th e cas e o f doubl e integrals too the mos t significant generalization wa s made b y Lebesgue . 5. Infinite Series The eighteenth-centur y mathematicians use d series indiscriminately. B y the end o f the centur y some doubtful o r plainl y absurd result s from wor k with infinite serie s stimulated inquiries into the validit y o f operations wit h them . Around 181 0 Fourier, Gauss , an d Bolzan o bega n th e exac t handlin g o f infinite series . Bolzan o stresse d tha t on e mus t conside r convergenc e an d criticized in particular th e loose proof of the binomial theorem. Abel was the most outspoke n critic of the olde r use s of series. In hi s 181 1 pape r an d hi s Analytical Theory o f Heat Fourie r gav e a satisfactory definitio n o f convergence of an infinit e series , though i n genera l he worke d freel y wit h divergen t series . I n th e boo k (p . 19 6 of th e Englis h edition) h e describe s convergence t o mea n tha t a s n increases the su m o f n terms approaches a fixed value more and mor e closely and shoul d differ fro m it onl y by a quantit y which becomes less than an y give n magnitude . More over, h e recognized that convergence of a series of functions ma y obtain only 31. Memoire o f 1814 ; see , in particular , p . 39 4 o f (Euvres, (1) , 1 . 32. Zeit.fur Math, und Phys., 21 , 1876 , 224-27. 33. Zeit.fur Math, un d Phys., 23 , 1878 , 67-68. 34. Jour, fiir Math., 94 , 1883 , 273-90.
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in a n interva l o f x values . H e als o stresse d tha t a necessar y conditio n fo r convergence i s that th e term s approac h zer o i n value . However , th e serie s 1 — 1 + 1 + • • • still fooled him ; h e too k its su m t o b e 1/2 . The firs t importan t an d strictl y rigorou s investigatio n o f convergenc e was mad e b y Gaus s i n hi s 181 2 pape r " Disquisitiones Generale s Circ a Seriem Infmitam " (Genera l Investigation s o f Infinite Series) 35 wherei n h e studied th e hypergeometri c serie s F . In mos t of his work he calle d a serie s convergent if the terms from a certain on e on decrease t o zero. But in his 181 2 pape r h e note d tha t thi s i s no t th e correc t concept . Becaus e th e hypergeometric serie s ca n represen t man y function s fo r differen t choice s o f , an d y i t seeme d desirabl e t o him t o develo p a n exac t criterio n fo r con vergence fo r thi s series . Th e criterio n i s laboriousl y arrived a t bu t i t doe s settle th e questio n o f convergence for the case s it wa s designed t o cover . H e showed tha t th e hypergeometri c serie s converge s fo r rea l an d comple x x i f \x < 1 and diverge s if \x\ > 1 . For x = 1 , the serie s converges i f and onl y if and fo r x=— 1 the series converges if and only if: + 1 . The unusua l rigo r discourage d interes t i n th e pape r b y mathematician s o f the time . Moreover , Gaus s was concerned wit h particula r serie s and di d no t take u p genera l principle s of the convergenc e o f series. Though Gauss is often mentione d as one of the first to recognize th e nee d to restric t th e us e of series to thei r domain s o f convergence h e avoide d an y decisive position . H e wa s so much concerne d t o solv e concrete problem s b y numerical calculatio n tha t h e use d Stirling' s divergen t developmen t o f th e gamma function. Whe n h e did investigat e th e convergenc e of the hypergeo metric serie s i n 181 2 h e remarked 36 tha t h e di d s o t o pleas e thos e wh o favored th e rigor of the ancient geometers, but h e did not state his own stand on th e subject . I n th e cours e o f hi s paper 37 h e use d th e developmen t o f log ( 2 — 2 cos x) i n cosine s of multiples of x even thoug h there wa s n o proo f of the convergenc e o f this series and ther e coul d have bee n n o proof with th e techniques availabl e a t th e time . I n hi s astronomica l an d geodeti c wor k Gauss, lik e th e eighteenth-centur y men , followe d th e practic e o f usin g a finite number o f terms of an infinite series and neglectin g the rest. He stoppe d including term s whe n h e sa w that th e succeedin g term s wer e numericall y small an d o f course did no t estimat e th e error . Poisson to o took a peculia r position . He rejecte d divergent series 38 an d even gav e example s o f how reckoning with divergen t serie s can lea d t o fals e results. Bu t h e nevertheles s mad e extensiv e us e o f divergen t serie s i n hi s representation o f arbitrary function s b y series of trigonometric an d spherica l functions. 35. Comm. Soc. Coll., 2, 1813 , = Wetke, 3 , 125-6 2 an d 207-29 . 36. Werke, 3 , 129 . 37. Werke, 3 , 156 . 38. Jour, de I'Ecole Poly., 19 , 1823 , 404-509 .
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Bolzano in hi s 181 7 publication ha d th e correc t notio n o f the conditio n for th e convergenc e o f a sequence , th e conditio n no w ascribe d t o Cauchy . Bolzano als o ha d clea r an d correc t notion s abou t th e convergenc e o f series. But, a s we have alread y noted , hi s work did no t becom e widel y known. Cauchy's wor k o n th e convergenc e o f series i s th e firs t extensiv e sig nificant treatmen t o f the subject . I n hi s Cours 1 . H e als o gives the rati o tes t which uses lim ' I f thi s limit is les s tha n 1 the serie s converges an d i f greater tha n 1 , th e serie s diverges. Special test s ar e give n if the rati o i s 1 . There follo w compariso n test s an d a logarithmic test . H e prove s tha t th e su m o f two convergen t serie s converges to the su m of the separat e sum s and th e analogou s result for product. Series with some negative terms, Cauchy shows, converge when the series of absolute values of the term s converge, an d h e the n deduce s Leibniz's test for alternatin g series. Cauchy als o considered th e su m o f a serie s



in whic h al l th e term s ar e continuous , single-value d rea l functions . Th e theorems o n th e convergenc e o f series of constant term s apply her e t o deter mine a n interva l o f convergence . H e als o consider s serie s wit h comple x functions a s terms . 39. Th e correc t notion o f the limi t of a sequence wa s given by Wallis in 165 5 (Opera, 1695 , 1, 382 ) bu t wa s not take n up .
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Lagrange wa s the first to state Taylor' s theore m wit h a remainde r bu t Cauchy in his 1823 and 182 9 texts made th e important poin t that the infinit e Taylor serie s converge s t o th e functio n fro m whic h i t i s derive d i f th e re mainder approache s zero . H e give s the exampl e o f a function whose Taylo r serie s does no t converg e t o th e function . I n hi s 182 3 text h e gives th e exampl e o f a functio n whic h has all derivatives a t x = 0 bu t has n o Taylor expansio n around x = 0 . Here he contradicts b y an exampl e Lagrange's assertio n i n hi s Theorie de s fonctions (Ch. V. , Art . 30 ) tha t i f f(x) ha s at al l derivatives then it can b e expressed as a Taylor series which converges tof(x) fo r x nea r Cauch y als o gave 40 a n alternativ e for m for the remainde r i n Taylor' s formula . Cauchy here made some additional missteps with respect to rigor. I n his Cours d'analyse (pp . 131-32 ) h e state s tha t F(x) i s continuou s i f whe n F(x) = th e serie s is convergent and th e ar e continuous . In his Resume de s lemons' 11 h e say s tha t i f th e ar e continuou s an d th e serie s converges the n on e ma y integrat e th e scries term b y term; tha t is,



He overlooke d th e nee d fo r unifor m convergence . H e als o assert s fo r con tinuous functions 42 tha t



Cauchy's wor k inspire d Abel . Writin g t o hi s former teacher Holmbo e from Pari s in 182 6 Abel said43 Cauchy "is a t present the one who knows how mathematics should be treated." In tha t year 44 Abel investigated the domain of convergence of the binomia l series



with m an d x complex . H e expresse d astonishmen t tha t n o on e ha d pre viously investigate d th e convergenc e o f thi s mos t importan t series . H e proves firs t tha t i f the serie s



wherein th e ' s are constant s and a i s real, converge s for a value 8 of a then it wil l converge fo r ever y smaller value of a, and/( a — /3) fo r / J approachin g 40. Exercices de mathematiques, 1 , 1826 , 5 = (Euvres, (2) , 6, 38-42 . 41. 1823 , (Euvres, (2) , 4, p . 237 . 42. Exercices d e mathematiques, 2 , 182 7 = (Euvres, (2) , 7 , 160 . 43. (Euvres, 2 , 259 . 44. Jour, fur Math., 1 , 1826 , 311-39 = (Euvres, 1 , 219-50.



INFINITE SERIE S 96



5



0 will approach/(a) whe n a is equal t o or smaller tha n . The las t part says that a convergen t power series is a continuou s function of its argument u p t o and includin g S , for a can b e In thi s sam e 182 6 paper 45 Abe l correcte d Cauchy' s erro r o n th e con tinuity of the su m of a convergent serie s of continuous functions. H e gave th e example o f (2)



which i s discontinuou s whe n x = (2 n + \)ir an d n i s integral , thoug h th e individual term s ar e continuous. 46 The n b y usin g th e idea o f unifor m convergence h e gave a correct proo f that th e su m of a uniforml y convergen t series o f continuous function s is continuous in th e interio r o f the interva l o f convergence. Abe l di d no t isolat e th e propert y o f uniform convergence o f a series. The notio n o f unifor m convergenc e o f a serie s require s tha t given any E , there exists an Nsuc h tha t fo r all n > N , \S(x) — < e for al l x in som e interval. S(x) i s of course the su m o f the series . This notion was recognized in and fo r itself by Stokes, a leading mathematical physicist, 47 and independentl y by Philip p L. Seide l (1821-96). 48 Neithe r ma n gav e th e precise formulation . Rathe r bot h showe d tha t i f a su m o f a serie s o f con tinuous functions i s discontinuous at X Q the n ther e ar e value s of x nea r x a fo r which th e serie s converge s arbitraril y slowly . Also neither relate d th e nee d for unifor m convergenc e t o th e justificatio n of integrating a serie s ter m b y term. I n fact , Stoke s accepted 49 Cauchy' s us e of term-by-term integration . Cauchy ultimatel y recognized th e nee d fo r uniform convergence 50 i n orde r to assert the continuity of the sum of a series of continuous functions bu t eve n he at tha t tim e did no t se e the erro r i n hi s use of term-by-term integratio n of series. Actually Weierstrass 51 ha d th e notio n o f uniform convergenc e a s early as 1842 . In a theorem tha t duplicate s unknowingly Cauchy's theore m o n th e existence o f powe r serie s solution s of a syste m o f firs t orde r ordinar y dif ferential equations , h e affirm s tha t th e serie s converg e uniforml y an d s o constitute analytic functions o f the complex variable. At about th e same time 45. (Enures, 1 , 224 . 46. Th e serie s (2 ) i s the Fourie r expansio n o f x/2 i n th e interva l — -n < x < TT. Henc e th e series represent s th e periodi c functio n whic h i s x/ 2 i n eac h 2 w interval . The n th e serie s converges t o 7r/ 2 whe n x approache s (2n + I)IT fro m th e lef t an d th e serie s converge s t o — 7T/ 2 whe n x approache s (2 n + 1 ) 7 7 fro m th e right . 47. Trans. Camb. Phil. Soc., 85, 1848 , 533-8 3 = Math, an d Phys. Papers, \ , 236-313 . 48. Abh. der Bayer. Akad. de r Wiss., 1847/49 , 379-94 . 49. Papers, \ , 242 , 255, 268 , an d 283 . 50. Comp. Rend., 36 , 1853 , 454-5 9 = (Ettvres, (1) , 12, 30-36. 51. Werke, 1 , 67-85.
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Weierstrass used the notio n of uniform convergence to give conditions for th e integration o f a serie s ter m b y ter m an d condition s fo r differentiation under the integra l sign . Through Weierstrass' s circl e o f student s th e importanc e o f unifor m convergence wa s made known . Hein e emphasize d th e notio n i n a pape r o n trigonometric series. 52 Hein e ma y hav e learne d o f the ide a throug h Geor g Cantor wh o ha d studie d a t Berli n an d the n cam e t o Hall e i n 186 7 wher e Heine was a professo r of mathematics. During hi s year s a s a high-schoo l teache r Weierstras s als o discovere d that an y continuou s functio n ove r a closed interva l o f the rea l axi s ca n b e expressed i n tha t interva l a s a n absolutel y an d uniforml y convergen t serie s of polynomials . Weierstras s include d als o function s o f severa l variables . This result 53 arouse d considerabl e interes t an d man y extension s o f thi s result to the representation o f complex functions b y a series of polynomials or a serie s o f rationa l function s wer e establishe d i n th e las t quarte r o f th e nineteenth century . It ha d bee n assume d tha t the terms of a series can be rearranged at will . In a paper of 1837 5* Dirichlet proved tha t in an absolutel y convergent serie s one ma y grou p o r rearrang e term s an d no t chang e th e sum . H e als o gav e examples to show that th e terms of any conditionally convergent series can b e rearranged s o that th e su m i s altered. Rieman n i n a pape r writte n i n 185 4 (see below) proved tha t by suitable rearrangement of the terms the sum could be an y give n number . Man y mor e criteri a fo r th e convergenc e o f infinit e series were developed by leading mathematicians from th e 1830 s on through out th e res t o f the century . 6. Fourier Series As w e kno w Fourier' s wor k showe d tha t a wid e clas s o f function s ca n b e represented b y trigonometri c series . Th e proble m o f findin g precis e con ditions o n th e function s whic h woul d posses s a convergen t Fourie r serie s remained open . Effort s b y Cauch y an d Poisso n were fruitless . Dirichlet too k a n interes t i n Fourie r serie s afte r meetin g Fourie r i n Paris durin g th e year s 1822-25 . I n a basi c pape r "Su r l a convergenc e des series trigonometriques" 55 Dirichle t gave th e firs t se t of sufficient condition s that th e Fourie r serie s representing a give n f(x) converg e an d converg e t o /(#)• The proo f given by Dirichlet is a refinement of that sketche d b y Fourie r in th e concludin g sections of his Analytical Theory o f Heat. Consider/(x ) eithe r 52. Jour, fiir Math., 71 , 1870 , 353-65 . 53. Sitzungsber. Akad. Wiss. zu Berlin, 1885 , 633-39 , 789-90 5 = Werke, 3 , 1-37 . 54. Abh. Kiinig. Akad. der Wiss., Berlin, 1837 , 45-8 1 = Werke, 1 , 313-342 = Jour, de Math., 4, 1839 , 393-422 . 55. Jour, fiir Math., 4 , 1829 , 157-6 9 = Werke, 1 , 117-32 .
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given periodi c with period 277 - or give n in th e interva l [ — TT, TT] an d define d t o be periodi c i n eac h interva l o f lengt h 1-n t o th e lef t an d righ t o f [ — 77, TT]. Dirichlet's condition s are : (a) f(x) i s single-valued an d bounded . (b) f(x) i s piecewis e continuous ; tha t is , i t ha s onl y a finit e numbe r o f discontinuities in th e (closed ) period . (c) f(x) i s piecewis e monotone ; tha t is , i t ha s onl y a finit e numbe r o f maxima an d minim a i n on e period . T\\e.f(x) ca n hav e differen t analyti c representations in differen t part s of the fundamental period . Dirichlet's metho d o f proof was to make a direc t summatio n o f n terms and t o investigate what happens as n becomes infinite. He proved that for any given valu e o f x th e su m o f the serie s h f ( x) provide d f(x) i s continuous a t that valu e o f A : and i s (l/2)[f(x — 0) + f(x + 0) ] iff(x) i s discontinuous at that valu e of* . In hi s proo f Dirichle t ha d t o giv e a carefu l discussio n o f the limitin g values o f the integral s



as / A increase s indefinitely . These ar e stil l calle d th e Dirichle t integrals . It wa s in connectio n with this work that h e gave th e function whic h is c for rationa l value s of A ; and d for irrational values of x (sec . 2). He ha d hope d to generaliz e th e notio n o f integral s o that a large r clas s of functions coul d still b e representable b y Fourier serie s converging t o these functions, bu t th e particular functio n jus t note d wa s intende d a s a n exampl e o f on e whic h could no t b e include d i n a broade r notio n of integral . Riemann studie d for a while under Dirichle t in Berli n and acquire d a n interest i n Fourie r series . I n 185 4 h e too k u p th e subjec t in hi s Habilitationsschrift (probationar y essay ) a t Gottingen, 56 "Ube r di e Darstellbarkei t eine r Function durc h ein e trigonometrische Reihe, " which aimed t o find necessary and sufficien t condition s that a function mus t satisfy so that at a point x in th e interval [ — TT, TT ] the Fourie r serie s forf(x) shoul d converg e t o f ( x ) . Riemann di d prov e th e fundamenta l theore m tha t if/(* ) i s bounde d and integrabl e i n [ —TT, 77 ] the n th e Fourie r coefficient s (3) 56. Abh. der Ges. der Wiss. zu Gott., 13 , 1868 , 87-13 2 = Werke, 227-64 .
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approach zer o a s n tend s t o infinity . Th e theore m showe d to o tha t fo r bounded an d integrable/(x ) th e convergenc e o f its Fourier serie s at a poin t in [ — 77, TT] depend s only on th e behavio r off(x) i n th e neighborhoo d o f that point. However , th e proble m o f finding necessary and sufficient condition s on f(x) s o tha t it s Fourie r serie s converges t o f(x) wa s no t an d ha s no t bee n solved. Riemann opene d u p anothe r lin e o f investigation . H e considere d trigonometric serie s but di d no t requir e tha t th e coefficient s b e determine d b y the formul a (3 ) fo r th e Fourie r coefficients . H e start s wit h th e serie s (4) and define s



Then th e serie s (4 ) i s equal t o



Of cours e f(x) ha s a valu e onl y fo r thos e value s o f x fo r whic h th e serie s converges. Le t u s refe r t o th e serie s itsel f by . No w th e term s o f Q ma y approach zer o for all x or fo r some x. These tw o case s are treate d separatel y by Riemann. If an d approac h zero , th e term s o f approac h zer o fo r all x. Le t F(x) b e th e functio n



which i s obtained b y tw o successiv e integrations o f Q. Rieman n show s that F(x) converge s fo r al l x an d i s continuou s in x . The n F(x) ca n itsel f b e integrated. Rieman n no w prove s a numbe r o f theorems abou t F(x) whic h lead i n tur n t o necessar y an d sufficien t condition s for a serie s of the for m (4 ) to converg e t o a give n functio n f(x) o f period 2n. He the n give s a necessar y and sufficien t conditio n tha t th e trigonometri c serie s (4 ) converg e a t a particular valu e of*, wit h an d stil l approachin g 0 as n approaches oo . Next h e consider s the alternat e cas e wher e li m depend s o n th e value o f x an d give s conditions which hol d whe n th e serie s O is convergent for particula r values of A : and a criterio n fo r convergence at particula r value s of x. He als o show s that a give n f(x) ma y b e integrabl e an d ye t no t hav e a Fourier serie s representation . Furthe r ther e ar e nonintegrabl e function s to
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which th e serie s converge s fo r a n infinit e numbe r o f value s o f x take n between arbitraril y clos e limits. Finall y a trigonometri c serie s ca n converg e for a n infinit e numbe r o f values o f x i n a n arbitraril y smal l interva l eve n though an d d o no t approac h zer o fo r all x. The natur e o f the convergenc e o f Fourier serie s received furthe r atten tion afte r th e introductio n o f the concep t o f uniform convergence b y Stoke s and Seidel . I t ha d bee n know n since Dirichlet's tim e tha t th e serie s were, in general, onl y conditionall y convergent , i f at all , an d tha t thei r convergenc e depended upo n th e presence o f positive and negativ e terms. Hein e note d i n a paper o f 1870 57 tha t th e usua l proo f tha t a bounde d f(x) i s uniquel y represented betwee n —TT an d T T by a Fourie r serie s is incomplete becaus e th e series may no t b e uniformly convergent an d s o cannot b e integrated ter m b y term. Thi s suggeste d tha t ther e ma y nevertheles s exis t nonuniforml y con verging trigonometri c serie s whic h d o represen t a function . Moreover , a continuous functio n migh t b e representabl e b y a Fourie r serie s an d ye t th e series might no t be uniformly convergent. These problems gave ris e to a new series o f investigations seeking to establis h th e uniquenes s o f the representa tion o f a functio n b y a trigonometri c serie s and whethe r th e coefficient s ar e necessarily th e Fourie r coefficients . Hein e i n th e above-mentione d pape r proved tha t a Fourie r serie s which represent s a bounde d functio n satisfyin g the Dirichlet conditions is uniformly convergent in the portions of the interval [ — TT, TT ] whic h remain when arbitraril y small neighborhoods o f the point s of discontinuity o f the functio n ar e remove d fro m th e interval . I n thes e neighborhoods th e convergence is necessarily nonuniform . Heine then proved tha t if th e unifor m convergenc e jus t specifie d hold s fo r a trigonometri c serie s which represent s a function , the n th e serie s is unique. The secon d result , on uniqueness , is equivalent t o th e statemen t tha t if a trigonometri c serie s of the for m (5)



is uniformly convergen t and represent s zero where convergent, tha t is , except on a finit e se t P of points, then the coefficient s ar e al l zero and o f course the n the serie s represents zero throughou t [ —TT, TT]. The problem s associate d wit h th e uniquenes s o f trigonometri c an d Fourier serie s attracte d Geor g Cantor , wh o studie d Heine' s work . Canto r began hi s investigation s b y seekin g uniquenes s criteri a fo r trigonometri c series representation s o f functions . H e proved 58 tha t whe n f(x) i s repre sented b y a trigonometri c serie s convergen t fo r all x , ther e doe s no t exis t a different serie s o f th e sam e for m whic h likewis e converges fo r ever y x an d 57. Jour, fur Math., 71 , 1870 , 353-65 . 58. Jour, fiir Math., 72 , 1870 , 139-4 2 = Ges. Abh., 80-83 .
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represents th e sam e f ( x ]. Anothe r paper 59 gav e a bette r proo f fo r this las t result. The uniquenes s theorem h e prove d ca n b e restate d thus : If , fo r all x , there i s a convergen t representatio n of zero b y a trigonometri c series , the n the coefficient s a n an d b n ar e zero . The n Canto r demonstrate s i n th e 1871 paper that the conclusion still holds even if the convergence is renounced for a finite numbe r of x values. This pape r wa s the first of a sequence of papers i n which Canto r treat s th e set s of exceptional values of x. H e extended 60 th e uniqueness resul t t o th e cas e wher e a n infinit e se t o f exceptiona l value s i s permitted. To describ e this set he first defined a pointy to be a limit of a set of point s S i f every interva l containin g p contain s infinitel y man y point s o f S. The n h e introduce d th e notio n o f the derive d se t of a se t of points. This derived se t consist s of the limi t point s o f the origina l set . There is , then, a second derive d set, that is , the derive d set of the derive d set, and s o forth. If the nt h derive d se t of a give n set is a finit e se t of points the n th e give n set is said t o be o f the nt h kind or nt h orde r (o r of the first species). Cantor's fina l answer t o the question of whether a function ca n have two different trigono metric serie s representation s i n th e interva l [ — TT, TT ] o r whethe r zer o ca n have a non-zer o Fourie r representatio n is that i f in th e interva l a trigono metric serie s adds u p t o zer o for al l x except thos e of a poin t se t of the nt h kind (a t whic h on e know s nothin g mor e abou t th e series ) the n al l th e coefficients o f th e serie s mus t b e zero . I n thi s 187 2 pape r Canto r lai d th e foundation o f th e theor y o f poin t set s whic h w e shal l conside r i n a late r chapter. Th e proble m o f uniqueness was pursued b y many other men in th e last par t o f the nineteent h centur y and th e earl y part o f the twentieth. 61 For abou t fift y year s afte r Dirichlet' s wor k i t wa s believe d tha t th e Fourier serie s o f an y functio n continuou s i n [ — IT, TT] converge d t o th e function. Bu t Du Bois-Reymon d 62 gave a n example of a function continuou s in ( — IT, n) whos e Fourier serie s did no t converg e a t a particula r point . H e also constructe d anothe r continuou s functio n whos e Fourie r serie s fail s t o converge a t th e points of an everywhere dense set. Then in 1875 63 he proved that i f a trigonometri c serie s of the for m



converged to/(* ) i n [ — IT, TT] an d iff(x) i s integrable (i n a sens e even more general tha n Riemann' s i n thatf(x) ca n b e unbounde d o n a se t of the first 59. Jour, fur Math., 73 , 1871 , 294-6 = Ges. Abh., 84-86. 60. Math. Ann., 5, 1872 , 123-32 = Ges. Abh., 92-102. 61. Detail s can b e found i n E . W . Hobson , Th e Theory o f Functions of a Real Variable, Vol. 2, 656-98. 62. Nachrichten Konig. Ges. der Wiss. zu Gott., 1873 , 571-82. 63. Abh. der Bayer. Akad. de r Wiss., 12 , 1876 , 117-66.
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species) the n th e series must be the Fourie r series for/(#). H e als o showed 64 that an y Fourie r serie s o f a functio n tha t i s Rieman n integrabl e ca n b e integrated ter m b y ter m eve n thoug h th e series is not uniforml y convergent . Many me n the n too k u p th e proble m alread y answered i n on e way by Dirichlet, namely , t o giv e sufficien t condition s that a functio n f(x) hav e a Fourier serie s which converge s to/(x) . Severa l result s are classical . Jordan gave a sufficien t conditio n i n term s o f the concep t o f a functio n o f bounded variation, whic h h e introduced. 65 Le t f(x) b e bounde d i n [a , b\ an d le t a= b e a mod e o f divisio n (partition ) o f thi s interval. Le t i/o,^, . . -,yn-i,yn b e th e value s off(x) a t thes e points. Then, for ever y partition



let t denot e



To ever y mod e o f subdividing [a , i] ther e i s a t . When correspondin g to all possible modes of division of [a , b~\, the sum s t have a least upper boun d then /is defined t o be of bounded variatio n i n [a , b~\. Jordan's sufficien t conditio n state s that th e Fourie r serie s for the integ rable function f(x) converge s to



at ever y point for which there is a neighborhood i n which/(x) i s of bounded variation.66 During th e 1860 s an d 1870 s th e propertie s of the Fourie r coefficient s were also examined an d amon g th e important result s obtained wer e what is called Parseval' s theore m (wh o state d i t unde r mor e restricte d conditions, Chap. 29 , sec. 3 ) according t o which if/(x) an d [/(*)] 2 are Riemann integrable i n [ — 77, 77] then



64. Math. Ann., 22, 1883 , 260-68 . 65. Com/) . Rend., 92, 1881 , 228-30 = (Euvres, 4, 393-95 and Corns d'analyse, 2 , 1s t ed., 1882 , Ch. V. 66. Cours d'analyse, 2n d ed. , 1893 , 1 , 67-72.
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and i f f ( x ) an d g(x) an d thei r square s ar e Rieman n integrabl e the n



where ,an



d ar e the Fourier coefficients off(x) an d g(x) respectively .



7. The Status of Analysis The wor k o f Bolzano, Cauchy , Weierstrass , an d other s supplied th e rigo r i n analysis. Thi s work freed th e calculu s and it s extensions from al l dependenc e upon geometrica l notions , motion , an d intuitiv e understandings. Fro m th e outset thes e researches caused a considerable stir. After a scientific meeting at which Cauch y presente d hi s theor y o n th e convergenc e o f serie s Laplac e hastened hom e an d remaine d ther e i n seclusio n until he ha d examine d th e series in hi s Mecaniqm celeste. Luckil y every on e wa s found t o b e convergent . When Weierstrass' s wor k becam e know n throug h his lectures, the effect wa s even mor e noticeable . The improvement s in rigor ca n b e seen by comparin g the firs t editio n o f Jordan's Cours d'analyse (1882-87 ) wit h th e secon d (1893 96) an d th e thir d editio n ( 3 vols. , 1909-15) . Man y othe r treatise s in corporated th e ne w rigor . The rigorizatio n of analysis did no t prov e to be the end o f the investiga tion int o th e foundations . Fo r on e thing , practically al l of the wor k presup posed th e rea l numbe r syste m bu t thi s subjec t remaine d unorganized . Except fo r Weierstras s who, a s w e shal l see , considere d th e proble m o f th e irrational numbe r durin g th e 1840s , all the others did not believe it necessary to investigate the logical foundations of the numbe r system . It woul d appear that eve n th e greates t mathematician s mus t develo p thei r capacitie s t o appreciate the need for rigor in stages. The wor k on the logical foundations of the rea l numbe r syste m was to follo w shortl y (Chap. 41) . The discover y that continuou s functions nee d no t have derivatives , that discontinuous function s ca n b e integrated , th e ne w ligh t o n discontinuou s functions shed b y Dirichlet's and Riemann' s wor k on Fourie r series , and th e study o f the variet y an d th e exten t o f the discontinuitie s of functions made the mathematician s realiz e tha t th e rigorou s stud y o f function s extend s beyond thos e use d i n th e calculu s and th e usua l branche s o f analysis where the requiremen t o f differentiabilit y usuall y restrict s the clas s o f functions. The stud y o f functions wa s continued i n th e twentiet h century an d resulte d in th e developmen t o f a ne w branc h o f mathematics know n a s the theor y of functions o f a rea l variabl e (Chap . 44) . Like all new movements in mathematics, the rigorization of analysis did not go unopposed. There was much controvers y as to whether the refinements in analysi s shoul d b e pursued . Th e peculia r function s that wer e introduce d
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were attacke d a s curiosities , nonsensica l functions , funn y functions , an d a s mathematical toy s perhaps mor e intricat e bu t o f no more consequenc e tha n magic squares . The y wer e als o regarde d a s disease s or par t o f the morbi d pathology o f functions an d a s having n o bearing o n th e importan t problems of pur e an d applie d mathematics . Thes e ne w functions , violatin g law s deemed perfect , wer e looke d upo n a s sign s o f anarch y an d chao s whic h mocked th e order an d harmon y previou s generations ha d sought . The man y hypotheses whic h no w ha d t o b e mad e i n orde r t o stat e a precis e theore m were regarded a s pedantic an d destructiv e of the elegance of the eighteenthcentury classical analysis, "as it was in paradise," to use Du Bois-Reymond's phrasing. Th e ne w details were resente d a s obscuring th e mai n ideas . Poincare, i n particular , distruste d thi s new research. H e said: 67 Logic sometime s makes monsters . Fo r Haif a centur y w e have see n a mas s of bizarr e function s whic h appea r t o b e force d t o resembl e a s littl e a s possible hones t function s whic h serv e some purpose . Mor e o f continuity, or les s o f continuity , mor e derivatives , an d s o forth . Indee d fro m th e point of view of logic, thes e strange functions ar e th e mos t general; on th e other han d thos e whic h on e meet s without searching fo r them, an d whic h follow simpl e laws appea r a s a particula r cas e whic h doe s no t amoun t t o more tha n a smal l corner . In forme r time s whe n on e invente d a. ne w functio n i t wa s fo r a practical purpose ; toda y on e invent s the m purposel y t o sho w u p defect s in th e reasonin g o f our father s and on e wil l deduc e fro m the m onl y that .



Charles Hermit e sai d i n a lette r t o Stieltjes , " I tur n awa y wit h frigh t an d horror fro m thi s lamentable evil of functions whic h do not hav e derivatives. " Another kin d o f objectio n wa s voice d b y D u Bois-Reymond. 68 Hi s concern wa s tha t th e arithmetizatio n o f analysi s separate d analysi s fro m geometry and consequentl y from intuitio n and physica l thinking. It reduce d analysis " to a simpl e game o f symbols where th e writte n sign s tak e o n th e arbitrary significanc e o f the piece s i n a ches s or car d game. " The issu e tha t provoke d th e mos t controvers y wa s th e banishmen t o f divergent series notably by Abel and Cauchy . In a letter to Holmboe, written in 1826 , Abel says, 69 The divergen t serie s ar e th e inventio n o f the devil , an d i t i s a sham e t o base o n the m an y demonstratio n whatsoever . B y usin g them , on e ma y draw any conclusio n h e pleases and tha t is why these series have produce d so man y fallacie s an d s o man y paradoxes . . .. I hav e becom e prodi giously attentiv e t o al l this , fo r wit h th e exceptio n o f th e geometrica l series, ther e doe s no t exis t in al l of mathematics a single infinit e serie s th e 67. L'Enseignementmathematique, 11 , 1899 , 157-6 2 ^(Eitvres, 11 , 129-34 . 68. Theorie generals des functions, 1887,61 . 69. (Euvres, 2 , 256.
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sum o f which has bee n determine d rigorously . In othe r words , th e thing s which ar e mos t importan t i n mathematic s ar e als o thos e whic h hav e th e least foundation .



However, Abe l showe d som e concer n abou t whethe r a goo d ide a ha d bee n overlooked becaus e h e continue s his letter thus : "That most o f these thing s are correc t i n spit e of that i s extraordinarily surprising . I a m tryin g t o find a reaso n fo r this; it is an exceedingl y interesting question." Abe l die d youn g and s o never di d pursu e th e matter . Cauchy, too , had som e qualm s abou t ostracizin g divergen t series . H e says i n th e introductio n o f his Cours (1821) , " I hav e bee n force d t o admi t diverse proposition s which appear somewhat deplorable , fo r example, tha t a divergent serie s canno t b e summed. " Despit e thi s conclusio n Cauch y continued t o us e divergent serie s as in note s appende d t o th e publicatio n i n 182770 o f a prize pape r written i n 181 5 on water waves . H e decide d t o look into th e questio n o f why divergent serie s proved s o useful an d a s a matter o f fact h e ultimatel y di d com e clos e to recognizing th e reaso n (Chap . 47). The Frenc h mathematician s accepted Cauchy' s banishment of divergent series. But the English and th e Germans di d not. In Englan d th e Cambridg e school defende d th e us e of divergent serie s by appealin g t o th e principl e o f permanence o f for m (Chap . 32 , sec. 1). In connectio n wit h divergen t series the principl e wa s firs t use d b y Rober t Woodhous e (1773-1827) . I n Th e Principles o f Analytic Calculation (1803 , p. 3 ) he point s out tha t in th e equatio n (6) the equalit y sig n ha s " a mor e extende d signification " tha n just numerica l equality. Henc e th e equatio n hold s whether th e serie s diverges o r not. Peacock, too , applied th e principle of permanence o f forms to operations with divergen t series. 71 O n pag e 26 7 h e says , "Thu s since fo r r < 1 , (6 ) above holds , then for r = 1 we do get o o = l + l + l + - - - . Fo r r > 1 we get a negativ e numbe r o n th e lef t and , because th e term s on th e righ t continually increase , a quantit y mor e tha n o o o n th e right. " Thi s Peacoc k accepts. Th e poin t h e trie s to make is that th e serie s can represen t 1/( 1 — r) for al l r . He says , If th e operation s o f algebr a b e considere d a s general , an d th e symbol s which ar e subjec t t o the m a s unlimite d i n value , i t wil l b e impossibl e t o avoid th e formatio n o f divergent a s well as convergent series ; an d i f such series b e considere d a s th e result s o f operation s whic h ar e definable , apart fro m th e serie s themselves , the n i t wil l no t b e ver y importan t t o 70. Mem. des sav. etrangers, 1 , 1827 , 3-312; se e (Euvres, (1) , 1, 238, 277, 286. 71. Report o n the Recent Progress an d Present State of Certain Branches o f Analysis, Brit . Assn . fo r Adv. o f Science, 3, 1833 , 185-352 .
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enter int o such a n examinatio n o f the relatio n o f the arithmetica l value s of the successiv e terms a s may b e necessary to ascertain thei r convergenc e or divergence ; fo r under suc h circumstances , the y mus t b e considere d a s equivalent forms representing their generating function, an d a s possessing for th e purpose s o f suc h operations , equivalen t properties . . . . The attempt t o exclud e th e us e o f divergen t serie s i n symbolica l operation s would necessaril y impos e a limi t upo n th e universalit y o f algebrai c formulas an d operation s whic h i s altogethe r contrar y t o th e spiri t o f science. . .. It woul d necessaril y lea d t o a grea t an d embarrassin g multiplication of cases: it would depriv e almos t all algebraical operation s of much o f their certaint y an d simplicity . Augustus D e Morgan , thoug h muc h sharpe r an d mor e awar e tha n Peacock o f th e difficultie s i n divergen t series , wa s nevertheles s unde r th e influence o f the Englis h school and als o impressed by the result s obtained b y the us e of divergent serie s despite th e difficultie s i n them . I n 184 4 he bega n an acut e an d ye t confused pape r o n "Divergent Series" 72 with thes e words, "I believ e i t wil l b e generall y admitte d tha t th e headin g o f this pape r de scribes the onl y subject yet remaining, of an elementar y character , o n which a seriou s schism exists among mathematician s a s t o absolut e correctnes s or incorrectness o f results. " Th e positio n D e Morga n too k h e ha d alread y declared i n hi s Differential an d Integral Calculus: 13 "Th e histor y o f algebr a shows u s tha t nothin g i s mor e unsoun d tha n th e rejectio n o f an y metho d which naturall y arises , o n accoun t o f one o r mor e apparentl y vali d case s in which suc h a metho d lead s t o erroneou s results . Suc h case s shoul d indee d teach caution , but not rejection; if the latter had bee n preferred to the former, negative quantities , and stil l mor e thei r squar e roots , woul d hav e bee n a n effectual ba r t o th e progres s o f algebr a . . . and thos e immens e field s o f analysis ove r which even th e rejector s of divergent series now range withou t fear, woul d hav e bee n no t s o much a s discovered, much les s cultivate d an d settled. . . . The mott o which I should adopt agains t a course which seems to me calculated t o stop the progress of discovery would be contained in a word and a symbol—remembe r " He distinguishes between th e arithmetic and algebrai c significanc e of a series . Th e algebrai c significanc e holds in al l cases. T o accoun t for som e o f the fals e conclusion s obtained wit h divergen t series he says in the 184 4 paper (p . 187 ) tha t integration is an arithmeti c an d not a n algebrai c operatio n an d s o coul d no t b e applie d withou t furthe r thought t o divergen t series . But th e derivatio n o f



72. Trans. Camb. Philo. Soc., 8, Par t II , 1844 , 182-203 , pub . 1849 . 73. London , 1842 , p. 566 .
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by startin g wit h y = 1 + ry , replacing y o n th e righ t b y 1 + ry , an d continuing thus , h e accept s becaus e i t i s algebraic. Likewis e from z = 1 + 2 z one get s z = l + 2 + 4 + - - - . Henc e - 1 = 1 + 2 + 4 H an d thi s is right. H e accept s th e entir e theor y (a s of that date ) o f trigonometric serie s but woul d b e willin g t o rejec t i t i f on e coul d giv e on e instanc e wher e 1 - 1 + 1 - 1 + • • •does not equa l 1/ 2 (se e Chap. 20) . Many othe r prominen t Englis h mathematician s gav e othe r kind s o f justification fo r th e acceptanc e o f divergent series , some goin g bac k t o a n argument o f Nicholas Bernoulli (Chap. 20 , sec. 7) that the serie s (6) contains a remainde r o r. This mus t b e take n int o accoun t (thoug h they di d no t indicat e how) . Other s sai d th e su m o f a divergen t serie s is algebraically tru e bu t arithmeticall y false . Some Germa n mathematician s use d th e sam e argument s a s Peacoc k though the y used differen t words , such a s syntactical operation s a s oppose d to arithmetical operation s or literal as opposed t o numerical. Marti n Ohm 74 said, "A n infinit e serie s (leaving aside any questio n of convergence or diver gence) i s completely suited to represent a given expression if one can b e sur e of havin g th e correc t la w o f developmen t o f th e series . O f th e value o f a n infinite serie s one can spea k only if it converges. " Argument s in German y i n favor o f th e legitimac y of divergen t serie s wer e advance d fo r severa l mor e decades. The defens e o f the us e of divergent series was no t nearl y s o foolish a s it might seem , though many of the arguments given in behalf of the series were, perhaps, far-fetched . Fo r on e thin g i n th e whol e o f eighteenth-centur y analysis the attentio n t o rigor o r proo f was minimal and thi s was acceptabl e because th e result s obtaine d wer e almos t alway s correct . Henc e mathe maticians becam e accustome d t o loos e procedure s an d arguments . But, even mor e t o th e point , man y o f th e concept s an d operation s whic h ha d caused perplexities , suc h a s comple x numbers , wer e show n t o b e correc t after the y wer e full y understood . Henc e mathematician s though t tha t th e difficulties wit h divergen t serie s woul d als o b e cleare d u p whe n a bette r understanding wa s obtaine d an d tha t divergen t serie s woul d prov e t o b e legitimate. Furthe r th e operation s wit h divergen t serie s were ofte n boun d up wit h other littl e understood operations of analysis such as the interchang e of th e orde r o f limits, integration ove r discontinuitie s of an integran d an d integration ove r a n infinit e interval , s o that th e defender s o f divergent series could maintai n tha t th e fals e conclusion s attributed t o th e us e of divergen t series came from othe r source s of trouble. One argumen t whic h migh t hav e bee n brough t u p i s tha t whe n a n analytic functio n i s expresse d i n som e domai n b y a powe r series , wha t Weierstrass calle d a n element , thi s serie s doe s indee d carr y wit h i t th e 74. Aufsiitze aus dem Gebiet der hbheren Mathematik (Essay s i n th e Domai n o f Higher Mathe matics, 1823) .
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"algebraic" or "syntactical" properties of the function an d thes e properties are carrie d beyon d th e domai n o f convergence o f the element . Th e proces s of analyti c continuatio n use s thi s fact . Actuall y ther e wa s soun d mathe matical substanc e i n th e concep t o f divergen t serie s whic h accounte d fo r their usefulness. Bu t the recognition of this substance and th e final acceptance of divergent series had t o awai t a ne w theor y of infinite serie s (Chap. 47).
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The Foundation s o f th e Rea l an d Transfinite Number s God mad e th e integers ; al l els e i s the wor k o f man . LEOPOLD KRONECKE R



1. Introduction One o f th e mos t surprisin g facts i n th e histor y o f mathematic s i s tha t th e logical foundatio n of the rea l numbe r syste m wa s no t erecte d unti l th e lat e nineteenth century . U p t o tha t tim e no t eve n th e simples t propertie s o f positive and negativ e rational numbers and irrational number s were logically established, no r wer e thes e number s defined . Eve n th e logica l foundatio n of complex number s ha d no t bee n lon g i n existenc e (Chap . 32 , sec. 1) , an d that foundatio n presupposed th e rea l numbe r system . I n vie w o f the exten sive developmen t o f algebr a an d analysis , al l o f whic h utilize d th e rea l numbers, th e failur e t o conside r th e precis e structur e an d propertie s o f the real number s show s ho w illogicall y mathematic s progresses . Th e intuitiv e understanding of these numbers seemed adequat e an d mathematician s wer e content t o operate o n thi s basis. The rigorizatio n o f analysi s force d th e realizatio n tha t th e lac k o f clarity i n th e numbe r syste m itsel f ha d t o b e remedied . Fo r example , Bol zano's proo f (Chap . 40 , sec . 2 ) tha t a continuou s function tha t i s negativ e for x = a an d positiv e for x — b is zer o fo r som e valu e o f x between a and b floundered a t a critica l point becaus e h e lacke d a n adequat e understandin g of th e structur e of th e rea l numbe r system . The close r stud y o f limits als o showed th e need t o understand th e real numbe r system, for rational number s can hav e a n irrationa l limit and conversely . Cauchy's inability to prove th e sufficiency o f his criterion for the convergenc e of a sequenc e likewise resulted from hi s lac k o f understanding of th e structur e of the numbe r system . Th e study o f discontinuities o f functions representabl e by Fourie r series revealed the sam e deficiency. I t wa s Weierstrass who first pointed ou t tha t t o establish carefully th e propertie s of continuous functions h e neede d th e theor y o f th e arithmetic continuum. 979
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Another motivatio n t o erect th e foundation s of the numbe r syste m was the desir e t o secur e th e trut h of " mathematics. On e consequenc e o f th e creation o f non-Euclidea n geometr y wa s tha t geometr y ha d los t it s statu s as trut h (Chap . 36 , sec . 8) , bu t i t stil l seeme d tha t th e mathematic s buil t on th e ordinar y arithmeti c mus t b e unquestionabl e realit y i n som e philo sophical sense . A s fa r bac k a s 1817 , i n hi s lette r t o Olbers , Gauss 1 ha d distinguished arithmeti c fro m geometr y i n tha t onl y th e forme r wa s purel y a priori . I n hi s letter to Bessel of April 9, 1830, 2 h e repeats th e assertio n tha t only th e law s of arithmetic ar e necessar y and true . However , th e foundatio n of th e numbe r syste m tha t woul d dispe l an y doubt s abou t th e trut h o f arithmetic an d o f the algebr a an d analysi s built on that bas e wa s lacking. It i s very muc h wort h notin g tha t befor e th e mathematician s appreci ated tha t th e numbe r syste m itsel f mus t b e analyzed , th e proble m tha t ha d seemed mos t pertinen t wa s t o buil d th e foundation s o f algebra, an d i n particular t o accoun t fo r the fac t tha t on e coul d us e letters t o represent rea l and comple x number s an d ye t operat e wit h letter s b y mean s o f propertie s accepted a s tru e fo r th e positiv e integers . T o Peacock , D e Morgan , an d Duncan Gregory , algebr a i n th e earl y nineteent h century wa s an ingenious but als o a n ingenuou s comple x o f manipulatory scheme s with som e rhym e but ver y little reason; it seemed to them that th e crux of the current confusion lay i n th e inadequat e foundatio n fo r algebra . W e hav e alread y see n ho w these me n resolve d thi s proble m (Chap . 32 , sec . 1) . Th e lat e nineteenth century me n realize d tha t the y mus t probe deepe r o n behal f of analysis an d clarify th e structur e of the entir e real numbe r system . As a by-produc t the y would also secure the logical structure of algebra, fo r it was already intuitively clear tha t th e various types of numbers possesse d the same formal properties . Hence i f the y coul d establis h thes e propertie s o n a soun d foundation , they could appl y the m t o letter s that stoo d fo r any o f these numbers . 2. Algebraic an d Transcendental Numbers A ste p in th e directio n of an improve d understandin g of irrational number s was th e mid-nineteenth-centur y wor k o n algebrai c an d transcendenta l irrationals. The distinctio n between algebrai c an d transcendenta l irrationals had bee n mad e i n th e eighteent h centur y (Chap . 25 , sec . 1) . The interes t in thi s distinctio n was heightene d b y th e nineteenth-centur y work o n th e solution o f equations , becaus e thi s wor k reveale d tha t no t al l algebrai c irrationals coul d b e obtaine d b y algebrai c operation s on rationa l numbers . Moreover, th e proble m o f determinin g whether e an d TT wer e algebrai c o r transcendental continue d t o attrac t mathematicians . 1. Werke, 8 , 177 . 2. Werke, 8 , 201 .
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Up t o 1844 , the questio n o f whethe r ther e wer e an y transcendenta l irrationals wa s open . I n tha t yea r Liouville 3 showe d tha t an y numbe r o f the for m



where th e ar e arbitrar y integer s fro m 0 to 9, is transcendental . To prov e this , Liouville first proved som e theorems o n th e approxima tion o f algebraic irrational s b y rationa l numbers . B y definition (Chap . 25 , sec. 1 ) an algebrai c numbe r i s an y number , rea l o r complex , tha t satisfie s an algebrai c equatio n where th e a ; are integers . A root i s said t o be an algebrai c numbe r o f degree n i f it satisfie s a n equatio n o f th e nt h degre e bu t o f no lowe r degree . Som e algebraic number s ar e rational ; thes e ar e o f degree one . Liouville proved that i f plq i s an y approximatio n t o a n algebrai c irrationa l x o f degree n , with p an d q integral, the n ther e exist s a positiv e number M suc h tha t



This mean s tha t an y rationa l approximatio n t o a n algebrai c irrationa l o f degree n by an y plq mus t be les s accurat e tha n M\q n. Alternatively we ma y say tha t i f x is an algebrai c irrationa l o f degree n, there is a positiv e numbe r M suc h tha t th e inequality



has n o solution s in integer s p an d q for /j , = n and henc e fo r jj. < n. Then x is transcendental if for a fixed M an d fo r every positive integer /u , the inequality has a solutio n pjq. B y showing that hi s irrational s satisf y thi s las t criterion , Liouville prove d the y wer e transcendental . The nex t bi g ste p in th e recognitio n o f specific transcendenta l number s was Hermite' s proo f i n 1873 * that e is transcendental . After obtainin g thi s result, Hermit e wrot e t o Car l Wilhel m Borchard t (1817-80) , " I d o no t dare t o attemp t t o sho w th e transcendenc e o f IT. I f other s undertak e it , n o one wil l b e happie r tha n I abou t thei r success , bu t believ e me , m y dea r friend, thi s canno t fai l t o cos t the m som e effort. " That I T i s transcendenta l ha d alread y bee n suspecte d b y Legendr e (Chap. 25 , sec . I) . Ferdinan d Lindeman n (1852-1939 ) prove d thi s i n 3. Comp. Rend., 18 , 1844 , 910-11, an d Jour, d e Math., (1) , 16, 1851 , 133-42. 4. Comp. Rend., 77 , 1873 , 18-24, 74-79 , 226-33 , 285-93 = (Earns, 2 , 150-81 .
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1882s b y a metho d tha t doe s no t diffe r essentiall y fro m Hermite's . Linde mann establishe d tha t i f ar e distinc t algebraic numbers , rea l or complex , an d ar e algebrai c number s and no t al l zero, the n the sum cannot b e 0 . I f we tak e « = 2 ,= 1 , an= d 0 , we see that canno t be algebrai c fo r a n tha t i s algebraic an d nonzero . Sinc e ca n b e 1 , e is transcendental. No w it wa s known tha t + 1= 0 ; henc e th e numbe r i n cannot b e algebraic . The n -n i s not , becaus e i is , an d th e produc t o f tw o algebraic number s i s algebraic. Th e proo f tha t n i s transcendental disposed of th e las t poin t i n th e famou s constructio n problem s o f geometry , fo r al l constructible number s ar e algebraic . One myster y abou t a fundamenta l constan t remains . Euler' s constan t (Chap. 20 , sec . 4 )



which i s approximatel y 0.57721 6 an d whic h play s a n importan t rol e i n analysis, notabl y in th e stud y of the gamma and zet a functions , i s not know n to be rationa l o r irrational .



3. Th e Theory o f Irrational Numbers



By th e latte r par t o f th e nineteent h centur y th e questio n o f th e logica l structure o f th e rea l numbe r syste m wa s face d squarely . Th e irrationa l numbers wer e considere d t o b e th e mai n difficulty . However , th e develop ment o f the meanin g an d propertie s o f irrational number s presuppose s th e establishment o f th e rationa l numbe r system . Th e variou s contributor s t o the theor y o f irrational number s eithe r assume d tha t th e rationa l number s were s o assuredly known tha t n o foundatio n for the m wa s neede d o r gav e some hastil y improvised scheme. Curiously enough , th e erectio n o f a theor y o f irrationals require d no t much mor e tha n a ne w poin t of view. Euclid i n Boo k V o f the Elements ha d treated incommensurabl e ratio s o f magnitudes an d ha d define d the equality and inequalit y o f suc h ratios . Hi s definitio n o f equalit y (Chap . 4 , sec . 5 ) amounted t o dividin g th e rationa l number s mjn int o tw o classes , those fo r which m\n i s les s tha n th e incommensurabl e ratio a\b o f th e magnitude s a and b and thos e for whic h m\n i s greater. I t i s true tha t Euclid' s logi c wa s deficient becaus e h e neve r define d a n incommensurabl e ratio . Moreover , Euclid's development o f the theor y o f proportion, th e equalit y of two incom5. Math. Ann., 20, 1882 , 213-25 .



THE THEORY OF IRRATIONAL NUMBERS 98



3



mensurable ratios , wa s applicabl e onl y t o geometry . Nevertheless , h e di d have th e essentia l idea tha t could have bee n use d soone r t o define irrational numbers. Actuall y Dedekind di d mak e us e o f Euclid' s wor k an d acknowl edged thi s debt; 6 Weierstras s to o may hav e been guided by Euclid's theory. However, hindsigh t i s easie r tha n foresight . Th e lon g dela y i n takin g advantage o f some reformulatio n o f Euclid' s ideas i s readily accounte d for . Negative number s ha d t o b e full y accepte d s o tha t th e complet e rationa l number syste m woul d b e available . Moreover , th e nee d fo r a theor y o f irrationals ha d t o b e felt , an d thi s happened onl y whe n th e arithmetizatio n of analysis had gotte n wel l unde r way . In two papers, rea d before the Royal Iris h Academy in 1833 and 183 5 and published a s "Algebra a s th e Scienc e o f Pure Time, " Willia m R . Hamilto n offered th e firs t treatmen t o f irrationa l numbers. 7 H e base d hi s notio n o f all th e numbers , rational s an d irrationals , o n time , a n unsatisfactor y basis for mathematic s (thoug h regarde d b y many , followin g Kant , a s a basi c intuition). Afte r presenting a theor y o f rational number s h e introduce d th e idea o f partitioning the rational s int o tw o classe s (the idea wil l b e describe d more full y i n connectio n wit h Dedekind' s work ) an d define d a n irrationa l number a s such a partition . H e di d no t complet e th e work . Apart fro m thi s unfinishe d wor k al l pre-Weierstrassia n introduction s of irrational s use d th e notio n tha t a n irrationa l i s th e limi t o f a n infinit e sequence o f rationals . Bu t th e limit , i f irrational , doe s no t exis t logicall y until irrational s ar e defined . Cantor 8 point s ou t tha t thi s logica l erro r escaped notic e fo r som e tim e becaus e th e erro r di d no t lea d t o subsequen t difficulties. Weierstrass , i n lecture s a t Berli n beginnin g i n 1859 , recognize d the nee d fo r an d gav e a theor y o f irrationa l numbers . A publicatio n b y H. Kossak , Di e Elemente der Arithmetik (1872) , claimed t o presen t thi s theor y but Weierstras s disowne d it . In 186 9 Charle s Mera y (1835-1911) , a n apostl e o f the arithmetization of mathematics and th e Frenc h counterpar t o f Weierstrass, gav e a definitio n of the irrational s base d o n th e rationals. 9 Geor g Canto r als o gav e a theory , which h e neede d t o clarif y th e idea s o n poin t set s tha t h e use d i n hi s 187 1 work o n Fourie r series . This wa s followe d one yea r late r b y th e theor y o f (Heinrich) Eduar d Heine , whic h appeare d i n th e Journal fur Mathematik, 10 and on e b y Dedekind , whic h he published in Stetigkeit un d irrationale Zahlen. 11 The variou s theorie s o f irrationa l number s ar e i n essenc e ver y muc h alike; w e shal l therefor e confine ourselves t o givin g som e indicatio n o f th e 3 O
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6. Essays, p . 40 . 7. Trans. Royal Irish Academy, 17 , 1837 , 293-42 2 = Math. Papers, 3 , 3-96 . 8. Math. Ann., 21 , 1883 , p . 566 . 9. Revue des Societes Savants, 4 , 1869 , 280-89 . 10. Jour, fiir Math., 74 , 1872 , 172-88 . 11. Continuit y an d Irrationa l Numbers , 187 2 = Werke, 3 , 314-34.
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theories o f Cantor an d Dedekind . Cantor 12 starts with the rational numbers . In hi s 188 3 paper, 13 wherei n h e give s mor e detail s abou t hi s theor y o f irrational numbers , h e say s (p . 565 ) tha t i t i s no t necessar y t o ente r int o the rationa l number s becaus e thi s ha d bee n don e b y Herman n Grassman n in hi s Lehrbuch der Arithmetik (1861 ) an d J . H . T . Mulle r (1797-1862 ) i n his Lehrbuch de r allgemeinen Arithmetik (1855) . Actuall y thes e presentation s did no t prov e definitive . Canto r introduce d a ne w clas s o f numbers , th e real numbers , whic h contai n rationa l rea l an d irrationa l rea l numbers . H e builds th e rea l number s o n th e rational s b y startin g with an y sequenc e o f rationals tha t obey s th e conditio n tha t fo r an y give n e , al l th e member s except a finit e numbe r diffe r fro m eac h othe r b y les s tha n E , or tha t



for arbitrar y m. Suc h a sequenc e h e call s a fundamenta l sequence . Eac h such sequenc e is , b y definition , a rea l numbe r tha t w e ca n denot e b y b . Two suc h sequence s an d ar e th e sam e rea l numbe r i f and onl y if approaches zer o a s v becomes infinite . For suc h sequence s thre e possibilitie s presen t themselves . Give n an y arbitrary rationa l number , th e member s o f th e sequenc e fo r sufficientl y large v are al l smalle r i n absolut e valu e tha n th e give n number ; or , fro m a given v on, th e member s ar e al l large r tha n som e definit e positiv e rationa l member p ; or , fro m a give n v on , th e member s ar e al l smalle r tha n som e definite negativ e rationa l numbe r —p. I n th e first case b = 0 ; i n th e secon d b > 0 ; i n th e thir d b < 0 . If an d ar e tw o fundamenta l sequences , denote d b y b an d b', then on e ca n sho w tha t an d ar e fundamenta l sequences . These defin e an d b - b ' . Moreover , i f b = £ 0 , the n i s als o a fundamental sequenc e tha t define s The rationa l rea l number s ar e include d i n th e abov e definitio n o f real numbers, because , fo r example , an y sequenc e wit h equa l t o th e rational numbe r a for eac h v defines th e rationa l rea l numbe r a . Now one can define th e equality and inequalit y of any two real numbers . Indeed o r accordin g a s equal s 0 , i s greate r than 0 o r i s less tha n 0 . The nex t theore m i s crucial. Cantor prove s tha t i f i s any sequenc e of rea l number s (rationa l o r irrational) , an d i f li m fo r arbitrary ju, , the n ther e i s a uniqu e rea l numbe r b , determined b y a funda mental sequenc e o f rational suc h tha t



12. Math. Ann., 5, 1872 , 123-3 2 = Ges. Abh., 92-102. 13. Math. Ann., 21, 1883 , 545-9 1 = Ges. Abh., 165-204 .
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That is , th e formatio n o f fundamental sequence s of real number s doe s no t create th e nee d fo r stil l newe r type s o f number s tha t ca n serv e a s limit s of these fundamenta l sequences , becaus e th e alread y existin g rea l number s suffice t o provide th e limits. In othe r words, from th e standpoint o f providing limits fo r fundamenta l sequence s (o r wha t amount s t o th e sam e thing , sequences which satisfy Cauchy' s criterion o f convergence), th e rea l number s are a complet e system . Dedekind's theor y o f irrational numbers , presented i n hi s book o f 1872 mentioned above , stem s from idea s h e ha d i n 1858 . At tha t tim e h e ha d t o give lecture s on th e calculu s and realize d tha t th e rea l numbe r syste m ha d no logica l foundation . T o prov e tha t a monotonicall y increasin g quantit y that is bounded approache s a limit he, like the other authors , ha d t o resort to geometrical evidence . (H e say s tha t thi s i s still th e wa y t o d o i t i n th e first treatment o f the calculus , especially if one doe s no t wis h to los e much time.) Moreover, man y basi c arithmeti c theorem s wer e no t proven . H e give s a s an exampl e th e fac t tha t ha d no t ye t bee n strictl y demon strated. He the n state s tha t h e presuppose s th e developmen t o f th e rationa l numbers, whic h h e discusse s briefly . T o approac h th e irrationa l number s he ask s firs t wha t i s mean t b y geometrica l continuity . Contemporar y an d earlier thinkers—fo r example , Bolzano—believe d tha t continuit y meant th e existence o f at leas t on e othe r numbe r betwee n an y two , the propert y no w known a s denseness . Bu t th e rationa l number s i n themselve s form a dens e set. Henc e densenes s is not continuity . Dedekind obtaine d th e suggestio n fo r th e definitio n o f a n irrationa l number b y notin g tha t i n ever y divisio n of the line into two classes of points such tha t ever y poin t i n on e clas s is to th e lef t o f each poin t i n th e second , there i s one and only on e point that produce s th e division . This fac t make s th e line continuous . Fo r th e lin e i t i s a n axiom . H e carrie d thi s ide a ove r t o the numbe r system . Le t u s consider , Dedekin d says , an y divisio n o f th e rational number s int o tw o classe s such tha t an y numbe r i n th e firs t clas s is less tha n an y numbe r i n th e second . Suc h a divisio n of the rationa l number s he calls a cut. If the classes are denoted b y an d , then th e cut is denoted by . Fro m som e cuts , namely , thos e determine d b y a rationa l number, ther e i s either a larges t numbe r i n o r a smalles t number i n Conversely ever y cu t i n th e rational s i n whic h ther e i s a larges t numbe r i n the first class or a smallest in th e secon d is determined by a rational number . But ther e ar e cut s that ar e no t determine d b y rationa l numbers . I f we put int o th e firs t clas s al l negativ e rationa l number s an d al l positiv e one s whose square s ar e les s tha n 2 , an d pu t int o th e secon d clas s al l th e othe r rationals, the n thi s cu t i s no t determine d b y a rationa l number . T o eac h such cu t "w e creat e a ne w irrationa l membe r a whic h i s full y define d b y this cut ; we wil l sa y tha t th e numbe r a correspond s t o thi s cu t o r tha t i t
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brings abou t thi s cut. " Henc e ther e correspond s t o eac h cu t on e an d onl y one eithe r rationa l o r irrationa l number . Dedekind's languag e i n introducin g irrationa l number s leave s a littl e to be desired. H e introduce s the irrational a as corresponding t o the cu t an d defined b y th e cut . Bu t h e i s no t to o clea r abou t wher e a come s from . H e should sa y tha t th e irrationa l numbe r a i s n o mor e tha n th e cut . I n fac t Heinrich Webe r tol d Dedekind this , and i n a lette r of 1888 Dedekin d replie d that th e irrationa l numbe r a. i s no t th e cu t itsel f bu t i s something distinct , which correspond s t o th e cu t an d whic h bring s abou t th e cut . Likewise , while th e rationa l number s generat e cuts , they ar e no t the sam e a s the cuts . He say s w e hav e th e menta l powe r t o creat e suc h concepts. He the n define s whe n on e cu t i s les s tha n o r greate r tha n another cu t . After havin g defined inequality, he point s out tha t th e real number s posses s thre e provabl e properties : (1 ) I f an d then . (2 ) I f a an d ar e tw o differen t rea l numbers , the n ther e i s an infinite numbe r o f differen t number s whic h li e between a an d (3 ) I f a is any rea l number , the n th e rea l number s ar e divide d int o two classes A1 an d , each o f which contains an infinit e numbe r of members, and eac h membe r of Al i s less tha n a an d eac h membe r o f ^ i s greater tha n a . Th e numbe r a itself can b e assigne d t o eithe r class. The clas s of real number s now possesse s continuity, whic h h e expresse s thus: I f th e se t o f al l rea l number s i s divided into tw o classe s ^ an d . _ suc h tha t eac h membe r o f / i s les s tha n al l members of . ^ , the n ther e exist s one an d onl y one numbe r a whic h bring s about thi s division. He define s nex t th e operation s wit h rea l numbers . Additio n o f th e cuts an di s defined thus : I f c is any rationa l number , the n we pu t i t i n th e clas s i f there i s a numbe r i n an d a numbe r i n such tha t Al l othe r rationa l number s ar e pu t i n th e clas s This pai r o f classes " an d form s a cu t becaus e ever y membe r of is less than ever y member of . The cu t i s the sum o f an d . Th e othe r operations , h e says , ar c define d analogously . H e ca n now establis h properties suc h a s the associativ e and commutativ e propertie s of additio n an d multiplication . Though Dedekind' s theor y o f irrationa l numbers, wit h mino r modification s suc h a s th e on e indicate d above , i s logically satisfactory , Canto r criticize d i t becaus e cut s d o no t appea r naturally i n analysis . There are othe r approache s t o the theor y o f irrational numbers beyon d those alread y mentione d o r described . Fo r example , VValli s i n 169 6 ha d identified rationa l number s an d periodi c decima l numbers . Ott o Stol z (1842-1905), i n hi s Vorlesungen tiber allgemeine Anthmetik, 1'1 showe d tha t ever y irrational numbe r ca n b e represente d a s a nonperiodi c decima l an d thi s fact ca n b e use d a s a definin g property . 14. 1886 , 1, 109-19 .
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It i s apparent fro m thes e variou s approache s tha t th e logica l definition of th e irrationa l numbe r i s rathe r sophisticated . Logicall y a n irrationa l number i s not just a singl e symbol o r a pai r o f symbols, suc h a s a rati o of two integers , bu t a n infinit e collection , suc h a s Cantor' s fundamenta l sequence o r Dedekind' s cut. The irrationa l number , logicall y defined , i s an intellectual monster , an d w e ca n se e wh y th e Greek s an d s o man y late r generations o f mathematicians foun d suc h number s difficul t t o grasp. Advances i n mathematic s ar c no t greete d wit h universa l approbation . Hermann Hankel , himself the creator of a logical theor y o f rational numbers , objected t o th e theorie s o f irrationa l numbers. 15 "Ever y attemp t t o trea t the irrationa l number s formall y an d withou t th e concep t o f [geometric ] magnitude mus t lea d t o th e mos t abstrus e an d troublesom e artificialities , which, eve n i f they ca n b e carrie d throug h wit h complet e rigor , a s we hav e every righ t t o doubt, d o no t hav e a highe r scientifi c value. " 4. Th e Theory o f Rational Numbers The nex t ste p i n th e erectio n o f foundations for the numbe r syste m was th e definition an d deductio n o f th e propertie s o f th e rationa l numbers . A s already noted , on e o r tw o effort s i n thi s directio n precede d th e wor k o n irrational numbers . Mos t o f th e worker s o n th e rationa l number s assume d that th e natur e an d propertie s o f th e ordinar y integer s wer e know n an d that th e proble m wa s t o establis h logicall y th e negativ e number s an d fractions. The first such effor t wa s made by Martin Oh m (1792-1872) , a professor in Berli n an d brothe r o f th e physicist , i n hi s Versuch eines vollkommen consequenlen Systems der Mathematik (Stud y o f a Complet e Consisten t Syste m o f Mathematics, 1822) . The n Weicrstrass , i n lecture s given durin g th e 1860s , derived th e rationa l number s fro m th e natura l number s b y introducin g th e positive rational s a s couple s o f natura l numbers , th e negativ e integer s a s another typ e o f coupl e o f natura l numbers , an d th e negativ e rational s a s couples of negative integers. This idea wa s utilized independentl y b y Peano , and s o we shal l presen t i t i n mor e detai l late r i n connectio n wit h hi s work . Weierstrass did no t fee l th e nee d t o clarif y th e logi c of the integers . Actually his theor y o f rationa l number s wa s no t fre e o f difficulties . However , i n hi s lectures fro m 185 9 on , h e di d affir m correctl y that onc e th e whol e number s were admitte d ther e wa s n o nee d fo r furthe r axiom s t o buil d u p th e rea l numbers. The ke y proble m i n buildin g u p th e rationa l numbe r syste m wa s th e founding o f the ordinar y integer s by som e proces s and th e establishmen t of the propertie s of the integers . Among thos e who worke d o n th e theor y of the 15. Theorie de r complexen Za/ilensystcm, 1867 , p. 46-47 .
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integers, a fe w believed tha t th e whol e number s wer e s o fundamental tha t no logica l analysi s o f the m coul d b e made . Thi s positio n wa s take n b y Kronecker, wh o wa s motivate d b y philosophica l consideration s int o whic h we shal l ente r mor e deepl y later . Kronecke r to o wishe d t o arithmetiz e analysis, tha t is , to foun d analysi s on th e integers ; but h e though t on e coul d not g o beyon d recognitio n of knowledge of the integers . O f thes e ma n ha s a fundamental intuition . "Go d mad e th e integers, " h e said , "al l els e i s th e work o f man. " Dedekind gav e a theor y o f th e integer s in hi s Wa s sind und wa s sollen die Zahlen.16 Thoug h publishe d i n 1888 , th e wor k date s fro m 187 2 to 1878 . H e used set-theoreti c ideas , whic h b y thi s tim e Canto r ha d alread y advanced , and whic h wer e t o assum e grea t importance . Nevertheless , Dedekind' s approach wa s so complicated tha t i t wa s not accorde d muc h attention . The approac h t o th e integer s tha t bes t suite d th e axiomatizin g pro clivities o f th e lat e nineteent h centur y wa s t o introduc e the m entirel y b y a set o f axioms . Giusepp e Pean o (1858-1932 ) als o accomplishe d thi s i n hi s Arithmetices Principia Nova Methodo Exposita (1889). 17 Presumabl y h e wa s influenced b y Dedekind' s 188 8 wor k bu t h e gav e hi s own slan t t o th e ideas . Since Peano' s approac h i s ver y widel y use d w e shal l revie w it . Peano used a great dea l o f symbolism because h e wished t o sharpen th e reasoning. Thu s E means t o belon g to ; ^> mean s implies; N 0 mean s th e clas s of natural numbers ; and a+ denote s th e nex t natura l numbe r afte r a . Peano used thi s symbolis m in hi s presentation o f all o f mathematics, notabl y i n hi s Formulario malhemalico ( 5 vols. , 1895-1908). H e use d i t als o i n hi s lectures , and th e student s rebelled. H e trie d t o satisf y the m b y passin g al l o f them , but tha t di d no t work , an d h e wa s oblige d t o resig n hi s professorshi p a t a military academ y an d h e remaine d a t th e Universit y of Turin. Though Peano' s wor k influence d the furthe r developmen t o f symbolic logic an d th e late r movemen t o f Freg e an d Russel l t o buil d mathematic s on logic , hi s wor k mus t b e distinguishe d fro m tha t o f Freg e an d Russell . Peano di d no t wish t o buil d mathematic s o n logic . T o him , logi c wa s th e servant o f mathematics. Peano starte d wit h th e undefine d concept s (cf . Chap . 42 , sec . 2 ) o f "set," "natura l numbers, " "successor, " an d "belon g to. " Hi s five axioms for th e natura l number s are : (1) 1 is a natura l number . (2) 1 is not th e successo r of any othe r natura l number . (3) Eac h natura l numbe r a has a successor . (4) I f th e successor s of a an d b are equa l the n s o are a and b . 16. Th e Natur e an d Meanin g of Numbers = Werke, 3 , 335-91. 17. Opere scelle, 2 , 20-55 , an d Rivista di Matematica, 1 , 1891 , 87-102 , 256-5 7 = Opere scelte, 3 , 80-109 .
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(5) I f a se t S o f natura l number s contain s 1 and i f whe n S contain s an y number a i t als o contain s th e successo r o f a , the n S contain s al l th e natural numbers . This las t axio m i s the axio m o f mathematical induction . Peano als o adopte d th e reflexive , symmetric, and transitiv e axiom s fo r equality. Tha t is , a = a ; i f a — b, the n b = a ; an d i f a = b an d b = c , then a = c . H e denne d additio n b y th e statement s tha t fo r eac h pai r o f natural number s a and b there i s a uniqu e su m suc h tha t a+ 1 = a + a + (b + ) = (a + b)+.



Likewise, multiplicatio n wa s denne d b y th e statemen t tha t t o eac h pai r of natural number s a and b there i s a uniqu e product suc h tha t a-1 = a a-b+ = (a -b) + a.



He the n establishe d al l th e familia r propertie s o f natura l numbers . From th e natura l number s an d thei r propertie s other s foun d i t simpl e to define and establis h the propertie s of the negativ e whole number s and th e rational numbers . One ca n first define the positive and negativ e integer s a s a new clas s of numbers, eac h a n ordere d pai r o f natural numbers . Thus (a , b) where a an d b ar e natura l number s i s an integer . Th e intuitiv e meanin g of (fl, b ) i s a — b. Henc e whe n a > b , th e coupl e represent s th e usua l positiv e integer, an d whe n a < b , th e coupl e represent s th e usua l negativ e integer . Suitable definition s o f the operation s o f addition an d multiplicatio n lea d t o the usua l propertie s o f th e positiv e an d negativ e integers . Given th e integers , on e introduce s th e rationa l number s a s ordere d couples o f integers. Thus i f A an d B ar e integers , th e ordere d coupl e (A , B ) is a rationa l number . Intuitivel y (A, B) i s AjB. Agai n suitabl e definitions o f the operation s o f additio n an d multiplicatio n of th e couple s lea d t o th e usual propertie s of the rationa l numbers . Thus, onc e th e logica l approac h t o th e natura l number s wa s attained, the proble m o f buildin g up th e foundation s o f the rea l numbe r syste m wa s completed. A s w e hav e alread y noted , generall y th e me n wh o worke d o n the theory of irrationals assumed that the rational numbers were so thoroughly understood tha t the y coul d b e take n fo r granted , o r mad e onl y a mino r gesture towar d clarifyin g them . Afte r Hamilto n ha d grounde d th e comple x numbers o n th e rea l numbers , an d afte r th e irrational s wer e define d i n terms o f the rationa l numbers, th e logi c of this las t class was finall y created . The historica l order wa s essentially the revers e o f the logica l order require d to buil d u p th e comple x number system.
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5. Other Approaches t o th e Real Number System The essenc e of the approache s t o th e logica l foundations of the rea l numbe r system thu s fa r describe d i s t o obtai n th e integer s and thei r propertie s i n some manne r and , wit h these in hand , the n t o derive the negativ e numbers , the fractions , an d finall y th e irrationa l numbers . Th e logica l bas e o f this approach i s some serie s o f assertions concernin g th e natura l number s only , for example , Peano' s axioms. All the other number s ar e constructed . Hilber t called th e abov e approac h th e geneti c metho d (h e ma y no t hav e know n Peano's axiom s a t thi s tim e bu t h e kne w othe r approache s t o th e natura l numbers). H e grant s tha t th e geneti c metho d ma y hav e pedagogica l o r heuristic value but, h e says, it is logically more secur e to apply th e axiomati c method t o th e entir e rea l numbe r system . Befor e w e stat e hi s reasons , le t us loo k a t hi s axioms. 18 He introduce s th e undefine d term , number , denote d b y a,b,c,..., and the n give s th e followin g axioms : I. Axioms o f Connection



. Fro m th e numbe r a and th e numbe r b ther e arise s throug h additio n a definite numbe r c; i n symbols a+ b = c o rc



= a + b.



. I f a and b are give n numbers , the n ther e exist s one an d onl y one numbe r x an d als o on e an d onl y on e numbe r y s o that a + x — b an d y



+ a = b.



There i s a definit e number , denote d b y 0 , s o that fo r eac h a



a + 0 = a an d 0



+ a = a.



, Fro m th e numbe r a an d th e numbe r b there arise s b y anothe r method , by multiplication , a definit e numbe r c ; in symbols ab = c o r c



= ab .



If a an d b ar c arbitrar y give n number s an d a no t 0 , the n ther e exist s one an d onl y one numbe r x , an d als o on e an d onl y on e numbe r y suc h that ax — b an d y a = b .



There exist s a definit e number , denote d b y 1 , suc h tha t fo r eac h a w e have a - 1 = a an d 1



-a = a .



18. Jahres. der Dent. Afalh.-Verein.,8, 1899 , 180-84 ; this article is not in Hilbert's Cesammelte Abhandlungen. I t i s i n hi s Grundlagen de r Geometric, 7t h ed. , Appendi x 6 .
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II. Axioms of Calculation a + (b + c) = (a + b) + c. . a + b = b + a. a(bc] = (ab)c, a(b + c) = ab + ac. , (a + b)c = ac + be. . ab = ha. III. Axioms o f Order . I f a and b are an y tw o differen t numbers , the n on e o f thes e is always greater tha n th e other ; th e latte r i s said t o be smaller ; i n symbols



a > b an d b



< a.



If a > b and b > c then a > c . If a > b then i t i s always tru e tha t



a + c > b + c an d c



+ a > c + b.



If a > b and c > 0 the n a c > be an d c a > cb . IV. Axioms of Continuity . (Axio m of Archimedes) I f a > 0 and b > 0 are tw o arbitrary number s then i t i s always possibl e t o ad d a to itsel f a sufficien t numbe r o f times so tha t



a + a + • • • + a > b. . (Axio m o f Completeness ) I t i s not possibl e t o adjoi n t o th e syste m of numbers an y collectio n of things so that i n th e combine d collectio n th e preceding axiom s are satisfied ; tha t is, briefly put , th e number s for m a system o f objects whic h canno t b e enlarge d wit h th e precedin g axiom s continuing t o hold . Hilbert point s ou t tha t thes e axiom s ar e no t independent ; som e ca n be deduce d fro m th e others . H e the n affirm s tha t th e objection s agains t th e existence of infinite set s (sec. 6) ar e no t vali d fo r the abov e conceptio n o f th e real numbers . For , h e says , w e do no t hav e t o thin k abou t th e collectio n of all possibl e law s i n accordanc e wit h whic h th e element s o f a fundamenta l sequence (Cantor' s sequence s of rational numbers ) can b e formed. W e hav e but t o conside r a close d syste m o f axiom s an d conclusion s tha t ca n b e deduced fro m the m b y a finit e numbe r o f logical steps . H e doe s poin t ou t that i t i s necessary t o prov e th e consistenc y of this se t o f axioms, bu t whe n this is done th e objects defined by it, the rea l numbers , exis t in th e mathema tical sense . Hilber t wa s no t awar e a t thi s tim e o f th e difficult y o f provin g the consistenc y of axioms fo r rea l numbers .
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To Hilbert' s clai m tha t hi s axiomatic metho d i s superior t o th e geneti c method, Bertran d Russel l replie d tha t th e forme r ha s th e advantag e o f theft ove r hones t toil . I t assume s at onc e wha t ca n b e built u p fro m a muc h smaller se t of axioms b y deductiv e arguments . As i n th e cas e o f almost ever y significan t advance i n mathematics , th e creation o f th e theor y o f real number s me t wit h opposition . D u Bois-Rey mond, who m w e hav e alread y cite d a s opposin g th e arithmetizatio n o f analysis, sai d i n hi s Theorie generate de s fonctions o f 1887 , 1 9 No doub t wit h hel p fro m so-calle d axioms , fro m conventions , fro m philosophic propositions contribute d a d hoc, from unintelligibl e extensions of originall y clear concepts , a syste m o f arithmeti c ca n b e constructe d which resemble s i n ever y wa y th e on e obtaine d fro m th e concep t o f magnitude, i n orde r thu s t o isolat e th e computationa l mathematics , a s it were , b y a cordo n o f dogmas an d defensiv e definitions. . . .But i n thi s way on e ca n als o inven t othe r arithmeti c systems . Ordinar y arithmeti c is jus t th e on e whic h correspond s t o th e concep t o f linea r magnitude .



Despite attack s suc h a s this , th e completio n o f th e wor k o n th e rea l numbers seeme d t o mathematician s t o resolv e al l th e logica l problem s th e subject ha d faced . Arithmetic , algebra , an d analysi s wer e b y fa r th e mos t extensive par t o f mathematic s an d thi s par t wa s no w securel y grounded . 6. Th e Concept o f a n Infinite Se t The rigorizatio n of analysis had reveale d th e nee d t o understan d th e struc ture o f set s o f rea l numbers . T o trea t thi s proble m Canto r ha d alread y introduced (Chap . 40 , sec . 6 ) som e notion s abou t infinit e set s o f points , especially th e sets of the first species. Cantor decided tha t th e study of infinite sets wa s s o important tha t h e undertoo k t o stud y infinite set s a s such . Thi s study, h e expected , woul d enabl e hi m t o distinguis h clearly th e differen t infinite set s of discontinuities. The centra l difficult y i n th e theor y o f set s i s th e ver y concep t o f a n infinite set . Such set s had naturall y come t o the attentio n o f mathematicians and philosopher s fro m Gree k time s onward , an d thei r ver y natur e an d seemingly contradictor y propertie s ha d thwarte d an y progres s i n under standing them . Zeno' s paradoxe s ar e perhap s th e firs t indicatio n o f th e difficulties. Neithe r th e infinit e divisibilit y o f th e straigh t lin e no r th e lin e as a n infinit e se t o f discret e point s seeme d t o permi t rationa l conclusion s about motion . Aristotl e considere d infinit e sets , suc h a s th e se t o f whol e numbers, an d denie d th e existenc e o f a n infinit e se t o f object s a s a fixe d entity. Fo r him , set s coul d b e onl y potentiall y infinit e (Chap . 3 , sec . 10) . 19. Pag e 62, P'renc h ed. of Die allgemeine Funktionentheorie, 1882 .
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Figure 41. 1 Proclus, th e commentato r o n Euclid , note d tha t sinc e a diamete r o f a circle divides it into halves and sinc e there is an infinite numbe r of diameters, there mus t b e twic e tha t numbe r o f halves. This seem s to be a contradictio n to many , Proclu s says , but h e resolves it by sayin g that on e canno t spea k of an actua l infinit y o f diameters o r part s o f a circle . On e ca n spea k onl y o f a larger an d large r numbe r o f diameters o r part s o f a circle . I n othe r words , Proclus accepted Aristotle's concep t of a potentia l infinit y but no t an actua l infinity. Thi s avoid s th e proble m o f a doubl e infinit y equalin g a n infinity . Throughout th e Middl e Age s philosopher s too k on e sid e o r th e othe r on th e questio n o f whethe r ther e ca n b e a n actua l infinit e collectio n of objects. I t wa s noted tha t th e point s o f two concentri c circle s could b e pu t into one-to-on e correspondenc e wit h eac h othe r b y associatin g points o n a common radius . Ye t one circumferenc e was longer tha n th e other . Galileo struggle d with infinit e set s and rejecte d the m becaus e they were not amenabl e t o reason . I n hi s Tw o Ne w Sciences (pp . 18-40 o f the Englis h translation), h e note s tha t th e point s o f tw o unequa l length s A B an d C D (Fig. 41.1 ) ca n b e pu t int o one-to-on e correspondenc e wit h eac h othe r an d so presumabl y contain th e sam e numbe r o f points . H e als o note s tha t th e whole number s ca n b e pu t int o one-to-on e correspondenc e wit h thei r squares merel y b y assignin g eac h numbe r t o it s square . Bu t thi s lead s t o different "amounts " o f infinities, whic h Galile o say s cannot be . Al l infinit e quantities ar e th e sam e an d canno t b e compared . Gauss, i n hi s letter t o Schumache r o f July 12 , 1831, 20 says , "I protes t against th e us e o f a n infinit e quantit y a s a n actua l entity ; thi s i s neve r allowed i n mathematics . The infinit e i s only a manner o f speaking, in which one properl y speak s o f limit s t o whic h certai n ratio s ca n com e a s nea r a s desired, whil e other s ar e permitte d t o increas e withou t bound. " Cauchy , like other s befor e him , denied th e existenc e o f infinite set s becaus e th e fac t that a part can be put into one-to-one correspondenc e with the whole seemed contradictory t o him. The polemic s o n th e variou s problem s involvin g set s wer e endles s an d 20. Werke, 8 , 216.
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involved metaphysica l an d eve n theologica l arguments . Th e attitud e o f most mathematician s towar d thi s proble m wa s t o ignor e wha t the y coul d not solve . On th e whole they also avoided th e explicit recognition o f actually infinite sets , thoug h the y use d infinit e series , fo r example , an d th e rea l number system . The y woul d spea k o f points o f a lin e an d ye t avoi d sayin g that th e lin e i s compose d o f an infinit e numbe r o f points. Thi s avoidanc e of troublesome problems wa s hypocritical, bu t i t did suffic e t o build classical analysis. However , whe n th e nineteent h centur y face d th e proble m o f instituting rigor i n analysis, it could no longer side-step many question s about infinite sets .



7. The Foundation of the Theory of Sets Bolzano, i n hi s Paradoxes o f th e Infinite (1851) , whic h wa s publishe d thre e years afte r hi s death, wa s th e firs t t o tak e positiv e steps towar d a definitiv e theory o f sets. He defende d th e existenc e of actually infinite set s and stresse d the notio n o f equivalenc e o f tw o sets , b y whic h h e mean t wha t wa s late r called th e one-to-on e correspondenc e betwee n th e element s o f the tw o sets . This notio n o f equivalence applied t o infinit e set s a s wel l a s finit e sets . H e noted tha t i n th e cas e o f infinite set s a par t o r subse t could b e equivalen t t o the whol e an d insiste d tha t thi s mus t b e accepted . Thu s th e rea l number s between 0 an d 5 ca n b e pu t int o one-to-on e correspondenc e wit h th e rea l numbers betwee n 0 an d 1 2 throug h th e formul a y = 12*/5 , despit e th e fact tha t th e secon d se t of numbers contain s the first set. Number s could b e assigned t o infinit e set s and ther e woul d be differen t transfinit e number s for different infinit e sets , thoug h Bolzano' s assignmen t o f transfinit e number s was incorrect according t o th e late r theor y o f Cantor . Bolzano's work o n th e infinit e wa s more philosophica l tha n mathemat ical an d di d no t mak e sufficientl y clea r th e notio n of what wa s called late r the powe r o f a se t o r th e cardina l numbe r o f a set . He , too , encountere d properties tha t appeare d paradoxica l t o him , and thes e he cites in hi s book. He decide d tha t transfinit e number s wer e no t neede d t o foun d th e calculus and s o did no t pursu e the m farther . The creato r o f the theor y o f sets is Georg Canto r (1845-1918 ) wh o wa s born i n Russi a of Danish-Jewish parentag e bu t move d t o German y wit h his parents. Hi s father urge d hi m t o stud y engineerin g and Canto r entere d th e University o f Berlin in 186 3 wit h tha t intention . There h e cam e unde r th e influence o f Weierstras s an d turne d t o pur e mathematics . H e becam e Privatdozent at Hall e in 186 9 and professo r in 1879 . Whe n he was twenty-nine he published hi s first revolutionary paper on th e theor y o f infinite set s in th e Journal fu r Mathematik. Althoug h som e o f it s proposition s wer e deeme d faulty b y th e olde r mathematicians , it s overal l originalit y an d brillianc e
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attracted attention . H e continue d t o publis h paper s o n th e theor y o f sets and o n transfinit e number s unti l 1897 . Cantor's wor k whic h resolve d age-ol d problem s an d reverse d muc h previous thought , could hardl y be expected t o receive immediate acceptance . His idea s o n transfinit e ordinal an d cardina l number s arouse d th e hostilit y of th e powerfu l Leopol d Kronecker , wh o attacke d Cantor' s idea s savagel y over more tha n a decade. A t one time Canto r suffere d a nervous breakdown, but resume d wor k in 1887 . Even thoug h Kronecke r die d i n 1891 , his attack s left mathematician s suspiciou s o f Cantor's work . Cantor's theor y o f sets is spread ove r man y paper s an d s o we shall no t attempt t o indicat e th e specifi c paper s i n whic h eac h o f hi s notion s an d theorems appear . Thes e paper s ar e i n th e Mathematische Annalen an d th e Journal fur Mathematik fro m 187 4 on. 21 B y a se t Canto r mean t a collectio n of definite and separat e object s whic h ca n b e entertaine d b y th e min d an d to whic h w e can decid e whethe r or no t a give n objec t belongs. H e say s that those wh o argu e fo r onl y potentiall y infinite set s are wrong , an d h e refute s the earlie r argument s o f mathematicians an d philosopher s agains t actuall y infinite sets . Fo r Canto r a se t i s infinit e i f i t ca n b e pu t int o one-to-on e correspondence wit h par t o f itself. Som e o f his set-theoretic notions , suc h as limit poin t o f a set , derived set , and se t of the first species, were define d an d used i n a pape r o n trigonometri c series; 22 thes e we have alread y describe d in th e precedin g chapte r (sec . 6) . A se t i s close d i f it contain s al l it s limit points. I t i s open i f every point i s an interio r point, that is , if each poin t ma y be enclosed in a n interva l that contain s only points of the set . A set is perfect if each poin t i s a limi t poin t an d th e se t is closed. H e als o defined the unio n and intersectio n o f sets . Thoug h Canto r wa s primaril y concerne d wit h sets o f points o n a lin e o r set s of real numbers , h e di d exten d thes e notions of set theor y t o set s o f points in ^-dimensiona l Euclidea n space . He sough t next to distinguish infinit e sets as to "size" and, lik e Bolzano, decided tha t one-to-on e correspondence should be th e basi c principle . Tw o sets tha t ca n b e pu t int o one-to-on e correspondenc e ar e equivalen t or hav e the sam e power . (Late r th e ter m "power " becam e "cardina l number." ) Two set s ma y b e unequa l i n power . I f o f tw o set s of object s M an d N , N can b e put int o one-to-one correspondence with a subset of M bu t M cannot be pu t int o one-to-on e correspondenc e with a subse t o f N , th e powe r o f M is larger tha n tha t o f N . Sets o f number s wer e o f cours e th e mos t important , an d s o Canto r illustrates hi s notion o f equivalence or powe r wit h suc h sets. H e introduce s the ter m "enumerable " fo r an y se t that ca n b e pu t int o one-to-on e correspondence wit h th e positiv e integers. Thi s i s the smalles t infinite set . Then 21. Ges. Abh., 115-356 . 22. Math. Ann., 5, 1872 , 122-3 2 = Ges. Abh., 92-102.
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Cantor prove d tha t th e se t of rational number s i s enumerable. H e gav e on e proof i n 1874. 23 However , hi s secon d proof 24 i s th e on e no w mos t widel y used an d w e shall describ e it . The rationa l number s are arrange d thus :



It wil l b e note d tha t al l thos e i n an y on e diagona l hav e th e sam e su m o f numerator an d denominator . No w one starts with 1/ 1 and follow s th e arrow s assigning th e numbe r 1 to 1/1 , 2 t o 2/1 , 3 to 1/2 , 4 t o 1/3 , an d s o on. Ever y rational numbe r wil l b e reache d a t som e stag e an d t o eac h on e a finit e integer wil l b e assigned . Hence th e abov e se t of rational number s (i n whic h some appear many times ) i s in one-to-on e correspondenc e with the integers . Then i f duplicate s ar e eliminate d th e se t o f rationa l number s wil l stil l b e infinite an d necessaril y enumerable sinc e thi s is the smalles t infinite set. Still mor e surprisin g is Cantor' s proo f i n th e 187 4 pape r jus t referre d to tha t th e se t of all algebrai c numbers , tha t is , the se t of all number s tha t are solution s of all algebraic equation s where th e a i ar e integers , i s also enumerable . To prov e this, he assigns to any algebraic equatio n o f degree n the heigh t N define d b y where th e a t ar e th e coefficient s o f the equation . Th e heigh t A r is an integer . To eac h N ther e correspond s onl y a finit e numbe r o f algebraic equation s and henc e onl y a finit e numbe r o f algebrai c numbers , sa y (N). Thu s (1) = 1 ; (2 ) = 2 ; (3 ) = 4 . H e start s with N = 1 and label s the corre sponding algebrai c number s fro m 1 to ; the algebrai c number s tha t hav e 23. Jour, fiir Math., 77 , 1874 , 258-62 = Ges. Abh., 115-18. 24. Math. Ann., 46, 1895 , 481-512 = Ges. Abh., 283-356, pp . 294-9 5 i n particular .
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height 2 are labele d fro m + 1 to ; and s o forth. Becaus e eac h algebrai c number wil l be reached an d b e assigned t o one and onl y on e integer, th e set of algebraic number s i s enumerable . In hi s correspondenc e wit h Dedekin d i n 1873 , Canto r pose d th e question o f whethe r th e se t o f rea l number s ca n b e pu t int o one-to-on e correspondence wit h th e integers , an d som e week s later h e answere d i n th e negative. H e gav e tw o proofs. The firs t (i n the 187 4 article just referre d to) is mor e complicate d tha n th e second, 25 whic h i s th e on e mos t ofte n use d today. I t als o has the advantage, a s Cantor pointe d out , of being independent of technical considerations about irrationa l numbers . Cantor's secon d proo f tha t th e rea l number s ar e uncountabl e (non enumerable) begin s b y assuming that th e rea l number s between 0 and 1 are countable (enumerable) . Le t u s writ e eac h a s a decima l an d le t u s agre e that a numbe r suc h as 1/ 2 will b e written as .4999. . .. If these real numbers are countable , the n w e can assig n each on e t o a n intege r n, thus:



Now le t us define a real number between 0 and 1 thus: Let b = where = 9 i f= 1 an= d 1 if . Thi s rea l numbe r differ s from an y o f those in th e abov e correspondence . However , thi s was supposed to contai n al l th e rea l number s betwee n 0 an d 1 . Hence ther e is a contra diction. Since th e rea l number s ar e uncountabl e an d th e algebrai c number s are countable , ther e mus t b e transcendenta l irrationals . Thi s i s Cantor' s nonconstructive existenc e proof, which should be compared wit h Liouville's actual constructio n of transcendental irrationals (sec. 2). In 187 4 Cantor occupie d himsel f wit h th e equivalenc e of the point s of a lin e an d th e point s of (re-dimensiona l space ) an d sough t to prov e tha t a one-to-on e correspondenc e betwee n thes e tw o set s wa s impossible . Thre e years late r h e prove d tha t ther e i s suc h a correspondence . H e wrot e t o Dedekind, 26 " I se e it but I d o not believ e it. " The idea 27 use d t o se t u p thi s one-to-on e correspondenc e ca n b e exhibited readil y i f w e se t u p suc h a correspondenc e betwee n th e point s of the uni t square and th e point s o f the segmen t (0 , 1) . Let (x,y) b e a point of th e uni t squar e and z a poin t of th e uni t interval . Le t x an d t/ b e repre sented b y infinit e decimal s so tha t i n a finit e decima l terminating i n zero , we replac e th e 0 b y a n infinit e sequenc e of 9's . W e no w brea k u p x an d y 25. Jahres. dcr Deal. Mnth.-Verein., 1 , 1890/91 , 75-7 8 = GV.v . Abli., 278-81. 26. ttriejwechsel Cantor-Dedehnd, p . 34 . 27. Jmir.fiit Moth., 84 , 1878 , 242-5 8 = Ges. Abli., 119-33 .
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into group s o f decimals , eac h grou p endin g wit h th e firs t nonzer o digi t encountered. Thu s



x = . 3 00 2 0 3 0 4 6 • • • y = .0 1 6 0 7 8 0 9 • • • . Form z = . 3 0 1 00 2 6 0 3 0 7 0 4 8 6 0 9 by choosin g a s the group s i n z th e first group fro m x , the n th e first fro m y , and s o forth. I f tw o x's o r y's diffe r i n som e digi t the n th e correspondin g z' s will differ . Henc e t o eac h (x , y) ther e i s a uniqu e z . Give n a z , on e break s up it s decima l representatio n int o th e group s just describe d an d form s th e x an d y b y reversin g th e abov e process . Agai n tw o differen t z' s wil l yiel d two differen t pair s (x,y) s o tha t t o eac h z ther e i s a uniqu e (x,y). Th e one-to-one correspondenc e just describe d i s not continuous ; roughly stated , this mean s tha t neighborin g z-point s do no t necessaril y go into neighborin g (x,y)-points, no r conversely . Du Bois-Reymon d objecte d t o thi s proof. 28 "I t appear s repugnan t t o common sense . Th e fac t i s tha t thi s i s simpl y th e conclusio n o f a typ e o f reasoning whic h allow s th e interventio n o f idealisti c fictions, wherein on e lets the m pla y th e rol e o f genuine quantitie s even thoug h the y ar e no t eve n limits o f representations o f quantities. This i s where th e parado x resides. " 8. Transfinite Cardinals an d Ordinals Having demonstrated th e existence of sets with the same powe r an d differen t powers, Canto r pursue d thi s concep t o f th e powe r o f a se t an d introduce d a theor y o f cardinal an d ordina l number s i n whic h th e transfmit e cardinal s and ordinal s ar e th e strikin g elements. Canto r develope d thi s wor k i n a series of papers i n th e \lathemalische Annalen from 187 9 to 1884 , all unde r th e title "Ube r unendlich e linear e Punktmannichfaltigkeiten " (O n Infinit e Linear Aggregate s o f Points). The n h e wrot e tw o definitiv e paper s i n 189 5 and 189 7 in th e sam e journal.29 In th e fifth paper o n linea r aggregates 30 Canto r open s wit h th e obser vation, The descriptio n o f m y investigation s in th e theor y o f aggregate s ha s reached a stag e wher e thei r continuatio n ha s becom e dependen t o n a generalization o f rea l positiv e integer s beyon d th e presen t limits ; a 28. Pag e 167 , Frenc h ed . (1887 ) o f his Di e allgemeinc h'unkliunentheorie (1882) . 29. Math. Ann., 46 , 1895 , 481-512 , an d 49 , 1897 , 207-4 6 = Ces. Abh., 282-351 ; a n English translatio n o f thes e tw o paper s ma y b e foun d i n Geor g Cantor , Contributions to the founding o f a Theon/ o f Transfinite Numbers, Dove r (reprint) , n o date .
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generalization whic h takes a directio n in which, a s far as I know , nobod y has ye t looked . I depen d o n thi s generalizatio n o f th e numbe r concep t t o suc h a n extent tha t withou t it I coul d no t freel y tak e even smal l step s forwar d i n the theor y o f sets . I hop e tha t thi s situatio n justifie s or , i f necessary , excuses th e introductio n o f seemingly strange idea s int o m y arguments . In fac t th e purpos e i s t o generaliz e o r exten d th e serie s o f rea l integer s beyond infinity . Darin g a s this might appear , I expres s not onl y the hop e but als o th e fir m convictio n that i n due cours e thi s generalization wil l b e acknowledged a s a quit e simple , appropriate , an d natura l step . Stil l I am wel l awar e tha t b y adoptin g such a procedur e I a m puttin g myself in opposition t o widesprea d view s regarding infinit y i n mathematic s an d t o current opinion s o n th e natur e o f number .



He point s ou t tha t hi s theor y o f infinit e o r transfinit e number s i s distinct fro m th e concep t of infinity wherei n one speaks of a variabl e becom ing infinitel y smal l o r infinitel y large . Tw o set s whic h ar e i n one-to-on e correspondence hav e th e sam e powe r o r cardina l number . Fo r finit e set s the cardina l numbe r i s the usua l numbe r o f objects i n th e set . Fo r infinit e sets ne w cardina l number s ar e introduced . Th e cardina l numbe r o f the set of whole number s he denote d b y K 0 . Sinc e th e real number s canno t b e pu t into one-to-on e correspondenc e wit h th e whol e numbers , th e se t o f rea l numbers mus t hav e anothe r cardina l numbe r whic h i s denote d b y c , th e first lette r o f continuum. Just a s i n th e cas e o f the concep t o f power, i f two sets M an d jVar e such that A 7 can b e put int o one-to-one correspondenc e with a subse t o f M bu t M canno t b e pu t int o one-to-on e correspondenc e wit h a subset o f N , th e cardina l numbe r o f M i s greate r tha n tha t o f N . The n c > X 0. To obtai n a cardina l numbe r large r tha n a give n one, 31 on e considers any se t M whic h th e secon d cardina l numbe r represent s an d consider s th e set N o f al l th e subset s o f M . Amon g th e subset s o f M ar e th e individua l elements o f M , al l pair s o f element s o f M , an d s o on . No w i t i s certainl y possible t o se t u p a one-to-on e correspondenc e betwee n M an d a subse t of N becaus e one subse t o f N consist s of all th e individua l members o f N (eac h regarded a s a se t and a s a membe r o f N), an d thes e member s ar e th e ver y members o f At. I t i s no t possibl e t o se t u p a one-to-on e correspondenc e between M an d al l th e member s o f N. Fo r suppose such a one-to-one correspondence wer e se t up . Le t m b e an y membe r o f M an d le t u s consider all the m' s suc h tha t th e subset s (members ) o f N tha t ar e associate d wit h m's of M d o no t contain th e m t o whic h the y correspon d unde r thi s suppose d one-to-one correspondence . Le t 7 7 b e th e se t o f al l thes e m's. 77 i s of cours e a member of A 7. Cantor affirms tha t 17 is not include d in th e suppose d one-to-one correspondence. Fo r i f 7 7 corresponded t o som e m of M , an d 7 7 containe d m , 31. Cantor , Ges. Abh., 278-80.
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that would b e a contradictio n o f the ver y definition of . On th e othe r han d if di d no t contai n m , it shoul d becaus e rj wa s b y definitio n th e se t o f al l m's whic h wer e no t containe d i n th e correspondin g subset s of N. Henc e th e assumption tha t ther e i s a one-to-on e correspondenc e betwee n th e element s m o f AI an d o f N , whic h consist s of all th e subset s of M, lead s t o a contra diction. The n th e cardina l numbe r o f the se t consisting of all th e subset s of a give n se t is larger tha n tha t o f the give n set. Cantor define d the sum of two cardinal number s as the cardinal numbe r of the set that is the union of the (disjoined ) set s represented by the summands . Cantor als o define d th e produc t o f any tw o cardina l numbers . Give n tw o cardinal number s a and , one take s a se t M represente d b y a and a se t N represented b y an d form s th e pair s o f element s (m , n) wher e m i s an y element o f M an d n of N. Then th e cardina l numbe r o f the se t of all possible pairs i s the produc t o f a and Powers o f cardinal number s ar e als o defined . If w e hav e a se t M o f m objects an d a se t T V of n objects, Cantor define s th e se t , and thi s amounts to th e se t o f permutations o f m objects n at a tim e wit h repetition s of the m objects permitted . Thu s i f m — 3 an d n = 2 an d w e hav e th e permutations ar e



Cantor define s th e cardina l numbe r o f thi s numbe r o f permutations t o b e where a is the cardina l numbe r o f M an d / 3 that o f TV. He the n prove s tha t Cantor call s attentio n t o th e fac t tha t hi s theor y o f cardina l number s applies in particular to finite cardinals, and so he has given " the most natural, shortest, an d mos t rigorou s foundatio n fo r th e theor y o f finit e numbers. " The nex t concep t is that o f ordinal number . H e ha s alread y foun d th e need fo r thi s concep t in hi s introduction of successive derived set s of a give n point set . He no w introduce s it abstractly. A se t is simply ordere d i f any tw o elements hav e a definit e orde r s o tha t give n an d eithe r precede s or precede s; th e notatio n i s o r. Furthe r i f and the n simpl e order als o implie s ; that is, the order relationshi p is transitive . A n ordina l numbe r o f an ordere d se t M i s the orde r typ e o f the orde r i n th e set . Two ordere d set s are simila r if ther e is a one-to-on e correspondenc e betwee n the m an d if , when m^ correspond s to an d ; t o an d the n Tw o simila r sets have the sam e type o r ordina l number. A s examples of ordered sets , w e ma y us e any finit e set of numbers in any give n order. Fo r a finite set, no matter what th e orde r is, th e ordina l number i s the sam e and th e symbo l for it ca n b e take n t o b e
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the cardina l numbe r o f the se t of numbers i n th e set . Th e ordina l numbe r of th e se t of positive integers in thei r natura l orde r i s denoted b y . On th e other hand , th e se t of positive integer s in decreasin g order , tha t i s ...,4,3,2,1 is denote d b y . The se t of positive an d negativ e integers an d zer o i n th e usual orde r ha s the ordina l numbe r Then Cantor define s the addition and multiplication of ordinal numbers. The su m o f two ordina l number s is the ordina l numbe r o f the firs t ordere d set plu s th e ordina l numbe r o f the secon d ordere d se t taken i n tha t specifi c order. Thu s the set of positive integers followed b y the first five integers, tha t is, 1J9* 33-" 3 •> • • 1 * > 2* >"\ ) 4M ^ )



1



J



J



has th e ordina l numbe r o j + 5 . Also the equalit y an d inequalit y o f ordinal numbers i s defined in a rathe r obviou s way . And no w h e introduce s th e ful l se t o f transfinit e ordinals , partl y fo r their ow n valu e an d partl y t o defin e precisel y highe r transfinit e cardina l numbers. T o introduc e thes e ne w ordinal s h e restrict s the simpl y ordere d sets t o well-ordere d sets. 32 A se t i s well-ordered i f it ha s a firs t elemen t i n the orderin g an d i f every subset has a first element. Ther e is a hierarch y of ordinal number s an d cardina l numbers . I n th e firs t class , denote d b y are th e finite ordinals 1i,2z.,3j, • • • In th e secon d class , denote d b y ar



e th e ordinal s



Each o f these ordinals i s the ordina l o f a se t whose cardina l numbe r i s The se t of ordinals in ha s a cardinal number . The se t is not enumer able an d s o Canto r introduce s a ne w cardina l numbe r a s th e cardina l number o f th e se t i s the n show n t o b e th e nex t cardina l afte r The ordinal s of the thir d class , denote d b y , are



These ar e th e ordina l number s o f well-ordered sets , eac h o f which ha s elements. However , th e se t of ordinals ha s mor e tha n elements , an d Cantor denote s th e cardina l numbe r o f the se t b y . This hierarchy of ordinals an d cardinal s ca n b e continued indefinitely . 32. Math. Ann., 21, 1883 , 545-8 6 = Ges. Abh., 165-204 .
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Now Cantor ha d show n that give n any set , it is always possible to create a ne w set , the se t of subsets of the give n set, whos e cardinal numbe r i s larger than tha t o f the give n set . If i s the give n set , then th e cardina l numbe r of th e se t o f subset s i s Canto r ha d prove d tha t wher e c is th e cardinal numbe r o f th e continuum . On th e othe r han d h e introduce d through th e ordina l number s and prove d tha t i s the nex t cardina l afte r Hence bu t th e questio n a s t o whethe r know n a s th e continuum hypothesis , Cantor , despit e arduou s efforts , coul d no t answer . In a lis t of outstanding problems presented a t th e Internationa l Congres s of Mathematicians i n 1900 , Hilber t include d thi s (Chap . 43 , sec . 5; se e als o Chap. 51 , sec. 8). For general set s M an d Nit i s possible that M canno t b e put int o one-toone correspondence wit h any subset of N and N cannot be put int o one-to-one correspondence wit h a subse t o f M . I n thi s case , thoug h M an d N hav e cardinal number s an d say , i t i s no t possibl e to sa y tha t t or Tha t is , the tw o cardinal number s are no t comparable . Fo r wellordered set s Canto r wa s abl e t o prov e tha t thi s situatio n canno t arise . I t seemed paradoxica l tha t ther e shoul d b e non-well-ordere d set s whos e cardinal number s cannot b e compared. Bu t this problem, too, Canto r coul d not solve . Ernst Zermel o (1871-1953 ) too k u p th e proble m o f what t o do about th e comparison o f th e cardina l number s o f set s tha t ar e no t well-ordered . I n 190433 he proved , an d i n 1908 34 gave a secon d proof , that ever y set can b e well-ordered (i n som e rearrangement) . T o mak e th e proo f h e ha d t o us e what i s now know n as th e axio m o f choice (Zermelo' s axiom), which states that give n any collectio n of nonempty, disjoined sets , i t i s possible to choos e just on e membe r fro m eac h se t an d s o mak e u p a ne w set . The axio m o f choice, th e well-orderin g theorem, an d th e fac t tha t an y tw o set s ma y b e compared a s t o siz e (tha t is , i f thei r cardina l number s are a an d j3 , eithe r are equivalen t principles .



9. Th e Status o f Se t Theory b y 1900 Cantor's theor y o f sets wa s a bol d ste p i n a domai n that , a s already noted , had bee n considere d intermittentl y since Gree k times . I t demande d stric t application o f purel y rationa l arguments , an d i t affirme d th e existenc e of infinite set s o f highe r an d highe r power , whic h ar e entirel y beyon d th e grasp o f huma n intuition . I t woul d b e singula r i f thes e ideas , fa r mor e revolutionary tha n mos t other s previousl y introduced , ha d no t me t wit h opposition. Th e doubt s a s t o th e soundnes s of this development wer e rein 33. Math. Ann., 59, 1904 , 514-16 . 34. Math. Ann., 65, 1908 , 107-28 .
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forced b y question s raise d b y Canto r himsel f an d b y others . I n letter s t o Dedekind o f July 2 8 an d Augus t 28 , 1899, 35 Canto r aske d whethe r th e se t of all cardina l number s i s itself a set , because i f it i s it would hav e a cardina l number large r tha n an y othe r cardinal . H e though t h e answered thi s in th e negative by distinguishing between consistent and inconsisten t sets. However, in 189 7 Cesar e Burali-Fort i (1861-1931 ) pointe d ou t tha t th e sequenc e o f all ordina l numbers , whic h i s well-ordered , shoul d hav e th e greates t o f al l ordinal number s a s it s ordina l number. 36 The n thi s ordina l numbe r i s greater tha n al l th e ordina l numbers . (Canto r ha d alread y note d thi s difficulty i n 1895. ) These an d othe r unresolve d problems , calle d paradoxes , were beginnin g t o b e note d b y th e en d o f the nineteent h century. The oppositio n di d mak e itsel f heard. Kronecker , a s w e hav e alread y observed, oppose d Cantor' s idea s almos t fro m th e start . Feli x Klein wa s by no mean s i n sympath y wit h them . Poincare 37 remarke d critically , "But i t has happened tha t w e have encountere d certai n paradoxes , certai n apparen t contradictions whic h woul d hav e please d Zen o o f Ele a an d th e schoo l o f Megara. . .. I thin k fo r m y part , an d I a m no t th e onl y one , tha t th e important poin t i s never t o introduc e object s tha t on e canno t defin e com pletely i n a finite number of words." H e refer s to set theory as an interesting "pathological case. " H e als o predicte d (i n th e sam e article ) tha t "Late r generations wil l regar d [Cantor's ] Mengenlehre a s a diseas e fro m whic h on e has recovered. " Herman n Wey l spok e of Cantor' s hierarch y o f alephs as a fog o n a fog . However, man y prominen t mathematician s wer e impresse d b y th e uses to whic h th e ne w theor y ha d alread y bee n put . A t th e firs t Internationa l Congress of Mathematicians in Zurich (1897) , Adolf Hurwitz and Hadamar d indicated importan t application s o f th e theor y o f transfmit e number s t o analysis. Additiona l applications wer e soo n mad e i n th e theor y o f measur e (Chap. 44 ) an d topolog y (Chap . 50) . Hilber t sprea d Cantor' s idea s i n Germany, an d i n 1926 38 said , "N o on e shal l expe l u s fro m th e paradis e which Canto r create d fo r us." H e praise d Cantor' s transfinit e arithmeti c as "the mos t astonishin g product o f mathematica l thought , on e o f th e mos t beautiful realization s o f huma n activit y i n th e domai n o f th e purel y intelligible." 39 Bertran d Russel l describe d Cantor' s wor k a s "probabl y th e greatest o f which th e ag e can boast. " 35. Ges. Abh., 445-48. 36. Rendiconti de l Circolo Matematico di Palermo, 11 , 1897 , 154-6 4 an d 260 . 37. Proceedings o f th e Fourth Internal. Cong, o f Mathematicians, Rome , 1908 , 167-82 ; Bull. desSci. Math., ( 2 ) , 32, 1908 , 168-9 0 = extrac t i n (Em-res, 5 , 19-23 . 38. Math. Ann., 95 , 1926 , 17 0 = Gnmdlagen der Geometric, 7t h ed. , 1930 , 274 . 39. Math. Ann., 95 , 1926 , 16 7 = Gnmdlagen de r Geometric, 7t h ed. , 1930 , 270 . Th e articl e "Uber da s Unendlichc, " fro m whic h th e abov e quotation s wer e taken , appear s als o i n French i n Ad a Math., 48 , 1926 , 91-122 . I t i s not include d i n Hilbert' s Gesammelte Abhandlungen.
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Bibliography Becker, Oskar : Crundlagen der Mathematlk i n geschichtlicher Entwicklung, Verla g Kar l Alber, 1954 , pp . 217-316 . Boycr, Car l B. : A History o f Mathematics, Joh n Wile y an d Sons , 1968 , Chap . 25 . Cantor, Georg : Gesammelte Abhandlungen, 1932 , Geor g Olm s (reprint) , 1962 . : Contributions t o the Founding o f th e Theory o f Transfmite Numbers, Dove r (reprint), n o date . Thi s contain s a n Englis h translatio n o f Cantor' s tw o key paper s o f 189 5 an d 189 7 an d a ver y helpfu l introductio n b y P . E . B . Jourdain. Cavailles, Jean : Philosophic mathematique, Hermann , 1962 . Als o contain s th e Cantor-Dedekind correspondenc e translate d int o French . Dedekind, R. : Essays o n the Theory o f Numbers, Dove r (reprint) , 1963 . Contain s a n English translatio n o f Dedekind's " Stetigkeit un d irrational e Zahlen " an d "Was sin d un d wa s solle n di e Zahlen. " Bot h essay s ar e i n Dedekind' s Werke, 3 , 314-3 4 an d 335-91 . Fraenkel, Abraha m A. : "Geor g Cantor, " Jahres. de r Deut. Math.-Verein., 39 , 1930 , 189-266. A historica l accoun t o f Cantor's work . Helmholtz, Herman n von : Counting and Measuring, D . Va n Nostrand , 1930 . Englis h translation o f Helmholtz' s Zahlen un d Messen, Wissenschaftliche Abhandlungen, 3, 356-91 . Manheim, Jerom e H. : Th e Genesis o f Point Se t Topology, Macmillan , 1964 , pp . 76-110. Meschkowski, Herbert : Ways o f Thought o f Great Mathematicians, Holden-Day , 1964, pp . 91-104 . : Evolution of Mathematical Thought, Holden-Day , 1965 , Chaps . 4-5 . -: Probleme de s Unendlichen: Werk un d Leben Georg Cantors, F . Viewe g un d Sohn, 1967 . Noether, E . a n d j . Cavailles : Briefwechsel Cantor-Dedekind, Hermann, 1937 . Peano G. : Opere scelte, 3 vols., Edizion i Cremonese , 1957-59 . Schoenflies, Arthu r M. : Di e Entwickelung de r Mengenlehre und ihre Anwendungen, tw o parts, B . G . Teubner , 1908 , 1913 . Smith, Davi d Eugene : A Source Book i n Mathematics, Dove r (reprint) , 1959 , Vol . 1 , pp. 35-45 , 99-106 . Stammler, Gerhard : De r Zahlbegriffseit Gauss, Georg Olms , 1965 .



42 The Foundation s o f Geometr y Geometry i s nothing i f it b e no t rigorou s . . .. The method s of Eucli d are , by almos t universa l consent , unexceptiona l i n point o f rigor . H . J. s . SMIT H (1873 ) It ha s been customary when Euclid, considere d a s a textbook, is attacked fo r hi s verbosit y or hi s obscurit y o r hi s pedantry , to defen d hi m o n th e groun d tha t hi s logica l excellenc e i s transcendent, an d afford s a n invaluabl e trainin g t o th e youthful power s o f reasoning. Thi s claim , however , vanishes on a clos e inspection . Hi s definition s d o no t alway s define , his axioms are no t alway s indemonstrable, hi s demonstrations require man y axiom s o f whic h h e i s quit e unconscious . A valid proo f retain s it s demonstrativ e force whe n n o figur e i s drawn, bu t ver y man y o f Euclid' s earlie r proof s fai l befor e this test . . . . The valu e o f his work a s a masterpiec e o f logic has bee n ver y grossly exaggerated . BERTRAND RUSSEL L (1902 )



1. Th e Defects i n Euclid Criticism o f Euclid's definitions an d axiom s (Chap . 4 , sec. 10) dates back t o the earlies t known commentators, Pappu s and Proclus . When the European s were firs t introduce d t o Eucli d durin g th e Renaissance , the y to o note d flaws. Jacque s Peletie r (1517-82) , i n hi s I n Euclidis Elementa Geometrica Demonstrationum (1557) , criticize d Euclid' s us e o f superpositio n t o prov e theorems o n congruence . Eve n th e philosophe r Arthu r Schopenhaue r sai d in 184 4 that h e was surprised that mathematician s attacked Euclid' s paralle l postulate rathe r tha n th e axio m tha t figures which coincid e ar e equal . H e argued tha t coinciden t figures are automatically identical or equal and hence no axio m i s needed , o r coincidenc e i s something entirely empirical, whic h belongs not to pure intuition (Anschauung) bu t t o external sensuous experience. Moreover, th e axio m presuppose s th e mobilit y of figures; but tha t whic h is movable i n spac e i s matter, an d henc e outsid e geometry. I n th e nineteent h century i t wa s generally recognize d tha t th e metho d o f superposition eithe r 1005
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Figure 42. 1 rested o n unstate d axiom s o r shoul d b e replace d b y anothe r approac h t o congruence. Some critics did no t lik e as an axio m th e statemen t that al l right angle s are equa l an d sough t to prov e it , o f course o n th e basi s of the othe r axioms . Christophorus Claviu s (1537-1612) , a n edito r o f Euclid' s work , note d th e absence o f a n axio m guaranteein g th e existenc e o f a fourt h proportiona l to thre e give n magnitude s (Chap . 4 , sec . 5). Rightl y Leibni z commente d that Eucli d relie d upo n intuitio n when h e asserte d (Boo k 1 , Propositio n 1 ) that tw o circles , eac h o f which passe s throug h th e cente r o f the other , hav e a poin t i n common . Eucli d assumed , i n othe r words , tha t a circl e is som e kind o f continuou s structur e an d s o mus t hav e a poin t wher e i t i s cu t b y another circle . The shortcoming s in Euclid' s presentation of geometry wer e als o note d by Gauss . I n a lette r t o Wolfgan g Bolya i o f March 6 , 1832, ' Gaus s pointe d out tha t t o spea k o f a par t o f a plan e insid e a triangl e call s for th e prope r foundation. H e als o says , "I n a complet e developmen t suc h word s a s 'between' mus t b e founded on clea r concepts , whic h ca n b e done, bu t whic h I have not found anywhere." Gaus s made additional criticisms of the definitio n of the straigh t line 2 an d o f the definitio n o f the plan e a s a surfac e i n whic h a lin e joining any tw o point s o f the plan e mus t lie. 3 It i s well known that many "proofs " of false results can b e made becaus e Euclid's axiom s d o no t dictat e wher e certai n point s must li e in relatio n t o others. Ther e is , fo r example , th e "proof " tha t ever y triangl e i s isoceles. One construct s the angle bisecto r at A of triangle ABC and th e perpendicula r bisector o f sid e BC (Fig . 42.1). I f thes e tw o line s ar e parallel , th e angl e bisector i s perpendicula r t o B C an d th e triangl e i s isosceles . W e suppose , then, tha t th e lines meet a t 0 , say , an d w e shall still "show" that th e triangle is isosceles . W e no w dra w th e perpendicular s O F t o A B an d O E t o AC . 1. Werke, 8 , 222. 2. Werke, 8, 196. 3. Werke, 8 , 193-9 5 an d 200.
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Figure 42.2 Then th e triangle s marke d I ar e congruent , an d O F = OE . Th e triangle s marked II I ar e als o congruent , an d O B = OC . Consequently th e triangle s marked I I ar e congruent , an d FB = EC . Fro m th e triangle s marke d I w e have A F — AE. The n A B = A C and th e triangl e i s isosceles. One migh t questio n th e positio n o f th e poin t 0 , an d indee d on e ca n show tha t i t mus t li e outsid e th e triangl e o n th e circumscribe d circle . If , however, on e draw s Figur e 42.2 , i t ca n agai n b e "proved " tha t triangl e ABC i s isosceles . The fla w i s tha t o f th e tw o point s E an d F on e mus t li e inside an d th e othe r outsid e o f th e respectiv e side s o f the triangle . Bu t thi s means tha t w e mus t b e abl e t o determin e th e correc t positio n o f F wit h respect t o A an d B an d E wit h respec t t o A an d C before starting th e proof . Of cours e on e shoul d no t rel y upo n drawin g a correc t figur e t o determin e the location s o f E an d F , bu t thi s was precisely what Eucli d an d th e mathe maticians up t o 180 0 did. Euclidea n geometry wa s supposed t o have offere d accurate proof s o f theorem s suggeste d intuitivel y b y figures , bu t actuall y i t offered intuitiv e proofs of accurately draw n figures . Though criticism s o f th e logica l structur e o f Euclid' s Elements wer e launched almos t fro m th e tim e i t wa s written, the y wer e no t widel y known or th e defect s wer e regarde d a s minor. Th e Elements wa s generally take n t o be th e mode l o f rigor. However , th e wor k on non-Euclidean geometry mad e mathematicians awar e o f th e ful l exten t o f th e deficiencie s i n Euclid' s structure, fo r i n carryin g ou t proof s the y ha d t o b e especiall y critica l o f what the y wer e accepting . Th e recognitio n o f the man y deficiencie s finall y obliged th e mathematician s t o undertak e th e reconstructio n o f the founda tions of Euclidean geometr y and o f other geometries that contained th e sam e weaknesses. This activit y became extensiv e in th e last thir d o f the nineteenth century. 2. Contributions t o th e Foundations o f Projective Geometry In th e 1870 s th e wor k o n projectiv e geometr y i n relatio n t o th e metri c geometries reveale d tha t projectiv e geometry i s the fundamenta l on e (Chap . 38). Perhap s fo r thi s reason , th e foundationa l wor k bega n wit h projectiv e
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geometry. However , nearl y al l o f th e writer s wer e equall y concerne d t o build u p th e metri c geometries , eithe r o n th e basi s o f projective geometr y or independently . Henc e th e book s an d paper s o f the lat e nineteent h an d early twentiet h centurie s dealin g wit h th e foundation s o f geometry canno t be segregate d unde r distinc t topics . The wor k o n non-Euclidean geometr y ha d brough t th e realizatio n tha t geometries ar e man-mad e construction s bearin g upo n physica l spac e bu t not necessaril y exact idealization s of it. Thi s fac t implie d tha t severa l majo r changes ha d t o b e incorporate d i n an y axiomati c approac h t o geometry . These were recognize d an d stresse d b y Morit z Pasc h (1843-1930) , wh o was the firs t t o mak e majo r contribution s t o th e foundation s o f geometry . Hi s Vorlesungen fiber neuere Geometrie (1s t ed. , 1882 ; 2n d ed. , revise d b y Ma x Dehn, 1926 ) i s a groundbreakin g work . Pasch note d tha t Euclid' s commo n notions , suc h a s poin t an d line , were reall y no t defined . Definin g a poin t a s that whic h ha s n o part s mean s little, fo r wha t i s th e meanin g o f parts ? I n fact , Pasc h pointe d out , a s ha d Aristotle an d a fe w late r mathematician s suc h a s Peacoc k an d Boole , tha t some concepts must be undefined or else either the process of definition woul d be unendin g o r mathematic s woul d res t o n physica l concepts . Onc e som e undefined concept s ar e selected , other s ca n b e define d i n term s o f these . Thus i n geometr y point , line , plan e (Pasc h als o used , i n hi s firs t edition , congruence o f line segments ) migh t b e chose n a s th e undefine d terms . Th e choice i s not unique . Sinc e ther e ar e undefine d terms, th e questio n arise s a s to what propertie s o f these concepts can b e use d t o make proof s abou t them . The answe r give n b y Pasc h i s tha t th e axiom s mak e assertion s about th e undefined term s an d thes e ar e th e onl y assertion s about the m tha t w e ma y use. A s Gergonn e pu t i t a s fa r bac k a s 1818, 4 th e undefine d concept s ar e defined implicitl y by th e axioms . As fo r th e axioms , Pasc h continues , though som e ma y b e suggeste d b y experience, onc e th e se t i s selected i t mus t b e possibl e t o execut e al l proof s without furthe r referenc e t o experienc e o r t o th e physica l meanin g o f th e concepts. Moreover , th e axiom s are b y n o mean s self-eviden t truth s but jus t assumptions designe d t o yiel d th e theorem s o f any particula r geometry . H e says in hi s Vorlesungen (2n d ed. , p . 90) , . . . if geometry is to become a genuine deductive science, it is essential that the wa y i n whic h inference s are mad e shoul d b e altogethe r independen t of th e meaning o f th e geometrica l concepts , an d als o o f th e diagrams ; all tha t nee d b e considered ar e th e relationship s between th e geometrica l concepts asserte d b y th e proposition s an d definitions . I n th e cours e o f deduction i t i s both advisabl e an d usefu l t o bea r i n min d th e meanin g o f the geometrica l concept s used , bu t thi s i s i n n o wa y essential; i n fac t i t i s 4. Ann. de Math., 9 , 1818/19 , 1 .
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precisely whe n thi s becomes necessary tha t a gap occur s in the deductio n and (whe n i t i s no t possibl e t o suppl y th e deficienc y b y modifyin g th e reasoning) w e ar e force d t o admi t th e inadequac y o f th e proposition s invoked a s th e mean s o f proof. Pasch di d believ e tha t th e concept s an d axiom s shoul d bea r o n experience , but logicall y this was irrelevant. In hi s Vorlesungen Pasc h gav e axiom s fo r projectiv e geometry , bu t many o f th e axiom s o r thei r analogue s wer e equall y importan t fo r th e axiomatization o f Euclidean an d th e non-Euclidea n geometrie s v/he n built up a s independent subjects . Thus h e wa s first to give a se t of axioms for th e order o f points o n a lin e (o r th e concep t o f betweenness). Suc h axioms must also b e incorporate d i n a complet e set for any on e o f the metri c geometries . We shal l see below what th e orde r axiom s amount to . His metho d o f building projective geometry wa s to ad d th e point , line, and plan e a t infinit y t o th e prope r points , lines , and planes . Then h e intro duced coordinate s (o n a geometri c basis) , usin g th e thro w constructio n o f von Staud t an d Klei n (Chap . 35 , sec. 3) , and finally the algebrai c represen tation o f projectiv e transformations . Th e non-Euclidea n an d Euclidea n geometries wer e introduce d a s specia l case s on a geometri c basi s by distin guishing th e prope r an d imprope r line s an d point s a l a Feli x Klein . A mor e satisfactor y approac h t o projectiv e geometr y wa s give n b y Peano.5 Thi s wa s followe d b y th e wor k o f Mari o Fier i (1860-1904) , " I Principii dell a geometri a d i posizione"; 6 Federig o Enrique s (1871-1946 , Lezioni di geometria proiettiva, 1898) ; Eliaki m Hasting s Moor e (1862-1932 ) ;7 Friedrich H . Schu r (1856-1932 ) ; 8 Alfre d Nort h Whitehea d (1861-1947 , The Axioms o f Projective Geometry); 9 an d Oswal d Veble n (1880-1960 ) an d John W . Youn g (1879-1932). 10 Th e las t tw o men gav e a completel y inde pendent set . The classi c text, Veblen an d Young' s Projective Geometry ( 2 vols., 1910 an d 1918) , carrie s ou t Klein' s organizatio n o f geometr y b y startin g with projectiv e geometr y o n a stric t axiomati c basi s an d the n specializin g this geometr y b y choosin g differen t absolut e quadric s (Chap . 38 , sec . 3 ) to obtai n Euclidea n an d th e severa l non-Euclidea n geometries . Thei r axioms ar e genera l enoug h t o includ e geometries wit h a finit e numbe r o f points, geometrie s wit h onl y rationa l points , an d geometrie s with comple x points. One mor e poin t abou t man y o f th e axiomati c system s for projective 5. I Principii d i geometria, Fratelli Bocca, Torino , 188 9 = Opere scelte, 2, 56-91. 6. Memorie della Reale Accademia delle Scienze d i Torino, (2) , 48, 1899 , 1-62 . 7. Amer. Math. Soc. Trans., 3 , 1902 , 142-58 . 8. Math. Ann., 55, 1902 , 265-92. 9. Cambridg e Universit y Press , 1906 . 10. Amer. Jour, o f Math., 30 , 1908 , 347-78 .
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geometry an d thos e w e shal l loo k a t i n a momen t fo r Euclidea n geometr y is wort h noting . Som e o f Euclid' s axiom s ar e existenc e axiom s (Chap . 4 , sec. 3) . T o guarante e th e logica l existenc e o f figures, th e Greek s use d con struction wit h lin e an d circle . Th e nineteenth-centur y foundationa l wor k revised th e notio n o f existence , partl y t o suppl y deficiencie s i n Euclid' s handling o f this topic , an d partl y t o broade n th e notio n o f existence so that Euclidean geometr y coul d includ e points , lines , an d angle s no t necessaril y constructible with line and circle . We shall see what th e new kind of existence axioms amoun t t o i n th e system s we are abou t t o examine .



3. Th e Foundations o f Euclidean Geometry In hi s Su i Jondamenti della geometria (1894) , Giusepp e Pean o gav e a se t o f axioms for Euclidean geometry . He , too , stresse d that th e basi c element s are undefined. H e lai d dow n th e principl e tha t ther e shoul d b e as few undefined concepts a s possible and h e use d point , segment, an d motion . Th e inclusio n of motio n seem s somewha t surprisin g i n vie w o f th e criticis m o f Euclid' s use o f superposition ; however , th e basi c objectio n i s no t t o th e concep t o f motion bu t t o th e lack of a proper axiomatic basi s if it is to be used. A similar set wa s give n b y Peano' s pupi l Fieri 11 wh o adopte d poin t an d motio n a s undefined concepts . Anothe r set , usin g line , segment , an d congruenc e o f segments a s undefine d elements , wa s give n b y Giusepp e Verones e (1854 — 1917) i n hi s Fondamenti d i geometria (1891) . The syste m o f axiom s fo r Euclidea n geometr y tha t seem s simples t i n its concept s an d statements , hew s closes t t o Euclid's , an d ha s gaine d mos t favor i s due t o Hilbert , wh o di d no t kno w th e wor k o f the Italians . H e gav e the firs t versio n i n hi s Grundlagen de r Geometric (1899 ) bu t revise d th e se t many times . Th e followin g accoun t i s taken fro m th e sevent h (1930 ) editio n of this book. In hi s use of undefined concept s and th e fact tha t their properties are specifie d solely by the axioms, Hilbert follow s Pasch. No explicit meaning need b e assigne d t o th e undefine d concepts . Thes e elements , point , line , plane, an d others , coul d b e replaced , a s Hilber t pu t it , b y tables , chairs , beer mugs , o r othe r objects . Of course , i f geometry deal s wit h "things, " th e axioms are certainly not self-evident truths but mus t be regarded as arbitrary even though , i n fact , the y ar e suggeste d b y experience . Hilbert firs t list s hi s undefine d concepts . The y ar e point , line , plane , lie o n ( a relatio n betwee n poin t an d line) , li e o n ( a relatio n betwee n poin t and plane) , betweenness , congruenc e o f pairs o f points, an d congruenc e o f angles. Th e axio m syste m treat s plan e an d soli d Euclidea n geometr y i n on e set an d th e axiom s ar e broke n u p int o groups . Th e firs t grou p contain s axioms on existence : 11. Rivista d i Matematica 4 , 1894 , 51-90 = Oper e scelt e 3 , 115-57 .
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I. Axioms o f Connection To eac h tw o point s A an d D there i s one lin e a which lie s o n A an d B . To eac h tw o point s A an d B ther e i s not mor e tha n on e lin e which lie s on A an d B . On eac h lin e ther e ar e a t leas t tw o points . Ther e exis t a t leas t thre e points whic h d o no t li e on on e line. To an y thre e point s A , B , an d C which d o no t li e o n on e lin e ther e i s a plane a whic h lie s on [contains ] thes e thre e points . O n eac h plan e ther e is [a t least ] on e point . To an y thre e point s A , B , an d C not o n one lin e there i s not mor e tha n one plan e containin g thes e thre e points . If tw o point s o f a lin e li e o n a plan e a the n ever y poin t o f th e lin e lie s on a . If tw o plane s a an d j3 hav e a poin t A i n common , the n the y hav e a t least on e mor e poin t B i n common . There ar e a t leas t fou r point s no t lyin g o n th e sam e plane . The secon d grou p o f axiom s supplie s th e mos t seriou s omissio n i n Euclid's set , namely , axiom s abou t th e relativ e orde r o f points an d lines : II. Axioms o f Betweenness If a poin t B lie s betwee n point s A an d C then A , B , an d C are thre e different point s o n on e lin e an d B als o lie s betwee n C and A . To an y tw o point s A an d C there i s at leas t on e poin t B o n th e lin e AC such tha t C lies betwee n A an d B . Among an y thre e point s o n a lin e ther e i s no t mor e tha n on e whic h lies betwee n th e othe r two . Axioms II 2 an d II 3 amoun t t o makin g th e line infinite. Definition. Le t A an d B b e tw o point s o f a lin e a . Th e pai r o f points A, B or B, A is called the segment AB. The point s between A and B are called points o f th e segmen t o r point s interior to th e segment . A an d B ar c calle d cndpoints o f th e segment . Al l othe r point s o f lin e a ar e sai d t o b e outsid e the segment . . (Pasch' s Axiom ) Le t A , B , an d C be th e thre e point s no t o n on e lin e and le t a b e an y lin e i n th e plan e o f A, B , an d C but whic h doe s no t go throug h (li e on) A , B , o r C . If a goes throug h a poin t o f the segmen t
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AB the n i t mus t als o g o throug h a poin t o f the segmen t A C o r on e o f the segmen t BC . III. Axioms oj Congruence . I f A , B ar e tw o point s o f a lin e a an d A' i s a poin t o f a o r anothe r line a , the n o n a give n sid e (previousl y defined) o f A' o n th e lin e a one ca n fin d a poin t D ' suc h tha t th e segmen t A B i s congruen t t o A'B'. I n symbols AB = , . I f^ '



an d , ar



e congruen t t o A B the n



This axio m limit s Euclid' s "Thing s equa l t o th e sam e thin g ar e equa l to eac h other " t o line segments. 1113. Le t A B an d B C b e segment s withou t commo n interio r point s o n a line a an d le t an d. b e segment s withou t commo n interio r points o n a lin e a'. I f AB = an d B C = the n AC = This amount s t o Euclid' s "Equal s adde d t o equal s give s equals " applied t o lin e segments . 1114. Le t li e i n a plan e a an d le t a lin e a' li e in a plan e a ' an d a definite sid e of a i n a b e given . Le t h' b e a ra y o f a' whic h emanate s from th e poin t 0'. The n i n « ' ther e i s one an d onl y on e ra y k' suc h that i s congruent t o an d al l inner point s of lie o n th e give n sid e o f a'. Eac h angl e i s congruent t o itself . 1115. I f fo r tw o triangle s AB C an d _. . ... _ w e hav e A B = . . . . . , A C = and the n This las t axio m ca n b e use d t o prov e tha t On e considers th e sam e tw o triangle s an d th e sam e hypotheses . However , b y taking f i r st AC = a n d the n A B =we a r e entitled t o conclud e that becaus e th e wordin g o f th e axio m applie d t o th e new orde r o f the hypothese s yields thi s ne w conclusion . IV. Th e Axiom o n Parallels Let a be a lin e an d A a poin t no t o n a . Then i n th e plan e o f a and A ther e exists a t mos t on e lin e throug h A whic h docs no t mee t a . The existenc e o f at leas t one lin e throug h A whic h doc s no t mee t a ca n be prove d an d henc e i s not neede d i n thi s axiom. V. Axioms o j Continuity Vj. (Axio m of Archimedes) I f A B an d C D arc an y tw o segments , then ther e exists o n th e lin e A B a numbe r o f point s suc h tha t th e
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(Axiom o f Linear Completeness ) Th e point s of a lin e for m a collectio n of point s which , satisfyin g axiom s II , III , an d , canno t b e extended t o a large r collectio n whic h continue s t o satisf y thes e axioms . This axio m amount s t o requiring enoug h point s o n th e lin e so that th e points ca n b e pu t int o one-to-on e correspondenc e wit h th e rea l numbers . Though thi s fac t ha d bee n use d consciousl y an d unconsciousl y sinc e th e days o f coordinat e geometry , th e logica l basi s fo r i t ha d no t previousl y been stated . With thes e axiom s Hilbcr t prove d som e of the basic theorem s of Euclidean geometry . Other s complete d th e tas k o f showing tha t al l o f Euclidea n geometry doe s follo w fro m th e axioms . The arbitrar y characte r o f the axiom s o f Euclidea n geometry , tha t is , their independenc e o f physical reality, brough t t o the for e anothe r problem , the consistenc y of this geometry. As long as Euclidean geometry wa s regarde d as th e trut h abou t physica l space , an y doub t abou t it s consistenc y seeme d pointless. Bu t th e ne w understandin g o f the undefine d concept s an d axiom s required tha t th e consistenc y be established . The proble m wa s all the mor e vital becaus e th e consistenc y o f th e non-Euclidea n geometrie s ha d bee n reduced t o tha t o f Euclidean geometr y (Chap . 38 , sec. 4) . Poincar e brough t this matter u p i n 1898 12 and sai d tha t w e could believ e in the consistenc y of an axiomaticall y grounde d structur e i f w e coul d giv e i t a n arithmeti c interpretation. Hilber t proceede d t o sho w tha t Euclidea n geometr y i s consistent b y supplyin g such a n interpretation . He identifie s (i n th e cas e o f plan e geometry ) poin t wit h th e ordere d pair o f real numbers 13 (a , b) and lin e with the rati o (u:v:w) i n whic h u an d v ar e no t bot h 0 . A poin t lie s o n a lin e if ua + v b + w = 0 .



Congruence i s interprete d algebraicall y b y mean s o f th e expression s fo r translation an d rotatio n o f analyti c geometry ; tha t is , tw o figure s ar e congruent i f one ca n b e transforme d into the othe r b y translation , reflection in th e #-axis , an d rotation . After ever y concep t ha s bee n interprete d arithmeticall y an d i t i s clea r that th e axiom s ar e satisfie d b y th e interpretation , Hilbert' s argumen t i s that th e theorem s mus t als o appl y t o th e interpretatio n becaus e the y ar e logical consequences of the axioms. If there were a contradiction in Euclidean geometry, the n the same would hold of the algebraic formulatio n of geometry, 12. Monisl, 9 , 1898 , p . 38 . 13. Strictl y h e use s a mor e limite d se t o f rea l numbers .
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which i s a n extensio n o f arithmetic . Henc e i f arithmetic i s consistent, s o i s Euclidean geometry . Th e consistenc y o f arithmeti c remained ope n a t thi s time (se e Chap. 51) . It i s desirable t o sho w tha t n o on e o f the axiom s can b e deduce d fro m some o r al l o f th e other s o f a give n set , for i f it ca n b e deduce d ther e i s n o need t o includ e i t a s a n axiom . Thi s notio n o f independence wa s brough t up an d discusse d b y Pean o i n th e 189 4 pape r alread y referre d to , an d eve n earlier in his Arithmetices Principia ( \ 889). Hilbert considered the independence of hi s axioms . However , i t i s no t possibl e i n hi s syste m t o sho w tha t eac h axiom i s independen t o f al l th e other s becaus e th e meanin g o f som e o f them depend s upo n precedin g ones . Wha t Hilber t di d succee d i n showin g was that al l th e axioms of any on e group canno t be deduced fro m th e axioms of th e othe r fou r groups . Hi s metho d wa s t o give consisten t interpretations or model s tha t satisf y th e axiom s o f fou r group s bu t d o no t satisf y al l th e axioms o f the fift h group . The proof s o f independenc e hav e a specia l bearin g o n non-Euclidea n geometry. T o establis h th e independenc e o f th e paralle l axiom , Hilber t gave a model tha t satisfie s th e other four group s of axioms but doe s not satisf y the Euclidea n paralle l axiom . Hi s mode l use s the points interior to a Euclid ean spher e an d specia l transformation s whic h tak e th e boundar y o f th e sphere int o itself . Henc e th e paralle l axio m canno t b e a consequenc e o f th e other four groups because i f it were, the model as a part of Euclidean geometr y would posses s contradictory propertie s on parallelism. This same proo f shows that non-Euclidea n geometr y i s possibl e becaus e i f th e Euclidea n paralle l axiom i s independent o f th e othe r axioms , a denia l o f this axiom mus t als o be independent; for if it were a consequence , th e ful l se t of Euclidean axiom s would contai n a contradiction . Hilbert's system of axioms fo r Euclidean geometry , whic h first appeared in 1899 , attracted a grea t dea l o f attention t o th e foundation s o f Euclidean geometry an d man y me n gav e alternativ e version s usin g differen t set s o f undefined element s o r variation s in th e axioms . Hilber t himself , a s we hav e already noted , kep t changin g hi s syste m unti l h e gav e th e 193 0 version. Among the numerous alternative systems we shall mention just one. Veblen 14 gave a se t o f axiom s base d o n th e undefine d concept s o f poin t an d order . He showe d tha t eac h o f hi s axiom s i s independen t o f th e others , an d h e also establishe d another property , namely , categoricalness . Thi s notio n wa s first clearl y state d an d use d b y Edwar d V . Huntingto n (1874-1952 ) i n a paper devoted t o the real number system. 15 (He called the notion sufficiency. ) A se t o f axiom s connectin g a se t o f undefine d symbol s .i s sai d t o b e categorica l i f betwee n th e element s of an y tw o assemblages, eac h o f whic h contain s undefine d symbol s an d satisfie s th e 14. Amur. Math. Soc. Trans., 5 , 1904 , 343-84 . 15. Arner. Math. Soc. Trans., 3 , 1902 , 264-79.
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axioms, i t i s possible to se t u p a one-to-on e correspondenc e o f the undefine d concepts whic h i s preserve d b y th e relationship s asserte d b y th e axioms ; that is , the tw o systems are isomorphic . I n effec t categoricalnes s mean s tha t all interpretations of the axiom syste m differ onl y in language. Thi s propert y would no t hol d if , fo r example , th e paralle l axio m wer e omitted , becaus e then Euclidea n an d hyperboli c non-Euclidea n geometr y woul d b e noniso morphic interpretation s of the reduce d se t of axioms. Categoricalness implie s another propert y whic h Veble n calle d disjunctive and whic h is now calle d completeness . A set of axioms i s called complet e if i t i s impossibl e t o ad d anothe r axio m tha t i s independen t o f th e give n set an d consisten t wit h th e give n se t (withou t introducin g ne w primitiv e concepts). Categoricalnes s implie s completeness , fo r i f a se t A o f axiom s were categorica l bu t no t complet e i t woul d b e possibl e t o introduc e a n axiom S suc h tha t S an d not- 5 ar e consisten t with th e se t A . Then , sinc e the origina l se t A i s categorical, ther e woul d b e isomorphi c interpretation s of A togethe r with S and A togethe r wit h not-S. But this would b e impossible because th e correspondin g proposition s i n th e tw o interpretation s mus t hold, wherea s 6 1 would appl y t o on e interpretatio n an d not- 5 to th e other . 4. Some Related Foundational Work The clea r delineatio n o f th e axiom s fo r Euclidea n geometr y suggeste d th e corresponding investigation s for the severa l non-Euclidea n geometries . On e of th e nic e feature s o f Hilbert' s axiom s i s tha t th e axiom s fo r hyperboli c non-Euclidean geometr y ar e obtaine d a t onc e b y replacin g th e Euclidea n parallel axio m b y th e Lobatchevsky-Bolya i axiom . Al l th e othe r axiom s i n Hilbert's syste m remain th e same . To obtai n axiom s fo r eithe r singl e o r doubl e ellipti c geometry , on e must no t onl y abando n th e Euclidea n paralle l axio m i n favo r o f an axio m to th e effec t tha t an y tw o line s have on e poin t i n commo n (singl e elliptic ) or a t leas t one i n commo n (doubl e elliptic), bu t on e must als o change othe r axioms. Th e straigh t lin e o f thes e geometrie s i s no t infinit e bu t ha s th e properties o f a circle . Henc e on e mus t replac e th e orde r axiom s of Euclidean geometr y b y orde r axiom s tha t describ e th e orde r relation s of points on a circle . Severa l suc h axio m system s hav e bee n given . Georg e B . Halste d (1853-1922), i n hi s Rational Geometry, 16 an d Joh n R . Klin e (1891-1955) 17 have give n axiomati c base s fo r doubl e ellipti c geometry ; an d Gerhar d Hessenberg (1874-1925) la gav e a syste m o f axiom s fo r singl e ellipti c geometry. 16. 1904 , pp . 212-47 .



17. Annals o f Math., ( 2 ) , 18, 1916/17 , 31-44 . 18. Math. Ann., 61, 1905 , 173-84 .
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Another clas s o f investigation s i n th e foundation s o f geometr y i s t o consider th e consequence s o f denying o r just omittin g on e o r mor e o f a se t of axioms. Hilber t i n hi s independence proof s ha d don e thi s himself , for th e essence of such a proof i s to construc t a mode l o r interpretation tha t satisfie s all o f th e axiom s excep t th e on e whos e independenc e i s t o b e established . The mos t significan t exampl e o f an axio m tha t wa s denied is , of course, th e parallel axiom . Interestin g result s have com e fro m droppin g th e axio m o f Archimedes, whic h ca n b e stated a s in Hilbert' s Vj . Th e resultin g geometr y is calle d non-Archimedean ; i n i t ther e ar e segment s suc h tha t th e multipl e of on e b y an y whol e number , howeve r large , nee d no t excee d another . In Fondamenti di geometria, Giusepp e Verones e constructe d suc h a geometry . He als o showe d tha t th e theorem s o f thi s geometr y approximat e a s closely as one wishe s those of Euclidean geometry . Max Deh n (1878-1952 ) als o obtained 19 man y interestin g theorem s by omittin g th e Archimedea n axiom . Fo r example , ther e i s a geometr y i n which th e angl e su m i s two righ t angles , simila r bu t noncongruen t triangle s exist, and a n infinit y o f straight lines that ar e paralle l t o a given lin e may b e drawn throug h a give n point . Hilbert pointe d ou t tha t th e axio m o f continuity, axio m V 2, nee d no t be use d i n constructin g the theor y o f areas i n th e plane . Bu t fo r space Ma x Dehn proved 20 th e existenc e of polyhedra havin g th e sam e volum e thoug h not decomposabl e int o mutuall y congruen t part s (eve n afte r th e additio n of congruent polyhedra) . Hence i n thre e dimensions the axio m o f continuity is needed . The foundatio n o f Euclidean geometr y wa s approache d i n a n entirel y different manne r b y som e mathematicians . Geometry , a s w e know , ha d fallen int o disfavo r becaus e mathematician s foun d tha t the y ha d uncon sciously accepte d fact s o n a n intuitiv e basis, an d thei r suppose d proof s wer e consequently incomplete . Th e dange r tha t thi s woul d continuall y recu r made the m believ e tha t th e onl y soun d basi s for geometry woul d b e arith metic. Th e wa y t o erec t suc h a basi s wa s clear . I n fact , Hilber t ha d give n an arithmeti c interpretatio n o f Euclidea n geometry . Wha t ha d t o b e don e now, for plane geometry say, was not t o interpret point as the pair o f numbers (x, y) bu t t o define poin t t o b e the pai r o f numbers, t o defin e a lin e a s a rati o of thre e number s (u:v:w], t o defin e th e poin t (x,y) a s bein g o n th e lin e (u, :> , w) i f an d onl y i f u x + v y + w = 0 , t o defin e circl e a s th e se t o f al l (x, y] satisfyin g th e equatio n , and s o on. I n othe r words, on e woul d us e the analyti c geometry equivalent s of purely geometric notions a s the definition s o f the geometrica l concept s and algebrai c method s to prov e theorems . Sinc e analyti c geometr y contain s i n algebrai c for m th e 19. Math. Ann., 53, 1900 , 404-39. 20. Math. Ann., 55, 1902 , 465-78.
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complete counterpar t o f al l tha t exist s i n Euclidea n geometry , ther e wa s no questio n tha t th e arithmeti c foundation s coul d b e obtained . Actuall y the technica l wor k involve d ha d reall y bee n done , eve n fo r n-dimensiona l Euclidean geometry , fo r exampl e b y Grassman n i n hi s Calculus o f Extension; and Grassman n himsel f propose d tha t thi s wor k serv e a s th e foundatio n for Euclidea n geometry . 5. Some Open Questions The critica l investigatio n o f geometr y extende d beyon d th e reconstructio n of the foundations . Curves ha d o f course been use d freely. The simple r ones, such a s th e ellipse , ha d secur e geometrica l an d analytica l definitions . Bu t many curve s wer e introduce d onl y throug h equation s an d functions . Th e rigorization o f analysis ha d include d no t onl y a broadenin g o f the concep t of function bu t th e constructio n of very peculiar functions, suc h as continuous functions withou t derivatives . That th e unusua l function s wer e troublesom e from th e geometri c standpoin t i s readily seen . Thu s th e curv e representing Weierstrass's exampl e o f a functio n whic h i s continuous everywhere but i s differentiable nowher e certainl y di d no t fi t th e usua l concept , becaus e th e lack o f a derivativ e mean s tha t suc h a curv e canno t hav e a tangen t any where. Th e questio n tha t aros e was , Ar e th e geometrica l representation s of such function s curves ? Mor e generally , wha t i s a curve ? Jordan gav e a definitio n o f a curve. 21 I t i s the se t of points represente d by th e continuou s function s x — f ( t ) ,y — g(t), fo r Suc h a curv e is no w calle d a Jordan curve . Fo r som e purpose s Jordan wishe d t o restric t his curve s s o tha t the y di d no t posses s multipl e points . H e therefor e required tha t an d fo rt an d t ' i n o r tha t t o each (x , y) ther e i s on e t . It wa s i n thi s work tha t h e adde d th e notio n o f closed curve, 22 which requires merel y tha t an d, and state d th e theore m that a close d curve divides the plane int o two parts, a n inside and a n outside. Two point s o f the sam e regio n ca n alway s b e joined b y a polygona l pat h that doe s no t cu t th e curve . Tw o point s no t i n th e sam e regio n canno t b e joined b y an y polygona l lin e o r continuou s curv e tha t doe s no t cu t th e simple close d curve . Th e theore m i s mor e powerfu l tha n i t seem s a t firs t sight becaus e a simpl e close d curv e ca n b e quit e crinkl y i n shape . I n fact , since th e functions^/ ) an d g(l) nee d b e onl y continuous, the ful l variet y of complicated continuou s function s i s involved . Jorda n himsel f an d man y distinguished mathematician s gav e incorrec t proof s of the theorem . Th e first rigorous proo f i s due t o Veblen. 23 21. Corns ri'analyse, 1st eci. Vol . 3, 1887 , 593 ; 2nd ed. , Vol . 1 , 1893 , p. 90. 22. Firs t ed. , p. 593 ; 2n d ed., p. 98. 23. Amer. Math. Soc. Trans., 6 , 1905 , 83-98 , an d 14 , 1913 , 65-72 .
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Figure 42.3 However, Jordan' s definitio n o f a curve , thoug h satisfactor y for man y applications, wa s to o broad . I n 189 0 Peano24 discovere d tha t a curv e meeting Jordan' s definitio n can ru n throug h al l th e point s o f a squar e a t least once . Pean o gave a detailed arithmetic description of the correspondenc e between th e point s of the interva l [0 , 1 J and th e point s o f the squar e which , in effect , specifie s tw o function s x = f ( t ) , y = g(t) tha t ar e single-value d and continuou s fo r 0 < I < 1 and suc h tha t x and # take o n value s belonging to eac h poin t o f the uni t square. However , th e correspondenc e o f (x , y) t o t is no t single-valued , no r i s i t continuous . A one-to-on e continuou s corre spondence fro m th e ^-value s t o th e (x , y)-values i s impossible; that is , bot h f ( t ) an d g(t) canno t b e continuous . Thi s wa s prove d b y Eugc n E . Nctt o (1846-1919). 25 The geometrica l interpretatio n of Peano' s curv e wa s give n b y Arthu r M. Schoenflie s (1853-1928) 26 an d E . H . Moore. 27 On e map s th e lin e segment [0 , 1 ] int o th e nin e segment s show n i n Figur e 42.3 , and the n within eac h subsquar e break s u p th e segmen t containe d ther e int o th e sam e pattern bu t makin g th e transitio n fro m on e subsquar e t o th e nex t on e a continuous one . Th e proces s i s repeated a d infinitum, an d th e limitin g poin t set cover s th e origina l square . Ernest o Gesar o (1859-1906) 28 gav e th e analytical for m o f Peano's f an d g . Hilbcrt 2 9 gav e anothe r exampl e o f th e continuou s mapping o f a uni t segment ont o th e square . Divid e th e uni t segmen t (Fig . 42.4) an d th e squar e into fou r equa l parts , thus : 24. Mat/i. Ann., 36 , 1890 , 157-6 0 = Opere scelle, 1 , 110-1.') . 25. Jam. fur Math., 86 , 1879 , 263-68 . 26. Jahres. der Deut. Malli.-Vemn., 8 2, 1900 , 121-25 . 27. Amer. Math. Soc. Trans., 1 , 1900 , 72-90 . 28. Bull. desSci. Math., (2) , 21, 1897 , 257-66 . 29. Math. Ann., 38, 1891 , 459-6 0 = Ges. Abh., 3, 1-2.
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Figure 42.4 Travel throug h eac h subsquar e s o tha t th e pat h show n correspond s t o th e unit segment . No w divid e th e uni t squar e int o 1 6 subsquares numbere d a s shown i n Figur e 42. 5 an d joi n th e center s o f the 1 6 subsquares a s shown . We continu e th e proces s o f dividin g eac h subsquar e int o fou r parts , numbering the m s o that w e can travers e th e entir e se t by a continuou s path. The desire d curv e i s th e limi t o f th e successiv e polygona l curve s forme d a t each stage . Sinc e th e subsquare s an d th e part s o f th e uni t segmen t bot h contract t o a poin t a s th e subdivisio n continues, we ca n se e intuitively that each poin t o n th e uni t segmen t map s int o on e poin t o n th e square . I n fact , if w e fi x o n on e poin t i n th e uni t segment , sa y t = 2/3 , the n th e imag e o f this point i s the limi t o f the successiv e images of t = 2/ 3 whic h appea r i n th e successive polygons . These example s sho w tha t th e definitio n o f a curv e Jordan suggeste d is no t satisfactor y because a curve , accordin g t o thi s definition, can fil l ou t a square . Th e questio n o f what i s meant b y a curv e remaine d open . Feli x Klein remarke d i n 1898 30 tha t nothin g wa s mor e obscur e tha n th e notio n of a curve . Thi s questio n was take n u p b y th e topologist s (Chap . 50 , sec. 2) .



Figure 42.5 30. Mat/i. Ann., 50, 1898 , 586.
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Beyond th e proble m o f what i s meant b y a curve , the extensio n of analysis t o function s withou t derivative s als o raise d th e questio n o f wha t i s meant b y th e lengt h o f a curve . Th e usua l calculu s formula



where y = f ( x ], calls , a t th e ver y least , fo r th e existenc e o f th e derivative . Hence, th e concep t n o longe r applie s t o th e non-differentiabl e functions . Various effort s t o generaliz e th e concep t o f lengt h o f curv e wer e mad e b y Du Bois-Reymond , Peano , Ludwi g Scheeffe r (1859-85) , an d Jordan, usin g either generalize d integra l definition s o r geometri c concepts . Th e mos t general definitio n wa s formulate d i n term s o f the notio n o f measure, whic h we shal l examin e i n Chapte r 44 . A simila r difficult y wa s note d fo r th e concep t o f area o f a surface . Th e concept favore d i n th e text s o f th e nineteent h centur y wa s t o inscrib e i n the surfac e a polyhedro n with triangula r faces . Th e limi t o f the su m o f th e areas o f these triangle s when th e side s approach 0 was take n t o b e th e are a of the surface . Analytically , i f the surfac e is represented b y then th e formul a fo r surface area become s



where A, B, and C are the Jacobians of y and z , x and z , and x and y, respec tively. Agai n th e questio n aros e o f what th e definitio n should b e i f x, y, an d z d o no t posses s derivatives . T o complicat e th e situation , i n a lette r t o Hcrmite, H . A . Schwar z gav e a n example 31 i n whic h th e choic e o f th e triangles lead s t o a n infinit e surfac e area eve n fo r an y ordinar y cylinder. 32 The theor y o f surface area wa s als o reconsidere d i n term s o f th e notio n o f measure. By 190 0 n o on e ha d prove d tha t ever y close d plan e curve , a s define d by Jorda n an d Peano , enclose s a n area . Helg e vo n Koc h (1870-1924) 33 complicated th e are a proble m b y givin g a n exampl e o f a continuou s bu t non-differentiable curv e wit h infinit e perimete r whic h bound s a finit e area. One start s with th e equilatera l triangl e AB C (Fig . 42.6 ) o f side 3s. O n th e middle thir d o f eac h sid e construc t a n equilatera l triangl e o f sid e s an d delete th e bas e o f eac h triangle . Ther e wil l b e thre e suc h triangles . The n on eac h outside segment of length s of the ne w figur e construc t on eac h middl e 31. Ges. Math. Abh., 2, pp . 309-11 . 32. Thi s example ca n b e foun d i n James Pierpont , Th e Theory o f Functions o f Real Variables, Dover (reprint) , 1959 , Vol . 2 , p . 26 . 33. Ad a Math., 30 , 1906 , 145-76 .
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Figure 42.6 third a n equilatera l triangl e o f side 5/ 3 and delet e th e bas e o f each triangle . There wil l b e twelv e suc h triangles . The n o n th e outsid e segment s o f th e resulting figure , construct a ne w equilatera l triangl e o f side s/9. Ther e will be 4 8 o f these triangles . Th e perimeter s o f the successiv e figure s ar e 9.y , 12.y , 165,... an d thes e perimeter s becom e infinite . However , th e are a o f th e limiting figur e i s finite . For , b y th e well-know n formula fo r th e are a o f a n equilateral triangl e i n term s o f its side , namely , i f th e sid e i s b , th e are a i s then th e are a o f the origina l triangl e i s Th e are a of the firs t thre e triangle s adde d i s 3 • Sinc e th e sid e o f th e nex t triangles adde d i s s/ 3 an d ther e ar e 12 , thes e area s ar e . Th e su m o f th e area s is



This i s a n infinit e geometri c progressio n (asid e fro m th e firs t term ) wit h common rati o 4/9. The n



The Pean o an d Hilber t curves also raised th e questio n of what we mea n by dimension . The squar e is two-dimensional in itself , but , as the continuous image of a curve , shoul d b e one-dimensional. Moreover, Canto r ha d show n that th e point s of a lin e segmen t ca n b e pu t int o onc-to-onc correspondenc e with th e point s o f a squar e (Chap . 41 , sec . 7) . Though thi s correspondenc e is no t continuou s from th e lin e segmen t t o th e squar e o r th e othe r way , i t did sho w tha t dimensio n is not a matte r o f multiplicity o f points. Nor i s it a matter o f the numbe r o f coordinates neede d t o fix the positio n of a point , as Riemann an d Helmholt z ha d thought , becaus e th e Pean o curv e assign s a unique (x , y) t o eac h valu e o f / .
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In th e ligh t o f these difficultie s w e se c that th e rigorizatio n o f geometr y certainly di d no t answe r al l th e question s tha t wer e raised . Man y wer e settled b y the topologist s and analyst s of the next century . Th e ver y fac t tha t questions abou t fundamenta l concept s continue d t o aris e illustrate s onc e more tha t mathematic s doe s no t gro w a s a logica l structure . Advance s int o new field s an d eve n th e perfectio n o f old one s revea l ne w an d unsuspecte d defects. Beyon d th e resolutio n o f the problem s involvin g curves and surface s we hav e ye t t o se c whether th e ultimat e stag e i n rigo r wa s reache d b y th e foundational wor k i n analysis , the rea l numbe r system , an d basi c geometry . Bibliography Becker, Oskar : Grundlagen der Mathematik i n geschichtlicher Entwicklung, Kar l Albcr , 1954, 199-212 . Enriques, Federigo : "Prinzipie n de r Geometric, " Encyk. de r .Math, ll'iss., B . G . Teubner, 1907-10 , II I AB1 , 1 - 1 2 9 . Hilbert. David : Grundlagen de r Geometric, 7t h ed. , B. G . Teubner , 1930. Pasch, M . an d M . Dehn : Vorlesungen iiber neuere Geometric, 2n d ed. , Julius Springer, 1926, 1 8 5 - 2 7 1 . Peano, Giuseppe : Opere scclte. 3 vols. . Edizion i Cremoneso , 1957-59 . Reichardt, Hans : C. F . Gauss, Leben nnd \\~erke, Haud e un d Spcnersche , 1960, 111-50. Schmidt, Arnold : "7, u Hilbert s Grundlegun g de r Geometric, " i n Hilbert.' s Gesammelte Abhandlungen, 2 , 40 4 -14. Singh, A . N. : "Th e Theor y an d Constructio n o f Xon-DifFercntiabl e Functions, " in E . \V . Hobson : Squaring the Circle an d Other .Monographs, Chelse a (reprint) , 1953.
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Mathematics a s o f 190 0 I hav e no t hesitate d i n 1900 , a t th e Congres s o f Mathe maticians i n Paris , t o call th e nineteent h centur y th e century of th e theor y of functions . VIT O VOLTERR A



1. Th e Chief Features o f th e Nineteenth-Century Developments It wa s tru e i n th e nineteent h a s i n th e tw o precedin g centurie s tha t th e progress i n mathematic s brough t wit h i t large r change s barel y perceptibl e in th e year-to-yea r development s but vita l i n themselve s and i n thei r effec t on future developments. The vas t expansion in subject matter and th e opening of ne w field s a s wel l a s th e extensio n o f olde r one s ar e o f cours e apparent . Algebra receive d a totall y ne w impetus with Galois; geometry agai n becam e active an d wa s radicall y altere d wit h th e introductio n o f non-Euclidea n geometry and th e revival of projcctive geometry; number theor y flowed over into analyti c number theory; an d analysi s was immeasurably broadene d b y the introductio n of complex functio n theory an d th e expansio n i n ordinar y and partia l differential equations . From th e standpoin t of technical development, complex function theor y was the mos t significan t o f the ne w creations . But fro m th e standpoint of intellectual importance and ultimat e effect o n th e nature o f mathematics , th e mos t consequentia l developmen t wa s non Euclidean geometry . A s we shal l see, it s effect s wer e fa r mor e revolutionar y than w e hav e thu s far pointe d out . Th e circl e withi n whic h mathematica l studies appeared t o b e enclose d a t th e beginnin g of the centur y was broken at al l points, and mathematic s exploded int o a hundre d branches . The floo d of ne w result s contradicted sharpl y th e leadin g opinio n a t th e en d o f th e eighteenth centur y tha t th e min e o f mathematics wa s exhausted . Mathematical activit y durin g th e nineteent h centur y expande d i n other respects . Th e numbe r o f mathematician s increase d enormousl y a s a consequence o f the democratizatio n o f learning. Thoug h Germany , France , and Britai n wer e th e majo r centers , Ital y reappear s i n th e arena , an d th e United States , with Benjami n Peirce, G . W. Hill, and Josiah Willar d Gibbs , enters fo r th e firs t time . I n 186 3 th e Unite d State s founde d th e Nationa l Academy o f Sciences . However , unlik e the Roya l Societ y o f London , th e 1023
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Academy o f Science s o f Paris , an d th e Academ y o f Science s o f Berlin , th e National Academ y ha s not bee n a scientifi c meetin g plac e a t whic h paper s have bee n presente d an d reviewed . I t doe s publis h a journal, th e Proceedings of th e Academy. More mathematical societie s were organized (Chap . 26, sec. 6 ) for th e meetin g o f research men, the presentation o f papers, and th e sponsor ship o f journals. B y th e en d o f th e centur y the numbe r o f journals devote d partly o r entirel y t o mathematica l researc h increase d t o about 950. In 1897 the practic e of holding an internationa l congres s every four year s was begun. Accompanying th e explosio n o f mathematica l activit y wa s a les s healthy development . Th e man y discipline s becam e autonomous , eac h featuring it s ow n terminolog y an d methodology . Th e pursui t o f an y on e imposed th e assumptio n o f mor e specialize d an d mor e difficul t problems , requiring mor e an d mor e ingeniou s ideas , ric h inspirations , an d les s perspicuous proofs . T o mak e progress , mathematician s ha d t o acquir e a grea t deal o f background i n theor y an d technica l facility . Specializatio n becam e apparent i n th e wor k of Abel, Jacobi, Galois , Poncelet , an d others . Though some stres s was laid o n interrelationships among th e many branche s throug h such notion s a s groups , linea r transformations , an d invariance , th e overal l effect wa s a segregatio n int o numerou s distinc t an d unrelate d divisions . I t did see m t o Felix Klein i n 189 3 tha t th e specializatio n and divergenc e o f the various branches coul d be overcome b y means of the concepts just mentioned , but th e hop e wa s vain. Cauch y an d Gaus s wer e th e las t me n t o kno w th e subject a s a whole , though Poincar e and Hilber t were almost universal men. From th e nineteent h centur y o n on e find s mathematician s who wor k only i n smal l corner s o f mathematics ; quit e naturally , eac h rate s th e im portance o f his area abov e al l others . Hi s publication s are n o longe r fo r a large public but fo r particular colleagues . Most articles no longer contain an y indication o f their connectio n with th e large r problem s o f mathematics, ar e hardly accessibl e t o man y mathematicians , an d ar e certainl y no t palatabl e to a larg e circle . Beyond it s achievement s i n subjec t matter , th e nineteent h centur y reintroduced rigorous proof. No matter wha t individual mathematicians ma y have though t abou t th e soundnes s of their results, the fac t i s that fro m abou t 200 B.C. t o abou t 187 0 almost all o f mathematics rested o n an empirica l an d pragmatic basis . Th e concep t o f deductive proo f fro m explici t axioms ha d been los t sigh t of . I t i s on e o f th e astonishin g revelation s o f th e histor y o f mathematics tha t thi s idea l o f the subjec t was, i n effect , ignore d durin g th e two thousan d year s i n whic h it s conten t expande d s o extensively. Thoug h some earlie r effort s t o rigoriz e analysi s wer e made , notabl y b y Lagrang e (Chap. 19 , sec. 7), th e mor e characteristi c not e wa s sounde d b y Lacroi x (Chap. 26 , sec. 3). Fourier' s wor k make s a moder n analyst' s hai r stan d o n end; an d a s fa r a s Poisso n wa s concerned , th e derivativ e an d integra l wer e just shorthan d fo r the differenc e quotien t an d a finit e sum . The movemen t
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to shore u p th e foundations , initiated b y Bolzano and Cauchy , undoubtedl y arose fro m th e concer n fo r the rapidl y increasin g mass o f mathematics tha t rested o n th e loos e foundation s o f th e calculus . Th e movemen t wa s ac celerated b y Hamilton' s discover y o f th e non-commutativ e quaternions , which surel y challenged th e uncriticall y accepted principle s of number. Bu t even mor e disturbin g was the creatio n o f non-Euclidean geometry . No t only did thi s destroy th e ver y notion o f the self-evidenc y o f axioms and thei r too superficial acceptance , but th e work revealed inadequacie s in proofs tha t ha d been regarde d a s th e soundes t i n al l o f mathematics. Th e mathematician s realized tha t the y ha d bee n gullibl e and ha d relie d upo n intuition . By 190 0 the goa l o f establishing mathematics rigorousl y seemed t o hav e been achieved , an d th e mathematician s wer e almos t smu g abou t thi s accomplishment. I n hi s address befor e the Secon d Internationa l Congres s in Paris,1 Poincare boasted, "Hav e we at las t attained absolut e rigor? At eac h stage of its evolution our forerunners believed they too had attaine d it . If they were deceive d ar e w e no t deceive d lik e them ? . . . Now i n analysi s today, if we care to take pains to be rigorous, there are only syllogisms or appeals t o the intuition of pure numbe r that can notpossibly deceive us. One ma y sa y today that absolut e rigo r ha s bee n attained. " Whe n on e consider s th e ke y results in th e foundation s of the numbe r syste m and geometr y an d th e erectio n of analysis on th e basi s of the numbe r system , one ca n se e reason fo r gloating. Mathematics no w ha d th e foundatio n tha t almos t al l me n wer e happ y t o accept. The precis e formulation of basic concepts such as the irrational number, continuity, integral , an d derivativ e wa s no t greete d enthusiasticall y by al l mathematicians. Man y di d no t understan d th e ne w s-8 languag e an d re garded th e precis e definitions a s fads , unnecessar y for th e comprehensio n of mathematics o r eve n fo r rigorou s proof . Thes e me n fel t tha t intuitio n was good enough , despite the surprises of continuous functions without derivatives, space-filling curves , and curve s without length. Emile Picard said , apropos of the rigo r i n partia l differentia l equations , " . . . true rigo r i s productive , being distinguishe d in thi s fro m anothe r rigo r whic h i s purel y forma l an d tiresome, castin g a shadow ove r th e problem s it touches." 2 Despite th e fact tha t geometr y to o had bee n rigorized , one consequence of the rigorization movement wa s that numbe r and analysi s took precedence over geometry . Th e recognitio n b y mathematicians , durin g an d afte r th e creation o f non-Euclidean geometry, that they had unconsciously relied upo n intuition i n acceptin g th e proof s o f Euclidean geometr y mad e the m fearfu l that the y woul d continu e t o d o s o in al l geometri c reasoning . Henc e the y preferred a mathematic s buil t upo n number . Man y favore d goin g furthe r 1. Comp. Rendu du Deuxieme Congres Internal, de s Math., 1900 , pub . 1902 , pp . 121-22 . 2. Amer. Math. Soc. Bull., 11 , 1904/05 , 417 ; se e also Chap . 40, sec. 1 , and Chap . 41, sees. 5 and 9 .
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and buildin g up al l o f geometry o n number , whic h coul d b e don e throug h analytic geometr y i n th e manne r alread y described . Thu s mos t mathe maticians spoke of the arithmetizatio n of mathematics, thoug h i t would hav e been mor e accurat e t o spea k o f the arithmetizatio n of analysis. Wher e Plat o could sa y tha t "Go d eternall y geometrizes," Jacobi, eve n b y th e middl e of the century , said , "Go d eve r arithmetizes. " A t th e Secon d Internationa l Congress Poincar e asserted , "Toda y ther e remai n i n analysi s onl y integer s and finit e an d infinit e system s of integers, interrelate d b y a ne t o f relations of equalit y o r inequality . Mathematics, a s w e say , ha s bee n arithmetized. " Pascal ha d said , "Tout c e qu i passe l a Geomelrie nous passe." 3 I n 190 0 th e mathematicians preferre d t o say , "Tout c e qui passe V Anlhmetique nous passe." The erectio n o f th e logica l foundation s o f mathematics , quit e apar t from whethe r arithmeti c o r geometr y wa s th e preferre d basis , complete d another ste p in the break fro m metaphysics . The vaguenes s o f the foundations and justification s o f mathematical step s ha d bee n evade d i n th e eighteent h and earl y nineteenth centuries by allusions to metaphysical arguments which, though neve r mad e explicit , wer e mentione d a s ground s fo r acceptin g th e mathematics. Th e axiomatizatio n o f th e rea l number s an d geometr y gav e mathematics a clear-cut , independent , an d self-sufficien t basis . The recours e to metaphysic s was no longe r needed . A s Lord Kelvi n pu t it , "Mathematic s is th e onl y goo d metaphysics. " The rigorizatio n o f mathematics ma y hav e fille d a nineteenth-century need, bu t i t als o teache s u s something about th e developmen t o f the subject . The newl y founde d logica l structur e presumabl y guarantee d th e soundnes s of mathematics; but th e guarantee wa s somewhat o f a sham. No t a theorem of arithmetic, algebra , o r Euclidea n geometry wa s change d a s a consequence, and th e theorem s o f analysi s had onl y t o b e mor e carefull y formulated . In fact, al l tha t th e ne w axiomati c structure s and rigo r di d wa s substantiate what mathematician s kne w ha d t o b e th e case . Indee d th e axiom s ha d t o yield th e existin g theorems rathe r tha n determin e them . Al l of which mean s that mathematic s rests not on logic but o n sound intuitions . Rigor , a s Jacques Hadamard pointe d out , merel y sanctions the conquest s of the i n t u i t i o n ; or , as Herman n VVey l stated, logic is the hygien e the mathematicia n practices to keep hi s ideas health y and strong .



2. Th e Axiomatic Movement The rigorizatio n o f mathematics wa s achieve d b y axiomatizin g th e variou s branches. Th e essenc e o f an axiomati c development , i n accordanc e wit h th e pattern w e hav e examine d i n Chapter s 41 an d 42 , i s to star t wit h undefined terms whos e properties are specifie d b y th e axioms ; the goal o f the wor k i s to 3. "Al l tha t transcend s geometr y transcend s ou r comprehension. "
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derive th e consequence s o f the axioms . I n additio n th e independence , con sistency, and categoricalnes s o f the axioms (notion s we have already examine d in th e tw o precedin g chapters ) ar e t o b e establishe d fo r each system . By th e earl y par t o f th e twentiet h centur y th e axiomati c metho d no t only permitte d th e establishmen t of the logica l foundations of many ol d an d newer branche s o f mathematics, but als o revealed precisely what assumptions underlie each branc h an d mad e possibl e the comparison an d clarificatio n o f the relationship s o f variou s branches . Hilber t wa s enthusiasti c abou t th e values o f thi s method . I n discussin g the perfec t stat e mathematic s ha d pre sumably attaine d b y founding each o f its branches o n sound axiomati c bases , Hilbert remarked, 4 Indeed th e axiomati c metho d i s an d remain s th e on e suitabl e an d indispensable ai d t o th e spiri t o f ever y exac t investigatio n no matte r i n what domain ; i t i s logically unassailable an d a t th e sam e tim e fruitful; i t guarantees thereb y complete freedom of investigation. To procee d axioma tically mean s i n thi s sens e nothin g els e tha n t o thin k wit h knowledg e o f what on e i s about. Whil e earlie r withou t the axiomati c metho d on e pro ceeded naivel y i n tha t on e believe d in certain relationships a s dogma, th e axiomatic approac h remove s thi s naivet e an d ye t permit s th e advantage s of belief .



Again, i n th e las t par t o f his "Axiomatisches Denken," 5 he praise d th e method: Everything tha t ca n b e th e objec t o f mathematica l thinking , a s soo n a s the erectio n o f a theor y i s ripe , fall s int o th e axiomati c metho d an d thereby directl y int o mathematics . B y pressin g t o eve r deepe r layer s o f axioms . . . we ca n obtai n deepe r insight s int o scientifi c thinkin g an d learn th e unit y o f ou r knowledge . Especiall y by virtu e of th e axiomati c method mathematic s appear s calle d upo n t o pla y a leadin g rol e i n al l knowledge.



The opportunit y t o explor e ne w problem s b y omitting , negating , o r varying i n some other manner th e axioms of established systems enticed man y mathematicians. Thi s activit y an d th e erectio n o f axiomati c base s fo r th e various branche s o f mathematics ar e know n a s the axiomati c movement . I t continues to be a favorite activity. In par t it s great attraction i s explained b y the fac t tha t afte r soun d axiomati c base s fo r the majo r branche s hav e bee n erected, variation s of the kin d just describe d ar e relativel y easy t o introduc e and explore . However , an y ne w developmen t i n mathematic s ha s alway s attracted a numbe r o f men wh o see k field s wide-ope n t o exploratio n o r ar e sincerely convinced tha t the future of mathematics lies in that particular area . 4. Abh. Math. Seminar tier Hamburger Univ., 1 , 1922 , 157-7 7 = Gcs. Abh., 3, 157-77 . 5. Math. Ann., 78 , 1918 , 405-1 5 = Ces. Abh., 3, 145-56 .
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From th e standpoin t o f th e futur e developmen t o f mathematics , th e mos t significant happenin g o f the centur y was th e acquisitio n o f the correc t vie w of the relationship of mathematics to nature. Though w e have not treated th e views on mathematics of many of the men whos e work we have described, w e have sai d tha t th e Greeks , Descartes , Newton , Euler , an d man y other s believed mathematic s to be th e accurat e descriptio n of real phenomen a an d that the y regarded thei r work as the uncoverin g of the mathematica l design of th e universe . Mathematics di d dea l wit h abstractions , bu t thes e wer e n o more tha n th e idea l form s o f physica l object s o r happenings . Eve n suc h concepts as functions and derivative s were demanded b y real phenomena an d served t o describ e them . Beyond wha t w e hav e alread y reporte d tha t support s thi s vie w o f mathematics, th e positio n of mathematicians o n th e numbe r o f dimensions that ca n b e considere d i n geometr y show s clearly how closel y mathematics had bee n tie d t o reality . Thus , i n th e firs t boo k of the Heaven, Aristotle says, "The lin e has magnitude in one way, the plane in two ways, and th e solid in three ways , and beyon d thes e there is no other magnitude becaus e the thre e are all . . . . Ther e i s n o transfe r int o anothe r kind , lik e th e transfe r fro m length t o are a an d fro m are a t o solid." I n anothe r passag e he says, " . .. no magnitude can transcen d three becaus e there are no more than thre e dimen sions," an d adds , "fo r thre e i s th e perfec t number. " I n hi s Algebra, John Wallis regarde d a higher-dimensiona l spac e a s a "monste r i n nature , les s possible tha n a chimer a o r a centaure. " H e says , "Length , Breadt h an d Thickness tak e u p th e whol e o f space. No r ca n Fansi e imagin e ho w ther e should b e a Fourt h Loca l Dimensio n beyon d thes e Three. " Cardan , Descartes, Pascal , an d Leibni z ha d als o considere d th e possibilit y o f a fourth dimensio n an d rejecte d i t a s absurd . A s lon g a s algebr a wa s tie d t o geometry, th e produc t o f mor e tha n thre e quantitie s wa s als o rejected . Jacques Ozanam pointe d out that a product of more than three letters will be a magnitud e o f " as many dimensions as there are letters, but it would only be imaginary becaus e i n natur e w e d o no t kno w o f an y quantit y whic h ha s more tha n thre e dimensions. " The ide a o f a mathematica l geometr y o f more tha n thre e dimension s was rejecte d eve n i n th e earl y nineteent h century . Mobius , i n hi s De r barycenlrische Calcul (1827) , pointed out tha t geometrical figures that coul d no t be superpose d i n thre e dimension s because the y are mirro r image s o f eac h other coul d b e superpose d i n fou r dimensions . Bu t the n h e says, 6 "Since , however, suc h a spac e canno t b e though t about , th e superpositio n i s im possible." Kumme r i n th e 1860 s mocke d th e ide a o f a four-dimensiona l geometry. The objection s that all of these men made to a higher-dimensional 6. Ges. Werke, 1 , 172 .
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geometry wer e soun d a s lon g a s geometr y wa s identifie d wit h th e stud y o f physical space . But graduall y an d unwittingl y mathematician s bega n t o introduc e concepts tha t ha d littl e o r n o direc t physica l meaning . O f these , negativ e and comple x number s wer e th e mos t troublesome . I t wa s because thes e tw o types o f numbers ha d n o "reality " i n natur e tha t the y wer e stil l suspec t a t the beginnin g o f the nineteent h century , even thoug h freel y utilize d by then . The geometrica l representatio n o f negativ e number s a s distance s i n on e direction o n a lin e and o f complex number s a s points o r vector s in th e com plex plane , which , a s Gaus s remarke d o f th e latter , gav e the m intuitiv e meaning an d s o made the m admissible , ma y hav e delaye d th e realizatio n that mathematic s deal s wit h man-mad e concepts. Bu t then th e introductio n of quaternions , non-Euclidea n geometry , comple x element s i n geometry , ^-dimensional geometry , bizarr e functions , an d transfinit e number s force d the recognitio n o f the artificialit y of mathematics . In thi s connectio n th e impac t o f non-Euclidean geometr y ha s alread y been note d (Chap . 36 , sec . 8 ) an d th e impac t o f n-dimensiona l geometr y must no w b e observed . Th e concep t appear s innocuousl y in th e analytica l work o f d'Alembert, Euler , an d Lagrange . D'Alember t suggeste d thinkin g of tim e a s a fourt h dimension i n hi s article "Dimension " in th e Encyclopedic. Lagrange, i n studyin g the reductio n o f quadratic form s t o standar d forms , casually introduce s form s i n n variables . He , too , use d tim e a s a fourt h dimension i n hi s Mecanique analytique (1788 ) an d i n hi s Theorie des fonctions analytiques (1797) . H e say s in th e latte r work , "Thu s w e ma y regar d mech anics as a geometry of four dimensions and analyti c mechanics as an extension of analytic geometry." Lagrange' s wor k put th e thre e spatial coordinate s an d the fourt h on e representing time on th e same footing . Further, Georg e Gree n in hi s pape r o f 182 8 o n potentia l theory di d no t hesitat e to conside r poten tial problem s in n dimensions; he says of the theory, " It i s no longer confined, as i t was , t o th e thre e dimension s of space." These earl y involvement s in n dimensions wer e no t intende d a s a study of geometr y proper . The y wer e natura l generalization s o f analytica l wor k that wa s n o longe r tie d t o geometry . I n part , thi s introductio n of n-dimensional languag e wa s intende d onl y a s a convenienc e and ai d t o analytica l thinking. I t wa s helpfu l t o thin k o f a s a poin t an d o f a n equation i n n variable s a s a hypcrsurfac c i n w-dimcnsiona l space , fo r b y thinking i n term s o f wha t thes e mea n i n three-dimensiona l geometr y on e might secur e some insigh t int o the analytica l work . In fac t Cauchy 7 actually emphasized tha t th e concep t o f ^-dimensiona l spac e i s usefu l i n man y analytical investigations , especiall y thos e o f number theory . However, th e seriou s stud y o f n-dimensiona l geometry, thoug h no t 7. Cump. Rend., 24 , 1847 , 885-87 = CEnvres, ( 1 ) , 10, 292-95.
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implying a physica l spac e o f n dimensions , wa s als o undertake n i n th e nineteenth century ; th e founde r o f thi s abstrac t geometr y i s Grassmann, i n his Ausdehnungslehre o f 1844 . Ther e on e find s th e concep t o f //-dimensiona l geometry i n ful l generality . Grassman n sai d i n a not e publishe d i n 1845 , My Calculu s o f Extensio n build s th e abstrac t foundatio n o f th e theor y of space; that is , it js free o f all spatial intuitio n an d i s a pur e mathematical science; onl y th e specia l applicatio n t o [physical ] spac e constitute s geometry. However th e theorem s o f th e Calculu s o f Extensio n ar e no t merel y translations o f geometrical result s int o a n abstrac t language ; the y hav e a much mor e genera l significance , fo r while th e ordinary geometry remain s bound t o th e thre e dimension s o f [physical ] space , th e abstrac t scienc e is free o f thi s limitation . Grassmann add s that geometry i n th e usua l sense is improperly regarde d a s a branch o f pure mathematics , bu t tha t i t is really a branc h o f applied mathe matics since it deals with a subjec t not create d b y th e intellec t bu t give n to it. It deal s wit h matter . But , h e says , i t shoul d b e possibl e t o creat e a purel y intellectual subjec t tha t woul d dea l wit h extensio n a s a concept , rathe r tha n with th e spac e perceive d b y th e sensations . Thu s Grassmann' s wor k i s representative o f th e developmen t assertin g tha t pur e though t ca n buil d arbitrary construction s that ma y o r ma y no t b e physicall y applicable. Cayley, independentl y o f Grassmann , als o undertoo k t o trea t /; dimensional geometry analytically , and, a s he says, ''without recours e t o an y metaphysical notions. " I n th e Cambridge Mathematical Journal o f 1843, 8 Cayley publishe d "Chapter s in th e Analytica l Geometry o f A'-Dimcnsions." This wor k give s analytica l result s i n ; / variables , whic h fo r n = 3 stat e known theorem s abou t surfaces . Though h e di d nothin g especiall y nove l in //-dimensional geometry , th e concep t i s fully graspe d there . By the time that Riemann gave his Habilitalionsrortrag o f 1854, " Uber die Hypothescn welch e di e Geometri c z u Grund e licgcn, " h e ha d n o hesitatio n in dealin g with //-dimensional manifolds , though h e was primarily concerne d with th e geometr y o f three-dimensional physica l space . Thos e wh o followed up o n thi s basi c paper—Helmholtz , Lie , Christoffcl , Bcltrami , Lipschitz , Darboux, an d other s —continued t o wor k i n /(-dimensiona l space . The notio n o f //-dimensiona l geometr y encountere d stiff-necke d re sistance fro m som e mathematician s even lon g afte r i t wa s introduced. Here , as in th e case of negative and comple x numbers, mathematics was progressing beyond concept s suggeste d b y experience , an d mathematician s ha d ye t t o grasp tha t thei r subjec t coul d conside r concept s create d b y th e min d an d was n o longer , i f it eve r ha d been , a readin g o f nature. 8. 4. 119-2 7 = Collected Math. Papers, 1, 55-62.
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However afte r abou t 1850 , th e vie w tha t mathematic s ca n introduc e and dea l wit h rathe r arbitrar y concept s an d theorie s tha t d o no t hav e im mediate physica l interpretatio n but ma y ncvctheles s b e useful , a s in th e cas e of quaternions, or satisfy a desire for generality, as in the cas e of H-dimensional geometry, gaine d acceptance . Hanke l i n hi s Theorie der complexen Zahlensysteme (1867 , p . 10 ) defende d mathematic s as "purel y intellectual , a pur e theory o f forms , whic h ha s fo r it s object , no t th e combinatio n of quantities or o f their images , th e numbers , bu t thing s of thought t o whic h there coul d correspond effectiv e object s or relation s eve n thoug h suc h a correspondenc e is no t necessary. " In defens e o f his creation of transfinit e number s as existing, real definit e quantities, Canto r claime d tha t mathematic s i s distinguishe d fro m othe r fields b y it s freedo m t o creat e it s ow n concept s withou t regard t o transien t reality. H e said 9 i n 1883 , "Mathematic s i s entirely fre e i n it s developmen t and it s concepts arc restricte d only by the necessity of being noncontradictor y and coordinate d t o concepts previousl y introduced by precise definitions. . . . The essenc e of mathematics lies in it s freedom." H e preferre d th e ter m "fre e mathematics" ove r th e usua l form , "pur e mathematics. " The ne w view of mathematics extended t o the older, physically grounded branches. I n hi s Universal Algebra (1898) , Alfred Nort h Whitehea d say s (p . 11), . . . Algebra doe s no t depen d o n Arithmeti c for th e validit y o f its laws of transformation. I f there were such a dependenc e i t i s obvious tha t a s soon as algebraic expressions are arithmetically unintelligible all laws respecting them mus t los e thei r validity. Bu t th e law s o f Algebra, thoug h suggeste d by Arithmetic , do no t depen d o n it . The y depen d entirel y on th e con ventions b y whic h it i s stated tha t certai n mode s o f grouping Ch e symbol s are t o b e considere d a s identical . Thi s assign s certai n propertie s t o th e marks whic h for m th e symbol s o f Algebra .



Algebra i s a logica l developmen t independen t o f meaning. " It i s obviou s that w e ca n tak e an y mark s we lik e an d manipulat e them accordin g t o an y rule w e choos e t o assign " (p . 4) . Whitehea d doe s poin t ou t tha t suc h arbitrary manipulation s of symbols can b e frivolous an d onl y constructions to which som e meaning can b e attached o r which have some use are significant . Geometry, too , cu t it s bonds t o physica l reality. As Hilbert pointe d ou t in hi s Grundlagen o f 1899 , geometr y speak s o f thing s whos e propertie s ar c specified i n th e axioms . Thoug h Hilber t referre d onl y t o th e strateg y b y which w e mus t approac h mathematic s fo r th e purpos e o f examinin g it s logical structure , h e nevertheles s supported an d encourage d th e vie w tha t mathematics i s quite distinc t from th e concept s an d law s o f nature. 9. Math. Ann., 21, 1883 , 563-6 4 = Ges. Abh., 182 .
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4. Th e Loss o f Truth The introduction and gradual acceptanc e o f concepts that have no immediat e counterparts i n th e rea l worl d certainl y forced th e recognitio n tha t mathe matics is a human , somewha t arbitrar y creation , rathe r tha n a n idealizatio n of the realitie s in nature , derive d solel y fro m nature . Bu t accompanyin g thi s recognition an d indee d propellin g it s acceptanc e wa s a mor e profoun d discovery—mathematics i s not a bod y o f truths about nature . Th e develop ment tha t raise d th e issu e of truth wa s non-Euclidean geometry , thoug h it s impact wa s delayed by the characteristic conservatism and closed-mindednes s of al l bu t a fe w mathematicians. Th e philosophe r Davi d Hum e (1711-76 ) had alread y pointe d ou t tha t natur e di d no t confor m t o fixed patterns an d necessary laws ; bu t th e dominan t view , expresse d b y Kant , wa s tha t th e properties o f physical space wer e Euclidean . Eve n Legendr e i n hi s Elements de geometrie o f 179 4 stil l believe d tha t th e axiom s o f Euclid wer e self-evident truths. With respec t t o geometry, a t least, the view that seems correct toda y was first expressed b y Gauss . Earl y i n th e nineteent h centur y h e wa s convince d that geometry wa s an empirical scienc e and mus t be ranked wit h mechanics , whereas arithmeti c an d analysi s were a prior i truths . Gaus s wrot e t o Bessel in 1830, 10 According t o m y deepes t convictio n th e theor y o f space ha s a n entirel y different plac e i n ou r a prior i knowledg e tha n tha t occupie d b y pur e arithmetic. Ther e i s lacking throughout ou r knowledg e o f the forme r th e complete convictio n o f necessity (also o f absolut e truth ) whic h i s characteristic o f th e latter ; w e mus t ad d i n humility , tha t i f number i s merel y the produc t o f our mind , spac e ha s a realit y outsid e our min d whos e laws we cannot a prior i completel y prescribe .



However Gaus s seem s to hav e ha d conflictin g views, becaus e h e als o ex pressed th e opinio n tha t al l o f mathematic s i s man-made . I n a lette r t o Bessel of November 21 , 1811 , i n whic h h e speak s o f functions o f a comple x variable h e says, 11 "On e shoul d neve r forge t tha t th e functions , lik e al l mathematical constructions , are onl y ou r ow n creations , an d tha t whe n th e definition wit h whic h on e begin s ceases t o mak e sense , on e shoul d no t ask: What i s it , bu t wha t i s i t convenien t t o assum e i n orde r tha t i t remai n significant?" Despite Gauss's view s on geometry , most mathematicians thought ther e were basi c truth s in it . Bolya i thought that th e absolut e truth s in geometr y were thos e axiom s an d theorem s commo n t o Euclidea n an d hyperboli c geometry. H e di d no t kno w elliptic geometry, and s o in hi s time still did no t 10. Werke, 8 , 201 . 11. Werke, 10 , 363.
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appreciate tha t man y o f thes e commo n axiom s wer e no t commo n t o al l geometries. In hi s 185 4 pape r "O n th e Hypothese s Whic h Underli e Geometry, " Riemann stil l believe d tha t ther e wer e som e proposition s abou t spac e tha t were a priori , thoug h thes e did no t include the assertion tha t physica l spac e is truly Euclidean . I t was , however , locally Euclidean . Cayley an d Klei n remaine d attache d t o th e realit y o f Euclidea n geometry (se e als o Chap . 38 , sec . 6) . I n hi s presidentia l addres s t o th e British Associatio n for the Advancement o f Science,12 Cayle y said , ". . . not that the propositions of geometry ar e only approximately true , but tha t they remain absolutel y true in regar d t o tha t Euclidea n spac e whic h has so long been regarde d a s being th e physica l space of our experience. " Thoug h the y themselves ha d worke d i n non-Euclidea n geometries , the y regarde d th e latter a s novelties that resul t when ne w distance functions ar e introduce d i n Euclidean geometry . The y faile d t o se e that non-Euclidea n i s as basic an d as applicable a s Euclidean geometry . In th e 1890 s Bertrand Russel l took u p th e questio n o f what propertie s of spac e ar e necessar y to an d ar e presuppose d b y experience . Tha t is , experience would be meaningless if any of these a priori properties were denied. In hi s Essay o n the Foundations o f Geometry (1897) , he agree s tha t Euclidea n geometry i s no t a prior i knowledge . H e concludes , rather , tha t projectiv e geometry i s a prior i fo r all geometry , a n understandabl e conclusio n in view of the importanc e o f that subjec t around 1900 . H e the n add s t o projectiv e geometry a s a prior i th e axiom s commo n t o Euclidea n an d al l th e non Euclidean geometries . Th e latte r facts , th e homogeneit y o f space , finit e dimensionality, an d a concep t o f distance make measuremen t possible. Th e facts tha t spac e is three-dimensional and tha t ou r actua l space i s Euclidean he consider s to be empirical . That th e metrica l geometries ca n b e derived fro m projectiv e geometr y by th e introductio n o f a metri c Russel l regards a s a technica l achievemen t having n o philosophica l significance . Metrical geometr y i s a logicall y subsequent an d separat e branc h o f mathematics and i s not a priori. With respect to Euclidean and th e several basic non-Euclidean geometries, he departs from Cayley an d Klei n an d regard s al l thes e geometrie s a s bein g o n a n equa l footing. Sinc e th e onl y metri c space s tha t posses s th e abov e propertie s ar e the Euclidean , hyperbolic , and singl e and doubl e elliptic , Russel l concludes that thes e are th e onl y possible metrical geometries, and o f course Euclidean is th e onl y physicall y applicabl e one . Th e other s ar e o f philosophica l importance i n showin g that ther e can be other geometries. With hindsight it is now possibl e to se e that Russel l had replace d the Euclidean bias by a pro jective bias . 12. Report o f the Brit. Assn. for th e Adv. ofSci., 1883 , 3-3 7 =



Coll. Math. Papers, 11 , 429-59.
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Though mathematician s wer e slo w to recognize th e fact , clearly see n b y Gauss, tha t ther e i s no assuranc e a t al l t o th e physica l trut h o f Euclidea n geometry, the y graduall y cam e aroun d t o tha t vie w an d als o t o th e relate d conviction o f Gauss tha t th e trut h o f mathematics reside s i n arithmeti c an d therefore als o i n analysis . Fo r example , Kronecke r i n hi s essa y "Ube r de n Zahlbegriff" (O n th e Numbe r Concept) 13 maintaine d th e trut h o f th e arithmetical discipline s bu t denie d i t t o geometry . Gottlo b Frege , abou t whose wor k w e shall sa y more later , als o insiste d on th e trut h o f arithmetic . However, eve n arithmeti c an d th e analysi s buil t o n i t soo n becam e suspect. Th e creatio n o f non-commutative algebras , notabl y quaternion s and matrices, certainl y raise d th e questio n of how on e ca n b e sur e tha t ordinar y numbers posses s th e privilege d propert y o f truth abou t th e rea l world . Th e attack o n th e trut h o f arithmetic came firs t fro m Helmholtz . Afte r h e ha d insisted, i n a famou s essay, 14 tha t ou r knowledg e o f physica l spac e come s only fro m experienc e an d depend s o n th e existenc e of rigid bodie s t o serve , among othe r purposes , a s measuring rods, i n hi s Zahlen und \lessen (Counting and Measuring , 1887 ) he attacke d th e truth s o f arithmetic . H e regard s a s the mai n proble m i n arithmeti c the meanin g o r th e validit y of the objectiv e application o f quantity and equalit y to experience . Arithmeti c itself may b e just a consisten t account o f the consequence s of the arithmetica l operations. It deal s wit h symbol s and ca n b e regarded a s a game . Bu t these symbols arc applied t o rea l object s and t o relation s among the m an d giv e result s about real working s of nature. How i s this possible? Unde r wha t condition s are th e numbers an d operation s applicable t o real objects ? I n particular , what i s the objective meanin g o f th e equalit y o f tw o object s an d wha t characte r mus t physical additio n hav e t o b e treate d a s arithmetica l addition ? Helmholtz point s ou t tha t th e applicabilit y o f number s i s neithe r a n accident no r proo f o f th e truth s o f th e law s o f numbers . Some kind s of ex perience sugges t the m an d t o thes e the y ar e applicable . T o appl y number s to real objects , Helmholtz says, objects must not disappear, or merge with one another, o r divid e in two . One raindro p adde d physicall y to anothe r doe s not produc e tw o raindrops . Onl y experienc e ca n tel l u s whethe r the object s of a physica l collectio n retai n thei r identit y s o tha t th e collectio n ha s a definite numbe r o f objects i n it . Likewise , knowing when equalit y betwee n physical quantitie s can b e applied als o depends o n experience . Any assertion of quantitativ e equality mus t satisf y tw o conditions . If th e object s ar e ex changed the y mus t remai n equal . Also , i f objec t a equal s c an d objec t b equals c, object a must equa l objec t b . Thus we ma y spea k o f the equalit y of weights an d interval s o f time , becaus e fo r thes e object s equalit y ca n b e determined. Bu t tw o pitche s may , as fa r a s th e ea r i s concerned , equa l a n 13. Jour, fur Math., 101 , 1887, 337-55 = Werke, 3 , 249-74. 14. Nachrichten Konig. Ges. der Wiss. zu Coll., 15 , 1868 , 193-22 1 = Wiss. Abli., 2 , 618-39 .
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intermediate on e an d ye t th e ea r migh t distinguis h the origina l two . Her e things equa l t o the sam e thin g are no t equa l t o each other . On e canno t ad d the value s o f electrica l resistanc e connecte d i n paralle l t o obtai n th e tota l resistance, no r ca n on e combin e i n an y wa y th e indice s o f refractio n o f different media . By th e en d o f th e nineteent h century , th e vie w tha t al l th e axiom s o f mathematics ar e arbitrar y prevailed . Axiom s were merel y t o be th e basi s for the deductio n ofconsequenc.es . Sinc e th e axioms were no longe r truth s abou t the concept s involve d i n them , th e physica l meanin g o f thes e concept s n o longer mattered . Thi s meanin g could , a t best , b e a heuristi c guide whe n th e axioms bor e som e relatio n t o reality . Thu s eve n th e concept s wer e severe d from th e physical world. By 1900 mathematics ha d broke n awa y fro m reality; it ha d clearl y an d irretrievabl y los t it s claim t o th e trut h abou t nature , an d had becom e th e pursui t of necessary consequence s o f arbitrary axiom s abou t meaningless things. The los s of truth an d th e seemin g arbitrariness, th e subjectiv e natur e o f mathematical ideas an d results , deeply disturbe d man y me n wh o considere d this a denigratio n o f mathematics. Som e therefor e adopted a mystica l vie w that sough t t o gran t som e realit y an d objectivit y t o mathematics . Thes e mathematicians subscribe d t o th e ide a tha t mathematic s i s a realit y i n itself, a n independen t bod y o f truths, and tha t th e object s of mathematics ar e given t o u s a s ar e th e object s o f th e rea l world . Mathematician s merel y discover th e concept s and thei r properties. Hermite , i n a lette r t o Stieltjes, 15 said, " I believ e tha t th e number s an d function s o f analysi s ar e no t th e arbitrary produc t o f our minds ; I believ e that the y exist outside of us with th e same characte r o f necessity a s the object s of objective reality ; and w e find or discover the m an d stud y them a s do th e physicists , chemists and zoologists. " Hilbert sai d a t th e Internationa l Congress i n Bologn a i n 1928, 16 "Ho w would i t be abov e al l with th e trut h of our knowledg e and wit h th e existenc e and progres s o f scienc e i f ther e wer e n o trut h i n mathematics ? Indee d i n professional writing s an d public , lecture s ther e ofte n appear s toda y a skepti cism an d despondenc y abou t knowledge ; thi s i s a certai n kin d o f occultism which I regar d a s damaging. " Godfrey H . Hard y (1877-1947) , an outstandin g analyst o f the twentieth century, sai d i n 1928, 17 "Mathematica l theorem s ar e tru e o r false ; thei r truth o r falsit y i s absolutely independen t o f our knowledg e o f them. I n some sense, mathematical truth is part o f objective reality." H e expresse d th e sam e view in his book A ^Mathematician's Apology (196 7 ed., p . 123) : "I believ e that mathematical realit y lies outside us, that our functio n i s to discover or observ e 15. C . Hermile-T. Slielljes Corresjiondance, Gauthier-Yillars , 1905 , 2 , p . 398 . 16. Alii de l Congresso, 1 , 1929 , 14 1 = Gnmdlagen de r Geometric, 7t h ed. , p . 323 . 17. Mind, 38 , 1929 , 1-25 .
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it and that the theorems which we describe grandiloquently as our ' creations,' are simpl y th e note s o f our observations. " 5. Mathematics a s th e Study o f Arbitrary Structures The nineteenth-centur y mathematicians were primaril y concerne d wit h th e study o f nature , an d physic s certainl y wa s th e majo r inspiratio n fo r th e mathematical work. The greatest men—Gauss, Riemann, Fourier , Hamilton , Jacobi, and Poincare—an d th e les s well-known men—ChristofTel, Lipschitz , Du Bois-Reymond , Beltrami , an d hundred s of others—worke d directl y o n physical problem s an d o n mathematica l problem s arisin g ou t o f physica l investigations. Eve n th e me n commonl y regarded a s pur e mathematicians , Weierstrass, for example, worked on physical problems. In fact , mor e tha n i n any earlier century, physical problems supplied the suggestions and directions for mathematica l investigations , an d highl y comple x mathematic s wa s created t o maste r them . Fresne l ha d remarke d tha t "Natur e i s not embar rassed b y difficultie s o f analysis" bu t mathematician s were no t deterre d an d overcame them . Th e onl y major branc h tha t ha d bee n pursue d fo r intrinsic aesthetic satisfaction , a t leas t sinc e Diophantus ' work , wa s th e theor y o f numbers. However, i n th e nineteent h centur y for th e firs t time , mathematician s not onl y carrie d thei r wor k fa r beyon d th e need s o f science an d technolog y but raise d an d answere d question s that ha d n o bearin g o n rea l problems . The raison d'etre of this development might be describe d a s follows. Th e two thousand-year-old convictio n that mathematic s was the trut h abou t natur e was shattered. But the mathematical theorie s now recognized t o be arbitrar y had nevertheles s prove d usefu l i n th e stud y of nature . Thoug h th e existin g theories historicall y owe d muc h t o suggestion s from nature , perhap s ne w theories constructe d solel y b y th e min d migh t als o prov e usefu l i n th e representation o f nature . Mathematician s the n shoul d fee l fre e t o creat e arbitrary structures . Thi s ide a wa s seize d upo n t o justify a ne w freedom i n mathematical research . However , sinc e a fe w structures already i n evidence by 1900 , an d man y o f thos e create d since , seeme d s o artificia l an d s o fa r removed fro m eve n potentia l application , thei r sponsor s bega n t o defen d them a s desirabl e i n an d fo r themselves. The gradua l ris e an d acceptanc e o f the vie w tha t mathematic s shoul d embrace arbitrar y structure s tha t nee d hav e n o bearing , immediat e o r ultimate, o n th e stud y o f natur e le d t o a schis m tha t i s described toda y a s pure versus applied mathematics . Suc h a brea k fro m traditio n coul d not bu t generate controversy . We ca n tak e space t o cite only a fe w of the argument s on eithe r side . Fourier ha d written , in th e prefac e to his Analytical Theory o f Heat, "Th e profound stud y o f natur e i s th e mos t fertil e sourc e o f mathematica l dis -
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coveries. Thi s stud y offers no t onl y the advantag e o f a well-determined goa l but th e advantag e o f excluding vague question s and useles s calculations . I t is a means of building analysis itself and o f discovering the ideas which matte r most an d whic h scienc e must alway s preserve . Th e fundamenta l idea s ar e those which represent the natural happenings. " H e also stressed the applica tion o f mathematics t o sociall y useful problems . Though Jacobi ha d don e first-class work in mechanic s and astronomy , he too k issu e with Fourier . H e wrot e t o Legendr e o n July 2 , 1830, 18 "I t is true that Fourie r i s of the opinio n that th e principa l object of mathematics is the public utilit y an d th e explanatio n o f natural phenomena ; but a scientist like him ough t t o know that th e uniqu e object o f science is the hono r o f the human spiri t an d o n this basis a question of [the theor y of] number s is worth as much a s a questio n about th e planetar y system . . . ." Throughout th e century , a s mor e me n becam e disturbe d b y th e drif t to pur e mathematics , voice s wer e raise d i n protest . Kronecke r wrot e t o Helmholtz, "The wealth of your practical experienc e with sane an d interesting problems will give to mathematics a new direction and a new impetus. . . . One-sided an d introspectiv e mathematica l speculatio n lead s int o steril e fields." Felix Klein , i n hi s Mathematical Theory o f the Top, (1897, pp. 1-2 ) stated , "It i s the grea t nee d o f the presen t i n mathematica l scienc e that th e pur e science an d thos e department s o f physical science in whic h i t finds its most important application s should agai n b e brought into the intimate association which prove d s o fruitful i n th e work s o f Lagrange an d Gauss. " An d Emil e Picard, speakin g i n th e earl y par t o f thi s centur y (L a Science moderne e t son e'tat actuel, 1908) , warne d agains t th e tendenc y t o abstraction s and pointles s problems. Somewhat later , Feli x Klein spoke out again. 19 Fearing that the freedom to create arbitrar y structure s was being abused, he emphasized that arbitrar y structures are "th e death o f all science. The axiom s of geometry ar e . . . not arbitrary bu t sensibl e statements whic h are , i n general , induce d b y spac e perception an d ar e determine d a s t o thei r precis e conten t b y expediency. " To justify th e non-Euclidean axioms Klein pointed out that visualizatio n can verify th e Euclidea n paralle l axio m onl y withi n certai n limits . On anothe r occasion h e pointe d ou t tha t " whoever has the privileg e of freedom should also bea r responsibility. " By "responsibility " Klei n mean t servic e i n th e investigation o f nature. Despite th e warnings , th e tren d t o abstractions , t o generalizatio n o f existing result s for th e sak e o f generalization, an d th e pursui t o f arbitraril y chosen problem s continued . The reasonabl e nee d t o study an entir e clas s of 18. Ges. Werke, \ , 454-55 . 19. Elementary Mathematics from a n Advanced Standpoint, MacmiUan , 1939 ; Dove r (reprint) , 1945, Vol . 2 , p . 187 .



1038 MATHEMATIC



S A S O F I gOO



problems i n orde r t o lear n mor e abou t concret e case s an d t o abstrac t i n order to get at th e essenc e of a problem becam e excuses to tackle generalities and abstraction s i n an d fo r themselves . Partly t o counte r th e tren d t o generalization , Hilber t no t onl y stresse d that concret e problem s ar e th e lifebloo d o f mathematics , bu t too k th e trouble i n 190 0 to publis h a lis t o f twenty-thre e outstanding one s (se e the bibliography) an d t o cite them i n a tal k he gave a t th e Secon d Internationa l Congress o f Mathematicians in Paris . Hilbert' s prestige did caus e man y me n to tackle thes e problems. N o honor coul d b e more avidl y sought tha n solving a proble m pose d b y s o great a man. But the tren d t o free creations , abstrac tions, an d generalization s wa s no t stemmed . Mathematic s brok e awa y fro m nature an d scienc e t o pursu e it s own course .



6. Th e Problem o f Consistency Mathematics, fro m a logica l standpoint , wa s b y th e en d o f th e nineteent h century a collectio n o f structures each buil t on it s own syste m of axioms. A s we hav e alread y noted , on e o f the necessar y propertie s o f any suc h structure is th e consistenc y of its axioms. A s long a s mathematic s wa s regarde d a s th e truth abou t nature , th e possibilit y that contradictor y theorem s coul d aris e did no t occur; an d indee d th e though t woul d hav e bee n regarde d a s absurd . When th e non-Euclidea n geometrie s wer e created , thei r seemin g varianc e with realit y di d rais e th e questio n o f their consistency. As we have seen , thi s question wa s answere d b y makin g th e consistenc y o f th e non-Euclidea n geometries depen d upo n tha t o f Euclidean geometry . By th e 1880 s th e realizatio n tha t neithe r arithmeti c no r Euclidea n geometry i s true made th e investigatio n o f the consistenc y of these branche s imperative. Pean o an d hi s school began i n the 1890 s to consider thi s problem . He believe d tha t clea r test s coul d b e devise d tha t woul d settl e it . However , events prove d tha t h e wa s mistaken. Hilber t di d succee d i n establishin g th e consistency of Euclidean geometr y (Chap . 42 , sec. 3) on the assumptio n tha t arithmetic i s consistent . Bu t th e consistenc y o f th e latte r ha d no t bee n established, an d Hilber t pose d thi s proble m a s th e secon d i n th e lis t h e presented at the Second Internationa l Congress in 1900; in his"Axiomatisches Denken" 20 h e stresse d i t a s th e basi c proble m i n th e foundation s o f mathematics. Man y othe r me n becam e awar e o f the importanc e o f the problem . In 190 4 Alfre d Pringshei m (1850-1941) 21 emphasize d tha t th e trut h mathematics seek s is neither more no r les s than consistency . We shall examin e in Chapte r 5 1 th e wor k o n thi s problem . 20. Math, Ann., 78 , 1918 , 405-15 = Ges. Abh., 145-56 . 21. Jahres. der Deut. Math.-Verein, 13 , 1904 , 381 .
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7. A Glance Ahead The pac e o f mathematical creatio n ha s expande d steadil y sinc e 1600 , and this i s certainly true o f the twentiet h century. Mos t o f the field s pursue d i n the nineteent h century wer e furthe r develope d i n th e twentieth . However , the detail s o f th e newe r wor k i n thes e field s woul d b e o f interes t onl y t o specialists. W e shal l therefor e limit ou r accoun t o f twentieth-century work to those fields that first became prominen t in this period. Moreover , w e shall consider onl y the beginning s of those fields. Developments of the secon d an d third quarter s o f thi s centur y ar e to o recen t t o b e properl y evaluated . W e have note d man y area s pursue d vigorousl y and enthusiasticall y in th e past , which wer e take n b y thei r advocate s t o b e th e essenc e of mathematics, bu t which prove d t o be passin g fancies or t o have little consequential impac t o n the cours e o f mathematics . Howeve r confiden t mathematicians o f th e las t half-century ma y b e tha t thei r wor k i s of the utmos t importance , th e plac e of their contribution s in th e history of mathematics canno t b e decided a t th e present time . Bibliography Fang,.}.: Hilbert, Paidcia Press , 1970 . Sketches of Hilbert's mathematica l work . Hardy, G . H. : A Mathematician's Apology, Cambridg e Universit y Press , 194 0 an d 1967. Helmholtz, H . von : Counting an d Measuring, D . Va n Nostrand , 1930 . Translatio n of Zahlen un d Messen — Wissenschaflliche Abhandlungen, 3 , 356-91 . : "Ube r de n Ursprun g Sin n un d Bedeutun g de r geometrische n Satze" ; English translation : "O n th e Origi n an d Significanc e o f Geometrica l Axioms," i n Helmholtz : Popular Scientific Lectures, Dove r (reprint) , 1962 , pp . 223—49. Als o i n James R . Newman : Th e World o f Mathematics, Simon an d Schuster, 1956 , Vol . 1 , pp . 647-68 . Se e als o Hehnholtz' s Wissenschaftliche Abhandlungen, 2 , 640-60. Hilbert, David : " Sur le s probleme s futur s de s mathematiques," Camples Rendus du Deuxieme Congres International de s Mathematiciens, Gauthier-Villars , 1902 , 58-114. Als o i n German , i n Nachrichten Ko'nig. Ges. der Wiss. z u Go'tt., 1900 , 253-97, an d i n Hilbert' s Gesammelte Abhandlungen, 3 , 290-329 . Englis h translation i n Amer. Math. Soc. Bull., 8, 1901/2 , 437-79 . Klein, Felix: "Uber Arithmetisirung der Mathematik, " Ges. Math. Abh., 2, 232-40. English translatio n in Amer. Math. Soc. Bull., 2, 1895/6 , 241-49 . Pierpont, James: "On the Arithmetizatio n of Mathematics," Amer. Math. Soc. Bull., 5, 1898/9 , 394-406 . Poincare, Henri : Th e Foundations o f Science, Scienc e Press , 1913 . See especiall y pp . 43-91. Reid, Constance : Hilbert, Springer-Verlag, 1970 . A biography.
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The Theor y o f Function s of Real Variable s If Newton and Leibni z ha d though t tha t continuous function s do no t necessaril y hav e a derivative—an d thi s i s the genera l case—the differentia l calculu s woul d neve r hav e bee n created. EMIL E PICAR D



1. Th e Origins The theor y o f functions o f one or more rea l variable s gre w ou t o f the attemp t to understand an d clarif y a number o f strange discoveries that had bee n mad e in th e nineteent h century . Continuou s bu t non-differentiabl e functions , series o f continuou s function s whos e su m i s discontinuous , continuou s functions tha t ar e no t piecewis e monotonic , function s possessin g bounde d derivatives tha t ar e no t Rieman n integrable , curve s tha t ar e rectifiabl e bu t not accordin g t o th e calculu s definitio n o f ar c length , an d nonintegrabl e functions tha t ar e limit s of sequences o f integrable functions—al l seeme d t o contradict th e expecte d behavio r o f functions , derivatives , an d integrals . Another motivatio n fo r th e furthe r stud y o f the behavio r o f functions cam e from th e researc h o n Fourie r series . This theory , a s buil t u p b y Dirichlet , Riemann, Cantor , Uliss e Din i (1845-1918) , Jordan , an d othe r mathe maticians o f the nineteent h century , wa s a quit e satisfactor y instrument fo r applied mathematics . But th e propertie s of the series , as thu s far developed , failed t o giv e a theor y tha t coul d satisf y th e pur e mathematicians . Unity , symmetry, an d completenes s o f relatio n betwee n functio n an d serie s wer e still wanting. The researc h i n th e theor y o f function s emphasize d th e theor y o f th e integral becaus e i t seeme d tha t mos t o f the incongruitie s could b e resolve d by broadenin g tha t notion . Henc e t o a larg e exten t thi s wor k ma y b e regarded a s a direc t continuatio n of th e wor k o f Riemann , Darboux , D u Bois-Reymond, Cantor , an d other s (Chap . 40 , sec. 4). 1040
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2. Th e Stieltjes Integral Actually th e firs t extensio n o f th e notio n o f integra l cam e fro m a totall y different clas s o f problems tha n thos e just described . I n 189 4 Thoma s Ja n Stieltjes (1856-94 ) publishe d hi s "Recherches sur le s fractions continues," 1 a mos t original paper in which he started fro m a very particular questio n and solved i t wit h rar e elegance . Thi s work suggeste d problem s o f a completel y novel nature in the theory of analytic functions an d i n the theory of functions of a real variable . I n particular , i n order t o represent th e limit of a sequenc e of analyti c function s Stieltje s wa s oblige d t o introduc e a ne w integra l tha t generalized th e Riemann-Darbou x concept . Stieltjes consider s a positive distribution of mass along a line, a general ization o f th e poin t concep t o f density which , o f course, ha d alread y bee n used. H e remark s tha t suc h a distributio n of mass is given b y a n increasin g function (f>(x) whic h specifie s th e tota l mas s in th e interva l [0 , x ] fo r x > 0 , the discontinuitie s o f ^ correspondin g t o masse s concentrate d a t a point . For such a distribution of mass in an interval [a , b\ he formulates the Rieman n sums



wherein th e ar e a partitio n o f [a, b] a n d i s within He the n showe d tha t when/i s continuous in [a , b] an d th e maximu m sub interval o f the partition s approaches 0 , th e sum s approach a limi t whic h he denoted b y . Thoug h h e use d thi s integra l i n hi s ow n work , Stieltjes di d no t pus h furthe r th e integra l notio n itself , excep t tha t fo r th e interval (0 , co) h e define d



His integral concep t wa s not take n u p b y mathematician s unti l muc h later , when i t di d fin d man y application s (se e Chap. 47 , sec. 4) . 3. Early Work o n Content an d Measure Quite anothe r lin e of thought le d to a differen t generalizatio n o f the notio n of integral, th e Lebesgu e integral . Th e stud y of the set s o f discontinuities of functions suggeste d the question of how to measure th e extent or "length" of the set of discontinuities, because the extent of these discontinuities determines the integrability of the function. Th e theor y of content and later th e theory of 1. Ann. Fac. Sci. d e Toulouse, 8, 1894 , J.1-122 , an d 9 , 1895 , A.l-4 7 = CEuvres completes, 2 , 402-559.
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measure were introduce d t o extend th e notio n o f length t o sets of points that are no t ful l interval s o f the usua l straigh t line . The notio n o f content i s based o n th e followin g idea : Conside r a se t E of points distribute d i n som e manne r ove r a n interva l [a , b]. To b e loos e for the moment , suppos e tha t i t i s possible t o enclos e or cove r thes e point s b y small subinterval s o f [a , b] so tha t th e point s o f E ar c eithe r interio r t o on e of th e subinterval s o r a t wors t a n endpoint . W e reduc e th e length s of these subintervals mor e an d mor e an d ad d other s i f necessar y t o continu e t o enclose th e point s o f E , whil e reducin g th e su m o f th e length s o f th e sub intervals. Th e greates t lowe r boun d o f th e su m o f thos e subinterval s tha t cover point s o f E i s calle d th e (outer ) conten t o f E. Thi s loos e formulation is no t th e definitiv e notio n tha t wa s finall y adopted , bu t i t ma y serv e t o indicate wha t th e me n wer e tryin g to do. A notio n o f (outer ) conten t wa s give n b y D u Bois-Reymon d i n hi s Die allgemeine Funklionentheorie (1882) , Axe l Harnac k (1851-88 ) i n hi s Di e Elements der Differential- und Integrairechnung (1881) , Ott o Stolz, 2 an d Cantor. 3 Stolz an d Canto r als o extende d th e notio n o f conten t t o tw o an d higher dimensional set s using rectangles , cubes , an d s o fort h i n plac e o f intervals. The us e o f thi s notio n o f content , whic h wa s unfortunatel y no t satis factory i n al l respects , nevertheles s revealed tha t ther e wer e nowher e dens e sets (tha t is , the se t lies i n a n interva l but i s not dens e i n an y subinterva l o f that interval ) o f positive conten t an d tha t function s wit h discontinuitie s o n such set s were no t integrabl e in Riemann' s sense . Also ther e wer e function s with bounde d nonintegrabl e derivatives . Bu t mathematician s of thi s time , the 1880s , though t tha t Riemann' s notio n o f th e integra l coul d no t b e extended. To overcom e limitation s in th e abov e theor y of content an d t o rigoriz e the notio n o f are a o f a region , Pean o (Applicazioni geometriche de l calcolo infinitesimale, 1887 ) introduce d a fulle r an d muc h improved notio n o f content. He introduce d a n inne r an d oute r conten t fo r regions. Le t u s conside r tw o dimensions. Th e inne r conten t i s th e leas t uppe r boun d o f al l polygona l regions containe d withi n th e regio n R an d th e oute r conten t i s the greates t lower boun d o f all polygona l region s containin g the regio n R . I f th e inne r and oute r conten t ar e equal , thi s commo n valu e i s th e area . Fo r a one dimensional se t th e ide a i s simila r bu t use s interval s instea d o f polygons . Peano pointe d ou t tha t 'iff(x) i s non-negative i n [a , b] the n



where th e first integral i s the leas t uppe r boun d o f the lowe r Rieman n sum s offon [a , b\ and th e second i s the greatest lower bound of the upper Rieman n 2. Math. Ann., 23, 1884 , 152-56 . 3. Math. Ann., 23, 1884 , 453-8 8 = Ges. Abh., 210-46 .
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sums an d ( i an d ar e th e inne r an d oute r conten t o f th e regio n R bounded abov e b y th e grap h off. Thu s f i s integrable i f and onl y i f / ? ha s content i n th e sens e that Jordan mad e th e mos t advance d ste p i n th e nineteenth-centur y theory of conten t (elendue). H e to o introduce d a n inne r an d oute r content, 4 bu t formulated th e concep t somewha t mor e effectively . Hi s definitio n fo r a se t of points E containe d i n [a , b] starts with the oute r content . On e cover s E b y a finite set of subintervals of [a, b] such that eac h poin t of £ i s interior to or a n endpoint o f one o f these subintervals . The greates t lowe r boun d o f the su m of all such sets of subintervals that contai n at leas t one point o f £ i s the oute r content o f E. The inne r content of £ i s defined to be the leas t uppe r boun d of the su m o f the subinterval s that enclos e only points o f £ in [a , b]. I f the inne r and oute r conten t of £ ar e equal, the n £ ha s content. Th e sam e notio n was applied b y Jordan t o sets in w-dimensiona l spac e excep t tha t rectangle s an d the higher-dimensional analogues replace th e subintervals. Jordan could now prove wha t i s called th e additivit y property : Th e conten t o f th e su m o f a finite numbe r o f disjoined set s with conten t i s the su m o f the content s of th e separate sets . Thi s wa s no t tru e fo r th e earlie r theorie s o f content , excep t Peano's. Jordan's interes t i n conten t derive d fro m th e attemp t t o clarif y th e theory o f double integral s take n ove r som e plan e regio n £ . Th e definitio n usually adopte d wa s to divide th e plan e int o squares R ti b y line s paralle l to the coordinat e axes . Thi s partitio n o f th e plan e induce s a partitio n o f E into £y's. Then, b y definition,



where denote s th e are a o f an d th e su m is over al l interio r to E and al l 1 tha t contai n an y point s of £ bu t ma y als o contai n point s outsid e of £. Fo r th e integral t o exis t i t is necessary t o show that th e R ti tha t ar e no t entirely interio r to £ ca n b e neglecte d o r tha t th e su m o f the area s o f the Ru tha t contai n boundar y point s of £ approache s 0 with th e dimension s of the RJJ. I t ha d bee n generall y assume d tha t thi s wa s th e cas e an d Jorda n himself did s o in th e first edition of his Cows d'analyse (Vol . 2, 1883) . Howeve r the discovery of such peculiar curves as Peano's square-filling curv e made the mathematicians mor e cautious . I f £ ha s two-dimensiona l Jordan content , then on e ca n neglec t the R if tha t contai n th e boundar y point s of £. Jorda n was als o abl e t o obtai n result s o n th e evaluatio n o f doubl e integral s b y repeated integration . The secon d editio n o f Jordan's Cours d'analyse (Vol . 1 , 1893 ) contain s Jordan's treatmen t o f conten t an d it s applicatio n t o integration . Thoug h 4. Jour, tie Math., (4) , 8 , 1892 , 69-9 9 = CEuvres, 4 , 427-57 .
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superior t o tha t o f hi s predecessors , Jordan' s definitio n of conten t wa s no t quite satisfactory . According to i t a n ope n bounde d se t does no t necessaril y have conten t an d th e se t of rational point s containe d i n a bounde d interva l does no t hav e content . The nex t step in th e theor y of content wa s made b y Borel. Borel was led to stud y the theory , whic h h e calle d measure , whil e working on th e set s of points o n whic h serie s representin g comple x function s converge . Hi s Legons sur l a theorie des fonctions (1898 ) contain s hi s firs t majo r wor k o n th e subject . Borel discerne d th e defect s i n th e earlie r theorie s o f content an d remedie d them. Cantor ha d show n tha t ever y ope n se t U on th e lin e i s the unio n o f a denumerable famil y o f open intervals , no tw o havin g a poin t i n common . I n place o f approachin g U b y enclosin g i t i n a finit e se t o f interval s Borel , using Cantor' s result , proposed a s the measur e o f a bounde d ope n se t U th e sum o f the length s of the componen t intervals . H e the n define d the measur e of th e su m o f a countable numbe r o f disjoined measurabl e set s a s th e su m o f the individua l measure s an d th e measur e o f the se t A — B, if A an d B ar e measurable an d B i s contained i n A , a s the differenc e o f the measures . Wit h these definition s h e coul d attac h a measur e t o set s forme d b y addin g an y countable number of disjoined measurable sets and t o the difference of any two measurable set s A and B i f A contains B. H e the n considered set s of measure 0 and showe d tha t a se t of measure greate r tha n 0 is non-denumerable. Borel's theor y o f measur e wa s a n improvemen t ove r Peano' s an d Jordan's notions of content, but i t was not the final word, no r did h e conside r its applicatio n t o integration .



4. Th e Lebesgue Integral The generalizatio n o f measur e an d th e integra l tha t i s no w considere d definitive wa s made b y Henr i Lebesgu e (1875-1941) , a pupi l o f Borel an d a professo r at th e Colleg e d e France . Guide d b y Borel' s idea s an d als o b y those o f Jordan an d Peano , h e first presented hi s ideas o n measur e an d th e integral i n hi s thesis, "Integrale, longueur , aire." 6 Hi s work supersede d th e nineteenth-century creation s and , i n particular , improve d o n Borel' s theor y of measure. Lebesgue's theory of integration i s based o n hi s notion of measure o f sets of points and bot h idea s apply t o sets in n-dimensiona l space. Fo r illustrativ e purposes we shall consider th e one-dimensional case . Let £ be a set of points in a < x < b . The point s o f E ca n b e enclose d a s interior point s i n a finit e or count-ably infinite se t o f intervals . . . lyin g in [a , b]. (Th e endpoint s o f [a, b} ca n b e endpoint s o f a , ) I t ca n b e show n that th e se t of intervals 5. Annali d i Mat., (3) , 7, 1902 , 231-59.
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can b e replace d b y a se t of non-overlapping interval s . . . such tha t every poin t o f E i s an interio r poin t o f one o f the interval s o r th e commo n endpoint o f two adjacent intervals . Le t denot e th e sum of the lengths . The lowe r bound o f fo r all possible sets i s called th e exterior measur e of £ an d denoted b y ' ~ . The interior measure o f E is defined to be the exterio r measur e o f th e se t C(E), tha t is , the complemen t o f E i n [a , b ] or th e point s of a < x < b not i n E . Now on e ca n prov e a numbe r o f subsidiary results , including th e fac t that Th e se t E is defined to be measurable if ) and th e measur e m(E) i s taken t o b e thi s common value . Lebesgu e showe d that a unio n o f a countabl e numbe r o f measurable set s tha t ar e pairwis e disjoined ha s a s its measure th e su m o f the measure s of the componen t sets. Also al l Jordan measurabl e set s are Lebesgu e measurable an d th e measur e is the same . Lebesgue' s notio n of measure differs fro m Borel' s by th e adjunc tion o f a part of a set of measure 0 in th e sens e of Borel. Lebesgue also called attention t o th e existenc e of nonmeasurable sets. His next significan t notion i s that o f a measurabl e function . Le t £ b e a bounded measurabl e se t o n th e x-axis . Th e functio n f ( x ) , define d o n al l points o f E, i s said t o b e measurabl e i n E i f the se t of points o f E fo r which f(x) > A i s measurable fo r every constan t A . Finally w e arriv e a t Lebesgue' s notio n o f a n integral . Le t f(x) b e a bounded an d measurabl e functio n o n th e measurabl e se t E containe d i n [a, b]. Le t A an d B b e th e greates t lowe r and leas t uppe r bound s off(x) o n E. Divid e th e interva l [A , B] (o n th e ?/-axis ) int o n partial intervals with A = an



dB = .



Le t b



Form th e sum s S an d s where



e th e se t o f point s o f E fo r whic h Then ar e measurabl e sets .



The sum s S and . r have a greatest lower bound J an d a least upper boun d / , respectively. Lebesgu e showe d tha t fo r bounde d measurabl e function s / = J , an d thi s commo n valu e is the Lebesgu e integra l off(x) o n E . Th e notation i s



If E consist s o f th e entir e interva l a < x < b , the n w e us e th e notatio n dx, bu t th e integra l i s understoo d i n th e Lebesgu e sense . If/(* ) i s Lebesgue integrabl e an d th e valu e of the integra l is finite , theny(x ) i s said to b e summable , a ter m introduce d b y Lebesgue . An/(x) tha t i s Riemann
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integrable o n [a , b] is Lcbcsguc integrabl e bu t no t necessaril y conversely. I f f ( x ) i s integrable i n bot h senses , the value s of the tw o integral s are th e same . The generalit y o f th e Lebesgu e integra l derive s fro m th e fac t tha t a Lcbesgue integrabl e functio n nee d no t b e continuou s almos t everywher e (that is , except o n a se t of measure 0) . Thu s th e Dirichlc t function , whic h i s 1 fo r rationa l value s o f x an d 0 ( or irrationa l values o f x i n [a , b], i s totally discontinuous an d thoug h no t Ricman n integrabl e is Lcbesgu e integrable . In thi s cas e d x — 0. The notio n o f th e Lebesgu e integra l ca n b e extende d t o mor e genera l functions, fo r exampl e unbounde d functions . I f f ( x ) i s Lcbesgu e integrabl e but no t bounde d i n th e interva l o f integration , th e integra l converge s absolutely. Unbounde d function s ma y b e Lebesgu e integrabl e bu t no t Riemann integrabl e an d conversely . For practica l purpose s th e Rieman n integra l suffices . I n fac t Lebesgu e showed (Lefons sur rintegration e t l a recherche de s fonctions primitives, 1904 ) tha t a bounde d functio n i s Ricman n integrabl e i f an d onl y i f th e point s o f dis continuity for m a se t o f measur e 0 . Bu t fo r theoretica l wor k th e Lebesgu e integral afford s simplifications . Th e ne w theorem s res t o n th e countabl e additivity o f Lebesgu e measur e a s contraste d wit h th e finit e additivit y o f Jordan content . To illustrat e the simplicit y o f theorem s usin g Lebesgu e integration , w e have th e resul t give n b y Lebesgu e himsel f i n hi s thesis . Suppos e . . . ar e summabl c function s o n a measurabl e se t E an d converges lof(x). The n f ( x) i s measurable. I f i n additio n i s uniformly bounde d fo r all x in E an d al l ;;) , the n i t i s a theore m tha.tf(x) i s Lebesgu e integrabl e o n [a , b] an d



If w e wer e workin g with Rieman n integral s we woul d nee d th e additiona l hypothesis tha t th e su m o f the serie s is integrable; thi s cas e fo r th e Rieman n integral i s a theore m du e t o Cesarc Arzcla (1847-1912). 6 Lebesgu e mad e his theorem th e cornerston e i n th e expositio n o f hi s theor y i n hi s Legons su r ['integration. The Lcbesgu e integra l is especially usefu l i n th e theor y o f Fourier series and mos t importan t contribution s wer e mad e i n thi s connectio n b y Lcbesgue himself. 7 Accordin g t o Ricmann , th e Fourie r coefficient s an d of a bounde d an d integrabl e functio n ten d t o 0 a s n become s infinite . Lebesgue's generalizatio n state s tha t



6. Atti della Amid, del Lined, Rendiconli, (4) , 1 , 1885 , 321-26 , 532-37 , 566-69 . 7. E.g. , Ann. d e I'Ecole \orrn. Sup., (3) , 20, 1903 , 453-85 .
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where f ( x) i s any function , bounde d o r not, that i s Lebesgue integrable . Thi s fact i s now referre d t o a s th e Riemann-Lebesgu e lemma . In thi s sam e pape r o f 190 3 Lebesgu e showe d tha t i f f i s a bounde d function represente d b y a trigonometri c series, that is,



then th e a n an d b n ar e Fourie r coefficients . I n 1905 8 Lebesgu e gav e a ne w sufficient conditio n for th e convergenc e o f th e Fourie r serie s t o a functio n f ( x ) tha t include d al l previously known conditions. Lebesgue als o showe d (Legons su r les series trigonometriques, 1906 , p . 102 ) that term-by-ter m integratio n o f a Fourie r serie s doe s no t depen d o n th e uniform convergenc e o f the serie s t o f ( x ) itself . Wha t doe s hol d i s that



where x i s an y poin t i n [ — TT, TT], fo r an y f ( x ) tha t i s Lebesgu e integrable , whether o r no t th e origina l serie s fo r f ( x) converges . An d th e ne w serie s converges uniforml y t o th e lef t sid e o f th e equatio n i n th e interva l [ — TT, TT]. Further, Parseval' s theore m tha t



holds fo r an y f ( x ) whos e squar e i s Lebesgu e integrabl e i n [ — IT, TT] (Legons, 1906, p . 100) . Then Pierr e Fato u (1878-1929 ) proved 9 tha t



where an d an d an d ar e th e Fourie r coefficient s fo r f ( x) an d g(x) whose square s ar e Lebesgu e integrabl e i n [ — TT, TT}. Despit e thes e advance s in th e theor y o f Fourie r series , ther e i s n o know n propert y o f a n f(x] Lebesgue integrabl e i n [ — TT, TT] that i s necessar y an d sufficien t fo r th e con vergence of its Fourie r series . Lebesgue devote d mos t o f hi s effort s t o th e connectio n betwee n th e notions o f integra l an d o f primitiv e function s (indefinit e integrals) . Whe n Riemann introduced his generalization of the integral, the question was posed whether the correspondence betwee n definit e integral and primitiv e function , valid fo r continuou s functions , hel d i n th e mor e genera l case . Bu t i t i s possible t o giv e example s o f functions/integrable i n Riemann' s sens e an d 8. Math. Ann., 61, 1905 , 251-80. 9. Ad a Math., 30 , 1906 , 335-400 .
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such tha t dt doe s no t hav e a derivativ e (no t even a righ t o r lef t derivative) a t certai n points . Conversel y Volterr a showe d i n 1881 10 tha t a function F(x) ca n hav e a bounde d derivativ e i n a n interva l / tha t i s not integrable in Riemann's sens e over the interval. By a subtle analysis Lebesgue showed that if/is integrable in his sense in [a , 6], then.F(x) = d t has a derivative equa l t o f(x) almos t everywhere , tha t is , excep t o n a se t o f measure zero (Lefons sur I'integration). Conversely , if a functio n g is differenti able i n [a , b] an d i f it s derivativ e g ' = f i s bounded , the n f i s Lebesgu e integrable an d th e formul a g(x) — g(a) = d t holds . However , a s Lebesgue established, the situation is much more complex ifg' i s not bounded . In thi s cas e g' i s no t necessaril y integrable , an d th e firs t proble m i s t o characterize th e function s g fo r whic h g' exist s almos t everywher e an d i s integrable. Limitin g himself to the cas e wher e one of the derive d numbers 11 of g is finit e everywhere , Lebesgue showed tha t g is necessarily a functio n o f bounded variatio n (Chap . 40 , sec. 6). Finall y Lebesgu e establishe d (i n th e 1904 book) th e reciproca l result . A function g of bounded variatio n admit s a derivative almos t everywher e an d g' i s integrable. Bu t on e doe s no t neces sarily hav e (1) the differenc e betwee n th e tw o member s o f this equatio n i s a nonconstan t function o f bounde d variatio n wit h derivativ e zer o almos t everywhere . A s for th e function s o f bounded variatio n g fo r which (1 ) does hold, thes e have the followin g property: The tota l variation ofg i n an ope n se t U (that is, the sum o f the tota l variation s o f g i n eac h o f the connecte d component s o f C7 ) tends t o 0 wit h th e measur e o f U . Thes e function s wer e calle d absolutel y continuous b y Giusepp e Vitali (1875-1932) , who studie d them i n detail. Lebesgue's work also advanced th e theor y o f multiple integrals. Under his definitio n o f the doubl e integral , th e domai n o f functions fo r which th e double integra l ca n b e evaluate d b y repeate d integratio n i s extended . Lebesgue gav e a resul t i n hi s thesi s of 1902 , but th e bette r resul t was given by Guid o Fubin i (1879-1943 ) : 12 lff(x,y) i s summable over th e measurabl e set G , then (a) f ( x , y ) a s a function of x and a s a function of y i s summable for almost all y an d x , respectively ; 10. Gior. di Mat., 19 , 1881 , 333-72 = Opere Mat., 1 , 16-48 . 11. Th e tw o righ t derive d number s o f g ar e th e tw o limits,



The tw o lef t derive d number s ar e define d similarly . 12. Alii delta Accad. dei Lincei, Rendiconli, (5) , 16, 1907 , 608-14.
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r whic h eithe r i



s not sum -



(c)



where the oute r integrals ar e take n ove r th e se t of points y (respectively x) fo r which f(x, y ) a s a function o f x (as a function o f y, respectively) ar e summable. Finally, in 1910 13 Lebesgue arrive d a t result s for multiple integrals that extended thos e fo r th e derivative s o f single integrals . H e associate d wit h a function / integrabl e i n ever y compac t regio n o f th e se t function (a s opposed t o functions o f numerical variables ) F(E) = ( # represents n coordinates ) define d fo r eac h integrabl e domai n E o f . Thi s concep t generalizes the indefinit e integral . H e observe d tha t th e functio n F possesse s two properties: (1) I t i s completely additive ; tha t is , wher e th e . are pairwis e disjoine d measurabl e sets . (2) I t i s absolutely continuou s i n th e sens e tha t F(E) tend s t o 0 wit h th e measure o f E. The essentia l part of this paper of Lebesgue was to show the convers e of this proposition, that is, to define a derivative of F (E) a t a point P of rz-dimensional space. Lebesgu e arrive d a t th e followin g theorem : I f F(E) i s absolutel y continuous an d additive , the n i t possesse s a finit e derivativ e almos t every where, and F is the indefinite integral o f that summable function whic h is the derivative o f F wher e i t exist s and i s finit e bu t i s otherwise arbitrary a t th e remaining points . The principa l too l i n th e proo f i s a coverin g theore m du e t o Vitali, 14 which remains fundamental in this area of integration. Bu t Lebesgue did no t stop there. He indicated the possibility of generalizing the notion of functions of bounded variatio n b y considering functions F(E) wher e E is a measurable set, th e function s bein g completel y additiv e an d suc h tha t remains bounde d fo r ever y denumerabl e partitio n o f E int o measurabl e subsets E n. I t woul d b e possible to cite man y othe r theorem s of the calculus that hav e bee n generalize d b y Lebesgue' s notion of the integral . Lebesgue's work, one of the grea t contributions of this century, did wi n approval but , a s usual, not withou t some resistance. We hav e alread y note d (Chap. 40 , sec. 7 ) Hermite's objection s to function s withou t derivatives. H e tried t o prevent Lebesgu e fro m publishin g a "Not e on Non-Rule d Surface s 13. Ann. de I'Ecole Norm. Sup., (3) , 27 , 1910 , 361-450 . 14. Alti Accad. Torino, 43, 1908 , 229-46 .
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Applicable t o th e Plane," 15 i n whic h Lebesgu e treate d non-differentiabl e surfaces. Lebesgu e sai d man y year s late r i n hi s Notice (p . 13 , se e bibliog raphy), To man y mathematician s I becam e th e ma n o f th e function s withou t derivatives, althoug h I neve r a t an y tim e gav e mysel f completel y t o th e study o r consideratio n o f such functions . And sinc e th e fea r an d horro r which Hermit e showe d wa s fel t b y almos t everybody , wheneve r I trie d to tak e par t i n a mathematica l discussio n ther e woul d alway s b e a n analyst wh o woul d say , "Thi s won' t interes t you ; w e ar e discussin g functions havin g derivatives." O r a geometer woul d say it in his language: "We're discussin g surface s that hav e tangen t planes. "



Lebesgue als o sai d (Notice, p . 14), Darboux ha d devote d hi s Memoire o f 187 5 to integratio n an d t o functions without derivatives ; h e therefor e di d no t experienc e th e sam e horro r a s Hermite. Nevertheles s I doub t whethe r h e eve r entirel y forgav e m y "Note o n Applicabl e Surfaces. " H e mus t hav e though t tha t thos e wh o make themselve s dul l i n thi s stud y ar e wastin g thei r tim e instea d o f devoting i t t o usefu l research .



5. Generalizations We have already indicated the advantages of Lebesgue integration in general izing older result s and i n formulatin g nea t theorem s on series. In subsequen t chapters w e shal l mee t additiona l application s o f Lebesgue' s ideas . Th e immediate development s in th e theor y of functions wer e many extension s of the notio n o f integral . O f thes e w e shal l merel y mentio n on e b y Johan n Radon (1887-1956) , which embraces both Stieltjes' s an d Lebesgue' s integral and i s in fac t know n as the Lebesgue-Stieltje s integral. 16 The generalizations cover no t onl y broade r o r differen t notion s of integral s on poin t set s o f ndimensional Euclidea n spac e bu t o n domain s o f more genera l space s suc h as space s o f functions. Th e application s of these more genera l concept s ar e now foun d i n th e theor y of probability, spectral theory , ergodic theory, an d harmonic analysis (generalized Fourier analysis) . Bibliography Borel, Emile : Notice sur les travaux scientifiques de M. Emile Borel, 2n d ed. , Gauthier Villars, 1921 . Bourbaki, Nicolas : Elements d'histoire d e mathematiques, Hermann , 1960 , pp . 246-59 . Collingwood, E . F. : "Emil e Borel, " Jour. Lon. Math. Soc., 34 , 1959 , 488-512 . 15. Com/. . Rend., 128 , 1899 , 1502-05 . 16. Silzungsber. de r Akad. de r Wiss. Wien, 122 , Abt. Ila , 1913 , 1295-1438 .
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Integral Equations Nature i s not embarrasse d b y difficultie s o f analysis. AUGUSTIN FRESNE L



1. Introduction An integra l equation i s an equatio n i n whic h an unknow n function appear s under a n integra l sign and th e proble m o f solving the equatio n i s to deter mine tha t function . A s w e shal l soo n see , som e problem s o f mathematica l physics lea d directl y to integra l equations , and othe r problems , whic h lea d first t o ordinar y o r partia l differentia l equations , ca n b e handle d mor e expeditiously b y convertin g the m t o integra l equations . A t first , solvin g integral equation s wa s describe d a s invertin g integrals. Th e ter m integra l equations i s due t o D u Bois-Reymond. 1 As i n othe r branche s o f mathematics , isolate d problem s involvin g integral equation s occurre d lon g befor e th e subjec t acquire d a distinc t status an d methodology . Thu s Laplac e i n 1782 2 considere d th e integra l equation fo r g(t) give n b y



(1) As equatio n (1 ) no w stands , i t i s calle d th e Laplac e transfor m o f g ( t ) . Poisson3 discovere d th e expressio n for g ( t ), namely ,



for larg e enoug h a . Another of the noteworth y results that reall y belon g t o the histor y o f integral equations stems from Fourier' s famou s 181 1 pape r o n the theor y o f heat (Chap . 28 , sec . 3) . Her e on e finds



1. Jour, fur Math., 103 , 1888 , 228. 2. Mem. de I'Acad. de s Sd., Paris, 1782 , 1-88, pub . 1785 , and 1783 , 423-67, pub . 178 6 = (Euures, 10 , 209-91, p . 23 6 i n particular. 3. Jour, d e I'Ecole Poly., 12 , 1823 , 1-144 , 249-403 .
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Figure 45. 1



and th e inversio n formul a



The firs t consciou s direc t us e an d solutio n o f an integra l equatio n g o back t o Abel . I n tw o o f his earliest publishe d papers , th e firs t publishe d i n an obscur e journa l i n 1823 * an d th e secon d publishe d i n th e Journal fu r Mathematik,5 Abe l considere d th e followin g mechanic s problem : A particl e starting at P slides down a smooth curve (Fig. 45.1) t o the point 0. The curve lies in a vertical plane. The velocit y acquired a t 0 i s independent o f the shape of the curv e but th e tim e required t o slide from P to 0 i s not. If ( _ , 17 ) ar e th e coordinates o f any poin t Q betwee n P and 0 an d s is the ar c OQ, then th e velocity o f the particl e a t Q is given b y



where g i s the gravitationa l constant . Henc e



Now j can b e expressed in terms of f. Suppos e s is The of descent T fro m P to 0 i s given by



n the whole time



The tim e T clearly depends upon x for any curve. The proble m Abel set was, given T a s a functio n o f x, to fin d . If we introduce



4. Magazinfor Naturwidenskaberne, I , 182 3 = (Euvres, 1 , 11-27 .



5. Jour, fur Math, 1 , 1826, 153-57 = (Euvres, 1 , 97-101.
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the proble m become s t o determin e v from th e equatio n



Abel obtaine d th e solutio n



His methods—h e gave two—wer e special an d no t wort h noting . Actually Abe l undertoo k t o solve the mor e genera l proble m (2) and obtaine d



Liouville, wh o worke d independentl y o f Abel , solve d specia l integra l equations fro m 183 2 on. 8 A more significan t ste p b y Liouville 7 wa s t o sho w how th e solutio n of certain differentia l equation s ca n b e obtaine d b y solving integral equations . Th e differentia l equatio n t o b e solve d is (3)



over th e interva l a < x < b; p i s a parameter . Le t u(x) b e th e particula r solution tha t satisfie s th e initia l conditions (4) u(a)



=



1 , tt



= »



0.



This functio n wil l also b e a solutio n o f the nonhomogeneou s equatio n Then b y a basi c resul t o n ordinar y differentia l equations , (5)



Thus i f w e ca n solv e thi s integra l equatio n w e shal l hav e obtaine d tha t solution of the differentia l equatio n (3 ) that satisfie s th e initial conditions (4). Liouville obtaine d th e solutio n by a metho d o f successive substitutions attributed t o Car l G . Neumann , whos e work Untersuchungen iiber da s logarithmische und Newton'sche Potential (1877 ) cam e thirt y years later . W e shal l no t describe Liouville' s metho d becaus e i t i s practically identical with th e on e given b y Volterra , whic h i s to b e describe d shortly. 6. Jour, d e I'Ecole Poly., 13 , 1832 , 1-69. 7. Jour, d e Math., 2 , 1837 , 16-35.
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The integra l equation s treate d b y Abel an d Liouvill e are of basic types . Abel's i s of the for m (6) and Liouville' s of the for m (7)



In bot h o f these f(x) an d K(x, ) ar e known , an d w(f ) i s the functio n t o b e determined. Th e terminolog y use d today , introduce d b y Hilbert , refer s t o these equation s a s th e firs t an d secon d kind , respectively , an d K(x, ) i s called th e kernel . As stated, the y are als o referred t o as Volterra's equations , whereas when the upper limi t is a fixed number b , they are called Fredholm' s equations. Actuall y the Volterr a equation s ar e specia l cases , respectively , of Fredholm's becaus e on e ca n alway s tak e K(x, _ ) = 0 fo r > x an d the n regard th e Volterra equation s as Fredholm equations . The specia l case of the equation o f th e secon d kin d i n whic h f(x) = 0 i s calle d th e homogeneou s equation. By th e middl e o f th e nineteent h centur y th e chie f interes t i n integra l equations centere d aroun d th e solutio n o f th e boundary-valu e proble m associated wit h th e potentia l equatio n (8) The equatio n hold s in a give n plan e are a tha t i s bounded b y som e curv e C. If th e boundar y valu e o f u i s some functio n f(s) give n a s a functio n o f ar c length s along C, then a solution of this potential problem ca n b e represente d by



wherein r(s; x , y ) i s th e distanc e fro m a poin t s t o an y poin t (x , y) i n th e interior o r boundary an d p(s) is an unknow n function satisfyin g fo r s = (x , y) onC (9) This is an integral equation o f the first kind for p(t). Alternatively , if one takes as a solutio n o f (8) wit h th e sam e boundar y conditio n
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where denote s the norma l derivativ e t o th e boundary , the n (s ) mus t satisfy th e integra l equatio n (10)



an integra l equatio n o f th e secon d kind . Thes e equation s wer e solve d b y Neumann fo r convex areas i n hi s Untersuchungen an d late r publications . Another proble m o f partial differentia l equation s wa s tackle d throug h integral equations . Th e equatio n (11)



arises i n th e stud y of wave motio n whe n th e tim e dependenc e o f the corre sponding hyperboli c equatio n



usually taken to be . , is eliminated. I t wa s known (Chap . 28 , sec. 8) tha t the homogeneou s cas e of (11 ) subjec t t o boundar y condition s has nontrivia l solutions onl y for a discret e se t of -values , calle d eigenvalue s or character istic values. Poincare i n 1894 8 considered th e inhomogeneous case (11 ) wit h complex . H e wa s abl e t o produc e a function , meromorphi c i n whic h represented a uniqu e solutio n o f (11 ) fo r any whic h i s not a n eigenvalue , and whos e residues produc e eigenfunction s for th e homogeneou s case , tha t is, when/ = 0 . On th e basi s of these results, Poincare i n 1896 9 considered th e equatio n



which he derived fro m (11) , and affirme d tha t th e solution is a meromorphi c function o f A . This resul t was establishe d b y Fredhol m i n a pape r w e shall consider shortly. The conversio n of differential equation s to integral equations , whic h is illustrated b y th e abov e examples , becam e a majo r techniqu e fo r solvin g initial- an d boundary-valu e problems o f ordinar y an d partia l differentia l equations an d wa s the stronges t impetus for the stud y of integral equations. 2. Th e Beginning o f a General Theory Vito Volterr a (1860-1940) , wh o succeede d Beltram i as professo r o f mathe matical physic s at Rome , i s the firs t o f the founder s o f a genera l theor y of 8. Rendiconti de l Circolo Matematico di Palermo, 8 , 1894 , 57-1JJ = (Euvres, 9 , 123-96 . 9. Ad a Math., 20 , 1896-97 , 59-14 2 = (Euvres, 9 , 202-72 . Se e als o th e Hellinge r an d Toeplitz referenc e i n th e bibliography , p . 1354 .
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integral equations . H e wrot e paper s o n th e subjec t fro m 188 4 on an d prin cipal one s i n 189 6 and 1897. 10 Volterr a contribute d a metho d o f solvin g integral equation s o f the secon d kind , (12) wherein i equation as



s unknow n an d K(s, t] =



0 fo r t > s . Volterr a wrot e thi s



His metho d o f solution was to le t



(13)



and tak e rf>(s) t o b e (14) For hi s kerne l K(s, t ) Volterr a wa s abl e t o prov e th e convergenc e o f (14), and i f one substitute s (14 ) in (12) , on e ca n sho w tha t i t i s a solution . Thi s substitution give s



which ca n b e written i n th e for m (15) where th e kernel K (late r called th e solvin g kernel or resolvent by Hilbert) is



10. Alii delta Accad. del Lincei, Rendiconli, (5), 5, 1896, 177-85, 289-300; AtliAccad. Torino, 31 , 1896, 311-23 , 400-8, 557-67, 693-708; Annali di Mat., (2) , 25, 1897 , 139-78; al l are i n his Opere matematiche, 2, 216-313 .
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Equation (15 ) i s the representatio n obtaine d earlie r fo r a particula r integra l equation b y Liouvill e an d credite d t o Neumann . Volterr a als o solve d integral equation s of the first kmdf(s) = dx b y reducing the m to equation s o f the secon d kind . In 189 6 Volterra observe d tha t a n integra l equatio n o f the first kind is a limiting for m o f a syste m of n linear algebrai c equation s i n n unknowns as n becomes infinite . Eri k Ivar Fredhol m (1866-1927) , professor of mathematic s at Stockholm , concerne d wit h solvin g th e Dirichle t problem , too k u p thi s idea in 1900 11 and use d it to solve integral equation s of the second kind , that is, equation s o f the for m (12) , without, however, th e restrictio n o n K(s, t). We shal l writ e th e equatio n Fredhol m tackle d i n th e for m (16) though th e paramete r A was no t explici t in hi s work. However , wha t h e di d is mor e intelligibl e in th e ligh t o f later wor k i f we exhibi t it . T o b e faithfu l to Fredholm' s formulas , on e shoul d se t A = 1 o r regar d i t a s implicitl y involved i n K . Fredholm divide d th e ^-interva l [a , b] into n equal part s b y th e point s He the n replace d th e definit e integra l i n (16 ) by th e su m (17) Now equatio n (17 ) i s supposed t o hol d fo r al l value s of x i n [a , b]. Henc e i t should hol d fo r x = . This give s the syste m of n equations (18) This syste m i s a se t o f n nonhomogeneous linea r equation s fo r determinin g the n unknowns In th e theor y of linear equation s th e followin g resul t was known: If th e matrix



11. Ad a Math., 27 , 1903 , 365-90.
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s th e followin g expansion:12



where ru n independentl y ove r al l th e value s fro m 1 t o n . By expanding th e determinan t o f th e coefficient s i n (18) , an d the n lettin g n become infinite , Fredhol m obtaine d th e determinan t (19)



This he calle d th e determinan t o f (16) or o f the kerne l K. Likewise , by con sidering th e cofacto r o f th e elemen t i n th e vth ro w an d /nt h colum n o f th e determinant of the coefficients i n (18 ) and lettin g n become infinite, Fredhol m obtained th e functio n (20)



Fredholm calle d D(x, y , A ) the firs t mino r o f th e kerne l K becaus e i t play s the rol e analogou s t o firs t minor s in th e cas e o f n linear equation s i n n un knowns. H e als o called th e zero s of the integra l analytic functio n D(\) th e roots o f K(x, y). B y applying Cramer's rul e to th e syste m of linear equations (18) an d b y lettin g n becom e infinite , Fredhol m inferre d th e for m o f th e solution of (16). He the n proved tha t it was correct by direct substitution an d could asser t the followin g results : If A is not on e o f the root s of K, tha t is , if £>(A) = £ 0 , (16 ) has on e an d onl y on e (continuous ) solution, namely , (21) Further, i f A is a roo t o f K(x, y}, the n (16 ) has eithe r n o continuous solution or a n infinit e numbe r o f them. 12. A fin e expositio n ca n b e foun d i n Gerhar d Kovvalewski , Integralgleichungen, Walte r d e Gruyter, 1930 , pp . 101-34 .
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Fredholm obtaine d furthe r result s involvin g th e relatio n betwee n th e homogeneous equatio n (22) and th e inhomogeneou s equatio n (16) . It i s almost eviden t fro m (21 ) that when A is not a root o f K th e only continuous solution of (22) is u = 0 . Hence he considere d th e cas e when A is a root o f K. Le t A = X i b e such a root. Then (22) ha s th e infinit e numbe r o f solutions where th e ' s ar e arbitrar y constants ; th e calle d principa l solutions, ar e linearl y independent; and n depends upo n . The quantit y n is called the inde x of [whic h is not th e multiplicit y of a s a zero of Z)(A)]. Fredholm wa s able to determine th e index of any root an d t o show that th e index ca n neve r excee d th e multiplicit y (whic h is always finite) . Th e root s of -D(A) = 0 are calle d the characteristic values of K(x, y) an d th e se t of roots is called th e spectrum . The solution s of (22) corresponding to th e character istic value s are calle d eigenfunction s or characteristi c functions . And no w Fredholm wa s able to establish what ha s since been calle d th e Fredholm alternativ e theorem. I n th e cas e wher e A is a characteristi c value of K no t onl y doe s th e integra l equatio n (22 ) have n independent solution s but th e associate d o r adjoin t equatio n whic h ha s th e transpose d kernel , namely,



also ha s n solution s fo r th e sam e characteristi c valu e an d then th e nonhomogeneou s equatio n (16 ) is solvable if and onl y if (23) These las t fe w result s paralle l ver y closel y the theor y o f a syste m o f linear algebraic equations , homogeneou s and nonhomogeneous .



3. Th e Work o f Hilbert A lectur e b y Eri k Holmgre n (b . 1872 ) i n 190 1 o n Fredholm' s wor k o n integral equations , whic h ha d alread y bee n publishe d i n Sweden , arouse d Hilbert's interes t i n th e subject . Davi d Hilber t (1862-1943) , th e leadin g mathematician o f this century, wh o had alread y don e super b wor k o n algebraic numbers , algebrai c invariants , an d th e foundation s of geometry, no w turned hi s attention t o integra l equations . H e say s tha t a n investigatio n o f
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the subjec t showe d hi m tha t i t wa s important fo r th e theor y o f definite in tegrals, fo r th e developmen t o f arbitrar y function s i n serie s (o f specia l functions o r trigonometri c functions) , fo r th e theor y o f linea r differentia l equations, fo r potential theory , an d fo r the calculu s of variations. H e wrot e a serie s o f six papers fro m 190 4 to 191 0 in th e Nachrichten vo n der Koniglichen Gesellschaft de r Wissenschqften zu Gottingen an d reproduce d thes e i n hi s boo k Grundzuge einer allgemeinen Theorie de r linemen Integralgleichungen (1912) . During th e latter par t o f this work he applied integra l equation s to problems of mathematical physics . Fredholm ha d use d th e analog y betwee n integra l equation s and linea r algebraic equations , bu t instea d o f carrying out th e limiting processes for the infinite numbe r o f algebraic equations , h e boldl y wrote dow n th e resulting determinants an d showe d tha t the y solve d th e integra l equations . Hilbert' s first wor k wa s t o carr y ou t a rigorou s passag e t o th e limi t o n th e finit e system o f linear equations . He starte d wit h th e integral equatio n (24)



wherein K(s, t) i s continuous. The paramete r A is explici t an d play s a significant role in the subsequent theory. Like Fredholm, Hilbert divided up the interval [0, 1] into n part s so tha t p\n or q\n (p, q = 1,2, . . .,n) denote s a coordinate i n th e interva l [0 , 1]. Le t



Then fro m (24 ) w e obtai n th e syste m o f n equation s i n n unknown s , namely ,



After reviewin g th e theor y o f solutio n o f a finit e syste m o f n linea r equations in n unknowns, Hilbert considers equation (24) . For the kernel K of (24) th e eigenvalue s are define d t o b e zero s of the powe r series



where th e coefficient s ar



e give n b y
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Here i s th e determinan t o f th e n b y n matri x i, j = 1 , 2 , . . . , n, and th e s t ar e value s of; in the interval [0, 1J . To indicat e Hilbert's majo r resul t we nee d th e intermediat e quantities



wherein x(r) an d y(r) ar e arbitrar y continuou s function s o f r on [0 , 1] , an d



Hilbert nex t defines wherein no w x(r) = K(s, r ) an d y(r) = defined b y



for value s o f A for whic h the



K(r, t). H e the n prove s tha t i f K is



n



Finally i f i s take n t o b e (25) then i s a solution of (24). The proof s of various steps in thi s theory involve a number o f limi t consideration s o n expression s whic h occu r i n Hilbert' s treatment o f the finit e syste m o f linear equations . Thus fa r Hilber t showe d tha t fo r an y continuou s (no t necessarily symmetric) kerne l K(s, t ) an d fo r an y valu e o f A such tha t 8(A ) ^ 0 , ther e exists th e solvin g function (resolvent ) K(s, t ) , whic h ha s th e propert y tha t (25) solve s equation (24) . Now Hilber t assume s K(s, t ) t o be symmetric, which enables him t o use facts abou t symmetri c matrice s i n th e finit e case , an d show s that th e zero s of S(A) , tha t is , the eigenvalue s of the symmetri c kernel, ar e real . The n th e zeros o f 8(A ) ar e ordere d accordin g t o increasin g absolut e values (fo r equa l
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absolute values the positiv e zero is taken first and an y multiplicitie s are t o be counted). Th e eigenfunction s o f (24 ) are no w define d b y



where i s chose n s o tha t an di s an y eigenvalu e o f K(s,t). The eigenfunction s associate d wit h th e separat e eigenvalue s ca n b e chosen to be an orthonorma l (orthogona l and normalized 13 ) se t and fo r each eigenvalue an d fo r each eigenfunctio n belonging to



With thes e results Hilbert is able to prove what i s called th e generalize d principal axi s theorem fo r symmetric quadratic forms . First, let (26)



be a n «-dimensiona l quadrati c for m i n th e n variable s Thi s can b e writte n a s (Kx, x) wher e K i s the matri x o f th e stand s fo r th e vector ) and i s the inne r product (scala r product) o f th e two vectors Kx and x . Suppose K has the n distinct eigenvalues Then fo r any fixe d th e equation s (27)



have th e solution which i s a uniqu e solutio n up t o a constan t multiple . I t i s then possible , as Hilbert showed , t o write (28)



wherein th e parenthese s agai n denot e a n inne r produc t o f vectors. Hilbert's generalize d principa l axi s theore m read s a s follows : Le t K(s, t ) b e a continuous symmetric function o f s and t . Let • b e th e normal ized eigenfunctio n belonging t o th e eigenvalu e , of th e integra l equatio n 13. Normalizatio n mean s tha t "(s) i s modifie d s o tha t
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(24). The n fo r arbitrar y continuou s x(s) an d y(s), th e followin g relatio n holds: (29) where a = n or o o dependin g o n the numbe r o f eigenvalues and i n th e latter case th e su m converge s uniforml y and absolutel y for al l x(s) an d y(s) whic h satisfy



The generalizatio n o f (28 ) t o (29 ) become s apparen t i f w e firs t defin e ds a s th e inne r produc t o f an y tw o function s u(s) an d v(s) an d denote i t b y (u, v) . Now replac e y(s) i n (29 ) by x(s) an d replac e th e lef t sid e of (28 ) b y integratio n instea d o f summation. Hilbert prove d nex t a famou s result , late r calle d th e Hilbert-Schmid t theorem. lff(s) i s such tha t fo r som e continuou s g(s} (30) then (31)



where th e ar



e th e orthonorma l eigenfunction s of K an d



(32) Thus a n "arbitrary " functio n f(s) ca n b e expresse d a s an infinit e serie s i n the eigenfunction s o f K with coefficients c f tha t are th e " Fourier" coefficient s of the expansion . Hilbert, i n th e precedin g work , ha d carrie d ou t limitin g processes tha t generalized result s on finit e system s of linear equation s an d finit e quadrati c forms t o integral s an d integra l equations . H e decide d tha t a treatmen t o f infinite quadrati c form s themselves , that is , quadrati c form s wit h infinitel y many variables , woul d "for m a n essentia l completio n o f th e well-know n theory o f quadratic form s wit h finitel y man y variables. " H e therefor e too k up wha t ma y b e calle d purel y algebrai c questions . He consider s the infinit e bilinear form



THE WOR K O F HILBERT 106



5



and b y passin g to th e limi t o f results for bilinear an d quadrati c form s i n In and n variables respectively, obtains basic results. The detail s of the work ar e considerable an d w e shall only note some of the results . Hilbert first obtains an expressio n for a resolven t form , which ha s th e peculia r feature that i t i s the su m o f expressions, one fo r eac h o f a discret e set o f values of and o f a n integra l ove r a se t o f belongin g t o a continuou s range . Th e discrete set of value s belongs to the point spectrum of K, and th e continuous set t o th e continuou s or ban d spectrum . Thi s i s th e firs t significan t use of continuous spectra, which had bee n observed for partial differential equation s by Wilhel m Wirtinge r (b . 1865 ) i n 1896. 14 To get at the key result for quadratic forms, Hilbert introduces the notion of a bounde d form . Th e notatio n (x , x) denotes the inne r (scalar ) product of the vecto r wit h itsel f an d (x , y) ha s th e analogou s meaning. The n th e for m K(x,y) i s said t o b e bounde d i f \K(x, y)\ < M fo r all x an d y suc h tha t (x , x) < 1 and (y,y) < 1 . Boundednes s implies con tinuity, whic h Hilber t define s fo r a functio n o f infinitely man y variables . Hilbert's key result is the generalization t o quadratic form s i n infinitel y many variable s o f th e mor e familia r principa l axi s theore m o f analyti c geometry. H e prove s tha t ther e exist s a n orthogona l transformatio n T such that i n th e ne w variables wher e x' = K ca n b e reduced t o a "sum of squares." Tha t is , ever y bounde d quadrati c for m can b e transforme d by a uniqu e orthogona l transformatio n int o th e form (33)



where the k t are the reciprocal eigenvalues of K. The integral , which we shall not describe further, i s over a continuous range of eigenvalues or a continuous spectrum. To eliminat e the continuou s spectrum , Hilber t introduce s th e concep t of complete continuity . A function . o f infinitely man y variables is said t o b e completel y continuou s at a = i f



whenever . . . ar e allowed to run throug h any value system having th e limi t



This i s a stronge r requiremen t tha n continuit y as previously introduce d b y Hilbert. 14. Math. Ann., 48, 1897 , 365-89 .
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For a quadratic form K(x, x ) t o be completel y continuou s it is sufficien t that Wit h th e requiremen t o f complete continuity , Hilber t is able to prove tha t if K is a completely continuous bounded form , the n by an orthogonal transformatio n it ca n b e brough t int o th e form (34)



where t h e a r e reciproca l eigenvalue s a n d t h e s a t i s f y t h e condition tha t i s finite. Now Hilber t applie s hi s theor y o f quadrati c form s i n infinitel y man y variables t o integra l equations . Th e result s in man y instance s ar e no t ne w but ar e obtaine d b y cleare r an d simple r methods . Hilber t start s thi s ne w work o n integra l equation s by definin g th e importan t concep t o f a complete orthogonal syste m o f function s . Thi s i s a sequenc e o f function s al l defined an d continuou s o n th e interva l [a , b] with th e followin g properties : (a) orthogonality :



(b) completeness : fo r ever y pair o f functions u an d v defined o n [a , b]



The value



is called th e Fourie r coefficien t o f u(s) wit h respect t o th e syste m Hilbert show s tha t a complet e orthonorma l syste m ca n b e define d for any finit e interva l [a , b], fo r example , b y th e us e o f polynomials . The n a generalized Bessel' s inequality i s proved, an d finall y th e conditio n



is show n t o b e equivalen t t o completeness . Hilbert no w turn s t o th e integra l equatio n (35)
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The kerne l K(s, t ) , no t necessaril y symmetric , i s develope d i n a doubl e "Fourier" serie s by mean s o f the coefficient s



It follow s tha t



Also, i f



that is , if the ar e th e "Fourier " coefficient s off(s), the n Hilbert nex t convert s th e abov e integra l equatio n int o a syste m o f infinitely man y linea r equation s i n infinitel y man y unknowns . The ide a i s to look a t solvin g th e integra l equatio n fo r a s a proble m o f findin g th e "Fourier" coefficient s of . . Denoting th e a s yet unknow n coefficient s b y . . ., he gets th e followin g linea r equations : (36)



He proves tha t if this system has a unique solution, then the integral equatio n has a uniqu e continuou s solution, and whe n th e linea r homogeneou s syste m associated wit h (36 ) has n linearly independen t solutions , the n th e homo geneous integra l equatio n associate d wit h (35), (37)



has n linearl y independen t solutions . I n thi s cas e th e origina l nonhomo geneous integral equation ha s a solution if and onl y if i h = 1 , 2, . . ., n, which are the n linearly independent solutions of the transposed homogeneou s equation



and whic h als o exis t whe n (37 ) has n solutions, satisfy th e condition s (38) Thus th e Fredhol m alternativ e theore m i s obtained: Eithe r th e equatio n (39)
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has a uniqu e solutio n for all for th e associate d homogeneou s equatio n ha s n linearly independent solutions . In th e latte r cas e (39 ) ha s a solutio n if an d only i f the orthogonalit y condition s (38) are satisfied. Hilbert turn s nex t t o th e eigenvalu e proble m (40)



where K i s now symmetric . The symmetr y o f K implie s tha t it s "Fourier " coefficients determin e a quadrati c for m K(x, x ) whic h i s completel y continuous. H e show s that ther e exist s a n orthogona l transformatio n T whos e matrix i s suc h tha t



where th e ar e th e reciproca l eigenvalue s of the quadrati c for m K(x, x). The eigenfunction s fo r th e kerne l K(s, t ) ar e no w define d b y



where th e ar from th e ar



e a given complet e orthonormal set. The [a s distinct e show n t o for m an orthonorma l se t and t o satisf y



where Thu s Hilber t show s ane w th e existenc e o f eigenfunctions for th e homogeneou s cas e o f (40 ) and fo r ever y finit e eigenvalu e o f th e quadratic for m K(x, x ) associate d wit h th e kerne l K(s, t ) o f (40) . Now Hilber t establishe s agai n (Hilbert-Schmid t theorem ) tha t iff(s) is any continuou s function fo r whic h ther e i s a g s o tha t



then/is represen table as a series in the eigenfunctions of K which is uniformly and absolutel y convergent (cf . [31]). Hilbert uses this result to show that th e homogeneous equatio n associate d wit h (40 ) has n o nontrivia l solution s except a t th e eigenvalue s . Then th e Fredhol m alternativ e theore m take s t h e form : F o r equatio n (40 ) h as a uniqu e solution . F o r , equation (40 ) has a solutio n if and onl y if the condition s



THE WOR K O F HILBER T 106



9



are satisfie d where th e ar e th e eigenfunction s associate d wit h Finally, h e prove s ane w th e extensio n o f the principa l axi s theorem :



where u(s) i s an arbitrar y (continuous ) function an d wherei n all associate d with an y ar e include d i n th e summation . This late r wor k (1906 ) o f Hilber t dispense d wit h Fredholm' s infinit e determinants. I n i t h e showe d directl y th e relatio n betwee n integra l equa tions an d th e theor y o f complet e orthogona l system s an d th e expansio n of functions i n suc h systems. Hilbert applied hi s results on integral equation s to a variety of problems in geometr y an d physics . I n particular , i n th e thir d o f th e si x paper s h e solved Riemann' s proble m o f constructin g a functio n holomorphi c i n a domain bounde d b y a smoot h curv e whe n th e rea l o r th e imaginar y par t of the boundary value is given or both are related by a given linear equation. One o f th e mos t noteworth y achievement s i n Hilbert' s work , whic h appears i n th e 190 4 and 190 5 papers, i s the formulatio n of Sturm-Liouville boundary-value problem s o f differentia l equation s a s integra l equations . Hilbert's result states that th e eigenvalues and eigenfunction s of the differen tial equatio n (41) subject t o th e boundar y condition s u(a) =



0 , u(b)



=



0



(and eve n mor e genera l boundar y conditions ) ar e th e eigenvalue s an d eigenfunctions o f (42)



where G(x, i



s the Green' s functio n fo r (41), that is, a particula r solution of



which satisfie s certai n differentiabilit y condition s and whos e firs t partia l derivative ha s a jump singularity at x = £ equal t o — l / / > i. Similar results hol d fo r partial differentia l equations . Thus integra l equation s are a way o f solving ordinary and partia l differentia l equations . To recapitulat e Hilbert' s majo r results , firs t o f al l h e establishe d th e general spectra l theor y fo r symmetric kernels K. Onl y twent y years earlier,
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it ha d require d grea t mathematica l effort s (Chap . 28 , sec . 8) t o prov e th e existence o f the lowes t oscillating frequency for a membrane . Wit h integra l equations, constructive proof of the existenc e of the whole series of frequencies and o f the actua l eigenfunction s wa s obtained unde r very general conditions on th e oscillating medium. These results were first derived, using Fredholm' s theory, b y Emil e Picard. 15 Anothe r noteworthy result due t o Hilber t i s that the developmen t of a functio n i n th e eigenfunction s belongin g to an integra l equation o f the secon d kin d depend s o n th e solvabilit y o f the correspondin g integral equatio n o f the first kind. In particular , Hilbert discovere d tha t th e success o f Fredholm' s metho d reste d o n th e notio n o f complete continuity, which h e carrie d ove r t o bilinea r form s an d studie d intensively . Her e h e inaugurated th e spectra l theor y of bilinear symmetric forms. After Hilber t showe d ho w t o conver t problem s o f differential equation s to integra l equations , thi s approac h wa s use d wit h increasing frequency t o solve physica l problems . Her e th e us e o f a Green' s functio n t o conver t ha s been a majo r tool . Also , Hilber t himsel f showed,16 i n problem s o f gas dy namics, tha t on e ca n g o directl y to integral equations. This direc t recours e to integra l equation s is possible becaus e the concep t o f summatio n proves as fundamental i n som e physica l problem s a s th e concep t o f rat e o f chang e which lead s t o differentia l equation s i s i n othe r problems . Hilber t als o emphasized tha t no t ordinar y o r partia l differentia l equation s bu t integra l equations ar e th e necessar y an d natura l startin g poin t fo r th e theor y o f expansion o f functions i n series , and tha t th e expansion s obtaine d throug h differential equation s ar e jus t specia l case s o f th e genera l theore m i n th e theory o f integral equations . 4. Th e Immediate Successors o f Hilbert Hilbert's wor k o n integra l equation s wa s simplifie d b y Erhar d Schmid t (1876-1959), professo r a t severa l Germa n universities , who use d method s originated b y H . A . Schwar z i n potentia l theory. Schmidt' s mos t significant contribution wa s hi s generalizatio n i n 190 7 of th e concep t o f eigcnfunctio n to integral equation s wit h non-symmetri c kernels. 17 Friedrich Ries z (1880-1956) , a Hungaria n professo r o f mathematics , in 190 7 also took up Hilbert' s work. 18 Hilbert ha d treate d integra l equations of the for m



15. Rendiconti de l Circolo Malematico di Palermo, 22 , 1906 , 241-59. 16. Math. Ann., 72, 1912 , 562-77 = Grundziige, Chap . 22. 17. Math. Ann., 63, 1907 , 433-76 an d 64 , 1907 , 161-74. 18. Comp. Rend., 144 , 1907, 615-19, 734-36 , 1409-11 .
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where f an d K ar e continuous . Ries z sough t t o exten d Hilbert' s idea s t o more genera l function s f ( s ) . Towar d thi s en d i t wa s necessar y t o b e sur e that th e "Fourier " coefficient s o f f coul d b e determine d wit h respec t t o a given orthonorma l sequenc e o f function s H e wa s als o intereste d i n discovering unde r wha t circumstance s a give n sequenc e o f number s f could b e the Fourie r coefficient s o f some function/relative t o a given ortho normal sequenc e Riesz introduce d function s whos e square s ar c Lebesgu c integrabl e an d obtained th e followin g theorem : Le t b e a n orthonorma l sequenc e o f Lebcsgue squar e integrabl e function s al l define d o n th e interva l [a , b]. I f is a sequenc e o f rea l numbers , the n th e convergenc e o f _ i sa necessary an d sufficien t conditio n fo r ther e t o exis t a functio n f suc h tha t



for eac h ff> p an d a p. Th e function/prove s t o b e Lebesgu e squar e integrable . This theore m establishe s a one-to-on e correspondenc e betwee n th e se t o f Lebesgue squar e integrabl e function s an d th e se t o f squar e summabl e sequences throug h th e mediatio n o f any orthonorma l sequenc e o f Lebesgu e square integrabl e functions . With th e introductio n o f Lebesgu e integrabl e functions , Ries z wa s also abl e t o sho w tha t th e integra l equatio n o f the secon d kin d



can be solved under the relaxed condition s that/(.r) an d K(s, t) ar e Lebesgu e square integrable . Solution s ar e uniqu e u p t o a functio n whos e Lebesgu e integral o n [a , b ] is 0 . In th e sam e yea r tha t Ries z publishe d hi s firs t papers , Erns t Fische r (1875-1959), a professo r a t th e Universit y o f Cologne , introduce d th e concept o f convergence i n th e mean. 19 A sequenc e o f functions {f n} define d on a n interva l [a , b] is said t o converg e i n th e mea n i f



and i



s said t o converg e i n th e mea n to/i f



The integral s ar e Lebesgu e integrals . Th e function/i s uniquel y determine d to withi n a functio n define d ove r a se t o f measur e 0 , tha t is , a functio n g(x) J= 0 , called a null function, whic h satisfie s th e conditio n 19. Comp. Rend., 144 , 1907 , 1022-24 .
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The se t of functions which are Lebesgue square integrable o n an interval [a, b] was denoted late r b y o r simpl y by . Fischer's mai n resul t is that (a , b) i s complete i n th e mean ; tha t is , if th e function s belon g t o (a, b ) an d i f converge s i n th e mean , the n ther e i s a functio n f i n (a, b ) such that converge s in the mean to/. This completeness propert y is th e chie f advantage o f square summabl e functions . Fische r the n deduce d Riesz's abov e theore m a s a corollary , an d thi s resul t is known a s the Riesz Fischer theorem . Fische r emphasize d i n a subsequen t note 20 tha t th e us e of Lebesgu e squar e integrabl e function s wa s essential . N o smalle r se t o f functions woul d suffice . The determinatio n o f a functio n f(x) tha t belong s t o a give n se t o f Fourier coefficient s wit h respec t t o a give n sequenc e o f orthonorma l functions o r th e determinatio n o f an/satisfyin g



which ha d arise n i n Riesz' s 190 7 works, i s calle d th e momen t proble m (Lebesgue integratio n i s understood). I n 1910 21 Ries z sough t t o generaliz e this problem . Becaus e i n thi s ne w wor k Ries z use d th e Holde r inequalitie s



and



where \\p + \\q = 1 , and othe r inequalities , h e wa s oblige d t o introduc e the set . o f functions/measurable o n a set M an d fo r which i s Lebesgue integrable o n M . Hi s firs t importan t theore m i s tha t i f a functio n h(x) i s such tha t th e produc t f(x)h(x) i s integrabl e fo r ever y fin , then h i s i n and, conversely , th e produc t o f a n functio n an d a n functio nis always (Lebesgue) integrable. I t is understood that/) > l a n d l / / ) + \jq = 1 . Riesz als o introduce d th e concept s o f stron g an d wea k convergence . The sequenc e of functions i s said t o converg e strongl y to f (i n the mea n of order p) i f



20. Comp. Rend., 144 , 1907, 1148-50. 21. Math. Ann., 69, 1910 , 449-97.
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s said t o converge weakl y to^if



for M independen t o f n, and i f for ever y x i n [a , 6]



Strong convergenc e implie s wea k convergence . (Th e moder n definitio n o f weak convergence , i f belong s t o an d if f belong s t o an d i f



holds fo r ever y g i n L", the n converge s weakl y t o f, i s equivalen t to Riesz's. ) In th e sam e 191 0 pape r Ries z extende d th e theor y o f th e integra l equation



to th e cas e wher e th e give n f an d th e unknow n ar e function s i n Th e results o n solutio n of the eigenvalu e proble m fo r thi s integra l equatio n ar e analogous t o Hilbert' s results . Wha t i s mor e strikin g i s that , t o carr y ou t his work, Ries z introduce d th e abstrac t concep t o f an operator , formulated for i t th e Hilbertia n concep t o f complet e continuity , an d treate d abstrac t operator theory . W e shal l sa y mor e abou t thi s abstrac t approac h i n th e next chapter. Among other results, Riesz proved that the continuous spectrum of a rea l completel y continuous operator i n i s empty. 5. Extensions o f th e Theory The importanc e Hilber t attache d t o integra l equation s mad e th e subjec t a world-wide fad for a considerable length of time, and a n enormou s literature, most o f it o f ephemera l value , wa s produced . However , som e extension s of the subjec t have prove d valuable . W e ca n merel y nam e them . The theor y o f integra l equation s presente d abov e deal s wit h linea r integral equations ; tha t is , th e unknow n functio n u(x) enter s linearly . Th e theory ha s bee n extende d t o nonlinea r integra l equations , i n whic h th e unknown functio n enter s t o th e secon d o r highe r degre e o r i n som e mor e complicated fashion . Moreover, ou r brie f sketc h ha s sai d littl e abou t th e condition s o n th e given function s f(x) an d K(x, ) whic h lea d t o th e man y conclusions . I f these function s ar e no t continuou s an d th e discontinuitie s are no t limited ,
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or i f the interva l [a , b] i s replaced b y a n infinit e interval , man y o f the result s are altered o r at least new proofs are needed. Thu s even th e Fourier transfor m



which ca n b e regarde d a s a n integra l equatio n o f the firs t kin d an d ha s a s its solutio n th e invers e transform



has just tw o eigenvalue s + 1 and eac h ha s a n infinit e numbe r o f eigenfunc tions. Thes e case s ar e no w studie d unde r th e headin g o f singula r integra l equations. Suc h equation s canno t b e solve d b y th e method s applicabl e t o the Volterr a an d Fredhol m equations . Moreover , the y exhibi t a curiou s property, namely , ther e ar e continuou s intervals of -value s o r ban d spectr a for whic h ther e ar e solutions . Th e firs t significan t pape r o n thi s subjec t is due t o Herman n Wey l (1885-1955). 22 The subjec t o f existence theorem s fo r integral equation s ha s als o bee n given a grea t dea l o f attention. Thi s wor k ha s bee n devote d t o linea r an d nonlinear integra l equations . Fo r example , existenc e theorems for



which include s a s a specia l cas e th e Volterr a equatio n o f th e secon d kin d



have bee n give n b y man y mathematicians . Historically, th e nex t majo r developmen t wa s an outgrowt h o f the work on integra l equations . Hilber t regarde d a functio n a s give n b y it s Fourie r coefficients. Thes e satisf y th e conditio n tha t i s finite . H e ha d als o introduced sequence s o f real number s suc h tha t ' i s finite. Then Riesz an d Fische r showe d tha t ther e is a one-to-on e correspondence betwee n Lebesgue squar e summabl e function s an d squar e summabl e sequence s o f their Fourie r coefficients . Th e squar e summabl e sequence s can b e regarde d as th e coordinate s o f point s i n a n infinite-dimensiona l space , whic h i s a generalization o f n-dimensiona l Euclidea n space . Thu s function s ca n b e regarded a s point s o f a space , no w calle d Hilber t space , an d th e integra l can b e regarde d a s a n operato r transformin g u(x] int o itself o r anothe r function . Thes e idea s suggeste d fo r th e stud y o f integra l equations an abstract approach tha t fitted into an incipient abstract approac h to th e calculu s of variations. Thi s ne w approac h i s now know n a s functiona l analysis an d w e shall conside r i t next . 22. Math. Ann., 66, 1908 , 273-32 4 = Ges. Abh., \ , 1-86 .
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46 Functional Analysi s One mus t b e sur e tha t on e ha s enable d scienc e t o mak e a great advanc e i f one is to burden i t with many new term s an d require tha t reader s follo w researc h tha t offer s the m s o much that i s strange. A . L . CAUCH Y



1. Th e Nature o f Functional Analysis By th e lat e nineteent h centur y i t wa s apparen t tha t man y domain s o f mathematics deal t wit h transformation s or operator s actin g o n functions . Thus eve n the ordinary differentiation operatio n and it s inverse antidifferen tiation ac t o n a functio n t o produc e a ne w function . I n problem s o f th e calculus o f variations wherein one deal s with integrals such as



the integra l ca n b e regarde d a s operatin g o n a clas s o f function s y(x) o f which that one is sought which happens to maximize or minimize the integral. The are a o f differential equation s offers anothe r clas s of operators. Thus th e differential operato r



acting o n a clas s y(x) o f functions , convert s these t o othe r functions . O f course t o solv e th e differentia l equation , on e seek s a particula r y(x) suc h that L actin g on tha t y(x) yield s 0 and perhap s satisfie s initia l o r boundar y conditions. A s a final example of operators we have integral equations. Th e right-hand sid e of



can b e regarde d a s a n operato r actin g o n variou s u(x) t o produc e ne w functions, thoug h again , a s i n th e cas e o f differentia l equations , th e u(x) that solve s th e equatio n i s transformed into _/(*). 1076
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The ide a tha t motivate d th e creatio n o f functiona l analysi s i s tha t al l of thes e operator s coul d b e considere d unde r on e abstrac t formulatio n o f an operato r actin g o n a clas s o f functions. Moreover , thes e function s coul d be regarde d a s element s or point s o f a space . The n th e operato r transform s points int o point s an d i n thi s sens e i s a generalizatio n o f ordinary transfor mations suc h a s rotations . Som e o f the abov e operator s carr y function s into real numbers , rathe r tha n functions . Thos e operator s tha t d o yiel d rea l o r complex number s ar e toda y calle d functional s an d th e ter m operato r i s more commonl y reserve d fo r th e transformation s tha t carr y function s int o functions. Thu s th e ter m functiona l analysis , whic h wa s introduce d b y Paul P . Lev y (1886-1971 ) whe n functional s wer e th e ke y interest , i s n o longer appropriate . Th e searc h fo r generalit y an d unificatio n i s on e o f th e distinctive feature s o f twentiet h centur y mathematics , an d functiona l analysis seek s to achiev e thes e goals .



2. Th e Theory o f Functionals The abstrac t theor y o f functionals was initiate d b y Volterr a i n wor k concerned wit h the calculus of variations. His work on functions o f lines (curves), as he calle d th e subject , covers a numbe r of papers.1 A function o f lines was, for Volterra , a real-value d functio n F whose values depend o n all the values of function s y(x) define d o n som e interva l [a , b]. Th e function s themselve s were regarde d a s points of a spac e fo r which a neighborhoo d o f a poin t an d the limi t of a sequenc e of points can b e defined . Fo r th e functional s F[y(x)] Volterra offere d definition s o f continuity, derivativ e and differential . However, thes e definition s wer e no t adequat e fo r th e abstrac t theor y o f th e calculus o f variation s an d wer e superseded . Hi s definition s wer e i n fac t criticized b y Hadamard. 2 Even befor e Volterra commence d hi s work, the notio n tha t a collection of function s y(x) al l define d o n som e commo n interva l b e regarde d a s points of a spac e ha d alread y bee n suggested . Riemann , i n hi s thesis, 3 spoke of a collectio n of function s formin g a connecte d close d domai n (o f point s of a space). Giuli o Ascoli (1843-1896) 4 and Cesar e Arzela 5 sought t o extend to sets of functions Cantor' s theor y of sets of points, and s o regarded function s as point s o f a space . Arzel a als o spok e o f function s o f lines . Hadamar d suggested a t th e Firs t Internationa l Congres s o f Mathematician s i n 1897 6 1. Alii delta Reale Accademia de i Lined, (4) , 3 , 1887 , 97-105 , 141-46 , 153-5 8 = Opere matematiche, 1 , 294-314, an d other s o f the sam e an d late r years . 2. Bull. Soc. Math, d e France, 30 , 1902 , 40-43 = (Enures, 1 , 401-4 . 3. Werke, p . 30 . 4. Memorie delta Reale Accademia de i Lincei, (3) , 18 , 1883 , 521-86 . 5. Alii delta Accad. de i Lincei, Rendiconli, (4) , 5, 1889 , 342-48 . 6. Verhandlungen de s ersten internalionalen Malhematiker-Kongresses, Teubner , 1898 , 201—2 .
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that curve s be considere d a s points of a set. H e wa s thinkin g of the famil y of all continuou s function s defined over [0 , 1] , a famil y tha t aros e i n hi s work on partia l differentia l equations . Emil e Bore l mad e th e sam e suggestion 7 for a differen t purpose, namely , th e stud y of arbitrary function s b y mean s of series. Hadamard, too , undertook th e stud y o f functionals 8 o n behal f o f th e calculus o f variations . Th e ter m functiona l i s du e t o him . According t o Hadamard, a functiona l U[y(t)] i s linear i f whcny(t) = , , wherein \ 1 and A 2 are constants, then U[y(t)] = The firs t majo r effor t t o buil d u p a n abstrac t theor y o f function space s and functional s wa s mad e b y Mauric e Freche t (1878-1973) , a leadin g French professo r o f mathematics , i n hi s doctora l thesi s o f 1906. 9 I n wha t he calle d th e functiona l calculu s h e sough t t o unif y i n abstrac t term s th e ideas i n th e wor k o f Cantor , Volterra , Arzela , Hadamard , an d others . To gai n th e larges t degre e o f generality for his function spaces , Freche t took ove r th e collectio n o f basi c notion s abou t set s develope d b y Cantor , though fo r Freche t th e point s o f th e set s are functions . H e als o formulated more generall y th e notio n o f a limi t of a se t o f points. This notio n wa s no t defined explicitl y but wa s characterize d b y propertie s genera l enoug h t o embrace th e kind s o f limi t foun d i n th e concret e theorie s Freche t sough t to unify . H e introduce d a clas s L o f spaces , th e L denotin g tha t a limi t concept exist s for each space . Thu s if A i s a spac e o f class L an d th e elements are , . . . chosen at random , i t must b e possible to determine whether or not ther e exist s a uniqu e elemen t A , calle d th e limi t o f th e sequenc e when i t exists , an d suc h tha t



(a) I = f A fo r every i, the n li= m A. (b) I f A i s the limi t of the n A i s the limi t of every infinite subsequence of Then Freche t introduce d a numbe r o f concepts fo r an y spac e o f clas s L. Thu s th e derive d se t E' o f a se t E consist s of the se t of points of E whic h are limit s of sequences belongin g t o E . E i s closed i f E' i s contained i n E . E is perfect if E' = E . A point A of £ i s an interior point of £ (i n the narro w sense) i f A i s not th e limi t o f any sequenc e not i n E . A se t E i s compac t i f either i t ha s finitel y man y element s o r i f ever y infinit e subse t o f E ha s a t least on e limi t element . I f E i s close d an d compac t i t i s calle d extremal . (Frechet's "compact " i s th e moder n relativel y sequentially compact , an d his "extremal " i s today' s sequentiall y compact. ) Frechet' s firs t importan t theorem i s a generalization o f the close d nested interva l theorem: If i sa 7. Verhandlungen, 204-5 . 8. Camp. Rend., 136 , 1903, 351-5 4 = (Etwres, 1 , 405-8 . 9. Rendiconti de l Circolo Matematico d i Palermo, 22 , 1906 , 1-74.
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decreasing sequence , that is , i s contained in j , of close d subset s of a n extremal set , then th e intersectio n o f all th e i s not empty . Frechet no w consider s functionals (h e calls them functiona l operations) . These ar e real-value d function s define d o n a set E. H e define s th e continuity of a functiona l thus : A functiona l U is said t o b e continuou s at a n elemen t A o f E i= f li m U(A) fo r al l sequence s containe d i n E an d converging t o A . H e als o introduced semicontinuit y of functionals, a notio n introduced fo r ordinar y function s b y Ren e Bair e (1874-1932 ) i n 1899. 10 U is uppe r semicontinuou s in E i f U (A) > li m su p U fo r th e jus t described. I t i s lower semicontinuous if U(A) < li m in f U ' ' ' .n With thes e definitions Freche t wa s able t o prov e a numbe r o f theorems on functionals . Thu s ever y functiona l continuou s on a n extrema l se t E i s bounded an d attain s it s maximum an d minimu m on E . Ever y uppe r semi continuous functiona l define d o n a n extrema l se t E i s bounde d abov e an d attains it s maximum o n E . Frechet introduce d nex t concept s fo r sequence s and set s o f functional s such a s unifor m convergence , quasi-unifor m convergence , compactness, an d equicontinuity. Fo r example , th e sequenc e o f functional s converge s uniformly t o U i f given an y positiv e quantity e, fo rn sufficiently larg e bu t independen t o f A i n E . H e wa s the n abl e t o prov e generalizations t o functional s o f theorem s previousl y obtaine d fo r rea l functions. Having treate d th e clas s o f spaces L, Freche t define s mor e specialize d spaces suc h a s neighborhoo d spaces , redefine s th e concept s introduce d fo r spaces wit h limi t points , an d prove s theorem s analogou s t o thos e alread y described bu t ofte n wit h bette r result s becaus e th e space s hav e mor e properties. Finally h e introduces metric spaces. I n suc h a spac e a functio n playin g the rol e o f distanc e (ecart) an d denote d b y (A , E ) i s define d fo r eac h tw o points A an d B o f the spac e an d thi s function satisfie s th e conditions :



(a) (A,B) = (B,A) > 0 ; (b) (A , B) = 0 if and onl y (fA = (c) (A,B) + (B,C) > (A,C).



B;



Condition C i s calle d th e triangl e inequality . Suc h a space , h e says , i s of class S. For suc h spaces , too , Freche t i s able t o prov e a numbe r o f theorems about th e space s an d th e functional s define d o n the m muc h lik e thos e previously prove n fo r the mor e genera l spaces . Frechet gav e some example s o f function spaces. Thu s th e se t of all rea l functions o f a rea l variable , al l continuou s on th e sam e interva l / wit h th e 10. Annali di Mat., (3) , 13, 1899 , 1-122.



11. Th e inferio r limit i s the smalles t limit point o f the sequenc e U(A n}.
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ecart o f any tw o functions^ and g defined t o b e ma x \f(x) —



g(x) |, i s a spac e



of class Toda y thi s ecart i s called th e maximu m norm . Another exampl e offere d b y Freche t i s th e se t o f al l sequence s o f real numbers. I f x = an d y = ( ar e an y tw o sequences , the ecart o f x an d y i s defined t o b e



This, a s Freche t remarks , i s a spac e o f countably infinit e dimensions . Using hi s space s , Frechet 12 succeede d i n givin g a definitio n o f continuity, differential , an d differentiabilit y o f a functional . Thoug h thes e were no t entirel y adequate fo r th e calculu s o f variations , hi s definitio n of differential i s wort h notin g becaus e i t i s th e cor e o f wha t di d prov e t o b e satisfactory. H e assume s tha t ther e exist s a linea r functiona l ) suc h that F[y(X) +



,,(*) ] = F ( y ) + £.(, ) + ,M(r,},



where i s a variatio n o n y ( x ) , M(ij ) i s th e maximu m absolut e valu e of o n [a , b], and e approaches 0 with M . The n L(tj) i s the differentia l o f F ( y ) . H e als o presupposes th e continuit y o f F ( y ), whic h i s more tha n ca n b e satisfied i n problem s o f the calculu s of variations. Charles Alber t Fische r (1884-1922) 13 the n improve d Volterra' s defini tion o f th e derivativ e o f a functiona l s o tha t i t di d cove r th e functiona l used i n th e calculu s o f variations; th e differentia l o f a functiona l could the n be define d in term s o f the derivative . So far a s the basi c definition s of properties o f functionals neede d fo r th e calculus o f variation s ar e concerned , th e fina l formulation s were give n b y Elizabeth L c Stourgeo n (1881-1971). 14 Th e ke y concept , th e differentia l of a functional , i s a modificatio n of Frechet's . Th e functiona l F ( y ) i s sai d to hav e a differentia l a t i f there exists a linear functiona l £(17) suc h tha t for al l arc s i n th e neighborhoo d o f th e relatio n



holds where M i s the maximu m absolut e value of an d o n the interva l [a, b] and i s a quantit y vanishin g with M . Sh e also define d secon d differentials. Both L c Stourgeo n an d Fische r deduce d fro m thei r definition s o f differentials necessar y condition s fo r th e existenc e o f a minimu m o f a functional tha t ar e o f a typ e applicabl e t o th e problem s o f th e calculu s of variations. Fo r example , a necessar y conditio n tha t a functiona l F ( y ) hav e 12. Ainer. Math. Soc. Trans., 15 , 1914 , 135-61 . 13. Amer. Jour, of Math., 35 , 1913 , 369-94 . 14. Amer. Math. Soc. Trans., 21 , 1920 , 357-83.
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a minimu m fo r y = i s that L vanis h fo r ever y (x) tha t i s continuous and ha s continuous first derivatives on [a , b\ an d suc h that (a ) = (b) = 0 . It i s possible t o deduc e th e Eule r equatio n fro m th e conditio n tha t th e first differential vanish , an d b y usin g a definitio n o f the secon d differentia l o f a functional (whic h several writer s already name d ha d given) , i t is possible to deduce th e necessit y o f th e Jacob i conditio n o f th e calculu s o f variations . The definitiv e work, a t leas t u p t o 1925 , o n th e theor y o f functional s required fo r the calculu s of variations wa s done b y Leonid a Tonell i (1885 1946), a professor at the universities of Bologna and Pisa . After writin g many papers o n th e subjec t fro m 191 1 on, h e publishe d hi s Fondamenti d i calcolo delle variazioni ( 2 vols., 1922 , 1924) , in whic h h e consider s th e subjec t fro m the standpoin t o f functionals. The classica l theory ha d relie d a grea t dea l on the theor y of differential equations . Tonelli' s aim was to replace existenc e theorems fo r differentia l equation s b y existenc e theorem s fo r minimizing curves o f integrals . Throughou t hi s wor k th e concep t o f th e lowe r semi continuity o f a functiona l is a fundamenta l on e becaus e th e functional s ar e not continuous . Tonelli firs t treat s set s o f curve s an d give s theorem s tha t insur e th e existence o f a limitin g curv e i n a clas s of curves. Ensuin g theorem s insur e that th e usua l integral, bu t i n th e parametri c for m



will b e lowe r semicontinuou s a s a functio n of x(t) an d y ( t ) . (Late r h e con siders th e mor e fundamenta l nonparametri c integrals.) H e derive s th e fou r classical necessar y condition s o f th e calculu s o f variations fo r th e standar d types of problems. Th e mai n emphasi s in th e secon d volum e is on existence theorems fo r a grea t variet y o f problems deduce d o n th e basi s of the notio n of semicontinuity. That is , given a n integra l o f the abov e form , b y imposin g conditions o n i t a s a functiona l an d o n th e clas s of curves t o b e considered , he prove s ther e i s a curv e i n th e clas s whic h minimize s th e integral . Hi s theorems dea l wit h absolut e an d relativ e minim a an d maxima . To som e exten t Tonelli' s work pay s dividend s in differentia l equations , for hi s existence theorems imply th e existenc e of the solution s of the differen tial equation s which in th e classica l approach suppl y the minimizin g curves as solutions. However, hi s work was limited to th e basi c type s of problems of the calculu s of variations. Thoug h th e abstrac t approac h wa s pursued sub sequently b y many men , th e progres s mad e i n th e applicatio n o f the theor y of functionals to th e calculu s of variations ha s no t bee n great . 3. Linear Functional Analysis The majo r wor k in functiona l analysis sought t o provid e a n abstrac t theor y for integra l equation s as opposed t o the calculus of variations. Th e propertie s
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of functionals neede d fo r th e latte r fiel d ar e rathe r specia l an d d o no t hol d for functional s in general . I n addition , th e nonlinearit y of these functional s created difficultie s tha t wer e irrelevan t t o the functional s an d operator s tha t embraced integra l equations . Whil e concret e extension s o f th e theor y o f solution o f integra l equation s wer e bein g mad e b y Schmidt , Fischer , an d Riesz, thes e men an d other s als o began wor k o n th e correspondin g abstrac t theory. The firs t attemp t a t a n abstrac t theor y o f linear functional s an d oper ators wa s mad e b y th e America n mathematicia n E . H . Moor e startin g in 1906.15 Moor e realize d tha t ther e wer e feature s commo n t o th e theor y of linear equation s i n a finit e numbe r o f unknowns , th e theor y o f infinitel y many equation s i n a n infinit e numbe r o f unknowns, and th e theory of linear integral equations . H e therefor e undertoo k t o buil d a n abstrac t theory , called Genera l Analysis , whic h woul d includ e th e abov e mor e concret e theories a s specia l cases . Hi s approac h wa s axiomatic . We shal l no t presen t the detail s becaus e Moore' s influenc e wa s not extensive , no r di d h e achiev e effective methodology . Moreover , hi s symboli c languag e wa s strang e an d difficult fo r other s t o follow. The firs t influentia l ste p toward a n abstrac t theor y of linear functional s and operator s wa s take n i n 190 7 by Erhar d Schmidt 16 an d Frechet. 17 Hilbert, in hi s work o n integra l equations , ha d regarde d a functio n as given by it s Fourie r coefficient s i n a n expansio n wit h respec t t o a n orthonorma l sequence o f functions. Thes e coefficient s an d th e value s h e attache d t o th e in hi s theory o f quadratic form s i n infinitel y man y variable s ar e sequences such that i s finite. However, Hilber t did not regard thes e sequences as coordinates o f a poin t i n space, no r di d h e use geometrical language . Thi s step wa s taken b y Schmid t and Frechet . B y regarding eac h sequenc e a s a point , function s wer e represente d a s point s o f a n infinite-dimensiona l space. Schmid t als o introduce d comple x a s wel l a s rea l number s i n th e sequences . Suc h a spac e ha s sinc e bee n calle d a Hilber t space . Ou r account follow s Schmidt' s work . The element s o f Schmidt' s functio n space s ar e infinit e sequence s o f complex numbers , z = , with



Schmidt introduce d th e notatio n \\z\\ for \\z\\ was later calle d the nor m o f z . Followin g Hilbert , Schmid t use d th e notatio n (z , w ) fo r 15. See , fo r example , Alii de l IV Congresso Internazionale del Alaleniatici (1908) , 2 , Reale Accademia de i Lincei, 1909 , 98-114, an d Amer. Math. Soc. Bull., 18 , 1911/12 , 334-62 . 16. Rendiconti de l Circolo Matematico d i Palermo, 25 , 1908 , 53-77. 17. Nouvelles Annales d e Mathematiques, 8 , 1908 , 97-116, 289-317 .
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so that (Th e moder n practic e is to defin e (z , w) as ~ ~ Tw o element s z and w of the spac e ar e calle d orthogona l i f an d only i f (z, w ) = 0 . Schmidt the n prove s a generalized Pythagorea n theorem , namely, i f ar e n mutuall y orthogona l element s o f th e space , then



implies



It follow s tha t th e n mutually orthogonal element s are linearl y independent . Schmidt als o obtaine d Bcssel' s inequalit y i n thi s genera l space ; tha t is , i f is a n infinit e sequenc e o f orthonorma l elements , s o tha t and i f w i s any element , the n



Also Schwarz' s inequalit y an d th e triangl e inequalit y ar e prove d fo r th e norm. A sequenc e o f elements i s said t o converge strongly to z if approaches 0 an d ever y stron g Cauch y sequence , i.e . ever y sequenc e fo r which approache s 0 a s p an d q approach , is shown to converg e to a n elemen t z s o tha t th e spac e o f sequence s i s complete . Thi s i s a vita l property. Schmidt nex t introduce s th e notio n o f a (strongly ) close d subspace . A subset A o f his spac e H i s said t o b e a close d subspac e i f it i s a close d subse t in th e sens e of the convergenc e just define d an d i f it i s algebraically closed ; that is , i f an d ar c element s o f A , the n c wher e an d are an y comple x numbers , i s also an clemen t of A. Suc h close d subspace s ar e shown t o exist . On e merel y take s an y sequenc e o f linearly independen t elements an d take s al l finit e linea r combination s o f element s o f . Th e closure o f thi s collectio n of elements is an algebraicall y close d subspace . Now le t A b e an y fixe d close d subspace . Schmid t firs t prove s tha t i f z is an y clemen t o f th e space , ther e exis t uniqu e elements an d ; suc h that where ; i s in A an d i s orthogonal t o A , whic h mean s tha t is orthogona l t o ever y elemen t i n A . (Thi s resul t i s toda y calle d th e projection theorem ; i s th e projectio n o f z i n A. ) Further =, min \, y — z\ wher e y i s an y elemen t i n A an d thi s minimu m i s assume d only fo r y = i s called th e distanc e betwee n z an d A .
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In 190 7 both Schmid t an d Freche t remarke d tha t th e spac e o f squar e summable (Lebesgu e integrable ) function s ha s a geometr y completel y analogous t o th e Hilber t spac e o f sequences. Thi s analog y wa s elucidate d when, som e month s later , Riesz , makin g us e o f the Riesz-Fische r theore m (Chap. 45 , sec. 4), whic h establishe s a one-to-on e correspondenc e betwee n Lebesgue measurabl e squar e integrabl e function s an d squar e summabl e sequences of real numbers, pointed ou t tha t i n the set o f square summabl e functions a distanc e can b e defined and on e ca n us e this to build a geometr y of thi s spac e o f functions. Thi s notio n o f distance betwee n an y tw o squar e summable function s o f th e spac e , al l define d o n a n interva l [a , b], wa s in fac t als o defined b y Frechet 18 as (1)



where th e integra l is understood i n th e Lebesgu e sense ; and i t i s also understood tha t tw o function s tha t diffe r onl y on a set of measure 0 are considere d equal. Th e squar e o f the distanc e is also calle d th e mea n squar e deviatio n of th e functions . Th e scala r produc t off an d g i s define d t o b e (f , g ) — i dx . Function s fo r whic h (f , g ) = 0 ar e calle d orthogonal . Th e Schwarz inequality,



and othe r propertie s tha t hol d i n th e spac e o f square summabl e sequences , apply t o th e functio n space ; i n particula r thi s clas s o f squar e summabl e functions form s a complet e space . Thu s th e spac e o f squar e summabl e functions an d th e spac e o f square summabl e sequence s that ar e th e Fourie r coefficients o f these functions wit h respec t t o a fixe d complet e orthonorma l system o f functions ca n b e identified . So fa r a s abstrac t functio n space s ar e concerned , w e shoul d recal l (Chap. 45 , sec . 4) th e introductio n o f L p spaces , 1 < p < b y Riesz . These space s are also complete in the metric = d Though w e shal l soo n loo k int o additiona l creation s i n th e are a o f abstract spaces , th e nex t development s concer n functional s an d operators . In th e 190 7 pape r jus t referre d to , i n whic h h e introduce d th e metri c o r ecart fo r function s i n space , an d i n anothe r pape r o f that year, 19 Freche t proved tha t fo r every continuous linear functional U(f) define d o n ther e is a uniqu e u(x) i n suc h tha t fo r ever y fin_



18. Com/) . Rend., 444, 1907, 1414-16 . 19. Anicr. Math. Soc. Trans., 8 , 1907 , 433-46.
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This resul t generalize s on e obtaine d b y Hadamar d i n 1903. I n 1909 Riesz21 generalize d thi s resul t b y expressing U(f) a s a Stieltje s integral ; that is,



Riesz himsel f generalized thi s resul t t o linea r functional s A tha t satisf y th e condition tha t fo r all/in L p



where M depend s onl y on A. Then ther e is a functio n a(x) i n L q, unique u p to th e additio n o f a functio n with zer o integral , suc h tha t fo r all fin L p (2) This result is called th e Ries z representation theorem . The centra l par t o f functional analysis deals wit h th e abstrac t theor y of th e operator s tha t occu r i n differentia l an d integra l equations . Thi s theory unite s th e eigenvalu e theor y o f differentia l an d integra l equation s and linea r transformation s operatin g i n n-dimensiona l space . Suc h a n operator, fo r example ,



for give n k, assign s f t o g an d satisfie s som e additiona l conditions . In th e notation A fo r th e abstrac t operato r an d th e notatio n g = Af , linearit y means (3)



where A ; i s an y rea l o r comple x constant . Th e indefinit e integra l g(x) = dt an d th e derivativ e f ' ( x ) = Df(x) ar e linea r operator s fo r th e proper classe s of functions . Continuit y of th e operato r A mean s tha t i f th e sequence o f functions approaches/i n th e sens e of the limi t i n th e spac e of functions, the n . mus t approach Af . The abstrac t analogue of what one finds in integral equations when the kernel k(x,y) i s symmetric i s the sclf-adjointness propert y o f the operato r A . If fo r an y tw o function s



20. Camp. Rend., 136 , 1903, 351-54 = (Euvres, 1 , 405-8. 21. Comp. Rend., 149 , 1909, 974-77, an d Ann. de I'Ecole Norm. Sup., 28 , 1911 , 3 3 IT .
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where denote s th e inne r o r scala r produc t o f two function s o f th e space, the n A i s said t o b e self-adjoint . I n th e cas e o f integral equations , i f



then



and i f the kerne l is symmetric. For arbitrar y self-adjoin t operators th e eigenvalue s are real , an d th e eigenfunction s correspondin g t o distinct eigenvalue s are orthogona l t o each other . A health y star t o n th e abstrac t operato r theory , whic h i s th e cor e o f functional analysis , wa s mad e b y Ries z i n hi s 191 0 Mathematische Annalen paper, i n whic h h e introduce d . space s (Chap . 45 , sec . 4). H e se t ou t i n that pape r t o generaliz e th e solution s of the integra l equatio n



to function s i n spaces



. Ries z though t o f the expressio n



as a transformatio n actin g o n th e functio n . H e calle d i t a functiona l transformation an d denote d i t b y Moreover , sinc e th e wit h which Ries z wa s concerne d wer e i n space , th e transformatio n take s functions int o the sam e o r anothe r space . I n particula r a transformatio n or operator tha t take s functions o f int o function s of , i s called linea r i n if it satisfie s (3 ) and i f T i s bounded; that is , there is a constan t M suc h tha t for al l f i n tha t satisf y



then



Later the least upper boun d o f such M wa s called the norm o f T"an d denoted



I T" * I I by \\T\\.



1I
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Riesz als o introduced th e notio n o f the adjoin t o r transpose d operato r for T . Fo r an y g in an d T operatin g i n (4)



defines fo r fixe d g an d varyin g f i n a functiona l o n Henc Riesz representatio n theore m ther e i s a functio n uniqu function whos e integral is 0, suc h that



e b y th e e up to a



(5)



The adjoin t o r transpos e o f T , denote d b y , i s no w define d t o b e tha t operator i n " " dependin g fo r fixe d T onl y on g, whic h assign s to g th e o f equation (5) ; that is, (I n modern notation , satisfie s ( T f , g ) = is a linea r transformatio n in an d Riesz no w consider s th e solutio n of (6)



where T i s a linea r transformation in L p,fis known , an d i s unknown. H e proves tha t (6 ) ha s a solutio n if and onl y if



for al l g i n H e i s thereby led t o th e notio n o f the invers e transformation or operator . an d in the very same though t t o _ , With th e aid of the adjoint operato r h e prove s th e existenc e of the inverses . In hi s 191 0 paper Ries z introduce d th e notatio n (7)



where K no w stand s fo r d t an d wher e * stand s fo r th e functio n on whic h K operates . Hi s additiona l result s ar e limite d t o wherei n . To trea t the eigenvalu e problem of integral equations he introduces Hilbert's notio n o f complet e continuity , bu t no w formulate d fo r abstrac t operators. A n operato r K i n i s said to b e completel y continuous if K map s every weakl y convergen t sequenc e (Chap . 45 , sec . 4 ) o f function s int o a strongly convergen t one , tha t is , convergin g weakl y implie s converging strongly . He doe s prove tha t th e spectru m of (7) is discrete (tha t is, ther e i s no continuou s spectrum o f a symmetri c K) an d tha t th e eigen functions associate d wit h th e eigenvalue s are orthogonal . Another approac h t o abstrac t spaces , usin g the notio n o f a norm , wa s also initiate d b y Riesz. 22 However , th e genera l definitio n o f normed space s 22. Ad a Math., 41 , 1918 , 71-98 .
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was give n durin g th e year s 192 0 t o 192 2 b y Stefa n Banac h (1892-1945) , Hans Hahn (1879-1934) , Eduar d Hell y (1884-1943) , an d Norber t Wiene r (1894—1964). Thoug h ther e i s much overla p i n th e wor k o f these me n an d the questio n o f priority i s difficult t o settle , it i s Banach's work tha t ha d th e greatest influence. His motivation was the generalization of integral equations. The essentia l featur e o f all thi s work , Banach' s i n particular, 23 wa s t o set up a space with a norm bu t on e which is no longer defined in terms of an inner product . Wherea s i n i t i s not possibl e to define th e norm o f a Banac h spac e i n thi s wa y becaus e a n inne r produc t i s no longe r available. Banach start s with a space E of elements denoted b y x, y, z,. . ., whereas a, b, c,. . . denot e rea l numbers . Th e axiom s fo r hi s space ar e divide d int o three groups . Th e firs t grou p contain s thirtee n axiom s whic h specif y tha t £ i s a commutativ e grou p unde r addition , tha t E i s closed unde r multiplication b y a rea l scalar , an d tha t th e familia r associativ e an d distributiv e relations ar e t o hol d amon g variou s operation s o n th e rea l number s an d the elements. The secon d grou p o f axiom s characterize s a nor m o n th e element s (vectors) o f E. The nor m i s a real-valued functio n denne d o n E and denote d by \\x\\. Fo r an y rea l numbe r a and an y x i n E th e nor m ha s th e followin g properties: (a) | k || > 0 ; (b) || # [| = 0 if and onl y if * = 0 ; (c) Ho*) ! =



fl



|-||*||;



(d) ||*+y| | < ||*| | + ||y|| .



The thir d grou p contain s just a completenes s axiom , whic h state s tha t if {*„ } is a Cauch y sequenc e i n th e norm , i.e = . i f li m 0 , the n there i s an elemen t * in E suc h tha t li m A space satisfyin g thes e three group s of axioms is called a Banach spac e or a complete normed vecto r space. Thoug h a Banach spac e is more genera l than a Hilber t space , becaus e th e inne r produc t o f tw o element s i s no t presupposed t o defin e th e norm , a s a consequenc e th e ke y notio n o f tw o elements being orthogonal is lost i n a Banac h spac e that i s not als o a Hilber t space. Th e firs t an d thir d set s o f conditions hold als o for Hilbert space , bu t the secon d se t i s weake r tha n condition s o n th e nor m i n Hilber t space . Banach space s includ e L p spaces , th e spac e o f continuou s functions , th e space o f bounde d measurabl e functions , an d othe r spaces , provide d th e appropriate nor m i s used. With th e concep t o f th e nor m Banac h i s abl e t o prov e a numbe r o f 23. Fundamenta Mathematicae, 3 , 1922 , 133-81 .
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familiar fact s fo r hi s spaces . On e o f the ke y theorem s states : Le t b set of elements of E suc h tha t



g



ea



Then converge s in th e nor m t o a n elemen t x of E. After provin g a number of theorems, Banach considers operators defined on the spac e bu t whos e range i s in anothe r spac e E 1} whic h is also a Banac h space. A n operato r F i s sai d t o b e continuou s a t x 0 relativ e t o a se t A i f F(x) i s define d fo r al l x o f A\ belong s t o A an d t o th e derive d se t o f A; and wheneve r i s a sequenc e o f A wit h limi t x 0, the n F approache s F- . He als o define s unifor m continuit y of F relativ e t o a se t A an d the n turns his attention t o sequences of operators. Th e sequenc e o f operator s is said t o converge in the norm t o F on a set A if for every x in A, li m *•(*)• An importan t clas s o f operator s introduce d b y Banac h i s th e se t o f continuous additiv e ones . A n operato r F i s additiv e i f fo r al l x an d y , F(x + y) = F(x) + F(y). A n additiv e continuou s operator prove s t o hav e the propert y tha t F(ax] = aF(x) fo r any rea l numbe r a . I f F is additive an d continuous a t on e elemen t (point ) o f E , i t follow s tha t i t i s continuou s everywhere an d i t i s bounded ; tha t is , ther e i s a constan t M, dependin g only on F , s o that \\F(x) \ \ < M \\x\\ fo r ever y x of E . Anothe r theore m asserts that i f {F n} i s a sequenc e o f additiv e continuou s operator s an d i f F i s a n additive operato r suc h tha t fo= r each x , F(x), the n F i s contin uous an d ther e exist s an M suc h tha t fo r all In thi s pape r Banac h prove s theorem s o n th e solutio n o f th e abstrac t formulation o f integral equations . I f FK a continuou s operator wit h domai n and rang e i n th e spac e E an d i f there exist s a numbe r A/ , 0 < A f < 1 , so that fo r al l an di nj , the n ther e exists a uniqu e elemen t x i n E tha t satisfie s F(x) = x . Mor e importan t i s the theorem : Conside r th e equatio n (8)



where y i s a know n function i n E , F is an additiv e continuous operator wit h domain an d rang e i n E , an d A is a rea l number . Le t M b e th e leas t uppe r bound o f al l thos e number s M' satisfyin g \\F(x) \ \ < M'\\x\\ fo r al l x . The n for every y an d ever y value o f h satisfying \hM\ < 1 there exists a functio n x satisfying (8 ) an d



IOgO FUNCTIONA



L ANALYSI S



where Thi s resul t is one for m o f the spectra l radiu s theorem, an d i t i s a generalizatio n of Volterra's metho d o f solving integra l equations. Banach i n 1929 24 introduce d anothe r importan t notio n i n th e subjec t of functiona l analysis , the notio n o f the dua l o r adjoin t spac e o f a Banac h space. Th e ide a wa s also introduced independently by Hahn, 25 but Banach' s work wa s mor e thorough . Thi s dua l spac e i s th e spac e o f al l continuou s bounded linea r functional s o n th e give n space . Th e nor m fo r th e spac e o f functional i s taken to be the bounds of the functionals , an d th e spac e prove s to b e a complet e norme d linea r space , tha t is , a Banac h space . Actuall y Banach's wor k her e generalize s Riesz' s wor k o n . an d . spaces , wher e q — pl(p — 1) , becaus e th e spac e i s equivalen t t o th e dua l i n Banach' s sense o f the space . Th e connectio n with Banach' s wor k i s made eviden t by th e Ries z representatio n theore m (2) . I n othe r words , Banach' s dua l space ha s the same relationship to a given Banac h spac e E that _' has to i . Banach start s with th e definitio n o f a continuou s linear functional , that is, a continuou s real-value d functio n whos e domai n i s th e spac e E , an d proves tha t eac h functiona l i s bounded. A ke y theorem , whic h generalize s one in Harm' s work, is known today a s the Hahn-Banac h theorem . Le t p b e a real-value d functiona l define d on a complet e norme d linea r spac e R an d let p satisf y fo r al l x an d y i n R (a) p(



x + y ) < p ( x ) + p(y);



(b) fo



r



Then ther e exist s an additive functiona l / o n R that satisfie s -/>(-*) 0 ) an d divergen t (Ji = 0) . Borel als o introduce d th e notio n o f absolute summability . Th e origina l series i s absolutely summable a t a valu e o f x whe n



is absolutel y convergen t an d th e successiv e integrals



have a sense. Borel the n shows that a divergent series , if absolutely summable , can b e manipulate d precisel y a s a convergen t series . Th e series , i n othe r words, represent s a function an d ca n be manipulated i n place o f the function. Thus th e sum , difference, an d produc t o f tw o absolutel y summabl e serie s is absolutel y summabl e an d represent s th e sum , difference, an d produc t respectively o f th e tw o function s represente d b y th e separat e series . Th e analogous fac t hold s fo r th e derivativ e o f a n absolutel y summabl e series . Moreover th e su m i n th e abov e sens e agree s wit h th e usua l su m i n th e cas e of a convergen t series , and subtractio n o f the first k terms reduces th e "sum" of th e entir e serie s b y th e su m o f these k terms . Bore l emphasize d tha t an y satisfactory definitio n o f summabilit y mus t posses s thes e properties , thoug h not al l do. H e di d no t requir e tha t an y tw o definition s necessaril y yield th e same sum. These propertie s mad e possibl e th e immediat e applicatio n o f Borel' s theory t o differentia l equations. If , i n fact , is a differentia l equatio n whic h i s holomorphi c i n x a t th e origi n an d i s algebraic i n y an d it s derivatives, an y absolutel y summabl e serie s which satisfie s th e differentia l equation formall y define s an analyti c functio n that i s a solutio n o f the equation . Fo r example , th e Laguerr e serie s
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satisfies formall y



and s o th e functio n (cf . (39) )



must b e a solutio n of the equation . Once th e notio n o f summabilit y gaine d som e acceptance , dozen s o f mathematicians introduce d a variet y o f ne w definition s tha t me t som e o r all o f th e requirement s imposed b y Bore l an d others . Man y o f th e defini tions o f summabilit y have bee n extende d t o doubl e series . Also , a variet y of problem s ha s bee n formulate d an d man y solve d tha t involv e th e notio n of summability . Fo r example , suppos e a serie s i s summabl e b y som e method. Wha t additiona l condition s can b e impose d o n th e serie s so that , granted it s summability, i t wil l als o b e convergen t i n Cauchy' s sense ? Suc h theorems ar e calle d Tauberia n afte r Alfre d Taube r (1866—1942?) . Thu s Tauber proved 45 tha t i f , i s Abelian summabl e to s an d na n approache s 0 as n become s infinite , the n converge st os. The concep t o f summability does the n allo w u s to give a valu e o r sum to a grea t variet y o f divergent series . The questio n o f what i s accomplishe d thereby necessaril y arises . I f a give n infinit e serie s wer e t o aris e directl y in a physica l situation , th e appropriatenes s o f any definitio n o f sum woul d depend entirel y o n whethe r th e su m i s physicall y significant, just a s th e physical utilit y o f any geometr y depend s o n whethe r the geometr y describe s physical space. Cauchy' s definitio n o f sum is the on e tha t usuall y fits because it say s basically tha t th e su m i s what on e get s b y continuall y addin g mor e and mor e term s i n th e ordinar y sense . Bu t ther e i s n o logica l reaso n t o prefer thi s concept o f sum t o th e other s tha t hav e bee n introduced . Indee d the representatio n o f function s b y serie s i s greatly extende d b y employin g the newe r concepts . Thu s Leopol d Feje r (1880-1959) , a studen t o f H. A . Schwarz, showe d th e valu e o f summability i n th e theor y o f Fourie r series . In 1904* 6 Feje r prove d tha t i f in th e interva l [ — 77, Tr],f(x) i s bounded an d (Riemann) integrable , o r if unbounded th e integra l d x is absolutel y convergent, the n a t ever y poin t i n th e interva l a t whic h f( x + 0 ) an d f ( x — 0) exist , th e Frobeniu s su m o f th e Fourie r serie s



45. Monatsheftefiir Mathematik und Physik, 8 , 1897 , 273-77 . 46. Math. Ann., 58, 1904 , 51-69 .
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is [f(x + 0 ) + f(x — 0)]/2. Th e condition s o n f(x] i n thi s theore m ar e weaker tha n i n previou s theorem s o n th e convergenc e o f Fourie r serie s t o /(*) (cf . Chap. 40 , sec. 6). Fejer's fundamenta l resul t wa s th e beginnin g o f a n extensiv e series o f fruitful investigation s on th e summabilit y of series. W e hav e ha d numerou s occasions t o vie w th e nee d t o represen t function s b y infinit e series . Thu s i n meeting th e initia l condition i n th e solutio n o f initial- an d boundary-valu e problems o f partial differentia l equations , it i s usually necessary t o represen t the give n initia l f(x) i n term s o f the eigenfunction s that ar e obtaine d fro m the applicatio n o f th e boundar y condition s t o th e ordinar y differentia l equations tha t resul t fro m th e metho d o f separatio n o f variables . Thes e eigenfunctions ca n b e Besse l functions , Legendr e functions , o r an y on e o f a number o f type s o f specia l functions . Wherea s th e convergenc e i n th e Cauchy sens e o f suc h a serie s of eigenfunction s to th e give n f(x) ma y no t obtain, th e serie s may indee d b e summabl e tof(x) i n on e o r anothe r o f the senses o f summabilit y an d th e initia l conditio n i s thereb y satisfied . Thes e applications o f summability represent a grea t succes s for th e concept . The constructio n an d acceptanc e o f th e theor y o f divergen t serie s i s another strikin g example o f th e wa y i n whic h mathematic s ha s grown . I t shows, first of all, that when a concep t o r techniqu e proves t o b e usefu l eve n though th e logi c o f i t i s confuse d o r eve n nonexistent , persisten t researc h will uncove r a logica l justification, which i s trul y a n afterthought . I t als o demonstrates ho w fa r mathematician s hav e com e t o recogniz e tha t mathe matics i s man-made . Th e definition s o f summabilit y ar e no t th e natura l notion o f continuall y addin g mor e an d mor e terms , th e notio n whic h Cauchy merel y rigorized ; the y ar e artificial . But the y serv e mathematica l purposes, includin g even th e mathematica l solutio n o f physica l problems ; and thes e are no w sufficien t ground s fo r admitting them int o th e domai n o f legitimate mathematics . Bibliography Borel, Emile : Notice sur les travaux scienlifiques de M. Emile Borel, 2n d ed. , Gauthier -



Villars, 1921 .



: Lefons su r les series divergentes, Gauthier-Villars , 1901 .
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Tensor Analysi s an d Differentia l Geometry Either therefor e th e realit y whic h underlie s space mus t for m a discret e manifol d o r w e mus t see k th e groun d o f its metri c in relation s outsid e it , i n th e bindin g force s whic h ac t o n it . This lead s u s int o th e domai n o f anothe r science , tha t o f physics, int o whic h th e objec t o f our wor k doe s no t allo w u s to g o today . BERNHAR D RIEMAN N



1. Th e Origins o f Tensor Analysis Tensor analysi s i s often describe d a s a totall y ne w branc h o f mathematics , created a b initio eithe r t o mee t som e specifi c objectiv e o r jus t t o deligh t mathematicians. I t i s actually n o mor e tha n a variatio n o n a n ol d theme , namely, th e stud y o f differentia l invariant s associate d primaril y wit h a Riemannian geometry . Thes e invariants , w e may recal l (Chap . 37 , sec. 5) , are expression s tha t retai n thei r for m an d valu e unde r an y chang e i n th e coordinate syste m because the y represent geometrica l o r physica l properties. The stud y o f differentia l invariant s ha d bee n launche d b y Riemann , Beltrami, Christoffel , an d Lipschitz . Th e ne w approac h wa s initiate d b y Gregorio Ricci-Curbastr o (1853-1925) , a professo r o f mathematic s a t th e University o f Padua . H e wa s influence d b y Luig i Bianchi , whos e wor k had followe d ChristoffePs . Ricc i sough t t o expedit e th e searc h fo r geomet rical propertie s an d th e expressio n o f physical laws in a form invariant unde r change o f coordinates. H e di d hi s major wor k on the subject during the year s 1887-96, though h e and a n Italia n schoo l continue d to work on it for twenty or more year s afte r 1896 . In th e mai n perio d Ricc i worke d ou t his approach and a comprehensiv e notatio n fo r the subject , which h e calle d th e absolut e differential calculus . I n a n articl e publishe d i n 1892 1 Ricc i gav e th e first systematic account o f his method an d applie d i t to some problems in differen tial geometr y an d physics . 1. Bull. deiSci. Math., (2), 16 , 1892 , 167-8 9 = Opere, 1 , 288-310. 1122
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Nine year s late r Ricc i an d hi s famous pupil Tulli o Levi-Civit a (1873 1941) collaborate d o n a comprehensiv e paper , "Method s o f th e Absolut e Differential Calculu s an d Thei r Applications." 2 Th e wor k o f Ricc i an d Levi-Civita gav e a mor e definitiv e formulatio n o f this calculus. The subjec t became know n a s tenso r analysi s after Einstei n gav e i t thi s nam e i n 1916 . In vie w o f the man y change s i n notatio n mad e b y Ricc i an d late r b y Levi Civita an d Ricci , w e shall use the notatio n whic h has by now become rathe r standard. 2. Th e Notion o f a Tensor To ge t a t th e notio n o f a tenso r a s introduce d b y Ricci , le t u s consider th e function . B y A { w e shal l mean The n th e expression (1)



is a differentia l invarian t unde r transformation s of the for m (2)



It i s assumed tha t th e function s f\ posses s al l necessar y derivative s and tha t the transformatio n i s reversible, so tha t (3)



Under th e transformatio n (2) th e expressio n (1 ) become s (4)



However, doe



s no t equa l . , . Rathe r



(5)



wherein i t i s understood tha t th e i n th e ar e replace d b y thei r value s in terms o f the Thu s th e ca n b e relate d t o th e . b y th e specifi c la w of transformation (5 ) wherei n th e firs t derivative s o f th e transformatio n ar e involved. Ricci's ide a wa s that instea d o f concentrating on th e invarian t differen tial for m (1) , it woul d b e sufficien t an d mor e expeditiou s t o trea t th e se t and t o call thi s set of components a tenso r provide d that , unde r a chang e o f coordinates, th e ne w se t of component s 2. Malh. Ann., 54 , 1901 , 125-20 1 = Ricci , Opere, 2 , 185-271 .
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are relate d t o th e origina l se t b y th e la w o f transformatio n (5) . I t i s thi s explicit emphasi s o n th e se t o r syste m o f function s an d th e la w o f trans formation tha t mark s Ricci' s approac h t o th e subjec t o f differential invari ants. Th e se t of Ap whic h happe n t o b e th e component s o f the gradien t of the scala r functio n A , i s a n exampl e o f a covarian t tenso r o f ran k 1 . Th e notion o f a se t o r syste m of function s characterizin g an invarian t quantit y was i n itsel f no t ne w becaus e vector s wer e alread y wel l know n i n Ricci' s time; thes e are represente d b y their components in a coordinate syste m and are als o subjec t t o a la w o f transformatio n if th e vecto r i s to remain , a s i t should be , invarian t unde r a chang e o f coordinates . However , th e ne w systems tha t Ricc i introduce d wer e fa r mor e genera l an d th e emphasi s on the la w o f transformation was also new. As anothe r exampl e o f th e poin t o f vie w introduce d b y Ricci , le t u s consider the expressio n for the elemen t of distance. This is given b y (6)



Under chang e o f coordinates th e valu e o f the distanc e d s must remai n th e same o n geometrica l grounds . However , i f we perfor m th e transformatio n (2) an d writ e th e ne w expressio n in th e for m (7)



then wil l not equa l (whe n th e value s o f the represent th e sam e point a s the do) . What doe s hold i s that (8)



when th e i n th e ar e replace d b y thei r value s in term s of the T that (8 ) holds w e have bu t t o replace i n (6 ) by



o see



and , i n (6 ) b y



and extrac t th e coefficien t of . Thus, thoug h i s not a t al l w e do kno w ho w t o obtain fro m th e Th e se t of coefficient s o f the
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fundamental quadrati c for m ar e a tensor , a covarian t tenso r o f rank 2 , an d the la w o f transformation i s that give n b y (8) . Ricci als o introduce d contravarian t tensors . Le t u s consider th e invers e of th e transformatio n hithert o considered . I f thi s inverse i s (9) then (10) If we now regard th e a s a set of quantities constitutin g a tensor , the n w e see that , o f course , bu t w e ca n obtai n th e < fro m th e ' by th e law o f transformation illustrate d i n (10) . The se t of elements : is called a contravariant tenso r o f ran k 1 , th e ter m contravarian t pointin g t o th e presence o f the i n th e transformation , a s oppose d t o th e derivative s which appea r i n (8 ) an d (5) . Thu s th e ver y differential s o f th e transformation variable s for m a contravarian t tenso r o f rank 1 . Correspondingly, we can hav e a tensor o f rank 2 that transform s contravariantly i n bot h indices . I f th e se t of functions . 1, 2, . . ., n, transform unde r (9 ) s o that (11) then thi s se t i s a contravarian t tenso r o f ran k 2 . Moreover , w e ca n hav e what ar e calle d mixe d tensors , which transfor m covariantly i n som e indice s and contravariantl y in others . Fo r example, th e set i,j,k = 1 , 2 , . . . , n, denotes a mixe d tenso r wherein , followin g Ricci , th e lowe r indice s ar e th e ones i n whic h i t transform s covariantly an d th e uppe r inde x i s th e on e i n which i t transform s contravariantly. Th e tenso r whos e element s ar e i s called a tenso r of rank 3 . We ca n hav e covariant, contravariant, an d mixe d tensors of rank r . An ?z-dimensiona l tenso r of rank r will have components . Equation (21 ) i n Chapte r 37 shows that Riemann's four-index symbol (rk, ih) is a covarian t tenso r of rank 4. A covariant tenso r of rank 1 is a vector . T o i t Levi-Civita associate d th e contravarian t vecto r whic h i s defined as follows : If th e se t of ar e th e component s o f a covarian t vector , the n the set



is th e associate d contravarian t vector ; g' k i s a quotien t whose numerato r is the cofacto r o f g ih. in th e determinan t of the g ik an d whos e denominator i s g, the valu e of the determinant .
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There ar e operation s o n tensors . Thu s i f w e hav e tw o tensor s o f th e same kind , tha t is , havin g th e sam e numbe r o f covarian t an d th e sam e number o f contravarian t indices , w e ma y ad d the m b y addin g th e com ponents wit h th e identica l indices . Thus One mus t an d ca n sho w tha t th e constitut e a tenso r covarian t i n th e index i and contravarian t i n the index j. One ma y multipl y an y tw o tensor s whos e indice s ru n fro m 1 to n . A n example ma y suffic e t o sho w th e idea . Thu s and on e ca n sho w tha t th e tenso r wit h th e component s i s covarian t in th e lowe r indice s and contravarian t i n th e uppe r ones . Ther e is no operation o f division o f tensors. The operatio n o f contractio n i s illustrate d b y th e followin g example : Given th e tenso r , we defin e th e quantit y



wherein o n th e righ t sid e we ad d th e components . W e coul d sho w tha t th e set of quantities ' is a tenso r o f rank 2 , covariant i n th e inde x i and contra variant i n th e inde x h. To su m up , a tenso r i s a se t o f function s (components) , fixe d relativ e to on e frame o f reference o r coordinat e system , tha t transfor m unde r chang e of coordinate s i n accordanc e wit h certai n laws . Eac h componen t i n on e coordinate syste m i s a linea r homogeneou s functio n o f th e component s i n another coordinat e system . I f th e component s o f on e tenso r equa l thos e o f another whe n bot h ar e expresse d i n one coordinate system , they wil l be equal in al l coordinat e systems . I n particular , i f th e component s vanis h i n on e system the y vanish in all. Equalit y of tensors is then a n invarian t wit h respec t to chang e o f referenc e system . Th e physical , geometrical , o r eve n purel y mathematical significanc e which a tenso r possesse s in on e coordinate syste m is preserve d b y th e transformatio n s o tha t i t obtain s agai n i n th e secon d coordinate system . This propert y i s vital in th e theor y o f relativity, wherein each observe r ha s hi s ow n coordinat e system . Sinc e th e tru e physica l laws ar e thos e tha t hol d fo r al l observers , t o reflec t thi s independenc e o f coordinate syste m thes e law s ar e expresse d a s tensors. With th e tenso r concep t i n hand , on e ca n re-expres s man y o f th e concepts o f Ricmannia n geometr y i n tenso r form . Perhap s th e mos t im portant i s th e curvatur e o f th e space . Riemann' s concep t o f curvatur e (Chap. 37 , sec. 3) ca n b e formulated as a tenso r in man y ways . The moder n
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expressions us e the summatio n conventio n introduce d b y Einstein , namely , that i f an inde x i s repeated i n a produc t o f two symbols, the n summatio n i s understood. Thu s



In thi s notatio n th e curvatur e tenso r i s (cf . [20 ] o f Chap. 37)



or equivalentl y



wherein th e bracket s denot e Christoffe l symbol s o f th e firs t kin d an d th e braces, symbol s o f the secon d kind . Eithe r for m i s now calle d th e Riemann Christoffel curvatur e tensor . B y reaso n o f certai n relationship s (whic h w e shall no t describe ) amon g th e components , th e numbe r o f distinc t com ponents o f thi s tenso r i s Fo r n = 4 , whic h i s the cas e i n th e general theor y o f relativity, th e numbe r o f distinct component s i s 20. I n a two-dimensional Riemannia n spac e ther e i s just on e distinc t component , which can b e take n t o be . In thi s case Gauss' s tota l curvatur e K prove s to b e



where g i s th e determinan t o f th e o rI f al l component s vanish th e spac e i s Euclidean . From th e Riemann-Christoffe l tenso r Ricc i obtaine d b y contractio n what i s now calle d th e Ricc i tensor . Th e component s ar e Thi s tensor fo r n = 4 wa s use d b y Einstein 3 t o expres s th e curvatur e o f hi s space-time Riemannia n geometry . 3. Covariant Differentiation Ricci als o introduce d int o tenso r analysis 4 a n operatio n tha t h e an d Levi Civita late r calle d covarian t differentiation . Thi s operatio n ha d alread y appeared i n Christoffel' s an d Lipschitz' s work. 5 Christoffe l ha d give n a method (Chap . 37 , sec . 4 ) whereb y fro m differentia l invariant s involvin g 3. Zeit.fur Math, und Phys., 62 , 1914 , 225-61 . 4. Atti della Accad. de i Lincei, Rentticonti, (4) , 3 , 1887 , 15-1 8 = Open, 1 , 199-203 . 5. Jour, fur Math., 70 , 1869 , 46-7 0 an d 241-45 , and 71-102 .
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the derivative s of the fundamenta l form for an d o f functions < one coul d deriv e invariants involvin g highe r derivatives . Ricc i appreciate d the importanc e o f this metho d fo r his tensor analysi s an d adopte d it . Whereas Christoffe l an d Lipschit z treate d covarian t differentiatio n o f the entir e form , Ricci , i n accordanc e wit h hi s emphasis o n th e component s of a tensor , worke d wit h these . Thus if. i s a covarian t com ponent o f a vecto r o r tenso r o f rank 1 , the covarian t derivativ e o f . i s no t simply th e derivativ e wit h respec t t o , but th e tenso r of second ran k (12)



where th e braces indicat e th e Christoffel symbo l of the second kind. Likewise, if . i s a componen t o f a covarian t tenso r o f ran k 2 , the n it s covarian t derivative wit h respec t t o i s given b y (13) For a contravarian t tenso r with component s o derivative i s given b y



f rank 1 the covarian t



and thi s i s a mixe d tenso r o f th e secon d order . Fo r th e mixe d tenso r wit h components th e covarian t derivativ e is



The covarian t derivativ e of a scala r invarian t c i s the covarian t vecto r whose components ar e give n b y < Thi s vecto r i s calle d th e gradien t o f the scala r invariant . From th e purel y mathematica l standpoint , th e covarian t derivativ e of a tenso r i s a tenso r o f one ran k highe r i n th e covarian t indices . Thi s fac t i s important becaus e i t enable s on e t o trea t suc h derivative s withi n th e frame work of tensor analysis. I t als o has geometrical meaning . Suppos e w e have a constant vecto r fiel d i n th e plane , tha t is , a se t of vectors one a t eac h poin t but al l havin g th e sam e magnitud e an d direction . Then th e component s of any vector , expresse d wit h respec t t o a rectangula r coordinat e system , ar e also constant . However , th e component s o f these vectors with respec t t o th e polar coordinat e system , on e componen t alon g th e radiu s vecto r an d th e other perpendicula r to the radius vector, change from poin t t o point, becaus e the directions in which the components ar e take n change from poin t t o point .
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If on e take s th e derivative s with respec t t o th e coordinates , r and say , o f these components , the n th e rat e o f chang e expresse d b y thes e derivatives reflects th e chang e i n th e component s cause d b y th e coordinat e syste m an d not b y any chang e in th e vectors themselves. The coordinat e system s used in Riemannian geometr y are curvilinear . The effec t o f the curvilinearit y of the coordinates i s give n b y th e Christoffe l symbo l o f th e secon d kin d (her e denoted b y braces). The ful l covarian t derivativ e o f a tenso r gives the actua l rate of change of the underlying physical or geometrical quantit y represented by the origina l tenso r a s well as the change du e t o the underlyin g coordinate system. In Euclidea n spaces , wher e th e < ca n alway s b e reduce d t o a su m o f squares wit h constan t coefficients , th e covarian t derivativ e reduce s t o th e ordinary derivativ e because the Christoffe l symbol s are 0 . Also the covarian t derivative o f each g lt i n a Riemannia n metri c is 0. This last fac t wa s prove d by Ricci 6 an d i s called Ricci' s lemma . The concep t o f covariant differentiatio n enable s us to express readily for tensors generalizations of notions already know n in vecto r analysi s but no w treatable i n Riemannia n geometry . Thu s i f th e ar e th e components o f an n-dimensiona l vecto r A, the n (14)



where _ ha s bee n define d above , i s a differentia l invariant . Whe n th e fundamental metri c i s a rectangula r Cartesia n coordinat e syste m (i n Euclidean space) , th e constant s . _ = 0 excep t whe n i — I, an d i n thi s cas e the covarian t an d ordinar y derivative s ar e identical . The n (14 ) become s



and thi s i s the rc-dimensiona l analogue i n Euclidea n space o f what i s called the divergenc e i n thre e dimensions. Henc e (14 ) i s also called th e divergenc e of the tenso r wit h component s A {. On e ca n als o show, b y usin g (14) , tha t i f A i s a scala r poin t functio n the n th e divergenc e o f th e gradien t o f A i s given b y (15) where



6. Atti della Accad. del Lined, Rendiconti, (4) , 5, 1889 , 112-1 8 = Opere, 1 , 268-75.
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This expression fo r i s also Beltrami's expression fo r i n a Riemannia n geometry (Chap . 37, sec. 5) . Though Ricc i an d Levi-Civit a devote d muc h o f thei r 190 1 pape r t o developing th e techniqu e o f tensor analysis , they wer e primaril y concerne d to fin d differentia l invariants . The y pose d th e followin g genera l problem : Given a positiv e differentia l quadrati c for m an d a n arbitrar y numbe r o f associated function s S , t o determin e al l th e absolut e differentia l invariant s that on e ca n for m from th e coefficient s o f th e function s S , an d th e deriva tives o f the coefficient s an d function s u p t o a definit e orde r m . They gav e a complete solution . It i s sufficient t o fin d th e algebraic invariants of the syste m consisting o f th e fundamenta l differentia l quadrati c for m , th e covarian t derivatives o f any associate d function s 5 up t o orde r m , and, fo r m > 1 , a certain quadrilinea r for m whos e coefficient s ar e th e Rieman n expression s (ih,jk) an d it s covarian t derivative s up t o orde r m — 2. They conclud e thei r pape r b y showin g how som e partia l differentia l equations an d physica l laws ca n b e expresse d i n tenso r for m s o as t o rende r them independen t o f the coordinat e system . This wa s Ricci' s avowe d goal . Thus tenso r analysi s wa s use d t o expres s th e mathematica l invarianc e o f physical law s man y year s befor e Einstei n use d i t fo r thi s purpose . 4. Parallel Displacement From 190 1 t o 1915 , researc h o n tenso r analysi s wa s limited t o a ver y smal l group o f mathematicians . However , Einstein' s wor k change d th e picture . Albert Einstei n (1879-1955) , whil e engage d a s a n enginee r i n th e Swis s patent office , greatl y stirre d th e scientifi c worl d b y th e announcemen t of his restricted o r specia l theor y o f relativity. 7 I n 191 4 Einstein accepted a cal l t o the Prussia n Academ y o f Scienc e i n Berlin , a s successo r t o th e celebrate d physical chemis t Jacobu s Van' t Hof f (1852-1911) . Tw o year s late r h e announced hi s general theor y o f relativity. 8 Einstein's revolutionar y view s on th e relativit y o f physical phenomen a aroused intens e interest among physicists , philosophers, and mathematician s throughout th e world. Mathematician s especiall y were excited b y the natur e of th e geometr y Einstei n foun d i t expedien t t o us e i n th e creatio n o f hi s theories. The expositio n of the restricte d theory , involvin g the propertie s o f fourdimensional pseudo-Euclidean manifolds (space-time) , is best made with th e aid o f vectors and tensors , bu t th e exposition of the general theory , involving properties o f four-dimensional Riemannia n manifold s (space-time), demand s the us e o f th e specia l calculu s o f tensor s associate d wit h suc h manifolds . 7. Annalen de r Phys., 17 , 1905 , 891-921; a n Englis h translatio n ca n b e foun d i n th e Dove r edition o f A . Einstein , Th e Principle o f Relativity (1951) . 8. Annalen de r Physik, 49 , 1916 , 769-822.
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Fortunately, th e calculu s ha d alread y bee n develope d bu t ha d no t a s ye t attracted particula r notic e fro m physicists . Actually Einstein's work on the restricted theory did not use Riemannian geometry o r tenso r analysis. 9 Bu t th e restricte d theor y di d no t involv e th e action o f gravitation . Einstei n the n bega n t o wor k o n th e proble m o f dis pensing with th e force of gravitation an d accountin g fo r its effect b y imposin g a structur e on hi s space-time geometr y s o that object s woul d automaticall y move alon g th e sam e path s a s thos e derive d b y assumin g th e actio n o f th e gravitational force . I n 191 1 h e mad e publi c a theor y tha t accounte d i n thi s manner fo r a gravitationa l forc e tha t ha d a constan t directio n throughou t space, knowin g o f cours e tha t thi s theor y wa s unrealistic . U p t o thi s tim e Einstein ha d use d onl y th e simples t mathematica l tool s an d ha d eve n bee n suspicious o f th e nee d fo r "highe r mathematics, " whic h h e though t wa s often introduce d t o dumbfoun d th e reader . However , t o mak e progres s o n his proble m h e discusse d it i n Pragu e wit h a colleague , th e mathematicia n Georg Pick , who called his attention t o the mathematical theor y o f Ricci an d Levi-Civita. I n Zuric h Einstei n foun d a friend , Marce l Grossman n (1878 1936), who helped him learn the theory; and wit h this as a basis, he succeeded in formulatin g the genera l theor y o f relativity. To represen t hi s four-dimensional worl d o f three spac e coordinate s an d a fourt h coordinat e denotin g time , Einstei n use d th e Riemannia n metri c (16)



wherein t represent s time . Th e wer e chose n s o as t o reflec t th e presenc e of matte r i n variou s regions . Moreover , sinc e th e theor y i s concerned wit h the determinatio n o f lengths , time , mass , an d othe r physica l quantitie s b y different observer s who are movin g in arbitrar y fashio n with respec t t o each other, th e "points " o f space-tim e ar e represente d b y differen t coordinat e systems, on e attache d t o eac h observer . Th e relatio n o f on e coordinat e system t o anothe r i s given b y a transformatio n The law s o f nature ar e thos e relationship s o r expression s tha t ar e th e sam e for al l observers . Henc e the y ar e invariant s in th e mathematica l sense . From th e standpoin t o f mathematics, th e importanc e o f Einstein's wor k was, a s alread y noted , th e enlargemen t o f interes t i n tenso r analysi s an d Riemannian geometry . Th e first innovation in tensor analysi s following upon the theor y o f relativity i s due t o Levi-Civita . I n 1917 , improvin g o n a n idea 9. Th e metri c i s Thi Any sectio n b y a plan e ( = const , i s Euclidean .



s i s a spac e o f constant curvature .
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of Ricci , h e introduced 10 th e notio n o f paralle l displacemen t o r paralle l transfer o f a vector . Th e ide a wa s als o create d independentl y b y Gerhar d Hessenberg i n th e sam e year. 11 I n 190 6 Brouwe r ha d introduce d i t fo r surfaces o f constan t curvature . Th e objectiv e i n th e notio n o f paralle l displacement i s to defin e wha t i s meant b y paralle l vectors in a Riemannia n space. Th e difficult y i n doin g s o may b e see n b y considerin g the surfac e of a sphere which, considered as a space in itsel f and wit h distance on th e surface given b y arc s o f grea t circles , is a Riemannia n space . I f a vector , sa y on e starting on a circle of latitude and pointin g north (th e vector wil l b e tangen t to th e sphere) , i s moved b y havin g th e initia l poin t follo w th e circl e and i s kept paralle l t o itsel f in th e Euclidea n three-space , the n whe n i t i s halfwa y around th e circl e it i s no longe r tangen t t o th e spher e and s o is not i n tha t space. T o obtai n a notio n of parallelism o f vectors suitable for a Riemannia n space, th e Euclidea n notion is generalized, but som e of the familiar properties are los t i n th e process . The geometrica l ide a use d b y Levi-Civit a to defin e paralle l transfe r o r displacement i s readily understood fo r a surface . Consider a curv e C on th e surface, an d le t a vecto r wit h one endpoin t o n C be move d paralle l t o itsel f in th e followin g sense : A t eac h poin t o f C ther e i s a tangen t plane . Th e envelope o f thi s famil y o f plane s i s a developabl e surface , an d whe n thi s surface i s flattene d ou t ont o a plane , th e vector s paralle l alon g C are trul y parallel i n th e Euclidea n plane . Levi-Civita generalize d thi s ide a t o fi t /z-dimensiona l Riemannia n spaces. I t i s true in th e Euclidea n plane tha t when a vector is carried paralle l to itself and it s initial point follow s a straight line— a geodesic in th e plane— the vecto r alway s makes th e sam e angl e with th e line . Accordingly, parallel ism in a Riemannian spac e is defined thus: When a vector in the space moves so tha t it s initia l poin t follow s a geodesic , the n th e vecto r mus t continu e t o make th e sam e angl e wit h th e geodesi c (tangen t t o th e geodesic) . I n par ticular, a tangen t t o a geodesi c remain s paralle l t o itself as it move s alon g a geodesic. B y definition the vector continues to have th e same magnitude . I t is understood tha t th e vecto r remain s i n th e Riemannia n space , eve n i f that space i s imbedded i n a Euclidea n space . Th e definitio n of parallel transfe r also require s tha t th e angl e betwee n tw o vector s b e preserve d a s eac h i s moved paralle l t o itself along the same curve C. In th e general cas e of parallel transfer aroun d a n arbitrar y close d curv e C , the initia l vector an d th e fina l vector wil l usuall y no t hav e th e sam e (Euclidean ) direction. Th e deviatio n in directio n wil l depend o n th e pat h C . Thus conside r a vecto r startin g a t a point P on a circle o f latitude o n a sphere an d tangen t t o the spher e alon g a meridian. Whe n carried by parallel transfer aroun d th e circl e it will end u p a t 10. Rendiconti de l Circolo Matematico dl Palermo, 42 , 1917 , 173-205 . 11. Math. Ann., 78, 1918 , 187-217 .
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P tangent t o the surface ; bu t i f i s the co-latitud e of P, it will make a n angl e 2?7 — 2ir co s wit h th e origina l vector . If one uses the genera l definitio n o f parallel displacemen t along a curv e of a Riemannia n space , h e obtain s a n analyti c condition . Th e differentia l equation satisfie d b y th e component s o f a contravarian t vecto r unde r parallel transfe r alon g a curv e i s (summatio n understood ) (17)



wherein i t i s presupposed tha t th e u'(t), i — 1 , 2, . . ., n, define a curve . Fo r a covarian t vecto r th e conditio n i s (18)



These equation s ca n b e use d t o defin e paralle l transfe r alon g an y curv e C . The solutio n determine d uniquel y b y th e value s o f th e component s a t a definite P i s a vecto r havin g value s a t eac h poin t o f C an d b y definitio n parallel t o th e initia l vecto r a t P . Equatio n (18 ) state s tha t th e covarian t derivative o f i s 0. Once the notio n of parallel displacement i s introduced, one can describ e the curvatur e o f a spac e i n term s o f it, specificall y i n term s o f the chang e i n an infinitesima l vecto r upo n paralle l displacemen t b y infinitesima l steps . Parallelism is at th e basi s of the notio n o f curvature even in Euclidea n space , because th e curvatur e o f a n infinitesima l ar c depend s o n th e chang e i n direction o f the tangen t vecto r ove r th e arc . 5. Generalizations o f Riemannian Geometry The successfu l us e of Riemannian geometr y in the theor y of relativity revived interest i n tha t subject . However , Einstein' s wor k raise d a n eve n broade r question. H e ha d incorporate d th e gravitationa l effec t o f mass i n spac e b y using th e prope r function s fo r th e g ti. A s a consequenc e th e geodesie s of his space-time prove d t o b e precisel y th e path s o f objects movin g freel y as , for example, th e eart h doe s aroun d th e sun . Unlik e the situatio n in Newtonia n mechanics, n o gravitational forc e wa s required t o account fo r the path . Th e elimination o f gravit y suggeste d anothe r problem , namely , t o accoun t fo r attraction an d repulsio n o f electric charge s i n term s o f the metri c o f space. Such a n accomplishmen t woul d suppl y a unifie d theor y o f gravitation an d electromagnetism. Thi s wor k le d to generalizations of Riemannian geometr y known collectivel y a s non-Riemannian geometries . In Riemannia n geometr y th e tie s togethe r th e point s o f th e space . It specifie s how points ar e relate d t o each othe r b y prescribing th e distanc e between points . I n th e non-Riemannia n geometrie s th e connectio n betwee n points i s specified i n way s tha t d o no t necessaril y rel y upo n a metric . Th e
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variety o f these geometries is great, an d eac h ha s a development as extensive as Riemannia n geometr y itself . Henc e w e shal l giv e onl y som e example s o f the basi c idea s i n thes e geometries. This area o f work wa s initiated primarily by Hermann Weyl 12 an d th e class o f geometrie s h e introduce d i s known a s th e geometr y o f affinel y connected spaces . I n Riemannia n geometr y th e proof tha t th e covariant deriva tive o f a tenso r i s itself a tenso r depend s onl y on relation s of the for m (19)



wherein th e lef t sid e is the transfor m of {ab,j} unde r a chang e o f coordinate s from th e t o th e , These relation s ar e satisfie d b y th e Ghristoffe l symbols , and th e symbol s themselve s are define d i n term s o f th e coefficient s o f th e fundamental form . Conside r instea d function s an do f th e an d , respectively, whic h satisf y th e sam e relation s (19 ) bu t ar e specifie d onl y a s given function s unrelate d t o th e fundamenta l quadratic form . A se t of func tions associate d wit h a spac e an d havin g th e transformatio n propert y (19) i s said t o constitut e a n affin e connection . Th e function s ar e calle d th e coefficients o f affin e connectio n an d th e spac e i s sai d t o b e affinel y connected o r t o b e a n affin e space . Riemannia n geometr y i s the specia l cas e in whic h th e coefficient s o f affin e connectio n ar e th e Christoffe l symbol s of the secon d kin d an d ar e derive d fro m th e fundamenta l tensor o f the space . Given th e /--functions , concept s such as covariant differentiation , curvature , and othe r notion s analogous t o those in Riemannia n geometr y ca n b e intro duced. However , on e canno t spea k o f the magnitud e o f a vecto r i n thi s new geometry. In a n affinel y connecte d spac e a curve suc h that its tangents are paralle l with respec t t o the curv e (in the sens e of parallel displacemen t for that space) is called a pat h o f the space . Path s ar e thu s a generalizatio n of the geodesie s of a Riemannia n space . Al l affinely connecte d space s tha t hav e th e sam e L' s have th e sam e paths . Thu s th e geometr y o f affmel y connecte d space s dispenses wit h th e Riemannia n metric . Wey l di d deriv e Maxwell' s equation s from th e propertie s o f the space , bu t th e theor y a s a whol e di d no t accor d with othe r establishe d facts . Another non-Riemannia n geometry , du e t o Luther P . Eisenhar t (1876 — 1965) an d Veblen, 13 an d calle d th e geometr y o f paths, proceed s somewha t differently. I t start s wit h ' given function s Th e syste m o f n differentia l equation s (20) 12. Mathematische Zeitschrift, 2 , 1918 , 384-411 = Ges. Abh., 2, 1-28 . 13. Proceedings of th e National Academy o f Sciences, 8, 1922 , 19-23.
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with r{ u = rj, A, define s a famil y o f curve s calle d paths . Thes e ar e th e geodesies o f th e geometry . (I n Riemannia n geometr y equation s (20 ) ar e precisely those for geodesies.) Given the geodesies in th e sense just described , one can buil d up th e geometry of paths in a manner quite analogous to tha t pursued i n Riemannia n geometry . A differen t generalizatio n o f Riemannia n geometr y i s du e t o Pau l Finsler (1894- ) i n hi s excellent thesi s o f 191 8 at Gottingen. 14 The Rieman nian ds 2 i s replaced b y a mor e genera l functio n F(x, dx) o f th e coordinate s and differentials . Ther e ar e restriction s o n F t o insur e th e possibilit y o f minimizing the integral / F(x, (dx/dt)) d t and obtaining thereby the geodesies, the geodesies . The attempt s to generalize the concept of Riemannian geometr y so as to incorporate electromagneti c a s wel l a s gravitationa l phenomen a hav e thu s far failed . However , mathematicians have continued to work on the abstrac t geometries. 14. Th e thesi s wa s ultimatel y published . Ube r Kurve n un d Flache n i n allgemeine n Raumen, Birkhauser Verlag , Basel, 1951 .
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The Emergenc e o f Abstrac t Algebr a o o Perhaps I ma y withou t immodest y lay clai m t o th e appella tion o f Mathematica l Adam , a s I believ e tha t I hav e give n more names (passe d int o general circulation ) of the creature s of the mathematica l reaso n tha n al l the othe r mathematicians of the ag e combined . j . J. SYLVESTE R



1. Th e Nineteenth-Century Background In abstrac t algebra , a s in th e cas e o f most twentieth-centur y developments , the basi c concept s and goal s were fixed in th e nineteent h century. The fac t that algebr a ca n dea l wit h collections of objects that ar e no t necessaril y real or comple x number s was demonstrated i n a doze n nineteenth-centur y creations. Vectors , quaternions , matrices, forms suc h as ax 2 + bx y + cy 2, hyper numbers of various sorts, transformations, an d substitution s or permutations are example s o f object s tha t wer e combine d unde r operation s an d law s of operation peculia r to th e respectiv e collections. Even th e wor k o n algebrai c numbers, thoug h i t deal t wit h classe s of complex numbers , brough t t o th e fore th e variety of algebras because it demonstrated that only some properties are applicabl e t o thes e classe s a s oppose d t o th e entir e comple x numbe r system. These variou s classes of objects wer e distinguishe d in accordanc e wit h the propertie s tha t th e operation s o n the m possessed ; an d w e have seen that such notion s as group, ring , ideal , and field, and subordinat e notions such as subgroup, invariant subgroup , and extension field were introduced to identif y the set s o f properties . However , nearl y al l o f the nineteenth-centur y work on these various type s of algebras deal t with the concret e system s mentioned above. I t wa s onl y i n th e las t decade s o f th e nineteent h centur y tha t th e mathematicians appreciate d tha t the y coul d mov e u p t o a ne w leve l o f efficiency b y integrating many separate algebra s through abstraction of their common content . Thu s permutatio n groups , th e group s o f classes of form s treated b y Gauss, hypernumbers unde r addition, and transformatio n groups could al l b e treate d i n on e swoo p b y speakin g of a se t of elements or things subject t o a n operatio n whos e natur e i s specifie d onl y b y certai n abstrac t 1136
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properties, th e foremos t o f thes e bein g tha t th e operatio n applie d t o tw o elements of the se t produces a third elemen t of the set. Th e sam e advantage s could b e achieve d fo r th e variou s collection s that forme d ring s an d fields . Though the idea of working with abstract collections preceded th e axiomatics of Pasch , Peano , an d Hilbert , th e latte r developmen t undoubtedl y acceler ated th e acceptanc e o f the abstrac t approac h t o algebras . Thus aros e abstrac t algebr a a s th e consciou s study o f entir e classe s of algebras, whic h individuall y wer e no t onl y concret e bu t whic h serve d purposes in specific areas as substitution groups did in the theory of equations. The advantag e o f obtainin g result s tha t migh t b e usefu l i n man y specifi c areas b y considerin g abstract version s was soon lost sight of, and th e stud y of abstract structure s and th e derivatio n o f their propertie s becam e a n en d i n itself. Abstract algebr a ha s bee n on e o f th e favore d field s o f th e twentiet h century an d i s now a vast area . W e shal l present onl y the beginning s of the subject an d indicat e th e almos t unlimite d opportunitie s fo r continue d research. Th e grea t difficult y i n discussing what ha s been don e in thi s field is terminology. Asid e fro m th e usua l difficulties , tha t differen t author s us e different term s an d tha t term s change meanin g fro m on e period t o another , abstract algebr a i s marked an d marre d b y th e introductio n o f hundreds of new terms . Ever y minor variatio n i n concep t i s distinguished by a ne w an d often imposin g soundin g term . A complet e dictionar y o f th e term s use d would fill a larg e book . 2. Abstract Group Theory The firs t abstrac t structur e t o b e introduce d an d treate d wa s the group . A great man y of the basic ideas of abstract group theory can be found implicitl y and explicitl y at leas t as far back as 1800. It i s a favorite activity of historians, now that th e abstract theor y is in existence, to trace how many of the abstract ideas wer e foreshadowe d b y th e concret e wor k o f Gauss , Abel , Galois , Cauchy, an d dozen s o f othe r men . We shal l no t devot e spac e t o thi s re examination o f the past . Th e onl y significant point tha t bear s mentioning is that, onc e th e abstrac t notio n wa s acquired , i t wa s relativel y eas y fo r th e founders of abstract grou p theory to obtain idea s and theorem s by rephrasing this pas t work . Before examining the development o f the abstract group concept, it may be wel l t o kno w where th e me n wer e heading . Th e abstrac t definitio n of a group usuall y used today calls for a collection o f elements, finite or infinite in number, an d a n operatio n which , whe n applie d t o any tw o elements in th e collection, result s in an elemen t o f the collectio n (th e closure property). Th e operation i s associative; ther e is an element , e, say, such that for any elemen t a o f the group , a e = ea = a ; an d t o eac h elemen t a there exist s an invers e
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element a' suc h tha t aa ' = a'a — e. When th e operatio n i s commutative th e group i s called commutativ e or Abelia n an d th e operatio n i s called additio n and denote d b y + . Th e elemen t e is then denote d b y 0 and calle d th e zer o element. I f th e operatio n i s not commutativ e i t i s called multiplicatio n an d the elemen t e is denoted b y 1 and calle d th e identity . The abstrac t grou p concep t an d th e propertie s that shoul d be attached to i t wer e slo w i n comin g t o light . W e ma y recal l (Chap . 31 , sec . 6) tha t Cayley ha d propose d th e abstrac t group i n 1849 , bu t th e meri t of the notio n was no t recognize d a t th e time . I n 185 8 Dedekind,1 fa r i n advanc e o f his time, gav e a n abstrac t definitio n o f finit e group s whic h h e derive d fro m permutation groups . Again i n 1877 2 he observed tha t his modules of algebraic numbers, whic h call for a + an d a. — belongin g when a an d ! do, ca n b e generalized s o that th e element s ar e n o longe r algebrai c number s an d th e operation ca n b e genera l bu t mus t hav e a n invers e an d b e commutative . Thus he suggested a n abstrac t finite commutative group . Dedekind' s under standing o f th e valu e o f abstractio n i s noteworthy . H e sa w clearl y i n hi s work o n algebrai c numbe r theor y th e valu e o f structures such a s ideals an d fields. He i s the effectiv e founde r of abstract algebra . Kronecker,3 takin g of f fro m wor k o n Kummer' s idea l numbers , als o gave wha t amount s t o th e abstrac t definitio n o f a finit e Abelia n grou p similar t o Cayley' s 184 9 concept . H e specifie s abstrac t elements , an abstrac t operation, th e closur e property, th e associativ e and commutativ e properties, and th e existence of a uniqu e inverse element of each element. He then proves some theorems . Amon g th e variou s power s o f an y elemen t , there i s on e which equal s th e uni t element , 1 . I f v i s the smalles t exponent fo r whic h equals th e uni t element , the n t o eac h diviso r o f v ther e i s a n elemen t for whic h . I f an d bot h equa l 1 and p an d a ar e th e smalles t numbers fo r whic h thi s hold s an d ar e relativel y prime , the n Kronecker als o gav e th e firs t proo f o f wha t i s no w calle d a basi s theorem . There exists a fundamenta l finit e syste m of elements . . . suc h tha t the product s represent al l element s o f th e grou p jus t once . Th e lowes t possibl e value s . . . tha t correspon d t o . . . (tha t is , fo r whic= h 1) are such that eac h i s divisible by the following one and th e product equals the number n of elements in th e group. Moreove r al l the prim e factors of n are i n n^. In 187 8 Cayley wrot e fou r mor e paper s o n finit e abstrac t groups. 4 I n 1. Werke, 3 , 439-46 . 1. Bull, des Sci. Math., (2) , 1, 1877 , 17-41 , p . 4 1 i n particula r = Werke, 3 , 262-96 . 3. Monatsber. Berliner Akad., 1870 , 881-89 = Werke, 1 , 271-82 . 4. Math. Ann., 13 , 1878 , 561-65 ; Proc. London Math. Soc., 9, 1878 , 126-33 ; Amer. Jour, o f Math., 1 , 1878 , 50-5 2 an d 174-76 ; al l i n Vol . 1 0 of his Collected Math. Papers.
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these, a s in hi s 184 9 an d 185 4 papers , h e stresse d tha t a grou p ca n b e con sidered a s a genera l concep t an d nee d no t b e limited t o substitution groups , though, h e point s out , ever y (finite ) grou p ca n b e represented a s a substitution group . Thes e papers o f Cayley ha d mor e influenc e tha n hi s earlier one s because th e tim e wa s rip e fo r a n abstractio n tha t embrace d mor e tha n substitution groups . In a join t paper , Frobeniu s an d Ludwi g Stickelberge r (1850-1936 ) 5 made th e advanc e o f recognizing tha t th e abstrac t grou p concep t embrace s congruences an d Gauss' s compositio n o f form s a s wel l a s th e substitutio n groups o f Galois . The y mentio n group s o f infinite order . Though Euge n Netto , i n hi s boo k Substitutionentheorie und ihre Anwendung auf di e Algebra (1882) , confine d hi s treatmen t t o substitutio n groups , hi s wording o f hi s concept s an d theorem s recognize d th e abstractnes s o f th e concepts. Beyon d puttin g togethe r result s establishe d b y hi s predecessors , Netto treate d th e concept s o f isomorphism an d homomorphism . Th e forme r means a one-to-one correspondenc e betwee n tw o groups such that i f a - b = c , where a , b , an d c ar e element s o f th e firs t group , the n a' • V = c', wher e a', b', an d c' ar e th e correspondin g element s o f the secon d group . A homo morphism i s a many-to-on e correspondenc e i n whic h agai n a • b = c implies a' -b' = c . By 188 0 ne w idea s o n group s cam e int o th e picture . Klein , influence d by Jordan's wor k o n permutatio n groups , ha d show n i n hi s Erlange r Pro gramm (Chap . 38 , sec. 5) tha t infinit e transformatio n groups, tha t is, groups with infinitel y man y elements , coul d b e use d t o classif y geometries . Thes e groups, moreover , ar e continuou s i n th e sens e tha t arbitraril y smal l trans formations ar e included in any group or, alternatively stated , the parameter s in the transformations can take on all real values. Thus in th e transformations that expres s rotation o f axes the angl e B can tak e on al l real values. Klein an d Poincare i n thei r wor k o n automorphi c function s ha d utilize d anothe r kin d of infinite group , th e discret e o r noncontinuou s group (Chap . 29 , sec . 6) . Sophus Lie , wh o ha d worke d wit h Klei n aroun d 1870, too k u p th e notion o f continuous transformation groups, bu t fo r other purpose s than th e classification o f geometries . H e ha d observe d tha t mos t o f th e ordinar y differential equation s tha t ha d bee n integrate d b y olde r method s wer e invariant unde r classe s of continuous transformation groups, an d h e though t he coul d thro w ligh t o n th e solutio n o f differentia l equation s an d classif y them. In 187 4 Li e introduce d hi s genera l theor y o f transformatio n groups. 6 Such a grou p i s represented b y (1) 5. Jour. fur. Math., 86 , 1879 , 217-62 = Frobenius , Ges. Abh., 1 , 545-90. 6. Nachrichten Konig. Ges. der Wiss. zu Colt., 1874 , 529-42 = Ges. Abh., 5, 1-8 .
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where th e ar e analyti c in th e x t an d , . The ar e parameter s a s opposed t o the , which are variables , an d stand s fo r a poin t i n rc-dimensional space . Bot h th e parameter s an d th e variable s ma y tak e o n rea l o r complex values . Thu s i n on e dimensio n th e clas s o f transformation s



where a , b, c, and d take on al l rea l values , i s a continuou s group . The group s represented b y (1 ) ar c calle d finite , th e wor d finit e referrin g t o th e numbe r of parameters . Th e numbe r o f transformation s is , o f course , infinite . Th e one-dimensional cas e i s a three-paramete r grou p becaus e onl y th e ratio s of a, b, and c . in d matter. I n th e genera l cas e the produc t o f two transformation s



is where th e ar e function s o f th e an d I n th e cas e o f on e variabl e Li e spoke o f th e grou p a s a simpl y extende d manifold ; fo r n variables h e spok e of an arbitraril y extende d manifold . In a pape r o f 188 3 on continuou s groups , publishe d i n a n obscur e Norwegian journal, 7 Li e als o introduce d infinit e continuou s transformatio n groups. Thes e ar e no t define d b y equation s suc h a s (1 ) bu t b y mean s o f differential equations . Th e resultin g transformation s do no t depen d upo n a finite numbe r o f continuous parameter s bu t o n arbitrar y functions . There is no abstrac t group concep t correspondin g t o thes e infinite continuou s groups, and thoug h muc h wor k ha s bee n don e on them , w e shall not pursu e i t here . It i s perhaps o f interest that Klei n and Li e at th e beginnin g of their wor k defined a grou p o f transformation s as on e possessin g onl y th e closur e prop erty. Th e othe r properties , suc h a s th e existenc e of an invers e t o eac h trans formation, wer e establishe d by usin g th e propertie s o f th e transformations , or, a s i n th e cas e o f th e associativ e law, were use d a s obviou s propertie s o f transformations. Li e recognize d durin g th e cours e o f hi s wor k tha t on e should postulat e as part of the definitio n o f a group th e existenc e of an invers e to eac h element . By 188 0 fou r mai n type s o f groups wer e known . Thes e ar e th e discon tinuous groups of finite order , exemplifie d b y substitution groups; the infinite discontinuous (o r discrete ) groups , suc h a s occu r i n th e theor y o f auto morphic functions ; th e finit e continuou s group s o f Li e exemplifie d b y th e transformation group s o f Klei n an d th e mor e genera l analyti c transforma tions of Lie; an d th e infinit e continuou s group s o f Lie define d b y differential equations. 7. Ges. Ab/i.. 5 , 314-60 .
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With th e wor k o f Walther von Dyck (1856-1934) , th e thre e main root s of grou p theory—th e theor y o f equations , numbe r theory , an d infinit e transformation groups—wer e al l subsume d unde r th e abstrac t grou p con cept. Dyc k was influence d by Cayle y an d wa s a studen t of Feli x Klein . I n 1882 an d 1883 8 h e publishe d paper s o n abstrac t group s tha t include d discrete an d continuou s groups. Hi s definitio n o f a grou p call s fo r a se t of elements an d a n operatio n tha t satisf y th e closur e property, th e associative but no t th e commutativ e property , an d th e existenc e of an invers e element of eac h element . Dyck worke d mor e explicitl y wit h th e notio n o f th e generator s o f a group, which is implicit in Kronecker's basis theorem an d explici t in Netto's work on substitution groups. The generator s are a fixed subset of independent elements o f a grou p suc h tha t ever y member o f the grou p ca n b e expressed as the product of powers of the generators and thei r inverses. When ther e ar e no restriction s on th e generator s th e grou p i s calle d a fre e group . I f A 1} * _ . . . ar e th e generators , the n a n expressio n of the for m where th e jj. i ar e positiv e or negativ e integers , is called a word . Ther e ma y be relations among th e generators , an d thes e would b e of the form that is , a wor d o r combinatio n of words equal s th e identit y element o f th e group. Dyc k the n show s tha t th e presenc e o f relations implies an invarian t subgroup an d a facto r grou p G of th e fre e grou p G . I n hi s 188 3 pape r h e applied th e abstrac t grou p theor y t o permutatio n groups , finit e rotatio n groups (symmetrie s o f polyhedra) , number-theoreti c groups , an d trans formation groups . Sets o f independen t postulate s fo r a n abstrac t grou p wer e give n b y Huntington, 9 E . H . Moore, 10 an d Leonar d E . Dickso n (1874-1954). " These a s well as other postulat e system s are mino r variation s of each other . Having arrive d a t th e abstrac t notio n o f a group , th e mathematician s turned t o provin g theorem s abou t abstrac t group s tha t wer e suggeste d b y known result s for concrete cases. Thus Frobenius 12 prove d Sylow' s theore m (Chap. 31 , sec. 6) for finite abstract groups . Ever y finite group whos e order, that is , th e numbe r o f elements, i s divisible by th e vt h powe r o f a prim e p always contain s a subgrou p o f order Beyond searchin g concret e group s fo r propertie s tha t ma y hol d fo r abstract groups , man y me n introduced concept s directly for abstract groups . 8. Math. Ann., 20, 1882 , 1-4 4 an d 22 , 1883 , 70-118 . 9. Amer. Math. Soc. Bull., 8, 1902 , 296-30 0 an d 388-91 , an d Amur. Math. Soc. Trans., 6 , 1905, 181-97 . 10. Amer. Math. Soc. Trans., 3 , 1902 , 485-92 , an d 6 , 1905 , 179-80 . 11. Amer. Math. Soc. Trans., 6 , 1905 , 198-204 . 12. Jour, fur Math., 100 , 1887 , 179-8 1 = Ges. Abh., 2 , 301-3.
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Dedekind13 an d Georg e A . Mille r (1863-1951) 14 treate d non-Abelia n groups i n which ever y subgroup i s a norma l (invariant ) subgroup. Dedekin d in hi s 189 7 pape r an d Miller 15 introduce d th e notion s of commutator an d commutator subgroup . I f s an d t ar e an y tw o element s o f a grou p G, th e element i s calle d th e commutato r o f s an d t . Bot h Dedekin d an d Miller use d thi s notion t o prov e theorems . Fo r example , th e se t of all com mutators of all (ordered) pairs of elements of a group G generates an invariant subgroup o f G. The automorphism s of a group , tha t is , the one-to-on e trans formations o f th e member s o f a grou p int o themselve s unde r whic h i f a-b = c then wer e studie d o n a n abstrac t basi s b y Holder 16 an d 17 E. H. Moore. The furthe r developmen t o f abstrac t grou p theor y ha s pursue d man y directions. One o f these taken over fro m substitutio n groups by Holder i n th e 1893 pape r i s to find all th e group s o f a give n order , a proble m Cayle y ha d also mentione d i n hi s 187 8 papers. 18 Th e genera l proble m ha s defie d solution. Hence particula r order s hav e bee n investigated , such a s wher e p and q are prime. A related problem ha s been the enumeration of intransitive and primitiv e an d imprimitiv e group s o f variou s degree s (th e numbe r o f letters i n a substitutio n group) . Another directio n o f research ha s bee n th e determinatio n o f composite or solvable groups an d simpl e groups, tha t is , those which have no invarian t subgroups (othe r tha n th e identity) . Thi s proble m o f cours e derive s fro m Galois theory . Holder , afte r introducin g th e abstrac t notio n o f a facto r group, 19 treated simpl e groups20 and composit e groups. 21 Among results arc the fac t tha t a cycli c group o f prime orde r i s simple and s o is the alternating group o f al l eve n permutation s o n n letter s fo r n > 5 . Man y othe r finit e simple groups hav e bee n found . As for solvable groups, Frobeniu s devoted several papers t o the problem . He found , fo r example, 22 tha t al l groups whos e order i s not divisibl e by th e square o f a prime ar e solvable. 23 The proble m o f investigating which group s 13. Math. Ann., 48, 1897 , 548-6 1 = Werke, 2 , 87-102 . 14. Amer. Math. Soc. Bull., 4, 1898 , 510-1 5 = Coll. Works, 1 , 266-69. 15. Amer. Math. Soc. Bull., 4, 1898 , 135-3 9 = Coll. Works, 1 , 254-57. 16. Math. Ann., 43, 1893 , 301-412 . 17. Amer. Math. Soc. Bull., 1 , 1895 , 61-66 , an d 2 , 1896 , 33-43 . 18. Coll. Math. Papers, 10 , 403 . 19. Math. Ann., 34 , 1889 , 26-56 . 20. Math. Ann., 40, 1892 , 55-88, an d 43 , 1893 , 301-412 . 21. Math. Ann., 46, 1895 , 321-422 . 22. Sitzungsber. Akad. Wiss. zu Berlin, 1893 , 337-45 , an d 1895 , 1027-4 4 = Ges. Abh., 2 , 565-73, 677-94. 23. A recent resul t o f major importanc e wa s obtained by Walter Fei t (1930- ) an d John G . Thompson (Pacific Jour, o f Math., 13 , Par t 2 , 1963 , 775-1029) . Al l finit e group s o f od d order ar e solvable . Th e suggestio n tha t thi s migh t b e th e cas e wa s made b y Burnsid e i n 1906.
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are solvabl e is part of the broade r proble m o f determining the structur e of a given group . Dyck i n hi s papers o f 188 2 an d 188 3 ha d introduce d th e abstrac t ide a of a group defined b y generators and relation s among the generators. Given a group define d i n term s o f a finit e numbe r o f generators an d relations , th e identity o r wor d problem , a s formulate d b y Ma x Dehn, 24 i s th e tas k o f determining whethe r an y "word " o r produc t o f element s i s equa l t o th e unit element . Any se t of relations may b e given becaus e at wors t th e trivial group consistin g onl y o f th e identit y satisfie s them . T o decid e whethe r a group give n by generator s an d relation s is trivial is not trivial . In fac t ther e is no effectiv e procedure . For on e defining relation Wilhel m Magnus (1907— ) showed25 tha t th e wor d proble m i s solvable . Bu t th e genera l proble m i s not.26 Another famou s unsolve d proble m o f ordinar y grou p theor y i s Burnside's problem. Any finite group ha s the properties that it is finitely generated and ever y element has finite order. I n 190 2 27 William Burnside (1852-1927) asked whether the converse was true; that is, if a group G is finitely generated and i f every element has finite order, i s G finite? This problem ha s attracted a great deal of attention and onl y specializations of it have received solutions. Still anothe r problem , th e isomorphis m problem , i s to determin e whe n two groups, eac h define d b y generators an d relations , ar e isomorphic . One o f th e surprisin g turn s i n grou p theor y i s tha t shortl y afte r th e abstract theory had bee n launched, the mathematicians turned to representations b y mor e concret e algebra s i n orde r t o obtai n result s for th e abstrac t groups. Cayle y ha d pointe d ou t i n hi s 185 4 pape r tha t an y finit e abstrac t group ca n b e represente d b y a grou p o f permutations. W e hav e als o note d (Chap. 31 , sec. 6) tha t Jordan i n 187 8 introduced th e representatio n of substitution group s b y linea r transformations . These transformation s or thei r matrices hav e prove d t o b e th e mos t effectiv e representatio n o f abstrac t groups an d ar e calle d linear representations . A matrix representation of a group G is a homomorphic correspondenc e of the element s g o f G to a se t o f non-singular square matrice s A(g) o f fixed order an d wit h complex elements . The homomorphis m implie s tha t for al l g t an d g,- o f G . There ar e man y matri x representation s of a grou p G because th e orde r (numbe r of rows or columns ) can b e altered, and eve n for a give n orde r th e correspondenc e ca n b e altered . Als o on e ca n ad d tw o 24. Math. Ann., 71, 1911 , 116-44 . 25. Math. Ann., 106 , 1932 , 295-307 . 26. Thi s was prove d i n 195 5 b y P . S . Novikov. Se e American Math. Soc. Translations (2) , 9, 1958, 1-122 . 27. Quart. Jour, o f Math., 33 , 230-38 .
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representations. I f for each elemen t g of G, . i s the correspondin g matrix o f one representatio n o f order m and B g i s the correspondin g matri x of order n , then



is another representation , whic h is called the su m o f the separat e representa tions. Likewis e if



is another representation , when . an d j , are non-singula r matrices of orders m an d n respectively , th e . an d . ~ ar e als o representations , an d o f lowe r order than i s called a graduated representation ; it and an y representa tion equivalen t t o i t i s a n equivalen t representatio n i f F i s nonsingular an d o f th e orde r o f . i s calle d reducible . A representatio n no t equivalent t o a graduate d on e i s calle d irreducible . Th e basi c ide a o f a n irreducible representatio n consistin g of a se t o f linea r transformation s in n variables i s that i t i s a homomorphi c o r isomorphi c representation i n whic h it i s impossible t o choos e m < n linear function s o f the variable s whic h ar e transformed amon g themselve s by ever y operatio n o f the grou p the y repre sent. A representatio n tha t i s equivalent t o th e su m o f irreducible represen tations i s called completel y reducible. Every finit e grou p ha s a particula r representation calle d regular . Suppose th e element s are labele d . Let a be an y on e o f the g's. W e consider a n n by n matrix. Suppos e The n w e place a 1 in th e ( i , j ) place o f th e matrix . Thi s i s don e fo r al l g t an d th e fixe d a . Al l th e othe r elements of the matrix ar e take n to be 0. The matrix s o obtained correspond s to a . There is such a matri x for each g of the grou p an d thi s set of matrices is a lef t regula r representation . Likewis e b y formin g the product s g ta w e get a right regula r representation . B y reordering th e g's o f the grou p w e ca n ge t other regula r representations . Th e notio n o f a regula r representatio n wa s introduced b y Charle s S . Peirc e i n 1879. 28 The representatio n o f substitution groups b y linea r transformation s o f the for m



initiated b y Jorda n wa s broadene d t o th e stud y o f representation s o f al l finite abstract group s b y Frobenius, Burnside, Theodor Molien (1861-1941) , and Issa i Schu r (1875-1941 ) i n th e latte r par t of the nineteenth centur y and 28. Amer. Jour, o f Math., 4 , 1881 , 221-25.
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the firs t par t o f th e twentieth . Frobenius 29 introduce d fo r finite group s th e notions o f reducibl e an d completel y reducibl e representation s an d showe d that a regula r representatio n contain s al l the irreducible representations . I n other paper s publishe d from 189 7 to 1910 , some in conjunctio n with Schur , he prove d man y othe r results , including th e fac t tha t ther e ar e onl y a few irreducible representations, ou t o f which al l th e other s are composed . Burnside 30 gav e anothe r majo r result , a necessar y and sufficien t condi tion o n th e coefficient s o f a grou p o f linear transformation s in n variables i n order tha t th e grou p b e reducible . Th e fac t tha t an y finit e grou p o f linear transformations is completely reducible was first proved by Heinrich Maschk e (1853—1908).31 Representatio n theor y fo r finite groups ha s le d t o importan t theorems for abstract groups. I n th e second quarter o f this century, representation theor y was extended t o continuous groups, bu t thi s development will not b e pursued here . Aiding i n th e stud y o f grou p representation s i s th e notio n o f grou p character. Thi s notion , whic h ca n b e trace d bac k t o th e wor k o f Gauss , Dirichlet, an d Heinric h Webe r (se e not e 35) , was formulated abstractl y b y Dedekind fo r Abelia n group s i n th e thir d editio n o f Dirichlet' s Vorlesungen uber Zahlentheorie (1879) . A characte r o f a grou p i s a functio n x(s) define d on al l th e element s s such that i t i s not zer o for an y s and x(ss') = x(s)x(s'). Two character s ar e distinc t if x(s) i= x'(s) fo r a t leas t one s of the group . This notio n wa s generalize d t o al l finit e group s b y Frobenius . Afte r having formulate d a rathe r comple x definition, 32 h e gav e a simple r defini tion,33 which is now standard. The characte r functio n i s the trace (su m of the main diagona l elements ) of the matrice s of an irreducibl e representatio n of the group . Th e sam e concep t wa s applied late r b y Frobeniu s and other s to infinite groups . Group characters furnish i n particular a determination of the minimum number of variables in terms of which a given finite group can be represented as a linea r transformatio n group. Fo r commutativ e group s the y permi t a determination o f all subgroups . Displaying th e usua l exuberanc e fo r the curren t vogue , man y mathe maticians of the lat e nineteent h an d earl y twentiet h centurie s thought tha t all mathematic s wort h rememberin g woul d ultimatel y be comprise d i n th e theory of groups. Klein in particular, thoug h he did no t lik e the formalism of abstract group theory , favored the group concep t because he thought it would unify mathematics . Poincar e wa s equall y enthusiastic . He said, 34 " . . . the 29. Sitzungsber. Akad. Wiss. z u Berlin, 1897 , 994-1015 = Ges. Abh., 3, 82-103. 30. Proc. London Math. Soc., (2), 3, 1905 , 430-34. 31. Math. Ann., 52, 1899 , 363-68. 32. Sitzungsber. Akad. Wiss. zu Berlin, 1896 , 985-1021 = Ges. Abh., 3, 1-37 . 33. Sitzungsber. Akad. Wiss. z u Berlin, 1897 , 994-1015 = Ges. Abh., 3, 82-103. 34. Acta Math., 38 , 1921 , 145 .
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theory o f groups is, so to say, the whol e of mathematics divested of its matte r and reduce d t o pure form. " 3. Th e Abstract Theory o f Fields The concep t o f a field R generated b y n quantities tha t is , the set of all quantities formed by adding, subtracting , multiplying, and dividin g these quantitie s (excep t divisio n by 0 ) an d th e concep t o f an extensio n field formed b y adjoinin g a ne w elemen t A not i n R , ar e i n Galois' s work . Hi s fields were th e domain s o f rationality o f the coefficient s o f an equatio n an d extensions were made by adjunction o f a root . Th e concep t als o ha s a quit e different origi n i n Dedekind' s an d Kronecker' s wor k o n algebrai c number s (Chap. 34 , sec. 3), and i n fact th e wor d "field " (Korper) i s due t o Dedekind . The abstrac t theor y of fields was initiated by Heinrich Weber , who ha d already espouse d th e abstrac t viewpoin t fo r groups. I n 1893 35 h e gav e a n abstract formulatio n o f Galois theor y wherei n h e introduced (commutative ) fields a s extension s of groups . A field , a s Webe r specifies , i s a collectio n o f elements subject to two operations, calle d additio n an d multiplication , which satisfy th e closur e condition , th e associativ e an d commutativ e laws, an d th e distributive law . Moreover eac h elemen t mus t have a uniqu e invers e unde r each operation , excep t fo r divisio n b y 0 . Webe r stresse d grou p an d fiel d as th e tw o majo r concept s o f algebra . Somewha t later , Dickson 36 an d Huntington 37 gav e independen t postulate s for a field. To th e fields that wer e know n i n th e nineteent h century , th e rational , real an d comple x numbers , algebrai c numbe r fields , an d field s o f rationa l functions i n on e o r severa l variables , Kur t Hense l adde d anothe r type , p-adic fields , whic h initiate d ne w wor k i n algebrai c number s ( Theorie der algebraischen Zahlen, 1908) . Hense l observed , firs t o f all , that an y ordinar y integer D ca n b e expressed i n on e and onl y one way a s a sum o f powers of a prime p. That is, in whic h d t i s some intege r fro m 0 t o p — 1 . Fo r example , 14 = 2 + 3 + 3 2 216 = 2-3 3 + 2-3* .



Similarly an y rationa l numbe r r (not 0) ca n b e written in th e for m



35. Math. Ann., 43, 1893 , 521-49. For group s see Math. Ann., 20, 1882 , 301-29. 36. Amer. Math. Soc. Trans., 4 , 1903 , 13-20, an d 6 , 1905 , 198-204. 37. Amer. Math. Soc. Trans., 4 , 1903 , 31-37, and 6 , 1905 , 181-97 .
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where a an d b ar e integer s no t divisibl e b y p an d n i s 0 o r a positiv e o r negative integer . Hense l generalize d o n thes e observation s an d introduce d p-adic numbers . Thes e ar e expression s of the for m (2)



where/) is a prime and th e coefficients, th e ct's, are ordinary rationa l number s reduced t o thei r lowes t for m whos e denominato r i s not divisibl e by p. Suc h expressions nee d no t i n genera l hav e value s as ordinary numbers . However , by definitio n the y ar e mathematica l entities . Hensel denned the four basi c operations with these numbers and showe d that the y ar e a field. A subset of the p-adic, numbers ca n b e put int o one-to one correspondenc e wit h th e ordinar y rationa l numbers , an d i n fac t thi s subset i s isomorphic t o th e rationa l number s i n th e ful l sens e o f an isomor phism betwee n tw o fields . I n th e fiel d o f p-adic numbers , Hense l define d units, integra l p-adic numbers , an d othe r notion s analogous t o thos e o f th e ordinary rationa l numbers . By introducin g polynomial s whos e coefficient s ar e p-adic numbers , Hensel wa s able t o speak o f p-adic root s of polynomial equation s and exten d to thes e root s al l o f the concept s o f algebraic numbe r fields. Thus ther e ar e p-adic integra l algebrai c number s an d mor e genera l p-adic algebrai c numbers, an d on e ca n for m field s o f />-adi c algebrai c number s tha t ar e extensions of the " rational" p-adic numbers defined by (2) . In fact , al l of the ordinary theor y o f algebrai c number s i s carrie d ove r t o p-adic numbers . Surprisingly perhaps, th e theor y o f p-adic algebrai c number s leads to result s on ordinar y algebrai c numbers . I t ha s als o been usefu l i n treatin g quadrati c forms an d ha s le d t o th e notio n o f valuation fields . The growin g variet y o f field s motivate d Erns t Steinit z (1871-1928) , who wa s ver y muc h influence d b y Weber' s work , t o undertak e a compre hensive stud y o f abstract fields ; thi s he di d i n hi s fundamental paper, Algebraischen Theorie de r Xorper.38 Al l fields , accordin g t o Steinitz , ca n b e divide d into tw o principal types . Let K b e a field and conside r al l subfield s o f K (fo r example, th e rationa l number s ar e a subfiel d o f th e rea l numbers) . Th e elements commo n t o all the subfields ar e also a subfield, calle d the prime field P of K. Tw o type s of prime fields are possible . The uni t element e is contained in P and , therefore , so are



These element s ar e eithe r al l differen t o r ther e exist s an ordinar y integer/ ; such tha t pe = 0 . I n th e firs t cas e P mus t contai n al l fraction s ne/tne, an d 38. Jour, fur Math., 137 , 1910 , 167-309 .
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since these elements form a field, P must be isomorphic to the field of rational numbers an d K i s said t o hav e characteristi c 0 . If, o n th e othe r hand , pe = 0 , it is readily show n that th e smalles t such p mus t b e a prim e an d th e fiel d mus t b e isomorphi c t o th e fiel d o f integral residues modul o p, tha t is , 0 , 1, . . ., p — 1. The n K i s sai d t o b e a fiel d o f characteristic p . An y subfiel d o f K ha s th e sam e characteristic . The n pa = pea = 0 ; tha t is , all expressions i n K ca n b e reduce d modul o p. From th e prim e field P in either o f the type s just described , th e origina l field K ca n b e obtaine d b y th e proces s o f adjunction. The metho d i s to tak e an elemen t a in K bu t no t i n P an d t o for m al l rationa l function s R(a) o f a with coefficient s i n P and then , i f necessary, to tak e b not i n R(a) an d d o th e same wit h b , and t o continu e th e proces s a s lon g as necessary . If on e start s wit h a n arbitrar y fiel d K on e ca n mak e variou s type s o f adjunctions. A simple adjunction is obtained b y adjoining a single element x . The enlarge d fiel d mus t contai n al l expression s o f the for m (3)



where th e a , are element s of K. I f these expressions are al l different , the n th e extended fiel d i s the fiel d K (x) o f all rationa l function s o f x wit h coefficient s in K . Suc h a n adjunctio n i s called a transcendenta l adjunctio n an d K(x) i s called a transcendenta l extension . I f som e o f the expression s (3 ) ar e equal , one ca n sho w tha t ther e mus t exis t a relatio n (usin g a for x) with th e b i i n K an d with/(x ) irreducibl e i n K . The n th e expression s with th e C\ i n K constitut e a fiel d K(a) forme d b y th e adjunctio n o f a to K . This field is called a simple algebraic extension ofK. I n K(a),f(x) ha s a root, and conversely , if an arbitrar y irreducibl e f(x) i n K i s chosen, the n on e ca n construct a K (a) i n whic h f(x) ha s a root . A fundamenta l result due t o Steinit z is that ever y field can b e obtained from it s prim e fiel d b y firs t makin g a serie s o f (possibl y infinite ) tran scendental adjunction s an d the n a serie s o f algebrai c adjunction s t o th e transcendental field . A fiel d K' i s said t o b e a n algebrai c extensio n of K i f it can b e obtaine d b y successiv e simpl e algebraic adjunctions . If th e numbe r of adjunction s i s finite , A" ' i s said t o b e o f finit e rank . Not ever y field can b e enlarge d b y algebrai c adjunctions . Fo r example , the comple x numbers canno t b e becaus e ever y f(x) i s reducible i n thi s field. Such a fiel d i s algebraicall y complete . Steinit z als o prove d tha t fo r ever y field A ' ther e i s a uniqu e algebraicall y complete fiel d K' whic h i s algebrai c over A " in th e sens e tha t al l othe r algebraicall y complet e field s ove r A ' (containing K ) contai n a subfiel d equivalen t t o A"' .
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Steinitz considere d als o the proble m o f determining th e fields in whic h the Galoi s theor y o f equations holds . T o sa y tha t Galoi s theor y hold s i n a field means the following: A Galois field K over a given field K is an algebrai c field i n whic h ever y irreducibl e f(x) i n K eithe r remain s irreducibl e o r decomposes int o a produc t o f linear factors . T o ever y Galoi s fiel d K ther e exists a se t o f automorphisms, eac h o f whic h transform s the element s o f K into other element s of K an d suc h tha t ' and correspon d t o and a'/? ' whil e al l element s o f K remai n invarian t (correspon d t o them selves) . Th e se t o f automorphisms form s a grou p G , the Galoi s grou p o f K with respec t t o K. Th e mai n theore m o f Galois theor y assert s that ther e i s a unique correspondenc e betwee n th e subgroup s o f G and th e subfield s o f K such tha t t o an y subgrou p G' o f G there correspond s a subfiel d K' consistin g of al l element s lef t invarian t b y G' an d conversely . Galois theor y i s said t o hold for those fields in which this theorem holds. Steinitz's result is essentially that Galoi s theor y hold s i n thos e fields of finite rank tha t ca n b e obtaine d from a given field by a series of adjunctions of roots of irreducible/^) which have n o equal roots. Field s in which all irreducible f(x) hav e n o equal root s are calle d separable . (Steinit z said vollkommen o r complete. ) The theor y o f fields also includes , as Steinitz' s classificatio n indicates , finite fields of characteristic p. A simple example o f the latte r is the se t of all residues (remainders ) modulo a prim e p. Th e concep t o f a finite field is due to Galois . I n 183 0 h e publishe d a definitiv e paper , "Su r l a theori e de s nombres."39 Galoi s wished t o solv e congruence s F(x) =



Omodp,



where/) is a prime an d F(x) i s a polynomia l of degree n . He too k F(x) t o b e irreducible (modulo/)) , s o tha t th e congruenc e di d no t hav e integra l o r irrational roots . Thi s oblige d hi m t o conside r othe r solutions , which wer e suggested b y the imaginary numbers . Galois denoted on e of the root s ofF(x) by i (whic h is not H e the n considere d th e expressio n (4)



where th e a t ar e whol e numbers. When thes e coefficient s assum e separatel y all th e leas t positiv e residues, modulo/;, thi s expressio n can tak e o n onl y values. Le t a be on e o f these non-zero values, of which there are^ — 1. Th e powers of a als o have the for m (4) . Hence thes e powers cannot b e al l differ ent. Ther e must the n b e a t leas t one powe= r 1 , wher e m is the smallest of such values. Then ther e wil l b e m different value s ( 5 )



.



.



.



.



If w e multipl y thes e m quantities b y a n expressio n o f th e sam e form , w e obtain a ne w grou p o f quantitie s differen t fro m (5 ) an d fro m eac h other . 39. Bulletin de s Sciences Mathematiques d e Femssac, 13 , 1830 , 428-35 = CEuvres, 1897 , 15-23.
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Multiplying th e se t (5 ) b y y wil l produc e mor e suc h quantities , unti l w e obtain al l o f th e for m (4) . Henc e m must divid e - L — 1= or 1 an d s o The value s o f the for m (4 ) constitut e a finit e field . Galoi s ha d shown i n thi s concret e situatio n tha t th e numbe r o f element s i n a Galoi s field o f characteristi c p i s a powe r o f p. E. H . Moore 40 showe d tha t an y finit e abstrac t fiel d i s isomorphic t o a Galois field of order ,p a prime. Ther e is such a field for every prime/; and positive intege r n . The characteristi c of each field is p. Joseph H . M . Wedderburn (1882-1948) , a professo r a t Princeto n University, 41 an d Dickso n proved simultaneousl y tha t an y finite field is necessarily commutative (i n th e multiplication operation) . A great dea l o f work ha s bee n don e t o determin e the structur e o f the additiv e group s containe d i n Galoi s fields and th e struc ture o f the fields themselves.



4. Rings Though th e structure s ring s an d ideal s wer e wel l know n an d utilize d i n Dedekind's an d Kronecker' s wor k on algebraic numbers , the abstrac t theor y is entirel y a produc t o f the twentiet h century . Th e wor d idea l ha d alread y been adopte d (Chap . 34 , sec. 4). Kronecke r use d th e word "order " for ring; the latte r ter m wa s introduced b y Hilbcrt . Before discussing the history, it may b e well to be clear about th e moder n meanings o f the concepts . A n abstrac t rin g i s a collectio n o f element s tha t form a commutativ e group wit h respec t t o one operation an d ar e subject t o a second operatio n applicabl e t o an y tw o elements . Th e secon d operatio n i s closed an d associativ e but ma y o r ma y no t b e commutative . Ther e ma y o r may no t b e a uni t element . Moreove r th e distributiv e la w a( b + c ) = ab + a c and ( b + c)a = ba + c a holds. An idea l i n a rin g R i s a sub-rin g AI suc h that i f a belongs to M an d r is any elemen t o f R, the n a r and r a belong to M . I f onl y ar belongs to M , the n Mis called a righ t ideal . I f only ra belongs to M, the n M i s a lef t ideal . I f a n ideal i s both righ t an d left , i t i s called a two-side d ideal. The uni t ideal is th e entire ring . Th e idea l (a ) generated b y on e elemen t a consists of all elements of th e for m ra + na,



where r belongs to R and n is any whol e number. If R has a unit element, then ra + n a — ra + m a = ( r + tie)a = r'a, wher e r' i s no w an y elemen t o f R . The idea l generate d b y on e elemen t i s calle d a principa l ideal . An y idea l other tha n 0 an d R i s a prope r ideal . Similarly if ar e m given elements o f a rin g R wit h uni t elemen t th e se t o f all sum s 40. N.Y. Math. Soc. Bull., 3, 1893 , 73-78 . 41. Amer. Math. Soc. Tram., 6 , 1905 , 349-52 .
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with coefficient s r i n R i s an idea l o f R denote d b y . It i s th e smallest idea l containin g A commutativ e rin g R i s calle d Noetherian i f every idea l ha s thi s form. An idea l M i n a ring , sinc e it i s a subgrou p o f the additiv e group o f the ring, divide s th e rin g int o residu e classes . Two element s of R, a and b , ar e congruent relativ e t o M i f a — b belong s t o A t o r a = b (mo d M) . Unde r a homomorphis m T fro m a rin g R t o a rin g R', whic h call s fo r T(ab] = ( T a ) - ( T b ) , T(a + b ) = Ta + T b an d T \ = 1' , th e element s o f R whic h correspond t o th e zer o elemen t o f R' constitut e an idea l calle d th e kernel of R, an d R' i s isomorphic t o th e ring of residue classes of R modulo the kernel. Conversely, give n a n idea l L i n R on e may for m a rin g R modul o L an d a homomorphism o f R int o R modul o L whic h has L a s its kernel. R modul o L o r Rj L i s called a quotien t ring . The definitio n of a rin g doe s no t cal l fo r th e existenc e o f an invers e t o each elemen t unde r multiplication . I f an invers e (excep t fo r 0) an d th e uni t element bot h exist , th e rin g i s called a divisio n rin g (divisio n algebra ) an d it is in effec t a non-commutativ e (o r skew) field. Wedderburn's resul t already noted (1905 ) showe d that a finite division ring is a commutativ e field. Up t o 1905 the only division algebras know n were commutative fields and quatern ions. The n Dickso n create d a numbe r o f new ones , commutativ e an d non commutative. I n 191 4 he 42 an d Wedderburn 43 gav e th e firs t example s o f non-commutative fields with center s (th e set of all elements which commute with eac h other ) o f rank _ 2 . 4 4 In th e lat e nineteent h century a great variety of concrete linear associative algebra s wer e create d (Chap . 32 , sec . 6) . Thes e algebras , abstractl y considered, ar e rings , and whe n th e theor y o f abstract ring s was formulated it absorbed an d generalize d th e work on these concrete algebras. Thi s theor y of linea r associativ e algebra s an d th e whol e subjec t o f abstrac t algebr a received a new impulse when Wedderburn, i n his paper " On Hypercomple x Numbers," 45 too k u p result s of Elie Carta n (1869-1951 ) 46 an d generalize d them. Th e hypercomple x number s are , w e may recall , number s of the for m (6)



where th e e { ar e qualitativ e unit s and th e x i ar e rea l o r comple x numbers . Wedderburn replace d th e x i b y member s o f an arbitrar y field F. H e calle d 42. Amer. Math. Soc. Trans., 15 , 1914 , 31-46 . 43. Amer. Math. Soc. Trans., 15 , 1914 , 162-66 . 44. I n 195 8 Miche l Kervair e (1927- ) i n Proceedings o f th e National Academy of Sciences, 44 , 1958, 280-8 3 and Joh n Milno r (1931- ) in Annals o f Math. (2) , 68, 1958 , 444-49 , both using a resul t o f Raou l Bot t (1923-) , prove d tha t th e onl y possibl e divisio n algebra s wit h rea l coefficients, i f one doe s not assum e the associativ e an d commutativ e law s of multiplication , are th e rea l an d comple x numbers , quaternions , an d th e Cayle y numbers . 45. Proc. London Math. Soc., (2) , 6, 1907 , 77-118 . 46. Ann. Fac. Sci. de Toulouse, 12B , 1898 , 1-9 9 = CEuvres, Par t II , Vol . 1 , 7-105.
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these generalize d linea r associative algebras simpl y algebras. T o trea t thes e generalized algebra s h e ha d t o abando n th e method s o f hi s predecessor s because a n arbitrar y field F is not algebraicall y closed. He als o adopted an d perfected Benjami n Peirce's techniqu e of idempotents. In Wedderburn' s work , then, a n algebr a consist s of all linear combina tions o f th e for m (6 ) wit h coefficient s no w i n a fiel d F . Th e numbe r o f e t, called basa l units , i s finite and i s the orde r o f the algebra . Th e su m o f tw o such element s i s given b y



The scala r produc t o f an elemen t x o f the algebr a an d a n elemen t a of th e field F i s defined a s



and th e produc t o f two element s o f the algebr a i s defined b y



which i s complete d b y a tabl e expressin g al l product s a s som e linea r combination o f the wit h coefficients i n F. The produc t i s required t o satisf y the associativ e law . On e ca n alway s ad d a uni t elemen t (modulus ) 1 such that x- 1 = 1 -x = x for every x and the n th e elements of the algebr a includ e the fiel d F o f the coefficients . Given a n algebr a A, a subset B of elements which itself forms an algebr a is called a sub-algebra . If* belongs to A and y to B an d yx and xy both belon g to B, the n B i s called an invarian t sub-algebra . I f an algebr a A is the sum of two invarian t sub-algebra s wit h n o commo n element , the n A i s calle d reducible. I t i s also said t o be th e direc t su m o f the sub-algebras . A simpl e algebr a i s one havin g n o invarian t sub-algebra . Wedderbur n also use d an d modifie d Cartan' s notion o f a semi-simpl e algebra. T o defin e this notion , Wedderbur n mad e us e of the notio n o f nilpotent elements . A n element x is nilpotent if = 0 for some integer n . An elemen t x is said t o b e properly nilpoten t i f xy and als o yx ar e nilpoten t fo r every;/ i n a n algebr a A . It ca n b e show n tha t th e se t of properly nilpoten t element s o f an algebr a A form a n invarian t sub-algebra. The n a semi-simple algebra A is one having no nilpotent invarian t sub-algebra . Wedderburn prove d tha t ever y semi-simple algebra can b e expressed as a direct su m of irreducible algebras and eac h irreducible algebra is equivalent to th e direc t produc t o f a matri x algebr a an d a divisio n algebr a (primitiv e algebra i n Wedderburn's terminology) . This mean s that each elemen t o f the irreducible algebra ca n be taken to be a matrix whose elements are member s
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of th e divisio n algebra . Sinc e semi-simpl e algebra s ca n b e reduce d t o th e direct su m o f several simpl e algebras, thi s theore m amount s t o th e deter mination o f all semi-simpl e algebras. Stil l anothe r resul t use s the notio n of a total matri x algebra , whic h i s just th e algebr a o f al l n b y n matrices . A n algebra fo r whic h the coefficien t fiel d F i s the comple x number s an d whic h contains no properly nilpotent elements is equivalent to a direct sum of total matrix algebras . Thi s sampl e o f results obtained b y Wedderbur n ma y giv e some indicatio n o f th e wor k don e o n th e generalize d linea r associativ e algebras. The theor y of rings and ideal s wa s put o n a mor e systemati c an d axio matic basis by Emm y Noether, one of the few great wome n mathematicians, who i n 192 2 became a lecture r a t Gottingcn . Man y result s o n ring s an d ideals wer e alread y know n whe n sh e bega n he r work , bu t b y properl y formulating th e abstract notion s she was able t o subsume these results under the abstract theory . Thus sh e reexpressed Hilbert' s basi s theorem (Chap . 39, sec. 2 ) a s follows : A rin g o f polynomials in an y numbe r o f variables over a ring of coefficients tha t has an identit y element and a finite basis, itself has a finite basis. In thi s reformulation she made th e theory of invariants a part of abstract algebra . A theor y o f ideal s fo r polynomia l domain s ha d bee n develope d b y Emanuel Laske r (1868—1941 ) *7 i n whic h h e sough t t o giv e a metho d o f deciding whethe r a give n polynomia l belong s t o a n idea l generate d b y r polynomials. I n 1921 48 Emm y Noethe r showe d tha t thi s idea l theor y fo r polynomials ca n b e deduced fro m Hilbert' s basi s theorem . Thereb y a com mon foundatio n wa s create d fo r th e idea l theor y o f integra l algebrai c numbers and integra l algebraic functions (polynomials) . Noether an d others penetrated muc h farthe r int o th e abstrac t theor y o f ring s an d ideal s an d applied i t t o rings of differential operator s an d othe r algebras . However , a n account o f this work would tak e us too far into special developments. 5. Non-associative Algebras Modern rin g theory , or , mor e properly , a n extensio n of ring theory , als o includes non-associativ e algebras. Th e produc t operatio n i s non-associative and non-commutative . The othe r properties of linear associative algebras are applicable. Ther e ar e toda y severa l importan t non-associativ e algebras . Historically the most important is the typ e called a Lie algebra. I t i s customary i n suc h algebras to denot e the produc t o f two elements a and b by [a , ti]. In plac e of the associative law the product operation satisfie s tw o conditions, [a, b ] = -[b, a] an d [a 47. Math. Ann., 60, 1905 , 20-116 . 48. Math. Ann., 83, 1921 , 24-66 .



, [b, c]] + [b, [c , a]] + [c , [a, b]] =



0 .
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The secon d propert y i s called th e Jacobi identity . Incidentally , th e vecto r product o f two vector s satisfies th e tw o conditions . An idea l i n a Li e algebra L i s a sub-algebr a suc h that the product of any elemen t o f L an d an y elemen t o f i s in A simple Lie algebr a i s on e that ha s no nontrivial ideals. It i s semi-simple if it has no Abelian ideals. Lie algebra s aros e ou t o f Lie' s effort s t o stud y th e structur e o f hi s continuous transformatio n groups. T o d o thi s Li e introduce d th e notio n o f infinitesimal transformations. 49 Roughl y speaking , a n infinitesima l trans formation i s one tha t move s points an infinitesima l distance . Symbolicall y i t is represented b y Li e a s (7)



where i



s an infinitesimall y smal l quantity , o r



(8) The i s a consequenc e o f a smal l change i n th e parameter s o f the group . Thus suppose a grou p o f transformations is given b y Let b e th e valu e o f th e paramete r fo r whic h an transformation s o tha t If 3 is changed t o the



d ar



e th e identit y



n b y Taylor's theore m



so that neglectin g highe r power s o f _. . gives



For th e fixe d a 0 , an



d ar



e function s o f x and y s o that



and (9)



If 8a i s 8t w e ge t th e for m (7 ) o r (8) . The equation s (9 ) represen t a n infini tesimal transformation o f the group . 49. Archivfor Mathematik Natuwidenskab, 1 , 1876 , 152-93 = Ges. Abh., 5, 42-75 .
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lff(x, y) i s an analyti c function of x an d y , th e effec t o f an infinitesimal transformation o n i t i s t o replac e f(x, y ) b y f(x + , y+ ) , an d b y applying Taylor's theore m on e finds that t o first order



The operato r



is anothe r wa y o f representing th e infinitesima l transformatio n (9 ) becaus e knowledge o f one give s th e other . Suc h operator s ca n b e adde d an d multi plied i n th e usua l sense of differential operators . The numbe r of independent infinitesima l transformation s or the numbe r of corresponding independent operators i s the numbe r o f parameters i n th e original grou p o f transformations . The infinitesima l transformation s or th e corresponding operators , no w denote d b y , d o determin e the Li e grou p o f transformations . But, equall y important , the y ar e them selves generator s o f a group . Thoug h th e produc t i s not a linea r opera tor, th e expressio n calle d th e alternan t o f X t an d is a linea r operato r an d i s denoted b y Wit h thi s product operation , the grou p o f operators become s a Li e algebra. Lie ha d begu n th e wor k o n findin g th e structur e o f hi s simpl e finit e (continuous) group s wit h r parameters . H e foun d fou r mai n classe s o f algebras. Wilhel m K . J. Killin g (1847-1923 ) 50 foun d tha t thes e classe s are correct fo r all simple algebras bu t tha t i n additio n ther e ar e five exceptional cases o f 14 , 52, 78 , 133 , and 24 8 parameters . Killing' s work containe d gap s and Eli e Carta n undertoo k t o fill them. In hi s thesis , Sur l a structure de s groupes de transformations fini s e t continus, 51 Cartan gav e th e complet e classificatio n of all simpl e Li e algebra s ove r th e field o f comple x value s fo r th e variable s an d parameters . Lik e Killing , Gartan foun d tha t the y fall int o four genera l classe s and th e five exceptional algebras. Garta n constructe d th e exceptiona l algebra s explicitly . I n 1914 52 Gartan determine d all the simple algebras with real values for the parameter s and variables . These result s are stil l basic . The us e of representations to study Lie algebras has been pursue d muc h as in the case of abstract groups. Cartan, in his thesis and i n a paper of 1913, 53 50. Math. Ann., 31, 1888 , 252-90, an d i n Vols . 33 , 34 , and 36 . 51. 1894 ; 2nd ed. , Vuibert , Paris , 193 3 = (Enures, Par t I , Vol . 1 , 137-286 . 52. Ann. de I'Ecole Norm. Sup., 31 , 1914 , 263-355 = (Euvres, Par t I , Vol . 1 , 399-491 . 53. Bull. Soc. Math, d e France, 41 , 1913 , 53-96 = (Euvres, Par t I , Vol . 1 , 355-98.
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found irreducibl e representation s o f th e simpl e Li e algebras . A ke y resul t was obtained b y Herman n Weyl. 54 An y representatio n o f a semi-simple Lie algebra (ove r a n algebraicall y close d fiel d o f characteristic 0 ) i s completel y reducible. 6. Th e Range o f Abstract Algebra Our fe w indications o f the accomplishment s in th e fiel d o f abstract algebr a certainly d o no t giv e th e ful l pictur e o f what wa s create d eve n i n th e firs t quarter of this century. It may , however , be helpful t o indicate th e vast are a that wa s opened u p b y the consciou s turn t o abstraction . Up t o abou t 190 0 the various algebraic subject s tha t ha d bee n studied , whether matrices , th e algebra s o f forms i n two , three , or n variables, hyper numbers, congruences, or the theory of solution of polynomial equations, ha d been base d o n th e rea l an d comple x numbe r systems . However, th e abstrac t algebraic movemen t introduce d abstrac t groups , rings , ideals , divisio n algebras, an d fields . Beyon d investigatin g th e propertie s o f suc h abstrac t structures an d relationship s a s isomorphis m an d homomorphism , mathe maticians no w foun d i t possibl e t o tak e almos t an y algebrai c subjec t an d raise question s about i t by replacing the real an d comple x number s with an y one o f th e abstrac t structures . Thu s i n plac e o f matrice s wit h comple x elements, one can study matrices with elements that belong to a ring or field. Similarly one can tak e problems of the theor y of numbers and, replacin g th e positive and negativ e integers and 0 by a ring, reconsider every question that has previousl y bee n investigate d fo r th e integers . On e ca n eve n conside r functions an d powe r serie s with coefficient s i n a n arbitrar y field . Such generalization s hav e indee d bee n made . W e hav e note d tha t Wedderburn i n his 190 7 work generalized previous work on linear associative algebras (hypernumbers ) b y replacin g th e rea l o r comple x coefficient s b y any field . On e ca n replac e th e field by a rin g an d investigat e th e theorem s that hol d unde r thi s change. Eve n th e theor y o f equations with coefficient s in arbitrar y o r finite fields has bee n studied. As anothe r exampl e o f th e moder n tendenc y t o generalize , conside r quadratic forms . Thes e were importan t wit h integer coefficient s i n th e stud y of the representatio n of integers as sums of squares and wit h real coefficient s as the representatio n of conic and quadri c surfaces. I n th e twentiet h century quadratic form s ar e studie d with any an d ever y field as coefficients. A s more abstract structure s are introduced , these can b e used as the bas e or coefficien t field o f olde r algebrai c theories , and th e proces s o f generalizatio n goe s o n indefinitely. Thi s us e o f abstract concept s call s for th e us e o f abstract alge braic techniques ; thu s man y formerl y distinc t subject s wer e absorbe d i n 54. Mathemalische Zeitsckrift, 23 , 1925 , 271-309, an d 24 , 1926 , 328-95 = Ges. Abh., 2 , 543-647.
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abstract algebra . This is the case with large parts of number theory, including algebraic numbers . However, abstrac t algebr a ha s subverte d it s own rol e i n mathematics . Its concept s wer e formulate d t o unif y variou s seemingl y divers e an d dis similar mathematica l domain s as , fo r example , grou p theor y did . Havin g formulated th e abstrac t theories , mathematician s turne d awa y fro m th e original concret e fields and concentrate d on the abstract structures . Through the introductio n of hundreds of subordinate concepts, the subjec t has mushroomed int o a welter of smaller developments that have little relation to each other o r t o th e origina l concret e fields . Unificatio n ha s bee n succeede d b y diversification an d specialization . Indeed , mos t worker s i n th e domai n o f abstract algebr a ar e no longer aware of the origins of the abstract structures, nor ar e the y concerned wit h th e applicatio n o f their result s to the concret e fields. Bibliography Artin, Emil : "Th e Influenc e o f J. H . M . Wedderbur n o n th e Developmen t of Modern Algebra," Amer. Math. Soc. Bull., 56, 1950 , 65-72 . Bell, Eri c T.: "Fift y Year s o f Algebra i n America , 1888-1938, " Amer. Math. Soc. Semicentennial Publications, II , 1938 , 1—34 . Bourbaki, N. : Elements d'histoire des mathematiques, Hermann , 1960 , pp . 110-28 . Cartan, Elie : "Notic e su r le s travau x scientifiques, " (Euvres completes, Gauthier Villars, 1952-55 , Par t I , Vol . 1 , pp. 1-98 . Dicke, Auguste : Emmy Noether, 1882-1935, Birkhauser Verlag , 1970 . Dickson, L . E. : "A n Elementar y Expositio n o f Frobenius' s Theor y o f Group Characters an d Group-Determinants, " Annals o f Math., 4 , 1902 , 25-49 . : Linear Algebras, Cambridg e Universit y Press , 1914 . : Algebras and Their Arithmetics (1923) , G . E . Stecher t (reprint) , 1938 . Frobenius, F . G. : Gesammelte Abhandlungen, 3 vols., Springer-Verlag , 1968 . Hawkins, Thomas : "Th e Origin s o f the Theor y o f Group Characters, " Archive for History o f Exact Sciences, 7, 1971 , 142-70 . MacLane, Saunders : "Some Recen t Advance s i n Algebra, " Amer. Math. Monthly, 46, 1939 , 3-19 . Als o i n Albert , A . A. , ed. : Studies i n Modern Algebra, Th e Math. Assn . of Amer., 1963 , pp. 9-34 . : "Some Additiona l Advance s i n Algebra," i n Albert , A . A., ed.: Studies in Modem Algebra, Th e Math . Assn . o f Amer., 1963 , pp . 35-58 . Ore, Oystein : "Som e Recen t Development s i n Abstrac t Algebra, " Amer. Math. Soc. Bull., 37, 1931 , 537-48 . : "Abstract Idea l Theory, " Amer. Math. Soc. Bull., 39, 1933 , 728-45 . Steinitz, Ernst : Algebraische Theorie de r Ko'rper, W . d e Gruyter , 1910 ; 2n d rev . ed. , 1930; Chelse a (reprint) , 1950 . Th e firs t editio n i s the sam e a s the articl e i n Jour, fiir Math., 137 , 1910 , 167-309 . Wiman, A. : "Endlich e Gruppe n lineare r Substitutionen, " Encyk. de r Math. Wiss., B. G . Teubner , 1898-1904 , I , Par t 1 , 522-54. Wussing, H . L. : Di e Genesis de s abstrakten Gruppenbegriffes, VE B Deutsche r Verla g der Wissenschaften , 1969 .
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The Beginning s o f Topolog y I believ e that we lack another analysis properly geometric or linear whic h expresse s locatio n directl y as algebr a expresse s magnitude. G . w. LEIBNI Z



1. Th e Nature o f Topology A numbe r o f developments o f th e nineteent h centur y crystallize d i n a ne w branch o f geometry, no w calle d topolog y bu t lon g know n a s analysi s situs . To pu t i t loosely for the moment , topolog y i s concerned wit h thos e propertie s of geometric figures that remain invarian t when the figures are bent, stretched , shrunk, o r deforme d i n an y wa y tha t doe s no t creat e ne w point s o r fus e existing points . Th e transformatio n presupposes , i n othe r words , tha t ther e is a one-to-on e correspondenc e betwee n th e point s o f th e origina l figur e and th e point s o f the transforme d figure, and tha t th e transformatio n carrie s nearby point s int o nearb y points . Thi s latte r propert y i s called continuity , and th e requiremen t i s tha t th e transformatio n an d it s invers e bot h b e continuous. Suc h a transformatio n i s calle d a homeomorphism . Topolog y is ofte n loosel y describe d a s rubber-shee t geometry , becaus e i f th e figure s were mad e o f rubber , i t woul d b e possibl e t o defor m man y figure s int o homeomorphic figures . Thu s a rubbe r ban d ca n b e deforme d int o an d i s topologically th e sam e a s a circl e or a square , bu t i t i s not topologicall y th e same a s a figur e eight , becaus e thi s woul d requir e th e fusio n o f tw o point s of the band . Figures ar e ofte n though t o f a s bein g i n a surroundin g space . Fo r th e purposes o f topolog y tw o figure s ca n b e homeomorphi c eve n thoug h i t i s not possibl e t o transfor m topologically th e entir e space i n whic h on e figur e lies int o th e spac e containin g th e secon d figure . Thu s i f on e take s a lon g rectangular strip of paper an d joins the two short ends, he obtains a cylindrical band. I f instead on e end i s twisted throug h 360 ° and the n th e short ends ar e joined, th e ne w figur e i s topologicall y equivalent to th e ol d one . Bu t i t i s not possibl e to transfor m th e three-dimensiona l spac e int o itself topologically and carr y th e first figure into th e secon d one. Topology, a s i t i s understoo d i n thi s century , break s dow n int o tw o
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somewhat separat e divisions : poin t se t topology , whic h i s concerne d wit h geometrical figure s regarded a s collections of points with the entir e collection often regarde d a s a space ; an d combinatoria l o r algebrai c topology , which treats geometrica l figure s a s aggregate s o f smaller building blocks jus t a s a wall i s a collectio n o f bricks . O f cours e notion s o f poin t se t topolog y ar c used i n combinatoria l topology , especiall y fo r ver y genera l geometri c structures. Topology ha s had numerou s and varie d origins . As with mos t branche s of mathematics , man y step s wer e mad e whic h onl y late r wer e recognize d as belongin g t o o r capabl e o f bein g subsume d unde r on e ne w subject . I n the presen t cas e th e possibilit y o f a distinc t significant study wa s a t leas t outlined b y Klei n i n hi s Erlange r Program m (Chap . 38 , sec. 5) . Klei n wa s generalizing th e type s of transformation studied i n projectiv e an d algebrai c geometry an d h e was already awar e throug h Riemann' s wor k o f the importance o f homeomorphisms. 2. Point Se t Topology The theor y o f poin t set s a s initiate d b y Canto r (Chap . 41 , sec . 7 ) an d extended b y Jordan, Borel , an d Lebesgu e (Chap . 44 , sees . 3 an d 4 ) i s no t eo ipso concerne d wit h transformation s and topologica l properties . O n th e other hand , a se t o f point s regarde d a s a spac e i s o f interes t i n topology . What distinguishes a space a s opposed t o a mere se t of points is some concept that binds the points together. Thus in Euclidean space th e distance between points tell s us ho w clos e point s ar e t o eac h othe r an d i n particula r enable s us to defin e limit points of a se t of points. The origin s o f point set topology hav e alread y bee n relate d (Chap . 46 , sec. 2) . Freche t i n 1906 , stimulate d b y th e desir e t o unif y Cantor' s theor y of point set s and th e treatmen t o f functions a s points o f a space , whic h ha d become commo n i n th e calculu s of variations, launched the stud y of abstract spaces. Th e ris e o f functional analysi s with th e introductio n o f Hilbert an d Banach space s gav e additiona l importanc e t o th e stud y o f poin t set s a s spaces. Th e propertie s tha t prove d t o b e relevan t fo r functiona l analysi s are topologica l largel y becaus e limit s of sequences ar e important . Further , the operator s o f functional analysi s are transformation s that carr y on e spac e into another. 1 As Frechet pointed out , the binding property nee d no t b e the Euclidea n distance function . H e introduced (Chap . 46, sec. 2 ) several differen t concept s that ca n b e use d t o specif y whe n a poin t i s a limi t poin t o f a sequenc e of points. I n particula r h e generalize d th e notio n o f distanc e b y introducin g 1. Th e definition s of the basic properties of point sets, such as compactness and separability , have ha d differen t meaning s fo r differen t author s an d ar c stil l no t standardized . W e shall us e the presen t commonl y understoo d meanings .
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the clas s of metric spaces. I n a metri c space, whic h can b e two-dimensional Euclidean space , on e speak s of the neighborhoo d o f a poin t an d mean s al l those point s whos e distanc e fro m th e poin t i s les s tha n som e quantit y s, say. Suc h neighborhood s are circular . One coul d use square neighborhood s as well . However , i t i s als o possibl e t o suppos e tha t th e neighborhoods , certain subset s o f a give n se t o f points , ar e specifie d i n som e way , eve n without the introduction of a metric. Such spaces are said to have a neighbor hood topology . Thi s notio n i s a generalizatio n o f a metri c space . Feli x Hausdorff (1868-1942) , i n hi s Grundziige der Alengenlehre (Essential s of Se t Theory, 1914) , use d th e notio n o f a neighborhoo d (whic h Hilber t ha d already use d i n 190 2 i n a specia l axiomati c approac h t o Euclidea n plan e geometry) an d buil t u p a definitiv e theor y o f abstract space s o n thi s notion . Hausdorff define s a topologica l spac e a s a se t o f element s x togethe r with a famil y o f subsets U x associate d wit h eac h x . Thes e subset s are calle d neighborhoods an d mus t satisf y th e followin g conditions: (a) T o eac h poin t x ther e i s a t leas t on e neighborhoo d U x whic h contains th e poin t x . (b) Th e intersectio n of two neighborhoods o f x contains a neighborhoo d of x. (c) I f y i s a poin t i n U x ther e exist s a U y suc h that U v < S U x. (d) Ifx + y, ther e exis t U x an d U y suc h tha t U x-Uy = 0 . Hausdorff als o introduce d countabilit y axioms : (a) Fo r eac h poin t x , th e se t of U x i s at mos t countable . (b) Th e se t o f all distinc t neighborhoods i s countable . The groundwor k i n poin t se t topology consist s in definin g severa l basi c notions. Thu s a limi t poin t o f a se t o f point s i n a neighborhoo d spac e i s one suc h tha t ever y neighborhoo d o f the poin t contain s othe r point s o f th e set. A se t is open i f every point o f the se t can b e enclose d i n a neighborhoo d that contain s onl y points o f the set . I f a se t contains all its limit points, the n it i s closed. A spac e o r a subse t o f a spac e i s called compac t i f every infinit e subset ha s a limi t point . Thu s th e point s o n th e usua l Euclidea n lin e ar e not a compac t se t becaus e th e infinit e se t o f point s correspondin g t o th e positive integer s has n o limi t point . A se t i s connected if , no matte r ho w i t is divide d int o disjoine d sets , a t leas t on e o f thes e contain s limi t point s o f the other. The curv e ofy = ta n x is not connected bu t th e curve ofy = sin l/x plus th e interva l ( — 1, 1 ) of the F-axi s is connected. Separability , introduce d by Freche t i n hi s 190 6 thesis , i s anothe r basi c concept . A spac e i s calle d separable i f it ha s a denumerabl e subse t whos e closure, th e se t plus its limit points, i s the spac e itself . The notion s o f continuou s transformation s an d homeomorphis m ca n now als o b e introduced . A continuou s transformatio n usuall y presuppose s
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that t o eac h poin t o f on e spac e ther e i s associate d a uniqu e poin t o f th e second o r imag e spac e an d tha t give n an y neighborhoo d o f an imag e poin t there is a neighborhoo d o f the origina l poin t (o r each origina l poin t i f there are many ) whos e point s ma p int o th e neighborhoo d i n th e imag e space . This concep t i s no mor e tha n a generalizatio n o f the definitio n of a continuous function , th e e specifyin g th e neighborhoo d o f a poin t i n th e image space , an d th e S a neighborhoo d o f th e origina l point . A homeo morphism betwee n tw o spaces S and T i s a one-to-on e correspondenc e tha t is continuou s both ways ; tha t is , the transformation s from S t o T an d fro m T t o S ar e continuous . The basi c tas k o f poin t se t topolog y i s t o discove r properties tha t ar e invarian t unde r continuou s transformations and homeo morphisms. All of the properties mentione d abov e are topological invariants . Hausdorff adde d man y result s t o th e theor y o f metri c spaces . I n particular h e adde d t o th e notio n o f completeness , whic h Freche t ha d introduced i n hi s 190 6 thesis. A spac e i s complet e i f ever y sequenc e that satisfie s th e conditio n tha t give n £ , ther e exist s a n JV , suc h tha t for al l m an d n greate r tha n N , ha s a limi t point . Hausdorf f proved tha t ever y metric space ca n b e extende d t o a complet e metri c spac e in on e an d onl y one way. The introductio n of abstract space s raise d severa l questions tha t prompte d muc h research . Fo r example , i f a spac e i s defined by neighborhoods , i s i t necessaril y metrizable ; tha t is , i s i t possibl e t o introduce a metri c tha t preserve s th e structur e of th e spac e s o tha t limi t points remai n limi t points ? Thi s questio n wa s raise d b y Frechet . On e result, du e t o Pau l S . Urysoh n (1898-1924) , state s tha t ever y completely separable norma l topologica l spac e ca n b e metrized. 2 A norma l spac e i s one in whic h tw o disjoin t closed set s ca n eac h b e enclose d i n a n ope n se t an d the tw o ope n set s ar e disjoined . A relate d resul t o f some importanc e i s als o due t o Urysohn . H e proved 3 tha t ever y separabl e metri c space , tha t is , every metri c spac e i n whic h a countabl e subse t i s dens e i n th e space , i s homeomorphic t o a subse t o f th e Hilber t cube ; th e cub e consist s o f th e space o f al l infinit e sequence s suc h tha t an d i n whic h distance i s define d b y d = The questio n o f dimension , a s alread y noted , wa s raise d b y Cantor' s demonstration o f a one-to-on e correspondenc e o f line and plan e (Chap . 41 , sec. 7 ) an d b y Peano' s curve , whic h fills out a squar e (Chap . 42 , sec . 5). Frechet (alread y workin g with abstrac t spaces ) an d Poincar e sa w the nee d for a definitio n o f dimensio n tha t woul d appl y t o abstrac t space s an d ye t grant t o lin e an d plan e th e dimension s usually assume d fo r them . Th e def inition tha t ha d bee n tacitl y accepted wa s the number of coordinates neede d to fi x th e point s o f a space . Thi s definitio n wa s no t applicabl e t o genera l spaces. 2. Math. Ann., 94, 1925 , 262-95. 3. Math. Ann., 94, 1925 , 309-15.
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In 1912 4 Poincar e gav e a recursiv e definition . A continuu m ( a close d connected set ) ha s dimensio n n if it ca n b e separate d int o tw o part s whos e common boundar y consist s o f continu a o f dimensio n n — 1 . Luitze n E . J . Brouwer (1881-1967 ) pointe d ou t tha t th e definitio n does no t appl y t o th e cone with two nappes, becaus e the nappes are separated b y a point. Poincare's definition was improved b y Brouwer,5 Urysohn, 6 and Kar l Menge r (1902-). 7 The Menge r an d Urysoh n definition s are simila r and bot h ar e credite d with th e no w generall y accepte d definition . Thei r concep t assign s a loca l dimension. Menger' s formulatio n is this: The empt y se t i s defined t o b e o f dimension — 1. A se t M i s said t o b e w-dimensiona l a t a poin t P i f n i s th e smallest numbe r fo r whic h ther e ar e arbitraril y smal l neighborhood s o f P whose boundarie s i n M hav e dimensio n les s tha n n . Th e se t M i s calle d n-dimensional i f its dimensio n i n al l o f it s point s i s les s tha n o r equa l t o n but i s n in a t leas t on e point . Another widel y accepte d definitio n i s du e t o Lebesgue. 8 A spac e i s n-dimensional i f n i s the leas t numbe r fo r whic h covering s b y close d set s of arbitrarily smal l diamete r contai n point s commo n t o n + 1 of the coverin g sets. Euclidea n space s hav e th e prope r dimensio n unde r an y o f th e latte r definitions an d th e dimensio n of any spac e i s a topologica l invariant. A ke y resul t i n th e theor y o f dimensio n i s a theore m du e t o Menge r (Dimensionstheorie, 1928 , p . 295 ) an d A . Geor g Nobelin g (1907-). 9 I t assert s that ever y ?z-dimensiona l compac t metri c spac e i s homeomorphi c t o som e subset o f the (2n + 1)-dimensiona l Euclidea n space . Another proble m raise d b y th e wor k o f Jordan an d Pean o wa s th e very definitio n of a curv e (Chap . 42 , sec. 5) . Th e answe r wa s made possible by th e wor k o n dimensio n theory . Menger 10 an d Urysohn 11 define d a curve as a one-dimensional continuum, a continuum being a closed connected set of points. (Th e definitio n requires that an open curv e such as the parabol a be close d b y a poin t a t infinity. ) Thi s definitio n exclude s space-filling curves and render s the property o f being a curve invariant unde r homeomorphisms . The subjec t o f poin t se t topolog y ha s continue d t o b e enormousl y active. I t i s relativel y eas y t o introduc e variations , specializations , an d generalizations o f the axiomati c base s fo r th e variou s type s o f spaces. Hun dreds o f concept s hav e bee n introduce d an d theorem s established , thoug h the ultimat e valu e o f thes e concept s i s dubiou s i n mos t cases . A s i n othe r 4. Revue de Metaphysigue e t de Morale, 20 , 1912 , 483-504 . 5. Jour, fur Math., 142 , 1913 , 146-52 . 6. Fundamenta Mathematical, 7 , 1925 , 30-13 7 an d 8 , 1926 , 225-359 . 7. Monatsheftefur Mathematik und Physik, 33 , 1923 , 148-6 0 an d 34 , 1926 , 137-61 . 8. Fundamenta Mathematicae, 2 , 1921 , 256-85 . 9. Math. Ann., 104 , 1930 , 71-80 . 10. Monatsheftefur Mathematik un d Physik, 33 , 1923 , 148-6 0 an d Math. Ann., 95 , 1926 , 277-306. 11. Fundamenta Mathematicae, 1 , 1925 , 30-137 , p . 9 3 i n part .
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fields, mathematicians have not hesitate d t o plunge freel y an d broadl y int o point set topology. 3. Th e Beginnings o f Combinatorial Topology As far bac k a s 167 9 Leibniz, i n his Characteristica Geometrica, tried t o formulat e basic geometri c propertie s o f geometrical figures , t o us e specia l symbol s t o represent them , an d t o combin e thes e propertie s unde r operation s s o as t o produce others . H e calle d thi s stud y analysi s situ s o r geometria situs. H e explained i n a letter t o Huygens of 1679 12 tha t h e was not satisfie d wit h th e coordinate geometr y treatmen t o f geometri c figure s because , beyon d th e fact tha t th e method wa s not direc t o r pretty , i t was concerned wit h magni tude, wherea s " I believ e w e lac k anothe r analysi s properl y geometri c o r linear whic h expresse s locatio n [jzto ] directl y a s algebr a expresse s magni tude." Leibniz' s fe w example s o f wha t h e propose d t o buil d stil l involve d metric properties eve n thoug h h e aime d a t geometri c algorithm s that would furnish solution s o f purel y geometri c problems . Perhap s becaus e Leibni z was vague about the kind of geometry he sought, Huygens was not enthusiastic about hi s ide a an d hi s symbolism . To th e exten t tha t h e wa s a t al l clear , Leibniz envisione d wha t w e now cal l combinatoria l topology. A combinatoria l propert y o f geometric figure s i s associated wit h Euler , though i t wa s known t o Descartes i n 163 9 and, throug h th e latter' s unpub lished manuscript , to Leibni z i n 1675 . If one count s the numbe r o f vertices, edges, an d face s o f an y close d conve x polyhedron—fo r example , a cube — then V - E + F = 2 . This fac t wa s published b y Euler i n 1750. 13 I n 175 1 he submitte d a proof. 1* Euler' s interes t i n thi s relatio n wa s t o us e i t t o classify polyhedra . Thoug h h e ha d discovere d a propert y o f al l close d convex polyhedra , Eule r di d no t thin k o f invarianc e unde r continuous transformation. No r di d h e defin e th e clas s of polyhedra for which the rela tion held . In 181 1 Cauchy 15 gav e anothe r proof . H e remove d th e interio r o f a face an d stretche d the remainin g figure out on a plane. This gives a polygo n for whic h V — E + F should be one. H e establishe d the latte r by triangulating th e figur e an d the n countin g th e change s a s th e triangle s are remove d one b y one . This proof , inadequat e becaus e i t suppose s tha t an y close d convex polyhedro n i s homeomorphi c wit h a sphere , wa s accepte d b y nineteenth-century mathematicians . Another well-know n problem, whic h wa s a curiosit y at th e tim e bu t 12. Leibniz , Math. Schriften, \ Abt. , Vol. 2, 1850 , 19-20 = Gcrhardt , De r Briefwechsel von Leibniz mil Mathematikern, 1 , 1899 , 56 8 = Chr . Huygens, (Euu. Camp., 8 , No . 2192. 13. NoviComm. Acad. Sci. Petrop., 4 , 1752-53 , 109-40 , pub . 1758 =Opera, ( 1 ) , 26, 71-93 . 14. NoviComm. Acad. Sci. Petrop., 4, 1752-53 , 140-60 , pub. 1758 =Opera, (1) , 26 , 94-108 . 15. Jour, d e I'Ecol. Poly., 9 , 1813 , 68-86 an d 87-9 8 = (Euvres, (2) , 1, 7-38.
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whose topologica l natur e wa s late r appreciated , i s th e Koenigsber g bridg e problem. I n th e Pregel , a rive r flowing through Koenigsberg , ther e ar e tw o islands an d seve n bridge s (marke d b i n Fig . 50.1) . Th e villager s amuse d themselves b y tryin g t o cros s al l seve n bridge s i n on e continuou s wal k without recrossin g an y one . Euler , the n a t St . Petersburg , hear d o f th e problem an d foun d th e solutio n i n 1735. 16. H e simplifie d th e representatio n of th e proble m b y replacin g th e lan d b y point s A , B , C , D an d th e bridge s joining the m b y lin e segment s o r arc s an d obtaine d Figur e 50.2 . Th e question Eule r the n frame d wa s whethe r i t wa s possibl e t o describ e thi s figure i n on e continuou s motion o f th e penci l withou t recrossin g an y arcs . He prove d i t wa s no t possibl e i n th e abov e cas e an d gav e a criterio n a s t o when suc h path s ar e o r ar e no t possibl e fo r give n set s o f point s an d arcs . Gauss gav e frequen t utterance 17 t o th e nee d fo r th e stud y o f basi c geometric propertie s o f figure s bu t mad e n o outstandin g contribution . I n 1848 Johan n B . Listin g (1806-82) , a studen t o f Gaus s i n 183 4 and late r professor physic s a t Gottingen , publishe d Vorstudien z.ur Topologie, i n whic h he discusse d wha t h e preferre d t o cal l th e geometr y o f positio n but , since this ter m wa s use d fo r projectiv e geometr y b y vo n Staudt , h e use d th e ter m topology. I n 185 8 h e bega n a ne w serie s o f topologica l investigation s tha t were publishe d unde r th e titl e De r Census raumlicher Complexe (Surve y o f Spatial Complexes). 18 Listin g sough t qualitativ e law s fo r geometrica l figures. Thu s h e attempte d t o generaliz e th e Eule r relatio n V — E + F — 2. The ma n wh o firs t formulate d properl y th e natur e o f topologica l investigations wa s Mobius , wh o wa s an assistan t t o Gaus s i n 1813 . He ha d classified th e variou s geometrica l properties , projective , affine , similarity , and congruenc e and the n i n 186 3 in his "Theorie der elementaren Verwand schaft" (Theor y o f Elementar y Relationships) 19 h e propose d studyin g th e 16. Comm. Acad. Sci. Petrop., 8, 1736 , 128-40, pub . 1741. An Englis h translation of this pape r can b e foun d i n James R . Newman : Th e World o f Mathematics, Simo n and Schuster , 1956, Vol. I , 573-80 . 17. Werke, 8 , 270-86 . 18. Abh. der Ges. der Wiss. zu Colt., 10 , 1861 , 97-180 , an d a s a boo k i n 1862. 19. Kdmglich Sachsischen Ges. der Wiss. z u Leipzig, 15 , 1863 , 18-5 7 = Werke, 1 , 433-71.
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Figure 50. 3



relationship betwee n tw o figures whose points ar e i n one-to-one correspondence an d suc h tha t neighborin g point s correspon d t o neighborin g points . He bega n b y studyin g th e geometria situs o f polyhedra . H e stresse d tha t a polyhedron ca n b e considere d a s a collectio n o f two-dimensional polygons, which, sinc e eac h piec e ca n b e triangulated , woul d mak e a polyhedro n a collection o f triangles. This ide a prove d t o b e basic . H e als o showed 20 tha t some surfaces coul d b e cu t u p an d lai d ou t a s polygons wit h proper identifi cation o f sides. Thu s a doubl e rin g coul d b e represented a s a polygo n (Fig. 50.3), provide d tha t th e edge s tha t ar e lettere d alik e are identified . In 185 8 he an d Listin g independentl y discovere d one-side d surfaces , of which th e Mobiu s ban d i s best know n (Fig . 50.4). Thi s figur e i s formed by takin g a rectangula r stri p of paper, twistin g it a t on e short edg e throug h 180°, the n joinin g thi s edg e t o th e opposit e edge . Listin g publishe d i t i n Der Census', th e figur e i s also describe d i n a publicatio n b y Mobius. 21 As far as th e ban d i s concerned, it s one-sidedness may b e characterized b y the fac t that i t ca n b e painte d b y a continuou s swee p o f the brus h s o that th e entir e surface i s covered. If an untwiste d band i s painted o n one side then th e brush must b e move d ove r a n edg e t o ge t ont o th e othe r face . One-sidednes s may als o b e define d b y mean s o f a perpendicula r t o th e surface . Le t i t have a definit e direction . I f it ca n b e move d arbitrarily ove r th e surface an d have th e sam e directio n whe n i t return s t o it s original position , th e surfac e is sai d t o b e two-sided . I f th e directio n i s reversed, th e surfac e i s one-sided.



Figure 50. 4 20. Werke, 2 , 518-59. 21. Koniglich Sdchsischm Ges. der Wiss. zu Leipzig, 17 , 1865 , 31-68 = Werke, 2 , 473-512 ; see als o p. 519.
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On th e Mobiu s ban d th e perpendicula r wil l retur n t o th e poin t o n th e "opposite side" with revers e direction . Still anothe r proble m tha t wa s later see n t o b e topologica l i n natur e is called th e ma p problem . Th e proble m i s to sho w that fou r color s suffice t o color al l maps s o that countrie s with a t leas t a n ar c a s a commo n boundar y are differentl y colored . Th e conjectur e tha t fou r color s wil l alway s suffic e was mad e i n 185 2 b y Franci s Guthri e (d . 1899) , a little-know n professor of mathematics, a t whic h tim e hi s brothe r Frederic k communicate d i t t o D e Morgan. Th e first article devote d t o it wa s Cayley's; 22 i n it h e say s that h e could no t obtai n a proof . Th e proo f was attempted b y a numbe r o f mathematicians, an d thoug h som e publishe d proof s wer e accepte d fo r a time , they hav e bee n show n t o be fallaciou s an d th e proble m i s still open . The greates t impetus to topological investigations came fro m Riemann' s work i n comple x functio n theory . In hi s thesis of 185 1 o n comple x function s and i n hi s stud y of Abelian functions, 23 h e stresse d tha t t o wor k with func tions som e theorem s o f analysi s situ s wer e indispensable . I n thes e inves tigations h e foun d i t necessar y t o introduc e th e connectivit y of Rieman n surfaces. Rieman n define d connectivit y in th e followin g manner : "I f upo n the surfac e F [wit h boundaries ] ther e ca n b e draw n n closed curve s dimensiona l chain s into a subgrou p o f th e grou p o f ( k — 1)-dimensiona l chains . The se t of all ^-cycle s ( k > 0 ) i s a subgrou p an d goe s unde r this homomorphis m int o th e identit y elemen t o r 0 o f ( , Since ever y boundary chai n i s a cycle , i s a subgrou p o f ' . With thes e facts w e ma y mak e th e followin g definition : Fo r an y k > 0 , the facto r grou p o f , tha t is , th e A>dimensiona l cycles , modul o th e subgroup o f th e boundin g cycles, i s called th e kth homolog y grou p of A ' and denote d b y . The numbe r o f linearly independent generator s of this factor group i s called the /ct h Bett i number of the complex and denote d by . Th e kth homolog y grou p ma y als o contai n finit e cycli c group s and thes e correspond t o th e torsio n cycles. I n fac t th e order s o f these finit e groups ar e th e torsio n coefficients . Wit h thi s group-theoreti c formulatio n of the homolog y groups of a complex, many older result s can b e reformulated in grou p language . The mos t significan t generalizatio n o f th e earl y par t o f thi s centur y was t o introduc e homolog y theor y fo r genera l spaces , suc h a s compac t 52. Annals 53. Amer. 54. Annals 55. Annals



o f Math., (2) , 14, 1913 , 163-78 . Math. Soc. Trans., 28 , 1926 , 301-29. of Math., (2) , 29, 1928 , 232-54. o f Math., (2) , 35, 1934 , 904-14.



BIBLIOGRAPHY I



181
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The Foundation s o f Mathematic s Logic i s invincibl e becaus e i n orde r t o comba t logi c i t i s necessary t o us e logic . PIERR E BOUTROO X We kno w tha t mathematician s car e n o mor e for logi c tha n logicians fo r mathematics . Th e tw o eye s o f exact science ar e mathematics an d logic : th e mathematica l sect put s ou t th e logical eye . th e logica l sec t put s ou t th e mathematica l eye , each believin g tha t i t ca n se e better wit h on e ey e tha n wit h tWO. AUGUSTU



S D E MORGA N



1. Introduction By far the mos t profoun d activit y of twentieth-century mathematic s ha s been the researc h o n th e foundations . The problem s thrus t upo n th e mathema ticians, and other s that the y voluntarily assumed, concer n no t only the natur e of mathematics bu t th e validit y o f deductive mathematics . Several activitie s converge d t o brin g foundationa l problem s t o a hea d in th e first part o f the century . Th e firs t wa s the discover y o f contradictions , euphemistically calle d paradoxes , notabl y i n se t theory . On e suc h contra diction, th e Burali-Forti paradox, ha s already bee n note d (Chap . 41 , sec. 9). A numbe r o f other s wer e discovere d i n th e firs t fe w year s o f thi s century . Clearly th e discover y o f contradiction s disturbe d th e mathematician s deeply. Anothe r proble m tha t ha d graduall y bee n recognize d an d tha t emerged int o th e ope n earl y i n thi s centur y wa s th e consistenc y o f mathe matics (Chap . 43, sec . 6). I n vie w of the paradoxe s o f set theory consistenc y had t o b e establishe d especiall y i n thi s area. During th e latte r par t o f the nineteent h century a numbe r o f men ha d begun t o reconside r th e foundation s of mathematics and , i n particular , th e relationship o f mathematic s t o logic . Researc h i n thi s are a (abou t whic h we shall say more later ) suggeste d t o some mathematician s that mathematic s could b e founde d o n logic . Other s questione d th e universa l applicatio n o f logical principles , the meaningfulncs s o f some existenc e proofs, and eve n th e reliance upo n logica l proo f a s th e substantiatio n of mathematica l results .
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Controversies tha t ha d bee n smolderin g befor e 190 0 brok e ou t int o ope n fire when th e paradoxe s an d th e consistency problem added fuel . Thereupo n the questio n o f the prope r foundatio n for all mathematic s becam e vita l an d of widespread concern . 2. Th e Paradoxes o f Se t Theory Following hard upo n the discovery by Cantor and Burali-Fort i of the paradox involving ordinal numbers came a number of other paradoxe s o r antinomies. Actually th e wor d parado x i s ambiguous, fo r it ca n refe r t o a seemin g con tradiction. Bu t wha t th e mathematician s actuall y encountere d wer e un questionably contradictions . Le t u s see first what the y were . One paradox was put i n popular for m by Bertrand Russel l (1872-1970 ) in 1918 , a s th e "barber " paradox . A villag e barber , boastin g tha t h e ha s no competition , advertises that o f course h e does not shav e thos e people wh o shave themselves , bu t doe s shav e al l thos e wh o d o no t shav e themselves . One da y i t occur s t o hi m t o as k whethe r h e shoul d shav e himself . I f h e should shav e himself , the n b y th e firs t hal f o f hi s assertion , h e shoul d no t shave himself ; bu t i f h e doe s no t shav e himself , the n i n accordanc e wit h his boast , h e mus t shave himself . Th e barbe r i s in a logica l predicament . Still anothe r parado x wa s formulate d b y Jules Richar d (1862-1956). ' A simplifie d versio n o f i t wa s give n b y G . G . Berr y an d Russel l an d published b y th e latter. 2 Th e simplifie d paradox , als o know n a s Richard's , reads a s follows : Ever y intege r ca n b e describe d i n word s requirin g a certain numbe r o f letters. Fo r example , th e numbe r 3 6 ca n b e describe d a s thirty-six o r a s fou r time s nine . Th e firs t descriptio n use s nin e letter s an d the secon d thirteen . Ther e i s n o on e wa y t o describ e an y give n number , but thi s i s no t essential . No w le t u s divid e al l th e positiv e whol e number s into tw o groups , th e firs t t o includ e al l thos e tha t ca n b e describe d (i n a t least on e way ) i n 10 0 letters o r fewe r an d th e secon d grou p t o includ e al l those number s tha t requir e a minimu m o f 10 1 letters , n o matte r ho w described. Onl y a finit e numbe r o f number s ca n hav e a descriptio n i n 10 0 or fewe r letters , fo r ther e ar e a t mos t 27'° ° expression s wit h 10 0 o r fewe r letters (an d som e o f these ar e meaningless) . There i s then a smalles t intege r in th e secon d group . I t ca n b e describe d b y th e phrase , "th e leas t intege r not describabl e i n on e hundre d o r fewe r letters. " Bu t thi s phras e require s fewer tha n 10 0 letters . Hence , th e leas t intege r no t describabl e i n 10 0 o r fewer letter s ca n b e describe d i n fewe r tha n 10 0 letters. Let u s conside r anothe r for m o f thi s paradox , firs t state d b y Kur t Grelling (1886-1941 ) an d Leonar d Nelso n (1882-1927 ) i n 190 8 an d 1. Revue Generale des Sciences, 16 , 1905 , 541 . 2. Proc. Lon. Math. Sac., (2) , 4 , 1906 , 29-53 .
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published i n a n obscur e journal.3 Som e word s ar e descriptiv e of themselves. For example , th e wor d "polysyllabic " i s polysyllabic . O n th e othe r hand , the wor d "monosyllabic " i s no t monosyllabic . W e shal l cal l thos e word s that ar e no t descriptiv e of themselves heterological. In othe r word s the wor d X i s heterologica l i f X i s no t itsel f X . No w le t u s replac e X b y th e wor d "heterological." The n th e wor d "heterological " i s heterological i f hetero logical i s not heterological . Cantor pointe d out , i n a lette r t o Dedekin d o f 1899 , that on e coul d no t speak of the set of all sets without ending in a contradiction (Chap. 41 , sec. 9) . This i s essentiall y wha t i s involve d i n Russell' s parado x ( The Principles o f Aiathematics, 1903 , p . 101) . The clas s of all me n i s not a man . Bu t th e clas s of all idea s i s an idea ; th e clas s of all librarie s i s a library ; an d th e clas s o f all set s with cardinal numbe r greater tha n 1 is such a set. Hence, som e classes are no t member s o f themselve s an d som e are . Thi s descriptio n o f classe s includes al l an d th e tw o type s ar e mutuall y exclusive . Le t u s no w denot e by M th e clas s o f all classe s tha t ar e member s o f themselve s and b y N th e class o f al l classe s tha t ar e no t member s o f themselves . Now N i s itsel f a class an d w e as k whether it belong s t o M o r t o A' . I f N belong s t o A " then N is a membe r o f itsel f an d s o must belon g t o M . O n th e othe r hand , i f A 7 is a member o f M , sinc e M an d N ar e mutuall y exclusiv e classes , N doe s no t belong t o N . Henc e A r is not a membe r o f itself an d should , by virtu e o f th e definition o f N, belon g t o A" . The caus e o f all thes e paradoxes , a s Russel l an d Whitehea d poin t out , is that a n objec t is defined i n terms of a class of objects that contains the objec t being defined . Suc h definition s ar e als o calle d impredicativ e an d occu r particularly i n se t theory . Thi s typ e o f definitio n i s als o used , a s Zermel o noted i n 1908 , t o defin e th e lowe r boun d o f a se t of numbers an d t o defin e other concept s o f analysis. Hence classica l analysi s contains paradoxes. Cantor's proo f o f th e nondenumerabilit y o f th e se t o f rea l number s (Chap. 41 , sec . 7 ) als o use s such a n impredicativ e set . A one-to-on e corre spondence i s assumed t o hol d betwee n th e se t o f all positive integers and th e set M o f al l rea l numbers . The n t o eac h intege r k , ther e correspond s th e set f ( k ). Now/(A ) doe s o r doe s no t contai n k . Le t N b e th e se t of all k suc h that k doe s no t belon g tof(k). Thi s se t N (take n i n som e order ) i s a rea l number. Henc e ther e shoul d be , b y th e initia l one-to-on e correspondence , an intege r n such tha t n correspond s t o N . No w i f n belongs t o N , i t shoul d not b y th e definitio n o f N . I f n does no t belon g t o N , the n b y th e definitio n of A 7 i t shoul d belon g t o N . Th e definitio n o f th e se t N i s impredicativ e because k belong s t o N i f an d onl y i f ther e exist s a se t K i n M suc h tha t K = f ( k) an d k doe s no t belon g t o K . Thu s i n definin g A ' we mak e us e of the totalit y M o f sets which contain s A ^ as a member . Tha t is , t o defin e N , N mus t alread y b e in th e se t M . 3. Abhandlungen de r Friesschen Schule, 2 , 1908 , 301-24.
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It i s rather eas y t o fal l unwittingl y into the trap of introducing impred icative definitions. Thu s i f one defines th e clas s of all classes that contain mor e than fiv e members , h e ha s define d a clas s tha t contain s itself . Likewis e the statement, the se t S of all set s definabl e in twenty-five or fewer words , defines S impredicatively. These paradoxe s jolted th e mathematicians , whil e the y compromise d not onl y set theory but larg e portion s of classical analysis. Mathematics a s a logical structur e was in a sa d state , an d mathematician s looke d bac k long ingly t o th e happie r day s befor e the paradoxe s wer e recognized .



3. Th e Axiomatization o f Se t Theory It i s perhaps no t surprisin g that th e mathematicians ' firs t recours e wa s t o axiomatize Cantor' s rathe r freel y formulate d and , as som e ar e won t t o say today, naiv e set theory. The axiomatizatio n of geometry an d th e numbe r system ha d resolve d logical problem s in those areas, an d i t seemed likely that axiomatization woul d clarif y th e difficultie s i n se t theory . Th e tas k wa s first undertaken b y the German mathematicia n Erns t Zermelo wh o believed that th e paradoxe s aros e becaus e Canto r ha d no t restricte d th e concep t o f a set . Cantor i n 1895 * had define d a se t as a collectio n o f distinct object s of our intuitio n or thought . Thi s wa s rathe r vague , an d Zermel o therefor e hoped tha t clea r an d explici t axiom s woul d clarif y wha t i s meant b y a se t and wha t propertie s sets should have . Canto r himsel f was not unawar e tha t his concept o f a set was troublesome. I n a letter to Dedekind o f 1899 5 he had distinguished betwee n consisten t an d inconsisten t sets. Zermel o though t h e could restric t hi s set s t o Cantor' s consisten t one s an d thes e woul d suffic e for mathematics . Hi s axio m system 6 containe d fundamenta l concept s an d relations tha t ar e define d onl y b y th e statement s i n th e axiom s themselves. Among such concepts was the notio n of a set itself and th e relation o f belonging to a set. No properties of sets were to be used unless granted b y the axioms. The existenc e o f an infinit e se t and suc h operation s a s the unio n o f sets an d the formatio n o f subset s wer e als o provide d fo r i n th e axioms . Notabl y Zermelo include d th e axio m o f choice (Chap . 41 , sec. 8). Zermelo's pla n wa s t o admi t int o se t theor y onl y thos e classe s tha t seemed leas t likel y t o generat e contradictions . Thu s th e nul l class , an y finite class , an d th e clas s o f natura l number s seeme d safe . Give n a saf e class, certai n classe s formed fro m it , suc h a s an y subclass , th e unio n o f saf e classes, an d th e clas s o f al l subset s o f a saf e class , shoul d b e saf e classes . However, h e avoide d complementatio n for , whil e x migh t b e a saf e class , 4. Math. Ann., 46, 1895 , 481-512 = Ges. Abh., 282-356. 5. Ges. Abh., 443-48. 6. Math. Ann., 65, 1908 , 261-81.
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the complemen t o f x , tha t is , al l non-jr , i n som e larg e univers e o f object s might no t b e safe . Zermelo's developmen t o f se t theor y wa s improve d b y Abraha m A . Fraenkel (1891-1965). 7 Additiona l change s wer e mad e b y vo n Neumann. 8 The hop e of avoiding the paradoxe s rest s in the cas e of the Zermelo-Fraenke l system o n restrictin g th e type s o f set s tha t ar e admitte d whil e admittin g enough t o serv e th e foundation s of analysis . Vo n Neumann' s ide a wa s a little more daring . He make s th e distinctio n between classes and sets . Classes are set s so large tha t the y ar e no t containe d i n othe r set s or classes , whereas sets ar e mor e restricte d classe s an d ma y b e member s o f a class . Thu s set s are th e saf e classes . As von Neuman n pointe d out , i t wa s no t th e admissio n of th e classe s that le d t o contradiction s but thei r bein g treate d a s member s of other classes . Zermelo's forma l se t theory , a s modifie d b y Fraenkel , vo n Neumann , and others , i s adequate fo r developing the se t theory required for practically all o f classica l analysi s and avoid s th e paradoxe s t o th e exten t that , a s yet , no on e ha s discovere d an y withi n th e theory . However , th e consistenc y of the axiomatize d se t theory has no t bee n demonstrated . Apropo s o f the ope n question o f consistenc y Poincar e remarked , "W e hav e pu t a fenc e aroun d the her d t o protec t i t fro m th e wolve s but w e d o no t kno w whethe r som e wolves wer e no t alread y withi n the fence. " Beyond th e proble m o f consistency , th e axiomatizatio n o f se t theor y used th e axio m o f choice , whic h i s neede d t o establis h part s o f standar d analysis, topology , an d abstrac t algebra . Thi s axio m wa s considere d objec tionable b y a number of mathematicians, among the m Hadamard , Lebesgue. Borel, an d Baire , an d i n 1904 , whe n Zermel o use d i t t o prov e th e well ordering theorem (Chap . 41 , sec. 8), a host of objections flooded the journals.9 The question s o f whethe r thi s axio m wa s essentia l an d whethe r i t wa s independent o f th e other s wer e raise d an d remaine d unanswere d fo r som e time (se e sec. 8) . The axiomatizatio n o f set theory , despit e th e fac t tha t i t lef t ope n suc h questions a s consistency and th e rol e o f the axio m o f choice, might hav e pu t mathematicians a t eas e wit h respec t t o th e paradoxe s an d hav e le d t o a decline i n th e interes t i n foundations . But b y thi s tim e severa l school s o f thought o n th e foundation s of mathematics, n o doub t stirre d int o lif e b y th e paradoxes an d th e proble m o f consistency, had becom e activ e an d conten tious. T r th e proponent s o f thes e philosophie s th e axiomati c metho d a s practiced b y Zermel o an d other s was not satisfactory . To som e i t was objec 7. Math. Ann., 86, 1921/22 , 230-37 , an d man y late r papers . 8. Jour, fur Math., 154 , 1925 , 219-40 , an d late r papers . 9. Th e view s o f thes e me n ar e expresse d i n a famou s exchang e o f letters . Se e th e Bull. Soc. Math, de France, 33 , 1905 , 261-73 . Als o i n E . Borel : Lemons su r l a theorie dei functions, Gauthier-Villars, 4th ed. , 1950 , 150-58 .
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tionable becaus e i t presuppose d th e logi c it used , whereas b y thi s time logi c itself an d it s relation t o mathematic s wa s under investigation . Others, mor e radical, objecte d t o th e relianc e upo n an y kin d o f logic, particularl y a s i t was applie d t o infinit e sets . T o understan d th e argument s tha t variou s schools of thought propounded , w e mus t go bac k i n tim e somewhat .



4. Th e Rise o f Mathematical Logic One developmen t tha t cause d ne w controversie s a s wel l a s dissatisfaction with the axiomatization of set theory concerns the role of logic in mathematics; it arose from th e nineteenth-centur y mathematization of logic. This development ha s it s own history . The powe r o f algebr a t o symboliz e an d eve n mechaniz e geometrica l arguments ha d impresse d bot h Descarte s and Leibniz , among others (Chap . 13, sec . 8) , an d bot h envisione d a broade r scienc e tha n th e algebr a o f numbers. The y contemplate d a genera l o r abstrac t scienc e o f reasonin g that woul d operat e somewha t lik e ordinar y algebr a bu t b e applicabl e t o reasoning i n al l fields . A s Leibniz put i t in on e o f his papers, "Th e universa l mathematics is , s o t o speak , th e logi c o f th e imagination, " an d ough t t o treat "al l tha t whic h i n th e domai n o f th e imaginatio n i s susceptibl e of exact determination. " Wit h suc h a logi c on e migh t buil d an y edific e o f thought fro m it s simple elements to mor e an d mor e complicate d structures. The universa l algebr a woul d b e par t o f logi c bu t a n algcbraicize d logic . Descartes bega n modestl y b y attemptin g t o construc t a n algebr a o f logic; an incomplet e sketc h of this work is extant. In pursui t o f th e sam e broa d goa l a s Descartes's , Leibni z launche d a more ambitiou s program . H e ha d pai d attentio n t o logi c throughou t hi s life an d rathe r earl y becam e entrance d wit h th e schem e o f the scientis t an d theologian Raymon d Lul l (1235—1315 ) whos e boo k Ar s Magna e t Ultima offered a naiv e mechanica l metho d fo r producin g ne w idea s b y combinin g existing one s bu t wh o di d hav e th e concep t o f a universa l scienc e o f logi c that woul d b e applicabl e t o al l reasoning . Leibni z brok e fro m scholasti c logic an d fro m Lul l bu t becam e impresse d wit h th e possibilit y o f a broa d calculus tha t woul d enabl e ma n t o reaso n i n al l field s mechanicall y an d effortlessly. Leibni z says o f his pla n fo r a universa l symboli c logic tha t suc h a science , o f which ordinar y algebr a i s bu t a smal l part , woul d b e limite d only b y th e necessit y of obeyin g th e law s of formal logic . On e coul d nam e it, h e said , "algebraico-logica l synthesis. " This genera l scienc e wa s t o provide , firs t o f all , a rational , universal language tha t woul d b e adapte d t o thinking . Th e concepts , havin g bee n resolved into primitive distinct and nonoverlappin g ones, could be combined in a n almos t mechanica l way . H e als o though t tha t symbolis m would b e necessary i n orde r t o kee p th e min d fro m gettin g lost . Her e th e influence of
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algebraic symbolis m o n his thinking is clear. He wanted a symbolic language capable of expressing human thoughts unambiguousl y and aidin g deduction . This symboli c language wa s his "universa l characteristic. " In 166 6 Leibniz wrote hi s De Arte Combinatorial0 whic h contain s amon g other matter s hi s earl y plan s fo r hi s universa l syste m of reasoning. H e the n wrote numerou s fragments , whic h wer e neve r publishe d bu t whic h ar e available i n th e editio n o f hi s philosophica l writing s (se e not e 10) . I n hi s first attemp t h e associate d wit h eac h primitiv e concep t a prim e number ; any concep t compose d o f severa l primitiv e one s wa s represente d b y th e product o f th e correspondin g primes . Thu s i f 3 represent s "man " an d 7 "rational," 2 1 would represent "rationa l man. " H e the n sought t o translat e the usua l rule s o f the syllogis m into thi s scheme bu t wa s no t successful . H e also tried , at anothe r time , t o us e special symbol s in place o f prime numbers , where agai n comple x idea s woul d b e represente d b y combination s o f symbols. Actually Leibniz thought that the numbe r of primitive ideas would be few , but thi s proved t o b e erroneous . Also one basi c operation , conjunc tion, fo r compoundin g primitiv e ideas di d no t suffice . He als o commence d wor k o n a n algebr a o f logic proper . Directl y an d indirectly Leibni z ha d i n hi s algebr a concept s w e no w describ e a s logica l addition, multiplication , identity , negation , an d th e nul l class . H e als o called attentio n t o th e desirabilit y o f studyin g abstrac t relation s suc h a s inclusion, one-to-on e correspondence , many-to-on e correspondences , an d equivalence relations . Som e o f these , h e recognized , have th e propertie s o f symmetry an d transitivity . Leibniz did no t complet e thi s work ; h e di d no t get beyond the syllogistic rules, which he himself recognized do not encompas s all th e logi c mathematic s uses . Leibni z describe d hi s idea s t o 1'Hospita l and others , but the y paid n o attention . His logica l work s remained unedited until th e beginning of the twentiet h century and s o had littl e direct influence. During th e eighteent h an d earl y nineteent h centurie s a numbe r o f me n sketched attempt s similar to Leibniz' s bu t go t n o furthe r tha n h e had . A more effective i f less ambitious step was taken by Augustus De Morgan . De Morga n publishe d Formal Logic (1847 ) an d man y papers , som e o f which appeared i n th e Transactions o f th e Cambridge Philosophical Society. H e sough t to correc t defect s o f an d improv e o n Aristotelia n logic . I n hi s Formal Logic he adde d a ne w principl e t o Aristotelia n logic . I n th e latte r th e premise s "Some A/' s ar e A's" an d "Som e A/' s ar e £'s" permi t n o conclusion; and , in fact , thi s logic says that th e middl e term M mus t b e use d universally, that is, "Al l A/'s " mus t occur . Bu t D e Morga n pointe d ou t tha t fro m "Mos t A/'s ar e A's" an d "Mos t A/' s ar c -6's, " i t follow s o f necessit y tha t "Som e A's ar e jB's. " D e Morga n pu t thi s fac t i n quantitativ e form . I f ther e ar e m 10. Pub . 169 0 = G . W . Leibniz : Di e philosophischen Schriften, ed . b y C . I . Gerhardt , 1875-90, Vol . 4 , 27-102 .
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of the Af's , an d a of the A/' s ar e i n A an d b of the Af' s ar e i n B , the n ther e are a t leas t ( a + b — m) ^4' s that ar e .G's . The poin t o f De Morgan' s observa tion i s that th e term s ma y b e quantified . He wa s abl e a s a consequenc e t o introduce man y mor e vali d form s o f th e syllogism . Quantificatio n als o eliminated a defec t i n Aristotelia n logic . Th e conclusio n "Som e A' s ar c #'s" which i n Aristotelian logic can b e drawn fro m "Al l A's ar e ZJ's " implies the existenc e o f /1's bu t the y nee d no t exist . De Morga n als o initiate d th e stud y o f the logi c of relations. Aristotelian logic i s devote d primaril y t o th e relationshi p "t o be " an d eithe r assert s or denie s thi s relationship. A s De Morga n pointe d out , thi s logi c coul d no t prove tha t i f a hors e i s an animal , the n a horse' s tai l i s an animal' s tail . I t certainly coul d not handl e a relation such as x \ovcsy. De Morgan introduce d symbolism t o handl e relation s bu t di d no t carr y thi s subject ver y far . In th e are a o f symbolic logic D e Morga n i s widely know n fo r wha t ar e now calle d D e Morgan' s laws . A s h e state d them, 11 th e contrar y o f a n aggregate i s th e compoun d o f the contrarie s of the aggregates ; th e contrar y of a compoun d i s th e aggregat e o f th e contrarie s o f th e components . I n logical notatio n thes e laws read



1 - ( * + y ) = (1 -*)(i -y).



1 - xy = (1 - x ) + (1 -y).



The contributio n o f symbolis m t o a n algebr a o f logi c wa s th e majo r step mad e b y Georg e Bool e (1815-1864) , wh o wa s largel y self-taugh t an d became professo r o f mathematic s a t Queen s Colleg e i n Cork . Bool e wa s convinced tha t th e symbolizatio n o f languag e woul d rigoriz e logic . Hi s Mathematical Analysis o f Logic, whic h appeare d o n th e sam e da y a s D e Morgan's Formal Logic, and hi s A n Investigation o f th e Laws o f Thought (1854 ) contain hi s majo r ideas . Boole's approac h wa s t o emphasiz e extensiona l logic , tha t is , a logi c of classes , wherei n set s o r classe s wer e denote d b y x , y, z,. . . wherea s th e symbols A' , Y , Z,. . . represented individua l members. Th e universa l class was denoted b y 1 an d th e empt y o r nul l clas s b y 0 . H e use d x y t o denot e th e intersection o f tw o set s (h e calle d th e operatio n election) , that is , th e se t of elements commo n t o bot h x an d y , an d x + y t o denot e th e se t consistin g of al l th e element s i n x an d i n y . (Strictl y fo r Bool e additio n o r unio n applied onl y t o disjoin t sets ; W . S . Jcvon s [1835-82 ] generalize d th e concept.) Th e complemen t of * is denoted b y 1 — x. Mor e generall y x — y is th e clas s o f x' s tha t ar e no t y's. Th e relatio n o f inclusion , that is , x i s contained i n y, h e wrot e a s x y = x . Th e equa l sig n denote d th e identit y of the tw o classes. Boole believe d tha t th e min d grant s t o u s a t onc e certai n elementar y processes o f reasonin g tha t ar e th e axiom s o f logic . Fo r example , th e la w 11. Trans. Cnmb. Phil. Sac., 10 , 1858 , 173-230 .
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of contradiction , tha t A canno t b e bot h B an d no t B, is axiomatic. This is expressed b y x(\ - x ) = 0 . It i s also obviou s t o th e min d tha t xy = yx



and s o this commutative propert y o f intersection is another axiom . Equall y obvious i s the propert y XX =



X.



This axio m i s a departur e fro m ordinar y algebra . Bool e als o accepte d a s axiomatic tha t



x+ y= y+ x and x(u + v) = xu + xv.



With thes e axiom s th e la w o f excluded middl e coul d b e state d i n th e for m x + (1 - x ) = 1;



that is , everythin g i s x o r no t x . Ever y X i s Y become s x( l — y) = 0 . N o X is Y read s a s x y = 0 . Som e X ar e Y i s denoted b y x y i= 0 an d som e X ar e not 7 by x(\ - y ) ^ 0. From th e axiom s Bool e planne d t o deduc e th e law s o f reasonin g b y applying th e processe s permitte d b y th e axioms . A s trivia l conclusion s h e had tha t 1 -x = x an d 0-x = 0 . A slightl y mor e involve d argumen t i s illustrated b y th e following . Fro m *+(!-*) = ! it follow s tha t z\x + ( 1 - *) ] = z - 1 and the n tha t zx + z(\ - x) = z. Thus th e clas s of objects z consist s of those tha t ar e i n x an d thos e that ar e in 1 — x . Boole observe d tha t th e calculu s of classe s coul d b e interprete d a s a calculus o f propositions . Thu s i f x an d y ar c proposition s instead o f classes, then x y i s the joint assertio n o f x an d y an d x + y i s th e assertio n o f x o r y or both . Th e statemen t x = 1 would mea n tha t th e propositio n x i s tru e and x = 0 tha t x i s false . 1 — x woul d mea n th e denia l o f x . Howeve r Boole di d no t ge t ver y fa r wit h hi s calculus of propositions.
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Both D e Morga n an d Bool e can b e regarde d a s th e reformer s of Aristotelian logi c an d th e initiator s of a n algebr a o f logic. Th e effec t o f their work was t o buil d a scienc e of logic whic h thencefort h was detache d fro m philos ophy an d attache d t o mathematics. The calculu s o f proposition s wa s advance d b y Charle s S . Peirce . Peirce distinguishe d betwee n a propositio n an d a prepositiona l function . A proposition , Joh n i s a man , contain s onl y constants . A prepositiona l function, x i s a man , contain s variables . Wherea s a propositio n i s tru e o r false, a propositiona l functio n i s tru e fo r som e value s o f th e variabl e an d false fo r others . Peirc e als o introduce d propositiona l function s o f tw o vari ables, fo r example , x know s y. The me n wh o ha d buil t symboli c logic thu s far were intereste d i n logi c and i n mathematizin g that subject . Wit h th e wor k o f Gottlob Freg e (1848 1925), professo r o f mathematic s a t Jena , mathematica l logi c take s a ne w direction, th e on e tha t i s pertinen t t o ou r accoun t o f th e foundation s o f mathematics. Freg e wrot e severa l majo r works , Begriffsschrift (Calculu s o f Concepts, 1879) , Di e Gmndlagen der Arithmetik (Th e Foundatio n o f Arith metic, 1884) , an d Grundgesetze de r Arithmetik (Th e Fundamenta l Law s o f Arithmetic; Vol . 1 , 1893 ; Vol . 2 , 1903) . Hi s work s ar e characterize d b y precision an d thoroughnes s o f detail. In th e are a o f logi c proper , Freg e expande d o n th e us e o f variables , quantifiers, an d propositiona l functions ; mos t o f thi s wor k wa s don e inde pendently o f hi s predecessors , includin g Peirce . I n hi s Begriffsschrift Freg e gave a n axiomati c foundatio n t o logic . H e introduce d man y distinction s that acquire d grea t importanc e later , fo r exampl e th e distinctio n betwee n the statemen t o f a propositio n an d th e assertio n tha t i t i s true. Th e assertio n is denote d b y placin g th e symbo l h i n fron t o f th e proposition . H e als o distinguished betwee n a n objec t x an d th e se t {x} containin g jus t x , an d between a n objec t belongin g t o a se t and th e inclusio n of one se t in another . Like Peirce , h e use d variable s an d propositiona l functions , an d h e indicate d the quantificatio n o f hi s propositiona l functions , tha t is , th e domai n o f th e variable o r variable s fo r whic h the y ar e true . H e als o introduce d (1879 ) the concep t o f materia l implication : A implie s B mean s eithe r tha t A i s true an d B i s true o r A i s false an d B i s true o r A i s false an d B i s false. Thi s interpretation o f implicatio n i s mor e convenien t fo r mathematica l logic . The logi c o f relations was also take n u p b y Frege ; thu s the relatio n o f order involved i n stating , fo r example , tha t a i s greater tha n b wa s importan t i n his work . Having buil t u p logi c on explici t axioms, h e proceeded i n hi s Gmndlagen to hi s rea l goal , t o build mathematics a s an extension o f logic. H e expresse d th e concepts o f arithmetic i n term s o f the logica l concepts . Thu s th e definition s and law s o f number wer e derive d fro m logica l premises . W e shal l examin e this constructio n i n connectio n wit h th e wor k o f Russel l an d Whitehead .
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Unfortunately Frege' s symbolis m wa s quite complex an d strang e t o mathe maticians. Hi s wor k wa s i n fac t no t wel l know n unti l i t wa s discovere d b y Russell. Rathe r ironi c to o i s th e fac t that , jus t a s th e secon d volum e o f Grundgesetze wa s abou t t o g o t o press , h e receive d a lette r fro m Russell , wh o informed hi m o f th e paradoxe s o f se t theory . A t th e clos e o f Volum e 2 (p. 253) , Fregc remarks , " A scientis t ca n hardl y meet wit h anythin g mor e undesirable than t o have th e foundation giv e way just as the wor k is finished. I wa s pu t i n thi s positio n b y a lette r fro m Mr . Bertran d Russel l whe n th e work wa s nearly throug h th e press. " 5. Th e Logistic School We lef t th e accoun t o f th e wor k o n th e foundation s of mathematics a t th e point wher e th e axiomatizatio n o f se t theor y ha d provide d a foundatio n that avoide d th e know n paradoxe s an d ye t serve d a s a logica l basi s fo r th e existing mathematics . W e di d poin t ou t tha t thi s approac h wa s no t satis factory t o man y mathematicians . Tha t th e consistenc y o f th e rea l numbe r system an d th e theor y o f set s remaine d t o b e prove d wa s acknowledge d by all ; consistency was n o longe r a mino r matter . Th e us e of the axio m o f choice wa s controversial. But beyond thes e problems was the overall question of what th e prope r foundatio n fo r mathematic s was . The axiomati c move ment o f th e lat e nineteent h centur y an d th e axiomatizatio n o f se t theor y had proceede d o n th e basi s tha t th e logi c employe d b y mathematic s coul d be take n fo r granted. Bu t b y th e earl y nineteen-hundreds there wer e severa l schools o f though t tha t wer e n o longe r conten t wit h thi s presupposition . The schoo l le d b y Freg e sough t t o rebuil d logi c an d t o buil d mathematic s on logic. This plan, a s we have alread y noted , wa s set back b y the appearance of th e paradoxes , bu t i t wa s no t abandoned . I t wa s i n fac t independentl y conceived an d pursue d b y Bertran d Russel l an d Alfre d Nort h Whitehead . Hilbert, alread y impresse d b y th e nee d t o establis h consistency , bega n t o formulate hi s ow n systemati c foundatio n fo r mathematics . Stil l anothe r group o f mathematicians , know n a s intuitionists , wa s dissatisfie d wit h th e concepts an d proof s introduce d i n lat e nineteenth-centur y analysis. These men wer e adherent s o f a philosophica l positio n tha t no t onl y coul d no t b e reconciled wit h som e o f the methodolog y o f analysis but als o challenge d th e role o f logic. Th e developmen t o f thes e severa l philosophie s was th e majo r undertaking i n th e foundation s of mathematics; it s outcome wa s to ope n u p the entir e questio n o f th e natur e o f mathematics . W e shal l examin e eac h of these thre e majo r school s o f thought . The firs t o f thes e i s know n a s th e logisti c schoo l an d it s philosoph y i s called logicism . Th e founder s ar e Russel l an d Whitehead . Independentl y of Frege , the y ha d th e ide a tha t mathematic s i s derivabl e fro m logi c an d therefore i s an extensio n o f logic. Th e basi c idea s wer e sketche d b y Russel l
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in hi s Principles o f Mathematics (1903) ; the y wer e develope d i n th e detaile d work by Whitehead an d Russell , the Principia Mathematica ( 3 vols., 1910-13) . Since th e Principia i s the definitiv e version, w e shal l bas e ou r accoun t o n it . This schoo l start s wit h th e developmen t o f logi c itself , fro m whic h mathematics follow s withou t an y axiom s o f mathematic s proper . Th e development o f logi c consist s i n statin g som e axiom s o f logic , fro m whic h theorems ar e deduce d tha t ma y b e use d i n subsequen t reasoning . Thu s th e laws o f logi c receiv e a forma l derivatio n fro m axioms . Th e Principia als o has undefined ideas, a s any axiomati c theor y must have since it is not possible to defin e al l th e term s withou t involvin g a n infinit e regres s o f definitions. Some o f these undefine d idea s ar e th e notio n o f an elementar y proposition , the notio n o f a propositiona l function , th e assertio n o f th e trut h o f a n elementary proposition , th e negatio n o f a proposition , an d th e disjunction of tw o propositions . Russell and Whitehea d explai n thes e notions, though, as they point out , this explanatio n i s no t par t o f th e logica l development . B y a propositio n they mea n simpl y any sentenc e stating a fac t o r a relationship : for example, John is a man; apples are red; and s o forth. A propositional function contain s a variable, s o that substitution of a value for that variabl e gives a proposition. Thus "X i s a n integer " i s a propositiona l function . Th e negatio n o f a proposition i s intended t o mean, "I t i s not tru e that th e proposition holds, " so that i f p i s the propositio n tha t John i s a man , th e negatio n o f p, denote d by ~/( , means , "I t is not tru e tha t John is a man," o r "John is not a man. " The disjunctio n o f tw o proposition s p an d q , denote d b y p v q , mean s p or q . The meanin g o f "or " her e i s tha t intende d i n th e sentence , "Me n or wome n ma y apply. " Tha t is , men ma y apply ; wome n ma y apply ; an d both ma y apply . I n th e sentence , "Tha t perso n i s a ma n o r a woman, " "or" ha s th e mor e commo n meanin g o f eithe r on e o r th e othe r bu t no t both. Mathematic s use s "or" in the first sense, though sometimes the second sense i s the onl y on e possible . For example , "th e triangl e is isosceles o r th e quadrilateral i s a parallelogram " illustrate s the first sense. We als o say tha t every numbe r i s positiv e or negative . Her e additiona l fact s abou t positiv e and negativ e number s sa y tha t bot h canno t b e true . Thu s th e assertio n p v q means p an d q , ~p an d q, or p an d ~ q. A most importan t relationshi p betwee n propositions is implication, that is, th e trut h o f on e propositio n compellin g th e trut h o f another . I n th e Principia implication , p q , is defined b y ~p v q , which in tur n mean s ~p and q , p an d q , or ~/ > an d ~q. As an illustratio n consider the implication , If X i s a man , the n X i s mortal. Her e th e stat e o f affairs coul d b e X i s not a ma n an d X i s mortal; X i s a ma n an d X i s mortal; X i s not a ma n an d X i s not mortal .



I 194 TH



E FOUNDATION S OF MATHEMATIC S



Any on e o f thes e possibilitie s is allowable . Wha t th e implicatio n forbid s is X i s a ma n an d X i s not mortal . Some o f the postulate s of the Principia are : (a) Anythin g implied b y a tru e elementar y propositio n i s true. (b) (c) (d) (e) (f) Th e assertio n o f p an d th e assertion/ ) : q permits th e assertio n o f q . The independenc e of thes e postulates and thei r consistenc y cannot b e proved becaus e th e usua l methods d o no t apply . Fro m thes e postulates the authors procee d t o deduc e theorem s of logic an d ultimatel y arithmetic an d analysis. Th e usua l syllogistic rule s of Aristotle occur a s theorems. To illustrat e how even logic itself has been formalized and mad e deduc tive, le t u s not e a fe w theorems of the earl y par t o f Principia Mathematica: 2.01. This i s the principl e of reductio a d absurdum. I n words , i f the assumptio n of p implie s tha t p i s false, the n p i s false . 2.05. This i s on e for m o f th e syllogism . I n words , i f q implie s r , the n i f p implies q , p implie s r . 2.11. This i s the principl e of excluded middle: p i s true or p i s false . 2.12. In words , p implie s that not-p i s false. 2.16. If p implie s q , then not-q implie s not-p. Propositions are a step to propositional function s that treat sets by means of propertie s rathe r tha n b y namin g th e object s i n a set . Thu s th e proposi tional functio n "x i s red" denote s th e se t of all re d objects . If th e member s o f a se t ar e individua l objects , the n th e propositiona l functions applyin g t o such members ar e sai d t o be of type 0. If the member s of a se t ar e themselve s propositiona l functions , an y propositiona l functio n applying t o such members is said to be of type 1 . And generall y propositiona l functions whos e variables ar e o f types les s tha n an d equa l t o n are o f typ e n + 1.
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The theor y o f types seek s to avoid th e paradoxes , whic h aris e becaus e a collection o f object s contain s a membe r tha t itsel f can b e define d onl y i n terms o f th e collection . Th e resolutio n b y Russel l an d Whitehea d o f thi s difficulty wa s t o require tha t "whateve r involves all members o f a collection must no t itsel f b e a membe r o f the collection. " T o carr y ou t thi s restriction in th e Principia, they specif y tha t a (logical ) function canno t hav e a s on e of its argument s anythin g define d i n term s o f th e functio n itself . The y the n discuss th e paradoxe s an d sho w tha t th e theor y o f types avoid s them . However, th e theor y o f type s lead s t o classe s o f statement s tha t mus t be carefull y distinguishe d b y type . I f on e attempt s t o buil d mathematic s i n accordance wit h th e theor y o f types, th e developmen t become s exceedingl y complex. Fo r example , i n th e Principia tw o object s a an d b are equa l i f for every propert y P(x), P(a) an d P(b) ar e equivalen t proposition s (eac h implies the other) . Accordin g t o th e theor y o f types , P ma y b e o f differen t type s because i t ma y contai n variable s o f various order s a s wel l a s th e individual objects a or 6 , an d s o the definitio n of equality must appl y fo r al l type s o f P ; in othe r words , ther e i s an infinit y o f relations of equality, one fo r each typ e of property . Likewise , a n irrationa l numbe r define d b y th e Dedekin d cu t proves t o be of higher type than a rational number , whic h in turn i s of higher type tha n a natura l number , an d s o th e continuu m consist s of numbers of different types . To escap e this complexity, Russell and Whitehea d introduce d the axio m o f reducibility, which affirm s th e existence , for each propositiona l function o f whateve r type , o f a n equivalen t propositional functio n o f typ e zero. Having treate d propositiona l functions , th e author s tak e u p th e theor y of classes. A class , loosely stated, i s the se t o f objects satisfyin g som e proposi tional function . Relations ar e the n expresse d a s classe s of couple s satisfyin g propositional function s o f two variables. Thu s "* judges y" expresse s a rela tion. O n thi s basi s th e author s ar e prepare d t o introduc e th e notio n o f cardinal number . The definitio n o f a cardina l numbe r i s o f considerabl e interest . I t depends upo n th e previousl y introduced relatio n o f one-to-one correspond ence betwee n classes . I f tw o classe s ar e i n one-to-on e correspondence , the y are calle d similar . Th e relationshi p o f similarit y is prove n t o b e reflexive , symmetric, an d transitive . Al l simila r classe s posses s a commo n property , and thi s is their number . However , simila r classes may hav e mor e tha n on e common property . Russel l an d Whitehea d ge t aroun d this , a s ha d Frege , by definin g th e numbe r o f a clas s a s th e clas s of all classe s that ar e simila r to th e give n class . Thu s th e numbe r 3 i s th e clas s o f al l three-membere d classes an d th e denotatio n o f al l thrcc-membcre d classe s i s {x , y, z } wit h x ^ y ^ z . Sinc e th e definitio n of number presuppose s th e concep t o f oneto-one correspondence , i t woul d see m a s thoug h th e definitio n i s circular . The author s poin t out , however , tha t a relatio n i s one-to-on e if , whe n x
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and x hav e th e relatio n t o y, the n x and x ' ar e identical , and whe n x has th e relation t o y an d y', the n y an d y' ar e identical . Hence th e concep t o f one-toone correspondenc e doe s no t involv e the numbe r 1 . Given th e cardina l o r natura l numbers , i t i s possibl e t o buil d u p th e real an d comple x numbe r systems , functions , an d i n fac t al l o f analysis. Geometry ca n b e introduce d throug h numbers . Thoug h th e detail s i n th e Principia diffe r somewhat , ou r ow n examinatio n o f th e foundation s o f th e number syste m an d o f geometry (Chaps . 4 1 an d 42 ) show s that suc h con structions ar c logicall y possible without additional axioms . This, then , i s th e gran d progra m o f th e logisti c school. Wha t i t doe s with logi c itsel f i s quit e a story , whic h w e ar e skimmin g over her e briefly . What i t doe s fo r mathematics , an d thi s w e mus t emphasize , i s t o foun d mathematics o n logic . N o axiom s o f mathematics ar e needed ; mathematics becomes n o mor e tha n a natura l extensio n o f th e law s an d subjec t matte r of logic . Bu t th e postulate s o f logic an d al l thei r consequence s ar e arbitrar y and, moreover , formal . Tha t is , the y hav e n o content ; the y hav e merel y form. A s a consequence , mathematic s too ha s n o content , bu t merel y form . The physica l meaning s we attac h t o number s or t o geometri c concept s ar e not par t o f mathematics . I t wa s wit h thi s i n min d tha t Russel l sai d tha t mathematics i s th e subjec t i n whic h w e neve r kno w wha t w e ar e talkin g about no r whethe r wha t w e ar e sayin g i s true . Actually , whe n Russel l started thi s progra m i n the earl y part of the century , he (an d Frege ) though t the axiom s o f logi c wer e truths . Bu t h e abandone d thi s vie w i n th e 193 7 edition o f th e Principles o f Mathematics. The logisti c approac h ha s receive d muc h criticism . Th e axio m o f reducibility arouse d opposition , fo r i t i s quite arbitrary . I t ha s bee n calle d a happ y acciden t an d no t a logica l necessity; it has bee n sai d tha t th e axio m has n o plac e i n mathematics , an d tha t wha t canno t b e prove d withou t i t cannot b e regarde d a s prove d a t all . Other s calle d th e axio m a sacrific e of the intellect . Moreover , th e syste m o f Russel l an d Whitehea d wa s neve r completed an d i s obscur e i n numerou s details . Man y effort s wer e mad e later t o simplif y an d clarif y it . Another seriou s philosophica l criticis m o f th e entir e logisti c positio n is tha t i f th e logisti c vie w i s correct , the n al l o f mathematic s i s a purel y formal, logico-deductiv e scienc e whos e theorem s follo w fro m th e law s o f thought. Just ho w suc h a deductiv e elaboratio n o f th e law s o f though t ca n represent wid e varietie s o f natura l phenomen a suc h a s acoustics , electro magnetics, an d mechanic s seem s unexplained . Further , i n th e creatio n o f mathematics perceptua l o r imaginativ e intuition mus t supply ne w concepts , whether or not derived from experience. Otherwise, how could new knowledg e arise ? But i n th e Principia al l concept s reduc e t o logica l ones . The formalizatio n of the logisti c program apparentl y doe s no t represen t mathematics i n an y rea l sense . I t present s u s with th e husk , no t th e kernel .
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Poincare said , snidcl y (Foundations o f Science, p . 483) , "The logistic theory is not sterile ; i t engender s contradictions. " Thi s i s not tru e i f one accept s th e theory o f types , bu t thi s theory , a s noted , i s artificial. Wey l als o attacke d logicism; h e sai d tha t thi s comple x structur e "taxe s th e strengt h o f ou r faith hardl y les s tha n th e doctrine s o f the earl y Father s o f the Churc h o r of the Scholasti c philosophers of the Middl e Ages." Despite th e criticisms , th e logisti c philosoph y i s accepte d b y man y mathematicians. Th e Russell-Whitehea d constructio n als o mad e a contri bution i n anothe r direction . I t carrie d ou t a thoroug h axiomatizatio n o f logic i n entirel y symbolic form an d s o advanced enormousl y the subjec t of mathematical logic . 6. Th e Intuitionist School A radicall y differen t approac h t o mathematic s ha s bee n undertake n b y a group o f mathematicians calle d intuitionists . A s in th e cas e o f logicism, th e intuitionist philosoph y was inaugurated durin g th e lat e nineteent h centur y when th e rigorizatio n o f th e numbe r syste m an d geometr y wa s a majo r activity. Th e discover y of the paradoxe s stimulate d its further development . The firs t intuitionis t was Kronecker , wh o expresse d hi s view s in th e 1870s an d 80s . To Kronecker , Weierstrass' s rigo r involve d unacceptabl e concepts, an d Cantor' s wor k o n transfinit e number s an d se t theory wa s not mathematics bu t mysticism . Kronecke r wa s willin g t o accep t th e whol e numbers becaus e thes e ar e clea r t o th e intuition . Thes e "wer e th e wor k of God. " All els e wa s th e wor k o f man an d suspect . I n hi s essa y o f 1887, "IJber de n Zahlbegriff " (O n th e Number Concept), 12 he showed ho w some types o f numbers , fraction s fo r example , coul d b e define d i n term s o f th e whole numbers . Fractiona l number s a s suc h wer e acceptabl e a s a convenience o f notation . Th e theor y o f irrationa l number s an d o f continuou s functions h e wishe d t o stri p away . Hi s idea l wa s tha t ever y theore m o f analysis should be interpretable as giving relation s amon g th e integer s only . Another objectio n Kronecke r mad e t o man y part s o f mathematics wa s that the y di d no t giv e constructive methods o r criteri a fo r determining i n a finite number o f steps the object s with whic h the y dealt. Definition s shoul d contain th e mean s o f calculatin g th e objec t define d i n a finit e numbe r o f steps, an d existenc e proof s shoul d permi t th e calculatio n t o an y require d degree o f accurac y o f th e quantit y whos e existenc e i s bein g established . Algebraists were conten t t o say that a polynomia l f(x) ma y hav e a rationa l factor, i n whic h cas e f(x) i s reducible. I n th e contrar y cas e i t i s irreducible. In hi s Festschrift " Grundziige einer arithmetischen Theorie der algebraischen Grossen" (Element s o f a n Arithmeti c Theor y o f Algebrai c Quantities) 13 12. Jour, fiir Math., 101 , 1887, 337-55 = Werke, 3 , 251-74. 13. Jour, fur Math., 92 , 1882 , 1-122 = Werke, 2 , 237-387 .
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Kronecker said, "The definition of reducibility is devoid o f a sure foundatio n until a method i s given b y mean s o f which i t ca n b e decide d whethe r a give n function i s irreducible o r not. " Again, thoug h th e severa l theorie s o f th e irrationa l number s giv e definitions a s t o whe n tw o rea l number s a an d b ar e equa l o r whe n a > b or b > a , the y d o no t giv e criteri a t o determin e whic h alternativ e hold s in a give n case . Henc e Kronecke r objecte d t o suc h definitions . The y ar e definitions onl y i n appearance . Th e entir e theor y o f irrationals wa s unsatisfactory t o hi m an d on e da y h e sai d t o Lindemann , wh o ha d prove d tha t n is a transcendenta l irrational , "O f wha t us e i s your beautifu l investigatio n regarding TV ? Wh y stud y suc h problems , sinc e irrationa l number s ar e non-existent?" Kronecker himsel f di d littl e t o develo p th e intuitionis t philosoph y except t o criticiz e th e absenc e o f constructiv e procedure s fo r determinin g quantities whos e existenc e wa s merel y established . H e trie d t o rebuil d algebra bu t mad e n o effort s t o reconstruc t analysis . Kronecke r produce d fine wor k i n arithmeti c an d algebr a whic h di d no t confor m t o hi s ow n requirements because , a s Poincare remarked, 14 he temporarily forgot his own philosophy. Kronecker ha d n o supporter s o f hi s philosoph y i n hi s da y an d fo r almost twenty-fiv e year s n o on e pursue d hi s ideas . However , afte r th e paradoxes wer e discovered , intuitionis m wa s revive d an d becam e a wide spread an d seriou s movement. Th e nex t stron g advocat e wa s Poincare . Hi s opposition t o se t theor y because i t gav e ris e t o paradoxe s ha s alread y bee n noted. No r woul d h e accep t th e logisti c program fo r rescuing mathematics . He ridicule d attempt s t o bas e mathematic s o n logi c o n th e groun d tha t mathematics woul d reduc e t o a n immens e tautology . H e als o mocke d th e (to him ) highl y artificia l derivatio n o f number . Thu s i n th e Principia 1 is defined a s Poincar e sai d sarcasticall y tha t thi s wa s a n admir able definitio n t o giv e t o peopl e wh o neve r hear d o f the numbe r 1 . In Science and Method (Foundations o f Science, p . 480 ) h e stated ,



Logistic ha s t o b e mad e over , an d on e i s none to o sur e o f wha t ca n b e saved. I t i s unnecessar y t o ad d tha t onl y Cantoris m an d Logisti c ar e meant; tru e mathematics , tha t whic h serve s som e usefu l purpose , ma y continue t o develo p accordin g t o it s ow n principle s withou t payin g an y attention t o th e tempest s raging without , and i t wil l pursu e ste p b y ste p its accustome d conquest s whic h ar c definitiv e an d whic h i t wil l neve r need t o abandon.



Poincare objecte d t o concepts that cannot b e defined i n a finite number of words . Thu s a se t chose n i n accordanc e wit h th e axio m o f choice i s no t really define d whe n a choic e has t o be mad e fro m eac h o f a transfinit e num 14. Ad a Math., 22 , 1899 , 17 .
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her o f sets . H e als o contende d tha t arithmeti c canno t b e justifie d b y a n axiomatic foundation . Our intuitio n precedes suc h a structure. In particular , mathematical inductio n i s a fundamenta l intuitio n an d no t jus t a n axio m that happen s t o b e usefu l i n som e syste m o f axioms . Lik e Kronccker , h e insisted tha t al l definition s an d proo f shoul d b e constructive. He agree d wit h Russel l that th e sourc e o f the paradoxe s wa s the defini tion o f collections o r set s that include d th e objec t defined . Thus th e se t A o f all sets contains A. Bu t A cannot b e defined until each membe r of A is defined, and i f A i s on e membe r th e definitio n i s circular . Anothe r exampl e o f a n impredicative definitio n i s th e definitio n o f th e maximu m valu e o f a con tinuous functio n define d ove r a close d interva l a s th e larges t valu e tha t th e function take s o n i n thi s interval. Suc h definition s were commo n i n analysis and especiall y in th e theor y o f sets. Further criticism s o f th e curren t logica l stat e o f mathematic s wer e developed an d discusse d i n a n exchang e o f letter s amon g Borel , Baire , Hadamard, an d Lebesgue. 15 Bore l supporte d Poincare' s assertio n tha t th e integers canno t b e founde d axiomatically . H e to o criticize d th e axio m o f choice becaus e i t call s fo r a nondenumerabl e infinit y o f choices , whic h i s inconceivable t o th e intuition . Hadamar d an d Lebesgu e wen t furthe r an d said tha t eve n a denumerabl e infinit y o f arbitrary successiv e choices i s no t more intuitiv e because it call s for an infinit y o f operations, whic h i t is impossible to conceive as being effectively realized . Fo r Lebesgu e th e difficultie s al l reduced t o knowin g wha t on e mean s whe n on e say s tha t a mathematica l object exists . In th e cas e o f the axio m o f choice h e argue d tha t i f one merel y "thinks" o f a wa y o f choosing, ma y on e the n no t chang e hi s choice s in th e course of his reasoning? Even th e choice of a single object in one set, Lebesgu e maintained, raise s th e sam e difficulties . On e mus t kno w th e objec t "exists " which mean s tha t on e mus t nam e th e choic e explicitly . Thu s Lebesgu e rejected Cantor' s proo f o f th e existenc e o f transcendenta l numbers . Hada mard pointe d ou t tha t Lebesgue' s objection s le d t o a denia l o f the existenc e of the se t of all real numbers , an d Bore l dre w exactl y th e sam e conclusion . All o f th e abov e objection s b y intuitionist s were sporadi c an d frag mented. Th e systemati c founde r o f moder n intuitionis m i s Brouwer . Lik e Kronecker, muc h o f his mathematical work , notabl y in topology , wa s not i n accord wit h hi s philosophy , bu t ther e i s no questio n a s t o th e seriousnes s of his position . Commencin g wit h hi s doctora l dissertation , O n th e Foundations of Mathematics (1907) , Brouwer bega n t o build u p th e intuitionist philosophy. From 191 8 o n h e expande d an d expounde d hi s view s in paper s i n variou s journals, includin g the Mathematische Annalen o f 192 5 and 1926 . Brouwer's intuitionis t positio n stem s fro m a broade r philosophy . Th e fundamental intuition , accordin g t o Brouwer , i s th e occurrenc e o f percep tions i n a tim e sequence . "Mathematic s arise s whe n th e subjec t of twoness, 15. Se e note 9 .
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which result s fro m th e passag e o f time , is abstracted fro m al l specia l occur rences. The remainin g empty form [th e relation of n to n + 1 ] of the commo n content o f all thes e twonesses becomes th e origina l intuition of mathematics and repeate d unlimitedl y create s ne w mathematica l subjects. " Thu s b y unlimited repetitio n th e min d form s th e concep t o f th e successiv e natura l numbers. This idea tha t th e whole numbers derive from th e intuition of time had bee n maintaine d b y Kant , Willia m R. Hamilto n i n hi s "Algebra a s a Science o f Time," and th e philosophe r Arthur Schopenhauer . Brouwer conceives of mathematical thinking as a process of construction that build s its own universe , independen t o f the univers e of our experienc e and somewha t as a fre e design , restricted only in so far a s it is based upo n th e fundamental mathematica l intuition . Thi s fundamenta l intuitiv e concep t must no t b e though t o f as an undefine d idea , suc h as occurs in postulationa l theories, bu t rathe r a s somethin g i n terms o f which al l undefine d idea s tha t occur i n th e variou s mathematical systems are t o b e intuitively conceived, if they ar e indee d t o serv e in mathematica l thinking. Brouwer hold s that "i n thi s constructive process, boun d b y th e obliga tion t o notic e wit h car e whic h these s ar e acceptabl e t o th e intuitio n an d which ar e not , lie s th e onl y possibl e foundation fo r mathematics. " Mathe matical idea s ar e imbedde d i n th e huma n min d prior t o language, logic, and experience. Th e intuition , not experienc e o r logic , determine s th e soundnes s and acceptabilit y o f ideas . I t mus t o f cours e b e remembere d tha t thes e statements concernin g th e rol e o f experienc e ar e t o b e take n i n th e philo sophical sense , no t th e historica l sense. The mathematica l object s ar e fo r Brouwe r acquire d b y intellectua l construction, wherei n th e basi c number s 1 , 2 , 3 , . . . furnis h th e prototyp e of suc h a construction . The possibilit y o f th e unlimite d repetitio n o f th e empty form , th e ste p fro m n t o n + 1 , lead s t o infinit e sets . However , Brouwer's infinit e i s th e potentia l infinit y o f Aristotle , wherea s moder n mathematics, a s founde d fo r exampl e b y Cantor , make s extensiv e us e o f actually infinit e set s whose elements are al l present "a t once." In connectio n wit h th e intuitionis t notion o f infinit e sets , Weyl , wh o belonged t o th e intuitionis t school, say s tha t . . . the sequenc e o f number s whic h grow s beyon d an y stag e alread y reached . .. is a manifol d o f possibilitie s openin g t o infinity ; it remain s forever i n th e statu s o f creation , bu t i s no t a close d real m o f thing s existing in themselves. That we blindly converted on e into the othe r i s the true sourc e o f our difficulties , includin g the antinomies— a source o f more fundamental natur e tha n Russell' s viciou s circl e principl e indicated . Brouwer opene d ou r eye s and mad e u s see how fa r classical mathematics , nourished b y a belie f i n th e absolut e tha t transcend s al l huma n possibilities o f realization , goe s beyon d suc h statement s a s ca n clai m rea l meaning an d trut h founde d o n evidence .
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The worl d o f mathematical intuitio n i s opposed t o th e worl d o f causa l perceptions. I n thi s causa l world , no t i n mathematics , belong s language , which serve s ther e fo r th e understandin g o f commo n dealings . Word s o r verbal connection s ar e use d t o communicat e truths . Languag e serve s t o evoke copie s o f ideas i n men' s mind s b y symbol s and sounds . But thought s can neve r b e completel y symbolized . Thes e remark s appl y als o t o mathe matical language , includin g symboli c language . Mathematica l idea s ar e independent o f the dres s of language an d i n fac t fa r richer . Logic belong s t o language . I t offer s a syste m o f rule s tha t permi t th e deduction o f furthe r verba l connection s an d als o ar e intende d t o communicate truths . However , thes e latte r truth s ar e no t suc h befor e they ar e experienced, no r i s it guaranteed tha t the y can be experienced. Logi c is not a reliable instrumen t t o uncover truth s and ca n deduc e n o truth s that ar e no t obtainable just as well in some other way. Logical principles are the regularity observed a posterior i i n th e language . The y ar e a devic e fo r manipulatin g language, o r the y ar e th e theor y o f representatio n o f language . Th e mos t important advance s i n mathematic s ar e no t obtaine d b y perfectin g th e logical for m bu t b y modifyin g the basi c theor y itself . Logi c rest s on mathe matics, no t mathematic s o n logic . Since Brouwe r doe s no t recogniz e an y a prior i obligator y logica l principles, h e doe s no t recogniz e th e mathematica l tas k o f deducin g conclusions from axioms . Mathematics i s not boun d t o respect th e rule s of logic, and fo r this reason th e paradoxe s ar e unimportan t eve n i f we were to accep t the mathematica l concept s an d construction s th e paradoxe s involve . O f course, a s we shal l see, the intuitionist s d o no t accep t al l thes e concepts an d proofs. Weyl16 expand s o n th e rol e o f logic: According t o hi s [Brouwer's ] vie w an d readin g o f history, classical logi c was abstracte d fro m th e mathematic s o f finite sets an d thei r subsets . . . . Forgetful o f thi s limite d origin , on e afterward s mistoo k tha t logi c fo r something abov e an d prio r t o al l mathematics , an d finall y applie d it , without justification, to th e mathematic s o f infinite sets . Thi s i s the Fal l and origina l si n o f se t theory , fo r whic h i t i s justl y punishe d b y th e antinomies. I t i s not tha t such contradiction s showe d u p tha t i s surprising, but tha t they showed u p a t such a late stage of the game .



In th e real m o f logic ther e ar e som e clear , intuitively acceptabl e logica l principles o r procedure s tha t ca n b e use d t o asser t ne w theorem s fro m ol d ones. Thes e principle s are par t o f the fundamenta l mathematica l intuition . However, no t al l logical principles are acceptabl e t o th e basi c intuitio n an d one mus t b e critica l o f what ha s bee n sanctione d sinc e the day s of Aristotle. Because mathematician s hav e applie d freel y thes e Aristotelia n laws , the y 16. Amer. Math. Monthly, 53 , 1946 , 2-13 = Ges. Abh., 4, 268-79 .
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have produce d antinomies . Th e intuitionist s therefore procee d t o analyz e which logica l principle s are allowabl e i n orde r tha t th e usua l logic conform to an d properl y expres s th e correc t intuitions . As a specifi c exampl e o f a logica l principl e that i s applie d to o freely , Brouwer cite s the la w of excluded middle. This principle , which asserts that every meaningfu l statement is true or false , i s basic to th e indirec t method o f proof. I t aros e historicall y in th e applicatio n of reasoning t o subset s of finite sets an d wa s abstracte d therefrom . I t wa s the n accepte d a s an independent a prior i principl e an d wa s unjustifiabl y applie d t o infinit e sets . Wherea s for finite set s on e ca n decid e whethe r al l element s posses s a certai n propert y P by testin g each one , thi s procedure i s no longe r possible for infinite sets . On e may happe n t o kno w that a n elemen t o f the infinit e se t does no t posses s th e property o r it may b e that b y the very construction of the set we know or ca n prove tha t ever y elemen t ha s th e property . I n an y case , on e canno t us e the law o f excluded middl e t o prov e th e propert y holds . Hence i f on e prove s tha t no t al l element s o f a n infinit e se t posses s a property, the n th e conclusio n tha t ther e exist s at leas t on e elemen t whic h does not hav e th e property is rejected b y Brouwer. Thus from th e denial that holds fo r al l number s th e intuitionist s do no t conclud e tha t ther e exists an a and b for whic h i Consequentl y many existenc e proofs ar e not accepte d b y th e intuitionists . The la w o f excluded middl e ca n b e use d in case s where th e conclusio n can b e reache d i n a finit e numbe r o f steps, for example, t o decid e th e questio n o f whethe r a boo k contain s misprints . I n other case s th e intuitionist s deny th e possibilit y of a decision . The denia l o f the la w o f excluded middl e give s rise to a ne w possibility, undecidable propositions . Th e intuitionist s maintain, with respec t t o infinite sets, tha t ther e i s a thir d stat e o f affairs, namely , ther e ma y b e proposition s which ar e neithe r provabl e no r unprovable . A s a n exampl e o f suc h a proposition, le t u s defin e th e At h positio n i n th e decima l expansio n o f TT t o be th e positio n o f th e firs t zer o whic h i s followe d b y th e integer s 1 ... 9 . Aristotelian logi c say s tha t k eithe r exist s o r doe s no t exis t an d mathe maticians followin g Aristotle may the n procee d t o argue o n th e basi s of these two possibilities . Brouwe r woul d rejec t al l suc h arguments , fo r w e d o no t know whethe r w e shal l eve r b e abl e t o prov e tha t i t doe s o r doe s no t exist . Hence all reasoning about th e numbe r k is rejected b y the intuitionists . Thus there are sensibl e mathematical question s which ma y neve r be settled on th e basis o f the statement s containe d i n th e axiom s o f mathematics. Th e ques tions seem t o us to be decidable bu t actuall y ou r basi s for expecting that the y must b e decidabl e i s reall y nothin g mor e tha n tha t the y involv e mathe matical concepts . With respec t t o th e concept s the y wil l accep t a s legitimat e fo r mathe matical discussion , th e intuitionist s insis t o n constructiv e definitions . Fo r Brouwer, a s fo r al l intuitionists , the infinit e exist s i n th e sens e tha t on e ca n always fin d a finite set larger tha n th e give n one . T o discus s any othe r typ e
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of infinite, the intuitionist s demand tha t on e giv e a metho d o f constructin g or definin g this infinite in a finite number o f steps. Thu s Brouwer reject s th e aggregates of set theory . The requiremen t o f constructihility is another ground fo r excluding an y concept whos e existenc e i s established b y indirec t reasoning , tha t is , by th e argument tha t th e nonexistenc e lead s t o a contradiction . Asid e from th e fact that th e existenc e proo f ma y us e the objectionabl e la w o f excluded middle , to th e intuitionist s thi s proo f i s no t satisfactor y becaus e the y wan t a con structive definitio n o f th e objec t whos e existenc e i s bein g established . Th e constructive definition must permit determinatio n t o any desire d accurac y i n a finit e numbe r o f steps. Euclid' s proof o f the existenc e o f an infinit e number of prime s (Chap . 4 , sec . 7 ) i s nonconstructive ; i t doe s no t affor d th e deter mination o f the nt h prime. Henc e it i s not acceptable . Further , i f one prove d merely th e existenc e o f integer s x , y , z , an d n satisfyin g . , th e intuitionist woul d no t accep t th e proof . O n th e othe r hand , th e definitio n of a prim e numbe r i s constructive, fo r i t ca n b e applie d t o determin e i n a finite numbe r o f step s whethe r a numbe r i s prime . Th e insistenc e o n a constructive definitio n applie s especiall y t o infinit e sets . A se t constructe d by th e axio m o f choice applie d t o infinitel y man y set s woul d no t b e accept able. Weyl sai d o f nonconstructive existenc e proof s (Philosophy o f Mathematics and Natural Science, p . 51 ) tha t the y infor m th e worl d tha t a treasur e exist s without disclosin g it s location . Proo f throug h postulatio n canno t replac e construction withou t loss of significance and value . H e als o pointe d ou t tha t adherence t o th e intuitionis t philosophy mean s th e abandonmen t o f th e existence theorem s o f classica l analysis—fo r example , th e Weierstrass Bolzano theorem . A bounde d monotoni c se t o f rea l number s doe s no t necessarily hav e a limit . For th e intuitionists , i f a functio n o f a rea l variabl e exists i n thei r sens e then i t i s ipso facto continuous . Transfinite inductio n an d its application s to analysi s and mos t o f the theor y o f Cantor ar c condemne d outright. Analysis , Weyl says , i s built o n sand . Brouwer an d hi s schoo l hav e no t limite d themselve s t o criticis m bu t have sough t t o buil d u p a ne w mathematic s o n th e basi s o f constructions they accept . The y hav e succeede d i n savin g th e calculu s wit h it s limi t processes, bu t thei r construction is very complicated. They also reconstructed elementary portion s of algebra an d geometry . Unlik e Kronecker, Wey l an d Brouwer do allow some kinds of irrational numbers. Clearl y th e mathematics of th e intuitionist s differs radicall y fro m wha t mathematician s ha d almos t universally accepte d befor e 1900 . 7. Th e Formalist School The thir d o f th e principa l philosophie s o f mathematic s i s know n a s th e formalist schoo l and it s leader was Hilbert. He bega n wor k on this philosophy



I2O4 TH



E FOUNDATION S OF MATHEMATICS



in 1904 . Hi s motive s a t tha t tim e wer e t o provid e a basi s fo r th e numbe r system withou t usin g th e theor y o f set s an d t o establis h th e consistenc y o f arithmetic. Sinc e hi s own proo f o f the consistenc y of geometry reduce d t o th e consistency o f arithmetic , th e consistenc y o f th e latte r wa s a vita l ope n question. H e als o sough t t o comba t Kronecker' s contentio n tha t th e irra tionals mus t b e throw n out . Hilber t accepte d th e actua l infinit e an d praise d Cantor's wor k (Chap . 41 , sec . 9) . H e wishe d t o kee p th e infinite , th e pur e existence proofs , an d concept s suc h as the least upper bound whos e definition appeared t o b e circular . Hilbert presente d on e pape r o n hi s views at th e Internationa l Congres s of 1904. 17 H e di d n o mor e on thi s subject fo r fifteen years; then , move d b y the desir e t o answe r th e intuitionists ' criticism s of classical analysis , h e too k up problem s o f the foundation s and continue d t o wor k o n the m fo r th e res t of his scientifi c career . H e publishe d several key papers during the nineteen twenties. Graduall y a numbe r o f men too k u p hi s views. Their matur e philosoph y contain s many doctrines . I n keepin g wit h th e new tren d tha t an y foundatio n for mathematics mus t tak e cognizanc e o f th e role o f logic , th e formalist s maintain tha t logi c mus t b e treate d simultane ously wit h mathematics . Mathematic s consist s of several branche s an d eac h branch i s to hav e it s own axiomati c foundation . This mus t consis t of logica l and mathematica l concept s an d principles . Logic i s a sign language tha t put s mathematical statement s int o formula s an d expresse s reasonin g b y forma l processes. Th e axiom s merel y expres s th e rule s b y whic h formula s follo w from on e another . Al l sign s an d symbol s o f operatio n ar e free d fro m thei r significance wit h respect t o content. Thus all meanin g i s eliminated fro m th e mathematical symbols . I n hi s 192 6 paper 18 Hilber t say s th e object s o f mathematical though t ar e th e symbol s themselves . Th e symbol s ar c th e essence; the y n o longe r stan d fo r idealize d physica l objects . Th e formula s may impl y intuitivel y meaningful statements , but thes e implication s are no t part o f mathematics. Hilbert retaine d th e la w o f excluded middl e becaus e analysi s depend s upon it . H e said, 19 "Forbiddin g a mathematicia n t o mak e us e of the prin ciple o f excluded middl e is lik e forbiddin g a n astronome r hi s telescop e o r a boxer th e us e o f hi s fists. " Becaus e mathematic s deal s onl y wit h symboli c expressions, al l th e rule s o f Aristotelian logi c can b e applie d t o thes e forma l expressions. I n thi s ne w sens e th e mathematic s o f infinit e set s i s possible . Also, b y avoidin g th e explici t use o f the wor d "all, " Hilber t hoped t o avoi d the paradoxes . To formulat e th e logica l axiom s Hilber t introduce d symbolis m fo r 17. Proc. Third Internal. Congress of Maih., Heidelberg, 1904 , 174-8 5 = Grundlagen der Geom., 7th ed. , 247-61 ; Englis h trans , i n Monist, 15 , 1905 , 338-52 . 18. Math. Ann., 95, 1926 , 161-9 0 = Grundlagen der Geometric, 7th ed. , 262-88. Sec note 20 . 19. \Veyl , Amer. Math. Sac. Bull., 50, 1944 , 63 7 = Ges. Abh., 4 , 157 .
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concepts an d relation s suc h a s "and, " "or, " "negation, " "ther e exists, " and th e like . Luckil y th e logica l calculu s (symboli c logic) ha d alread y bee n developed (fo r other purposes ) an d so , Hilbert says , h e has a t han d wha t h e needs. Al l the abov e symbols are th e buildin g block s for the idea l expression s —the formulas . To handl e th e infinite , Hilber t uses , asid e fro m ordinar y noncontrover sial axioms , th e transfinit e axio m



This, h e says , means : I f a predicat e A applie s t o th e fiducia l objec t rA, i t applies t o al l object s a . Thu s suppos e A stand s fo r bein g corruptible . I f Aristides th e Just i s fiducia l an d corruptible , the n everybod y i s corruptible . Mathematical proo f wil l consis t o f thi s process : th e assertio n o f som e formula; th e assertio n tha t thi s formula implie s another; th e assertio n o f the second formula . A sequenc e o f such step s i n whic h th e asserte d formula s o r the implication s are precedin g axiom s o r conclusions will constitut e the proo f of a theorem . Also , substitutio n o f on e symbo l fo r anothe r o r a grou p o f symbols i s a permissibl e operation . Thu s formula s are derive d b y applyin g the rule s for manipulating th e symbol s o f previously established formulas. A propositio n i s tru e i f and onl y i f i t ca n b e obtaine d a s th e las t o f a sequence o f propositions such tha t ever y propositio n o f the sequence is either an axio m i n th e forma l syste m o r i s itsel f derive d b y on e o f th e rule s o f deduction. Everyon e ca n chec k a s t o whethe r a give n propositio n ha s bee n obtained b y a prope r sequenc e o f propositions . Thu s unde r th e formalis t view proo f an d rigo r ar e wel l defined an d objective . To th e formalist , then , mathematic s prope r i s a collectio n o f forma l systems, eac h buildin g its own logi c along wit h it s mathematics, each havin g its own concepts , it s own axioms , it s own rule s for deducing theorems such as rules about equalit y or substitution, and it s own theorems. Th e developmen t of eac h o f thes e deductiv e system s i s the tas k o f mathematics. Mathematic s becomes no t a subject about something , but a collectio n of formal systems, in each o f which forma l expression s ar e obtaine d fro m other s b y forma l trans formations. S o muc h fo r th e par t o f Hilbert' s progra m tha t deal s wit h mathematics proper . However, w e mus t no w as k whethe r th e deduction s ar e fre e o f contradictions. Thi s canno t necessaril y b e observe d intuitively . But t o sho w non contradiction, al l we nee d t o show i s that on e ca n neve r arriv e at th e forma l statement 1 = 2 . (Sinc e b y a theore m o f logi c an y othe r fals e propositio n implies thi s proposition , w e ma y confin e ourselve s t o thi s one. ) Hilbert an d hi s student s Wilhel m Ackerman n (1896-1962) , Pau l Bernays (1888-) , an d vo n Neuman n graduall y evolved , durin g th e year s 1920 to 1930 , what i s known a s Hilbert's Beweistheorie [proo f theory ] or meta-
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mathematics, a metho d o f establishing the consistenc y of any forma l system. In metamathematic s Hilber t propose d t o us e a specia l logi c tha t wa s t o b e basic an d fre e o f all objections. It employ s concret e an d finit e reasonin g o f a kind universall y admitte d an d ver y clos e t o th e intuitionis t principles . Controversial principle s suc h a s proo f o f existenc e b y contradiction , trans finite induction, and th e axiom o f choice ar e no t used . Existenc e proofs must be constructive . Sinc e a forma l syste m ca n b e unending , metamathematic s must entertai n concept s an d question s involvin g at leas t potentiall y infinit e systems. However , onl y finitar y method s o f proo f shoul d b e used . Ther e should b e no reference either t o an infinit e numbe r o f structural properties of formulas o r t o a n infinit e numbe r o f manipulations of formulas. Now th e consistenc y of a majo r par t o f classica l mathematic s ca n b e reduced t o tha t o f th e arithmeti c o f the natura l number s (numbe r theory ) much a s thi s theory i s embodied i n th e Pean o axioms , o r t o a theor y o f sets sufficiently ric h t o yiel d Peano' s axioms . Henc e th e consistenc y o f th e arithmetic o f the natura l number s becam e th e cente r o f attention. Hilbert an d hi s school did demonstrat e th e consistenc y of simple formal systems and the y believe d the y wer e abou t t o realiz e the goa l o f proving th e consistency o f arithmetic and o f the theor y o f sets. I n hi s article "Ube r da s Unendliche" 20 h e says , In geometr y and physica l theory th e proo f o f consistency is accomplished by reducin g i t t o th e consistenc y o f arithmetic . Thi s metho d obviousl y fails i n th e proo f fo r arithmeti c itself. Sinc e ou r proo f theor y . . . makes this last step possible, it constitutes the necessar y keystone in th e structure of mathematics . And i n particula r wha t w e hav e twic e experienced, first in th e paradoxe s o f the calculu s an d the n i n th e paradoxe : o f set theory , cannot happe n agai n i n th e domai n o f mathematics .



But the n Kur t Gode l (1906-78 ) entere d th e picture . Godel's firs t majo r paper wa s "Ube r forma l unentscheidbar e Satz e de r Principia Mathematica und verwandte r System e I." 21 Here Godel showe d tha t th e consistenc y o f a system embracin g th e usua l logi c and numbe r theor y canno t b e establishe d if on e limit s himsel f t o suc h concept s an d method s a s ca n formall y b e represented i n th e syste m o f number theory . Wha t thi s means in effec t i s that the consistenc y of number theor y canno t b e establishe d by th e narro w logi c permissible i n metamathematics . Apropo s o f this result , Weyl sai d tha t Go d exists sinc e mathematic s i s consisten t an d th e devi l exist s sinc e w e canno t prove th e consistency. The abov e resul t o f Godel' s i s a corollar y o f hi s mor e startlin g result. 20. Math. Ann., 95 , 1926 , 161-9 0 = Gmndlagen de r Geometric, 7t h ed. , 262-88 . A n Englis h translation ca n b e foun d i n Pau l Bcnacerra f an d Hilar y Putnam : Philosophy o f Mathematics, 134-181, Prentice-Hall , 1964. 21. Monatshefte fu r Mathematik un d Physik, 38 , 1931 , 173-98; se e th e bibliography .
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The majo r resul t (Godel' s incompleteness theorem) state s that i f any formal theory T adequat e t o embrace numbe r theory is consistent an d i f the axioms of th e forma l syste m o f arithmeti c are axiom s o r theorem s o f T, the n T i s incomplete. That is, there is a statement S of number theory such tha t neither S no r not- 5 is a theore m o f the theory . Now either 5 or not-6 1 is true; there is, then, a tru e statement of number theor y which i s not provable . Thi s resul t applies t o th e Russell-Whitehea d system , the Zermelo-Fraenke l system , and Hilbert's axiomatization of number theory. It i s somewhat ironic that Hilbert in hi s addres s a t th e Internationa l Congress in Bologna of 192 8 (se e note 22) had criticize d the older proofs of completeness through categoricalness (Chap. 42, sec. 3) but wa s very confident that hi s own system was complete. Actually the olde r proof s involvin g system s containin g th e natura l number s wer e accepted a s valid onl y because se t theory had no t bee n axiomatize d but wa s used o n a naiv e basis. Incompleteness i s a blemis h i n tha t th e forma l syste m i s no t adequat e to prov e al l th e assertion s frarneable i n th e system . To ad d insul t t o injury , there ar e assertion s that ar e undecidabl e bu t ar e intuitivel y tru e i n th e system. Incompletenes s canno t b e remedie d b y adjoinin g S o r ~S a s a n axiom, fo r Gode l prove d tha t an y system embracin g numbe r theor y mus t contain a n undecidabl e proposition . Thu s whil e Brouwer mad e clea r tha t what i s intuitivel y certai n fall s shor t o f wha t i s mathematicall y proved , Godel showe d tha t th e intuitivel y certai n goe s beyon d mathematica l proof . One o f the implication s of Godel's theore m i s that n o syste m of axioms is adequat e t o encompass , no t onl y al l o f mathematics , bu t eve n an y on e significant branc h o f mathematics , becaus e an y suc h axio m syste m i s incomplete. Ther e exis t statement s whos e concept s belon g t o th e system , which canno t b e prove d withi n the syste m but ca n nevertheles s be shown to be tru e b y nonforma l arguments, i n fac t b y th e logi c o f metamathematics. This implication , tha t ther e ar e limitation s o n wha t ca n b e achieve d b y axiomatization, contrast s sharply with th e lat e nineteenth-centur y view tha t mathematics i s coextensiv e wit h th e collectio n o f axiomatize d branches . Godel's resul t deal t a deat h blo w t o comprehensiv e axiomatization . Thi s inadequacy o f th e axiomati c metho d i s no t i n itsel f a contradiction , bu t i t was surprising , becaus e mathematician s ha d expecte d tha t an y tru e state ment coul d certainl y be established within the framewor k of some axiomati c system. O f cours e the abov e arguments d o no t exclud e the possibilit y of new methods o f proo f tha t woul d g o beyon d wha t Hilbert' s metamathematic s permits. Hilbert wa s not convince d tha t thes e blow s destroye d hi s program. H e argued tha t eve n thoug h on e migh t hav e t o us e concept s outsid e a forma l system, the y migh t stil l b e finite and intuitivel y concrete an d s o acceptable. Hilbert wa s a n optimist . H e ha d unbounde d confidenc e i n th e powe r o f man's reasonin g an d understanding . A t th e tal k h e gav e a t th e 192 8
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International Congress 22 h e ha d asserted , " . . . to th e mathematica l under standing ther e ar e n o bound s . .. in mathematic s ther e i s no Ignorabimu s [we shal l no t know] ; rathe r w e ca n alway s answe r meaningfu l question s . . . our reaso n doe s no t posses s any secre t ar t bu t proceed s b y quit e definite and statabl e rule s whic h ar e th e guarante e o f the absolut e objectivit y o f its judgment." Ever y mathematician , h e said , share s th e convictio n tha t eac h definite mathematica l proble m mus t b e capabl e o f bein g solved . Thi s optimism gav e hi m courag e an d strength , bu t i t barre d hi m fro m under standing tha t ther e coul d b e undccidabl e mathematica l problems . The formalis t program , successfu l o r not , was unacceptabl e t o th e intuitionists. I n 192 5 Brouwcr blasted awa y a t th e formalists. 23 O f course, he said, axiomatic, formalisti c treatment s will avoid contradictions , bu t nothin g of mathematical valu e will be obtained i n this way. A false theor y is none th e less fals e eve n i f no t halte d b y a contradiction , jus t a s a crimina l ac t i s criminal whethe r or not forbidden by a court. Sarcasticall y he also remarked , "To th e question , wher e shal l mathematical rigo r b e found , th e tw o partie s give differen t answers . Th e intuitionis t says , i n th e huma n intellect ; th e formalist says , o n paper. " Wey l to o attacked Hilbert' s program . "Hilbert' s mathematics ma y b e a prett y gam e wit h formulas , more amusin g eve n tha n chess; bu t wha t bearin g doe s i t hav e o n cognition , sinc e it s formulas admit tedly hav e n o materia l meanin g b y virtu e o f whic h the y coul d expres s intuitive truths. " I n defens e of the formalis t philosophy, on e mus t poin t ou t that i t i s onl y fo r th e purpose s o f provin g consistency , completeness , an d other propertie s tha t mathematic s is reduced t o meaningless formulas. As for mathematics a s a whole, even th e formalist s rejec t the idea tha t i t is simply a game; the y regar d i t a s an objectiv e science. Hilbert i n tur n charge d Brouwe r an d Wey l wit h tryin g t o thro w over board everythin g tha t di d no t sui t the m an d dictatoriall y promulgatin g a n embargo.24 H e calle d intuitionis m a treaso n t o science . (Ye t i n hi s meta mathematics h e limite d himsel f to intuitivel y clear logica l principles. ) 8. Some Recent Developments None o f the propose d solution s of the basi c problems o f the foundations—th e axiomatization o f set theory, logicism , intuitionism , or formalism—achieve d the objective of providing a universally acceptable approac h t o mathematics . Developments sinc e Godel' s wor k o f 193 1 hav e no t essentiall y altere d th e picture. However , a few movements an d result s are wort h noting . A numbe r 22. Atti Del Congresso Irilernazionale De i Matemalici, I , 135—4 1 — Gnmdlagen der Geometric, 7t h ed., 313-23. 23. Jour, fur Math., 154 , 1925, 1 . 24. Abh. Math. Seminar de r Hamburger Univ., 1 , 1922 . 157-7 7 = Ges. Abh., 3 , 157-77 .
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of me n hav e erecte d compromis e approache s t o mathematic s tha t utiliz e features o f two basi c schools . Others , notabl y Gerhar d Gentze n (1909-45) , a membe r o f Hilbert's school , hav e loosene d the restriction s o n th e method s of proo f allowe d i n Hilbert' s metamathematic s and , for example , b y usin g transfinite inductio n (inductio n ove r th e transfinit e numbers) , hav e thereb y managed t o establis h th e consistenc y o f numbe r theor y an d restricte d portions o f analysis. 25 Among othe r significan t results , tw o ar e especiall y wort h noting . I n The Consistency of the Axiom of Choice and of the Generalized Continuum Hypothesis with th e Axioms o f Set Theory (1940 , rev. ed., 1951), Gode l prove d tha t i f th e Zermelo-Fraenkel syste m of axioms without the axio m o f choice is consistent, then th e syste m obtaine d b y adjoinin g thi s axio m i s consistent; that is , th e axiom canno t b e disproved. Likewis e the continuu m hypothesi s that ther e is no cardina l numbe r betwee n an d ! i s consisten t wit h th e Zermelo Fraenkel syste m (withou t th e axio m o f choice) . I n 196 3 Paul J . Cohe n (1934-), a professo r o f mathematics a t Stanfor d University , proved 26 tha t the latte r tw o axioms are independen t o f the Zermelo-Fraenke l system ; that is, the y canno t b e prove d o n th e basi s of that system . Moreover , eve n i f one retained th e axiom o f choice in the Zermelo-Fraenke l system , the continuum hypothesis coul d no t b e proved . Thes e result s impl y tha t w e ar e fre e t o construct ne w system s of mathematic s i n whic h eithe r o r bot h o f th e tw o controversial axiom s are denied . All o f the development s since 193 0 leav e ope n tw o majo r problems : t o prove th e consistenc y of unrestricte d classica l analysi s an d se t theory , an d to buil d mathematic s o n a strictl y intuitionisti c basis o r t o determin e th e limits of this approach. Th e sourc e of the difficultie s i n both of these problems is infinity a s use d i n infinit e set s an d infinit e processes . This concept , whic h created problem s even for the Greek s in connectio n with irrationa l number s and whic h the y evade d i n th e metho d o f exhaustion, ha s bee n a subjec t of contention eve r sinc e and prompte d Wey l to remark tha t mathematic s i s the science o f infinity . The questio n as to the proper logical basi s for mathematics an d th e ris e particularly o f intuitionism suggest that , i n a large r sense , mathematic s ha s come ful l circle . Th e subjec t starte d o n a n intuitiv e an d empirica l basis . Rigor becam e a goa l wit h th e Greeks , an d thoug h mor e honore d i n th e breach unti l th e nineteenth century, it seemed fo r a moment t o be achieved . But th e effort s t o pursue rigor t o the utmos t have le d to an impass e in which there i s n o longe r an y agreemen t o n wha t i t reall y means . Mathematic s remains aliv e an d vital , bu t onl y on a pragmati c basis . There ar e som e who see hope for resolution of the presen t impasse. Th e French grou p o f mathematicians who write under th e pseudonym o f Nicolas 25. Math. Ann., 112 , 1936 , 493-565. 26. Proceedings o f th e National Academy o f Sciences, 50, 1963 , 1143-48 ; 51, 1964 , 105-10 .
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Bourbaki, offe r thi s encouragement: 27 "There are no w twenty-fiv e centurie s during whic h th e mathematician s hav e ha d th e practic e o f correcting thei r errors and thereb y seeing their scienc e enriched, not impoverished; this gives them th e righ t t o view th e futur e wit h serenity, " Whether o r no t th e optimis m i s warranted, th e presen t stat e o f mathematics ha s bee n aptl y describe d b y VVeyl: 28 "Th e questio n o f the ultimat e foundations an d th e ultimat e meanin g of mathematics remain s open; we d o not kno w i n wha t directio n i t wil l fin d it s fina l solutio n o r eve n whethe r a final objective answe r ca n b e expected a t all . ' Mathematizing' ma y wel l be a creativ e activit y o f man, like languag e o r music , o f primar y originality , whose historica l decision s def y complet e objectiv e rationalization. "
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xviii Isomorphism, 765-67 , 113 9 Isoperimetric figures , 126 , 576-77, 838-3 9 Isoperimetric theorem, 838-3 9 Jacobian, 927-28 Jordan canonica l form , 810 Jordan curve , 101 7 Jordan curv e theorem , 1017 , 1179 Jordan-Holder theorem , 762 , 767 Journals, 397 , 624-25 Kepler's laws , 244-45, 3^ 7 Klein bottle , 116 8 Koenigsberg bridg e problem , 1163-6 4 Kummer surface , 85 9 La Geometric, 270-71 , 281 , 305 , 307-17 , 345 Lagrange's equation s o f motion , 588-89 , 740 Lame functions , 712-1 3 Laplace coefficients . Se e Legendr e poly nomials Laplace transform , 1052 Laplace's equation . Se e Potentia l theor y Laplacian, 785-86 , 900-2, 1129-3 0 Latent roots . Se e Characteristi c equatio n Latitude of forms , 210-1 1 Laurent expansion , 641 Law o f excluded middle , 120 2 Law o f inertia , 799-800 Lebesgue integral , 1044-50 , 107 1 Lebesgue-Stieltjes integral , 105 0 Legendre polynomial , 526-31 , 711-12 ; as sociated, 53 1 Lemniscate, 320, 416-20, 549 Length, projectiv e definitio n of , 908 , 910ii Les Methodes nouvelles de la mecanique celeste, 735 , 1105 , 117 0 L'Hospital's rule, 383 Library o f Alexandria , 102 , 180 Lie algebra . Se e Abstract algebr a Line coordinates , 85 5 Line curve , 848 Line, structure of , 52-53 Linear algebrai c equations , 606, 803-4 Linear associativ e algebra , 791-94 , 1151-5 3 Linear transformations , 768-69, 917-20 Liouville's theorem , 667 Logarithm function , 354 , 403-4 Logarithms, 256-58 Logic, 52-53 ; se e also Mathematica l logi c Logicism, 1192-9 7 Logistica, 131



SUBJECT INDE X Logistica numerosa, 261-62 Logistica speciosa, 261-6 2 Lunes o f Hippocrates , 41-42 Lyceum o f Aristotle , 27 Maclaurin's theorem, 442 Magnitudes o f Eudoxus , 48-49 , 68-73 ; see also Irrationa l numbe r Map problem , 116 6 Map-making, 161-62 , 235-36 , 286 , 564-65 , 570-71 Mastery o f nature , 226 , 307 Mathematical desig n o f nature , 153 , 21314, 218-19, 326 , 328-29 Mathematical induction , 27 2 Mathematical logic , 281, 1187-9 2 Mathematical Principles of Natural Philosophy, 334-35 , 358 , 364-69 , 380 , 395 , 440, 470, 492-93, 497, 573 Mathematical societies , 625 Mathematics an d reality , 392-94 , 879-80 , 1028-31 Mathematics an d science , 325-35 , 394-96 , 616-17; see a'io Methodology , o f science Mathieu functions , 713-1 4 Matrices, 804-12 ; congruent , 811 ; elemen tary divisor s of , 809 ; equivalent , 809 ; Hermitian, 808 ; infinite , 811 ; invarian t factors of , 809 ; inverse , 807 ; minima l polynomial of , 808 ; orthogonal , 809-10 ; rank of , 809 ; similar , 810; trac e of , 808 ; transpose, 807 ; se e also Characteristi c equation; Characteristi c roo t Maxima an d minima , 97-98 , 343 , 347-48 , 838-39 Maxwell's equations , 698-99 Mean valu e theorem, 464 , 955 Means o f numbers , 3 2 Measure, 1044-4 6 Mecanique analytique, 493 , 541 , 615 , 949 , 1029 Mecanique celeste, 495 , 498-99 , 530 , 542 , 972 Mechanics, 129 , 162-66 , 211-12 , 286 , 616 ; center o f gravity , 129, 164, 211, 235 , 343, 348; motion , 153 , 162-63 , 211-12 , 335-38 , 469; se e also Astronomy ; Pendulu m motion; Projectil e motion Medicine, 169 , 196 , 20 3 Menelaus's theorem , 12 1 Meromorphic functions , 642 , 668 Metamathematics, 1205- 6 Method o f exhaustion , 50 , 83-85 , 108 , 112-15, '77 . 343 Method o f infinit e descent , 27 5 Methodology: i n algebra , 268-70 ; i n geo -



SUBJECT INDE X metry, 286 , 300 , 302 , 308 , 322 ; o f sci ence, 223 , 325-35 Methodus Fluxionum el Serierum Infinitarum, 361-62, 364, 381 , 439, 470 Meusnier's theorem, 564 Miletus, 25 , 27 Minimal surface , 539, 579 , 585-86, 75 0 Mobius band , 1165-6 6 Modular system , 82 5 Module, 931 , 943 Moment problem , 1072 , 1117 Morley's theorem , 839-4 0 Multiple integrals , 425-26 , 798, 1048-4 9 Multiple point s o f curves . Se e Singula r points o f curve s Multiple-valued comple x functions , 641 42, 655-62 Museum o f Alexandria , 102 Music, 148 , 478-79 , 481 , 515 , 521-22 , 693 94; see also Vibrating-strin g proble m Napier's rule , 240 Navier-Stokes equations, 696-97 Navigation, 119 , 250 , 286 , 336-37 , 470-7 1 N-dimensional geometry , 782 , 890 , 1028-3 1 Negative number , 143 , 185 , 192 , 252-53 , 592-93 Neumann problem , 68 5 Newton's law s of motion , 366-67 , 490 Newton's parallelogram , 439-40 , 552 Newton-Raphson method , 381 Nine-point circle , 837 Non-Archimedian geometry , 101 6 Non-Euclidean geometry , 729 , 861-81 , 947, 1014, 1025 ; applicability , 872-73 , 877 , 921-22; axiom s for , 1015 ; consistency , 880, 913-17 ; hyperbolic , 905-6 ; implica tions, 879-80 ; models , 888 , 905-6 , 912 17; priorit y o f creation , 877-79 ; singl e and doubl e elliptic , 904 , 906 , 912-13 ; see also Riemannia n geometr y Non-Riemannian geometries , 1133-3 5 Normal, 560-61 Number, 29-30 ; amicable , 31 , 278 , 610 ; hexagonal, 31-32; pentagonal , 31; perfect , 31, 78 , 137 , 278 , 610 ; polygonal , 137 , 277-78, 829 ; prime , se e Prim e number ; square, 30 ; triangular , 29-30 , 828 ; se e also Comple x number , Irrationa l num mer, Negativ e number ; Theor y o f num bers Operator, 1076-77 , 1082 , 1085-89 , 1094 ; Hermitian, 1092-9 3 Opticks, 358
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Optics, 88 , 166-68 , 196 , 212-13 , 285-86 , 307 , 3'4-'5. 357 - 579- 8'- 74 ° Ordinal number , 1000-1 Ordinary differentia l equation , 468-500 , 578, 709-38 ; adjoint , 487 ; Bernoulli' s 474; Bessel's , 488-89 , 519 ; Clairaut' s 476 77; exact , 476 ; existenc e theorems , 717 21, 1178-79 ; firs t order , 451 , 471-78 ; Fuchsian, 721-22 , 724-26 ; highe r order , 484-87; hypergeometric , 489 , 712 , 723 ; Lame's, 721-22 ; Legendre's , 529 , 711 ; linear, 485-87 , 730-32 ; Mathieu's , 713 14; metho d o f series , 488-89 , 709-12 ; nonlinear, 483-84 , 732-38 ; periodi c solu tions, 713-14 , 730-32 ; Riccati , 483-84 ; second order , 478-84 ; singula r solution s of, 476-78 ; system s of , 490-92 , 735 , 742 ; variation o f parameters , 497-99 ; Weber's, 714; se e also Asymptoti c series , Auto morphic functions ; Qualitativ e theor y of ordinar y differentia l equations ; Sturm-Liouville theory ; Summabilit y Orthogonal syste m o f functions , 716 , 106 6 Orthogonal trajectories , 474-7 5 Osculating circle, 55 6 Osculating plane , 559 , 561 Ostrogradsky's theorem . Se e Divergenc e theorem Oval o f Descartes , 315-1 6 P-adic fields , 1146-4 7 Pappus's theorem , 128 , 297-98 Pappus-Guldin theorem , 12 9 Papyri, 16 , 20, 25 , 132 Parabolic cylinde r functions , 714 Paradoxes o f se t theory , 1182-8 5 Parallel axiom , 60 , 177 , 852 , 863-67 , 916 , 1012, 1014 Parallel displacement , 1130-3 3 Parseval inequality , 1093 Parscval's theorem , 716-17 , 971, 1047 Partial derivative , 42 5 Partial differentia l equation , 362 , 502-43 , 567-68, 671-707 ; classification , 700-701 ; existence theorems , 685 , 699-707 , 1178 79; firs t order , 532-35 ; Hamilton-Jacobi , 744; hea t equation , 672-75 , 679 , 687-89 ; Helmholtz, 693-96 , 1056 ; nonlinear , 53640; Poisson's , 682 , 684-85; potential , 524529, 659 , 681-87 , 703-5 ; reduce d wav e equation, 693-94 ; separatio n o f vari ables, 516-17 , 673-74 ; system s of , 540-42 , 696-99; total , 532 ; wav e equation , 502 22, 690-9 4 Pascal triangle , 272-7 3 Pascal's theorem, 297-98 , 848
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Pasch's axiom, 1011-1 2 Peano curve , 1018 , 1161 Peano's axioms, 988-8 9 Pell's equation, 278 , 610-11 Pendulum motion , 337 , 469 , 471-72 , 479 , 556 Periodicity modules , 641, 662 Permanence o f form , 773-75 Permutation. See Substitutio n Permutations an d combinations , 27 3 Persia, 4, 1 0 Perspective, 231-34 , 286-87 Pi, 10-11 , 19 , 134-35 , 251 , 255 , 353 , 439 , 448, 593 , 980-8 2 Picard's theorems , 668 Platonic school , 42-4 8 Pliicker formulas , 857 Poincare conjecture , 1175-7 6 Poincare-Bendixson theorem , 73 7 Poincare's last theorem , 117 8 Point a t infinity , 290 Polar coordinates , 319 Pole and polar , 96-97 , 294, 298-99 , 845 Polyhedra, regular , 47 , 85-86 Positional notation , 5-7 , 185 Potential theory , 522-29 , 659 , 681-87 , 1055 56; equation , 524-29 , 659 , 682-87 , 703-5 ; function, 524 , 682-86 Power series , 643-44 ; se e also Taylor' s theorem Precession o f th e equinoxes , 158 , 369 Primary an d secondar y qualities , 326 , 329 Prime number , 78 , 277 , 609 , 830-32 ; se e also Theor y o f numbers ; Prim e num ber theore m Prime numbe r theorem , 830-3 2 Principia Mathemalica, 119 3 Principle o f continuity , 385-87 , 841 , 843 45 Principle o f duality , 845-46 , 848-49 , 855 Principle o f Leas t Action , 581-82 , 587-89 , 620, 739-45 Principle o f Leas t Time , 315, 580-8 1 Principle o f Stationar y Phase , 109 9 Printing, 217 Probability, 273 Projectile motion , 286 , 476, 479 Projection, 232 , 287 Projective geometry , 233 , 285-301 , 834 59, 1007-10 ; algebraic , 852-59; an d met ric geometry , 904-23 ; relatio n t o Eu clidean geometry , 850-52 , 909, 1033 ; rela tion t o non-Euclidea n geometry , 909-12 , 1033; se e also Algebrai c invariant s Projective plane , 290 , 116 8 Proof, 14 , 20-22 , 34 , 44-46 , 50 , 144 , 171 ,



SUBJECT INDE X 198-99, 282 , 383-89 , 393-94 , 426-34 , 617 19, 1024-26 ; indirec t metho d of , 33 , 44-45 Proportion, 32 , 137-38 , 237 ; Eudoxia n theory of , 6 8 Pseudosphere, 893 , 90 5 Ptolemy dynasty , 102- 3 Puiseux's theorem , 552-53 Pure an d applie d mathematics , 1036-3 8 Pythagorean numbe r philosophy , 21 9 Pythagorean theorem , 10 , 20 , 33 , 63-64 , 184 Pythagorean triples , 10 , 31-32 , 34 Pythagoreans, 27-34 , 49, 147-5 0 Quadratic equation , 8-9 , 19 , 186-87 , '9 293; solve d geometrically , 76-7 7 Quadratic form , 799-80 ; reductio n t o stan dard form , 799 , 801-2 ; infinite , 1063-66 ; see also La w o f inerti a Quadratic reciprocity , 611-12 , 813-15 , 81 7 Quadratrix, 39-40 , 48 Quadrature, 4 2 Quadric surface , 108-10 , 168 , 545-46 , 848 Quadrivium, 146 , 149-50 , 201- 2 Qualitative theor y o f ordinar y differentia l equations, 732-38 , 117 0 Quantics, 928 Quantitative versu s qualitativ e knowl edge, 333-3 4 Quartic equations , 267-7 0 Quaternion, 779-82 , 791, 1025 Quintic equation , 76 3 Rate o f change , instantaneous , 344, 360 Reduction o f singularities , 941-42 Reformation, 21 8 Relativity, 894 , 1130-3 1 Religious motivation , 219-20 , 359 Residue, 638 , 640 Resolvent equation , 604 , 760 Resultant, 606-8 , 797-9 8 Revival o f Gree k works , 205-7, 216-1 7 Ricci tensor , 112 7 Ricci's lemma , 112 9 Riemann fou r inde x symbol , 894 , 112 5 Riemann hypothesis , 831 Riemann mappin g theorem , 66 6 Riemann problem , 724 , 726, 106 9 Riemann surface , 656-62 , 934-35, 937 Riemann zet a function , 83 1 Riemannian geometry , 889-99 , 1126-27 , 1131-33; applicability , 893 Riemann-Lebesgue lemma , 1046-4 7 Riemann-Roch theorem , 665 , 940 Riesz representatio n theorem , 108 5



SUBJECT INDE X Ricsz-Fischer theorem , 1072 , 108 4 Rigor, 947-77 , 1025 , 1209 ; se e also Proo f Ring, 821-22 , 931 , 1150-5 3 Romans, 106 , 178-8 0 Rule o f fals e position , 18-19 Ruled surfaces , 567 , 859 Scholastics, 207 Schwarz-Christoffel mapping , 666-67 , 68 7 Schwarz's inequality , 1083, 109 3 Section, 232 , 287 Seleucid period , 4 , 102 Semicubical parabola , 98 , 550 Serret-Frenet formulas , 561-62 Set, 970 , 994-1003 , 1159 ; closed , 995-1078 , 1160; derived , 970 , 1078 ; enumerable , 995-97; firs t species , 970 ; infinite , 992 1003; limi t poin t of , 970 ; open , 995 , 1160; perfect , 995 ; powe r of , 995 ; well ordered, 1001 ; se e also Space , abstrac t Shape o f th e earth , 469-70, 522 Sieve o f Eratosthenes , 13 8 Simplex, 1171 Singular point s o f curves , 549-52 , 935, 94142; conjugat e point , 550 ; cusp , 549-50 ; double point , 549 ; multipl e point , 549 ; node, 54 9 Singularities o f differentia l equations , 721 26, 733 , 737 Slide rule , 258 Sophists, 27 , 37-42 Sound, 482-83 , 520-22 , 691 Space: abstract , 1078-80 , 1159-63 ; com pact, 1078 , 1160 ; complete , 1161 ; con nected, 1160 ; extremal , 1078 ; function , 1078-80, 1082-8*4 , 1178 ; interior poin t of , 1078; limi t poin t of , 1160 ; metric , 1079 , 1160-61; metrizable , 1161 ; neighbor hood, 1079 , 1160-61; normal , 1087-89 ; perfect, 1078 ; separable , 1160 ; se e also Banach space ; Hilber t space ; Se t Space curves , 235 , 557-62, 566, 941 Special functions , 422-26 , 709 , 715 Specialization, 1024 Spherical circle , 845 , 854 Spherical functions , 529-30 , 711-1 2 Spherical harmonics . Se e Spherica l func tions Stability o f th e sola r system , 730 , 735-36 Stereometry, 23 5 Sieltjes integral , 1041 , 1085 Stirling series, 453, 109 7 Stokes line, 1103 , 1108 Stokes' theorem , 79 0 Straight line , infiniteness of , 863 Sturm-Liouville theory , 715-1 7
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Subgroup, 758 ; invariant , see normal ; normal, 761 ; self-conjugate , se e Norma l Substitution, 602-3, 757"5^ Sumcrians, 4 Summability, 464 , 1098 , 1109-20 ; Abel , 1111; Borel , 1117-19 ; Cesaro , 1113 ; Frobenius, 1112 , 1119; Holder , 1112-13 ; Stieltjes, 1115-1 6 Summation convention , 1127 Superposition, 87 Sylow's theorem , 768 , 114 1 Symbolic logic . See Mathematica l logic Symbolism, 10 , 139-40 , 143-44 , 186 , 192 , 259-63, 34« , 37 8 Symmetric functions , 600 , 602 Tangent, 342-4 6 Tauberian theorem , 111 9 Tautochrone. Se e Isochrone Taylor's theorem , 442 , 464-65, 964 Tensor analysis , 784 , 1122-2 3 Theorie analytique de l a chaleur, 672 , 961, 966 Theorie des fonctions analytiques, 406 , 430-32, 948 , 964, 1029 Theory o f algebrai c equations , 270-72 , 381, 597-606 Theory o f forms , 826-29 Theory o f numbers , 10 , 29-32 , 53 , 77-80 , 136-43, 274-78 , 608-12 , 813-22 , 925 ; ana lytic, 829-32 ; se e also Biquadrati c reci procity; Cubi c reciprocity ; Pell' s equa tion; Prim e number ; Prim e numbe r theorem; Quadrati c reciprocity ; Theor y of form s Theory o f perturbations , 494-98 Theory o f surfaces , 562-69, 859 ; cubic , 859; differential geometric , 882-88 ; isomet ric, 886 ; quartic , 859 ; se e also Alge braic geometry ; Rumme r surface ; Quad ric surfac e Theory o f types , 119 5 Theta functions , 649-5 0 Three-body problem , 369 , 492-93 , 496-97 , 731-33, 73 5 Topology, 920 , 1158-81 ; combinatorial , 1159, 1163-81 ; poin t Set, 1159-63 Torsion: o f a complex , 1173-74 , 11 7^'77, 1180; o f a curve , 559-62 Tractatus d e Quadratura Curvarum, 36162 Tractrix, 382 , 473-74, 90 5 Transcendental number , 593-94 , 980-82 Transfinite number , 992-1003 Transformation o f coordinates , 426 , 546-47 Translation o f books , 206 , 220



xxn Triangle inequality , 1079 , 1083 Trigonometric series , 454-59 , 508-14 , 968 70; se e also Fourie r series . Trigonometry: Arabic , 195-96 ; Greek, 119 26; Hindu , 189 ; plane , 119-26 , 189 , 23740; Renaissance , 237-40 ; spherical , 119 26, 237-40 Trivium, 202 Truth, 45 , 50 , 151 , 219 , 305-6 , 326 , 330 , 619-21, 879-80, 890 , 893 , 980 , 1031-3 6 Undecidable propositions , 120 2 Undefined terms , 51 , 988 , 1008 , 101 0 Unicursal curve , 552 Uniformization o f curves , 937-39 Universities, 201 , 209 , 214 , 220 , 397-98 , 621-22



SUBJECT INDE X Vector analysis , 776-79, 785-9 1 Velaria problem , 748 Velocity potential , 525 , 686 Vibrating membrane, 518-19 , 689, 713 Vibrating-string problem , 478-79 , 503-1 8 Volumes, calculatio n of , 343 , 34 8 Waring's theorem , 60 9 Weierstrass factorizatio n theorem , 667-6 8 Weierstrass's theorem , 96 6 WKBJ method , 1102 , 110 8 Word problem , 1141 , 114 3 Zeno's paradoxes , 35-37 , 992 Zero, 6 , 132 , 185 Zonal harmonics . Se e Legendre polynomia l
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