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Description


CHAPTER 3 DIFFERENTIATION 3.1 TANGENTS AND THE DERIVATIVE AT A POINT 1. P" : m" œ 1, P# : m# œ 5



2. P" : m" œ 2, P# : m# œ 0



3. P" : m" œ 5# , P# : m# œ  "#



4. P" : m" œ 3, P# : m# œ 3



5. m œ lim



hÄ!



c4  ("  h)# d  a4  (1)# b h



 a1  2h  h# b1 h hÄ!



œ lim



œ lim



hÄ!



h(#  h) h



œ 2;



at ("ß $): y œ $  #(x  (1)) Ê y œ 2x  5, tangent line



6. m œ lim



hÄ!



c(1  h  1)#  1d  c("  ")#  1d h



h#



œ lim



hÄ! h



œ lim h œ 0; at ("ß "): y œ 1  0(x  1) Ê y œ 1, hÄ!



tangent line



È 2È 1  h  2È 1 œ lim 2 1 h h  2 h hÄ! hÄ! 4(1  h)  4 œ lim œ lim È1 2h  1 h Ä ! 2h ŠÈ1  h  1‹ hÄ!



7. m œ lim



†



2È 1  h  2 2È 1  h  #



œ 1;



at ("ß #): y œ 2  1(x  1) Ê y œ x  1, tangent line



8. m œ lim



hÄ!



"



( 1  h)#



 ( "")#



h



 a2h  h# b # h Ä ! h(1  h)



œ lim



1  (1  h)# # h Ä ! h(1h) 2h lim # œ 2; h Ä ! (1  h)



œ lim œ



at ("ß "): y œ 1  2(x  (1)) Ê y œ 2x  3, tangent line
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Chapter 3 Differentiation (2  h)$  (2)$ h



9. m œ lim



hÄ!



8  12h  6h#  h$  8 h



œ lim



hÄ!



œ lim a12  6h  h# b œ 12; hÄ!



at (2ß 8): y œ 8  12(x  (2)) Ê y œ 12x  16, tangent line



10. m œ lim



(



h



hÄ!



œ



"2 8(8)



hÄ!



hÄ!



at ˆ#ß  "8 ‰ : y œ  8"  Ê yœ 11. m œ lim



hÄ!



x



" #,



12  6h  h# 8(2  h)$



œ lim



3 œ  16 ;



3 16



8  (#  h)$ 8h(#  h)$



œ lim



 a12h  6h#  h$ b 8h(#  h)$



œ lim



hÄ!



" " #  h)$  ( #)$



3 16 (x



 (2))



tangent line



c(2  h)#  1d  5 h



œ lim



hÄ!



a5  4h  h# b  5 h



hÄ!



at (2ß 5): y  5 œ 4(x  2), tangent line 12. m œ lim



hÄ!



c("  h)  2(1  h)# d  (1) h



œ lim



hÄ!



h(4  h) h



œ lim



a1  h  2  4h  2h# b  1 h



3 (3



h h)  2



3



h



hÄ!



œ lim



hÄ!



(3  h)  3(h  1) h(h  1)



h Ä ! h(h  1)



at ($ß $): y  3 œ 2(x  3), tangent line 14. m œ lim



hÄ!



8 (2



h)#



2



h



hÄ!



(2  h)$  8 h hÄ!



œ lim



a8  12h  6h#  h$ b  8 h hÄ!



œ lim



16. m œ lim



hÄ!



c(1  h)$  3(1  h)d  4 h



hÄ!



at ("ß %): y  4 œ 6(t  1), tangent line 17. m œ lim



hÄ!



È4  h  2 h



œ lim



hÄ!



œ "4 ; at (%ß #): y  2 œ 18. m œ lim



hÄ!



œ



" È9  3



È(8  h)  1  3 h



" 4



È4  h  2 h



†



hÄ!



h a12  6h  h# b h hÄ!



a1  3h  3h#  h$  3  3hb  4 h



œ lim



œ lim



œ lim



at (2ß )): y  8 œ 12(t  2), tangent line



È4  h  2 È4  h  2



œ 3;



œ 2;



8  2 a4  4h  h# b h(2  h)# hÄ!



8  2(2  h)# # h Ä ! h(2  h)



œ lim



at (2ß 2): y  2 œ 2(x  2) 15. m œ lim



2h



œ lim



h(3  2h) h



œ lim



at ("ß "): y  1 œ 3(x  1), tangent line 13. m œ lim



œ %;



œ lim



2h(4  h) h(2  h)#



œ



8 4



œ 2;



œ 12;



œ lim



hÄ!



(4  h)  4



h Ä ! h ŠÈ4  h  #‹



h a6  3h  h# b h



œ lim



œ 6;



h



h Ä ! h ŠÈ4  h  #‹



œ



" È4  #



(x  4), tangent line



œ lim



hÄ!



È9  h  3 h



œ 6" ; at (8ß 3): y  3 œ



19. At x œ 1, y œ 5 Ê m œ lim



hÄ!



" 6



†



È9  h  3 È9  h  3



œ lim



(9  h)  9



h Ä ! h ŠÈ9  h  3‹



œ lim



h



h Ä ! h ŠÈ9  h  3‹



(x  8), tangent line



5("  h)#  5 h



œ lim



hÄ!



5 a1  2h  h# b  5 h



œ lim



hÄ!



5h(2  h) h



œ 10, slope
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Section 3.1 Tangents and the Derivative at a Point c1  (2  h)# d  (3) h



20. At x œ 2, y œ 3 Ê m œ lim



hÄ!



" #



21. At x œ 3, y œ



Ê m œ lim



"



h) 1



(3



 #"



h1 h 1



22. At x œ 0, y œ 1 Ê m œ lim



hÄ!



hÄ!



2  (2  h) 2h(2  h)



œ lim



h



hÄ!



œ lim



hÄ!



 (1) h



a1 4 4h  h# b  3 h



hÄ!



hÄ!



h



œ lim



œ lim



h(4  h) h



œ 4, slope



œ  "4 , slope



h Ä ! 2h(2  h)



(h  1)  (h  ") h(h  1)



œ lim



œ lim



2h



h Ä ! h(h  1)



œ 2, slope



c(x  h)#  4(x  h)  1d  ax#  4x  1b h hÄ! a2xh  h#  4hb lim œ lim (2x  h  4) œ 2x h hÄ! hÄ!



23. At a horizontal tangent the slope m œ 0 Ê 0 œ m œ lim ax#  2xh  h#  4x  4h  1b  ax#  4x  1b h hÄ!



œ lim



œ



 4;



2x  4 œ 0 Ê x œ 2. Then f(2) œ 4  8  1 œ 5 Ê (2ß 5) is the point on the graph where there is a horizontal tangent. c(x  h)$  3(x  h)d  ax$  3xb h



24. 0 œ m œ lim



hÄ!



œ lim



hÄ!



3x# h  3xh#  h$  3h h



ax$  3x# h  3xh#  h$  3x  3hb  ax$  3xb h



œ lim



hÄ!



œ lim a3x#  3xh  h#  3b œ 3x#  3; 3x#  3 œ 0 Ê x œ 1 or x œ 1. Then hÄ!



f(1) œ 2 and f(1) œ 2 Ê ("ß 2) and ("ß 2) are the points on the graph where a horizontal tangent exists. 25. 1 œ m œ lim



"



h)  1



(x



 x " 1



h



hÄ!



œ lim



hÄ!



(x  1)  (x  h  1) h(x  1)(x  h  1)



h



œ lim



h Ä ! h(x  1)(x  h  1)



œ  (x " 1)#



Ê (x  1)# œ 1 Ê x#  2x œ 0 Ê x(x  2) œ 0 Ê x œ 0 or x œ 2. If x œ 0, then y œ 1 and m œ 1 Ê y œ 1  (x  0) œ (x  1). If x œ 2, then y œ 1 and m œ 1 Ê y œ 1  (x  2) œ (x  3). 26.



" 4



Èx  h  Èx



œ m œ lim œ lim



h



y œ 2  "4 (x  4) œ



hÄ!



f(2  h)  f(2) h



x 4



Èx  h  Èx h



hÄ!



h Ä ! h ŠÈx  h  Èx‹



27. lim



œ lim



h



hÄ!



œ



" #È x



. Thus,



" 4



œ



†



Èx  h  Èx Èx  h  Èx



" #Èx



(x  h)  x



œ lim



h Ä ! h ŠÈx  h  Èx‹



Ê Èx œ 2 Ê x œ 4 Ê y œ 2. The tangent line is



 1.



œ lim



hÄ!



a100  4.9(#  h)# b  a100  4.9(2)# b h



4.9 a4  4h  h# b  4.9(4) h



œ lim



hÄ!



œ lim (19.6  4.9h) œ 19.6. The minus sign indicates the object is falling downward at a speed of 19.6 m/sec. hÄ!



28. lim



hÄ!



f(10  h)  f(10) h



hÄ!



1(3  h)#  1(3)# h hÄ!



f(3  h)  f(3) h hÄ!



œ lim



f(2  h)  f(2) h hÄ!



œ lim



29. lim



30. lim



3(10  h)#  3(10)# h



œ lim



hÄ!



41 3



3 a20h  h# b h



œ lim



hÄ!



œ 60 ft/sec.



1 c9  6h h#  9d h hÄ!



œ lim



(2  h)$  431 (2)$ h



œ lim



41 3



hÄ!



31. At ax0 , mx0  bb the slope of the tangent line is lim



hÄ!



œ lim 1(6  h) œ 61 hÄ!



c12h  6h#  h$ d h



œ lim



hÄ!



amax0  hb  bb  am x0  bb ax 0  h b  x 0



41 3



c12  6h  h# d œ 161



œ lim



hÄ!



mh h



The equation of the tangent line is y  am x0  bb œ max  x0 b Ê y œ mx  b. 32. At x œ 4, y œ



1 È4 È



œ



" #



œ lim – 22hÈ44hh † hÄ!



and m œ lim



hÄ!



2  È4  h 2  È4  h —



È4



1 h



h



 "#



œ lim – hÄ!



È4



1 h



h



 "#



†



2È 4  h 2È 4  h —



œ lim m œ m. hÄ!



È



œ lim Š 22hÈ44hh ‹ hÄ!



hb h œ lim  È 4  a4  È œ lim  È 2h 4  hŠ2  4  h‹  2h 4  hŠ2  È4  h‹  hÄ! hÄ!
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Chapter 3 Differentiation 1 1 œ lim  È œ  È 1 È œ  16 2 4  hŠ2  È4  h‹  2 4Š2  4‹ hÄ!



f(0  h)  f(0) h hÄ!



33. Slope at origin œ lim



h# sin ˆ "h ‰ h hÄ!



œ lim



œ lim h sin ˆ "h ‰ œ 0 Ê yes, f(x) does have a tangent at hÄ!



the origin with slope 0. g(0  h)  g(0) h



34. lim



hÄ!



œ lim



hÄ!



h sin ˆ "h ‰ h



œ lim sin h" . Since lim sin hÄ!



hÄ!



" h



does not exist, f(x) has no tangent at



the origin. 35.



lim



h Ä !c



f(0  h)  f(0) h



lim f(0  h)h  f(0) hÄ! 36.



œ lim c hÄ!



1  0 h



œ _, and lim b hÄ!



f(0  h)  f(0) h



10 h



œ lim b hÄ!



œ _ Ê yes, the graph of f has a vertical tangent at the origin.



œ _, and lim b U(0  h)h  U(0) œ lim b hÄ! hÄ! does not have a vertical tangent at (!ß ") because the limit does not exist. lim



h Ä !c



œ _. Therefore,



U(0  h)  U(0) h



œ lim c hÄ!



01 h



11 h



œ 0 Ê no, the graph of f



37. (a) The graph appears to have a cusp at x œ 0.



(b)



lim c



hÄ!



f(0  h)  f(0) h



œ lim c hÄ!



h#Î&  0 h



œ lim c hÄ!



" h$Î&



œ _ and lim b hÄ!



" h$Î&



œ _ Ê limit does not exist



Ê the graph of y œ x#Î& does not have a vertical tangent at x œ 0.



38. (a) The graph appears to have a cusp at x œ 0.



(b)



lim



h Ä !c



f(0  h)  f(0) h



œ lim c hÄ!



h%Î&  0 h



œ lim c hÄ!



" h"Î&



œ _ and lim b hÄ!



" h"Î&



œ _ Ê limit does not exist



Ê y œ x%Î& does not have a vertical tangent at x œ 0.



39. (a) The graph appears to have a vertical tangent at x œ !.



(b)



lim



hÄ!



f(0  h)  f(0) h



œ lim



hÄ!



h"Î&  0 h



œ lim



"



%Î& hÄ! h



œ _ Ê y œ x"Î& has a vertical tangent at x œ 0.
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Section 3.1 Tangents and the Derivative at a Point 40. (a) The graph appears to have a vertical tangent at x œ 0.



(b)



lim



hÄ!



f(0  h)  f(0) h



œ lim



hÄ!



h$Î&  0 h



"



œ lim



#Î& hÄ! h



œ _ Ê the graph of y œ x$Î& has a vertical tangent at x œ 0.



41. (a) The graph appears to have a cusp at x œ 0.



(b)



lim c



hÄ!



f(0  h)  f(0) h



œ lim c hÄ!



4h#Î&  2h h



œ lim c hÄ!



4 h$Î&



 2 œ _ and lim b hÄ!



4 h$Î&



#œ_



Ê limit does not exist Ê the graph of y œ 4x#Î&  2x does not have a vertical tangent at x œ 0.



42. (a) The graph appears to have a cusp at x œ 0.



(b)



lim



hÄ!



f(0  h)  f(0) h



œ lim



hÄ!



h&Î$  5h#Î$ h



œ lim h#Î$  hÄ!



5 h"Î$



œ 0  lim



y œ x&Î$  5x#Î$ does not have a vertical tangent at x œ !.



5



"Î$ hÄ! h



does not exist Ê the graph of



43. (a) The graph appears to have a vertical tangent at x œ 1 and a cusp at x œ 0.



(b) x œ 1:



lim



hÄ!



(1  h)#Î$  (1  h  1)"Î$  " h



œ lim



hÄ!



(1  h)#Î$  h"Î$  " h



œ _



Ê y œ x#Î$  (x  1)"Î$ has a vertical tangent at x œ 1;
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Chapter 3 Differentiation x œ 0:



lim



hÄ!



f(0  h)  f(0) h



œ lim



hÄ!



h#Î$  (h  1)"Î$  (1)"Î$ h



" œ lim ’ h"Î$ 



hÄ!



(h  ")"Î$ h



 h" “



does not exist Ê y œ x#Î$  (x  1)"Î$ does not have a vertical tangent at x œ 0. 44. (a) The graph appears to have vertical tangents at x œ 0 and x œ 1.



(b) x œ 0:



lim



hÄ!



f(0  h)  f(0) h



œ lim



hÄ!



h"Î$  (h  1)"Î$  (")"Î$ h



œ _ Ê y œ x"Î$  (x  1)"Î$ has a



vertical tangent at x œ 0;



x œ 1:



lim



hÄ!



f(1  h)  f(1) h



œ lim



hÄ!



(1  h)"Î$  ("  h  1)"Î$  1 h



œ _ Ê y œ x"Î$  (x  1)"Î$ has a



vertical tangent at x œ ".



45. (a) The graph appears to have a vertical tangent at x œ 0.



(b)



lim b



hÄ!



f(0  h)  f(0) h



œ lim b xÄ!



Èh  0 h



œ lim



"



h Ä ! Èh



È kh k  0



f(0  h)  f(0) h



œ lim c œ lim c h hÄ! hÄ! Ê y has a vertical tangent at x œ 0. lim



h Ä !c



œ _; È kh k  kh k



œ lim c hÄ!



" È kh k



œ_



46. (a) The graph appears to have a cusp at x œ 4.



(b)



lim b



f(4  h)  f(4) h



œ lim b hÄ!



Èk4  (4  h)k  0 h



lim



f(4  h)  f(4) h



œ lim c



Èk4  (4  h)k h



hÄ!



h Ä !c



hÄ!



œ lim b hÄ!



œ lim c hÄ!



È kh k h



È kh k lhl



œ lim b hÄ!



œ lim c hÄ!



" Èh



" È kh k



œ _;



œ _



Ê y œ È%  x does not have a vertical tangent at x œ 4. 47-50. Example CAS commands: Maple: f := x -> x^3 + 2*x;x0 := 0; plot( f(x), x=x0-1/2..x0+3, color=black, title="Section 3.1, #47(a)" ); q := unapply( (f(x0+h)-f(x0))/h, h );



# part (a) # part (b)
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Section 3.2 The Derivative as a Function L := limit( q(h), h=0 ); # part (c) sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d) tan_line := f(x0) + L*(x-x0); plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black, linestyle=[1,2,5,6,7], title="Section 3.1, #47(d)", legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)", "Secant line (h=2)","Secant line (h=3)"] ); Mathematica: (function and value for x0 may change) Clear[f, m, x, h] x0 œ p; f[x_]: œ Cos[x]  4Sin[2x] Plot[f[x], {x, x0  1, x0  3}] dq[h_]: œ (f[x0+h]  f[x0])/h m œ Limit[dq[h], h Ä 0] ytan: œ f[x0]  m(x  x0) y1: œ f[x0]  dq[1](x  x0) y2: œ f[x0]  dq[2](x  x0) y3: œ f[x0]  dq[3](x  x0) Plot[{f[x], ytan, y1, y2, y3}, {x, x0  1, x0  3}] 3.2 THE DERIVATIVE AS A FUNCTION 1. Step 1: f(x) œ 4  x# and f(x  h) œ 4  (x  h)# f(x  h)  f(x) h



Step 2:



œ



c4  (x  h)# d  a4  x# b h



œ



a4  x#  2xh  h# b  4  x# h



œ



2xh  h# h



œ



h(2x  h) h



œ 2x  h Step 3: f w (x) œ lim (2x  h) œ 2x; f w ($) œ 6, f w (0) œ 0, f w (1) œ 2 hÄ!



2. F(x) œ (x  1)#  1 and F(x  h) œ (x  h  1)#  " Ê Fw (x) œ lim œ lim



hÄ!



hÄ!



ax#  2xh  h#  2x  2h  1  1b  ax#  2x  1  1b h w



w



œ lim



w



œ 2(x  1); F (1) œ 4, F (0) œ 2, F (2) œ 2 3. Step 1: g(t) œ



" t#



and g(t  h) œ "



Step 2:



"



# # g(t  h)  g(t) œ (t h)h t h 2t  h) 2t  h œ h( (t  h)# t# h œ (t  h)# t#



Step 3: gw (t) œ lim



2t  h



# # h Ä ! (t  h) t



4. k(z) œ



1 z #z



and k(z  h) œ



œ œ



" 2z#



œ



Œ



2t t# †t#



1  (z  h) 2(z  h)



 ("  z)(z  h) lim (1  z  h)z #(z  h)zh hÄ!



2xh  h#  2h h



œ lim (2x  h  2) hÄ!



" (t  h)#



œ



œ



hÄ!



c(x  h  1)#  1d  c(x  1)#  1d h



t#  (t h)# (t h)# †t# 



h



œ



2 t$



t#  at#  2th  h# b (t  h)# †t# †h



œ



œ



2th  h# (t  h)# t# h



2 ; gw (1) œ 2, gw (2) œ  "4 , gw ŠÈ3‹ œ  3È 3



Ê kw (z) œ lim



hÄ!



Š



"



(z  h) " z #(z  h)  #z ‹



#  z  h  z#  zh lim z  z  zh 2(z  h)zh hÄ!



h



œ lim



h



h Ä ! 2(z  h)zh



œ lim



"



h Ä ! #(z  h)z



; kw (") œ  "# , kw (1) œ  "# , kw ŠÈ2‹ œ  4"



5. Step 1: p()) œ È3) and p()  h) œ È3()  h)
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Chapter 3 Differentiation



Step 2:



p()  h)  p()) h



œ



œ



È3()  h)  È3) h



3h h ŠÈ3)  3h  È3)‹



Step 3: pw ()) œ lim



œ



ŠÈ3)  3h  È3)‹ h



œ



3 È3)  3h  È3)



3



œ



h Ä ! È3)  3h  È3)



†



œ



3 È 3)  È 3)



3 2È 3 )



ŠÈ3)  3h  È3)‹ ŠÈ3)  3h  È3)‹



; pw (1) œ



œ



(3)  3h)  3) h ŠÈ3)  3h  È3)‹



, pw (3) œ "# , pw ˆ 32 ‰ œ



3 2È 3



3 #È2



È2s  2h  1  È2s  1 h hÄ!



6. r(s) œ È2s  1 and r(s  h) œ È2(s  h)  1 Ê rw (s) œ lim œ lim



ŠÈ2s  h  1  È2s  1‹ h



hÄ!



œ lim



ŠÈ2s  2h  1  È2s  1‹



†



œ lim



2h



œ



" È2s  1



; rw (0) œ 1, rw (1) œ



2



" È3



, rw ˆ #" ‰ œ



hÄ!



6x# h  6xh#  2h$ h



hÄ!



9. s œ r(t) œ œ lim



t 2t1



Š



dr ds



œ



2 2È2s  1



2 ax$  3x# h  3xh#  h$ b  2x$ h hÄ!



2(x  h)$  2x$ h hÄ!



œ lim



œ lim



œ lim a6x#  6xh  2h# b œ 6x# hÄ!



œ lim



th 2(th)1



and r(t  h) œ



(t b h)(2t b 1) c t(2t b 2h b 1) ‹ (2t b 2h b 1)(2t b 1)



h



hÄ!



œ lim



œ



2t#  t  2ht  h  2t#  2ht  t (2t  2h  1)(2t  1)h hÄ! " " (2t  1)(2t  1) œ (2t  1)#



dv dt



œ lim



hÄ!



œ lim



10.



2 È2s  1  È2s  1



3 2 2 3 2 2 3 2 ˆas  hb3  2as  hb2  3‰  ˆs3  2s2  3‰ œ lim s  3s h  3sh  h  2s h 4sh  h  3  s  2s  3 h hÄ! hÄ! 2 2 3 2 hˆ3s2  3sh  h2  4s  h‰ lim 3s h  3sh hh  4sh  h œ lim œ lim a3s2  3sh  h2  4s  hb œ 3s2  2s h hÄ! hÄ! hÄ!



8. r œ s3  2s2  3 Ê œ



dy dx



h a6x#  6xh  2h# b h



œ lim



œ



" È2



7. y œ f(x) œ 2x$ and f(x  h) œ 2(x  h)$ Ê œ lim



h Ä ! h ŠÈ2s  2h  1  È2s  1‹



h Ä ! È2s  2h  1  È2s  1



h Ä ! h ŠÈ2s  2h  1  È2s  1‹



(2s  2h  1)  (2s  1)



œ lim



ŠÈ2s  2h  1  È2s  1‹



’(t  h) 



hÄ!



ht#  h# t  h h(t  h)t hÄ!



œ lim



Œ



" “  ˆt  " ‰ t h h



œ lim



11. p œ f(q) œ



t



" Èq  1



h



hÄ!



(t  h)(2t  1)  t(2t  2h  1) (2t  2h  1)(2t  1)h h



h Ä ! (2t  2h  1)(2t  1)h



œ lim



hÄ!



t#  ht  1 h Ä ! (t  h)t



and f(q  h) œ œ lim



œ



h



t



" " t h h



t#  1 t#



" È(q  h)  1



Ê



h Ä ! (2t  2h  1)(2t  1)



Š



œ lim



h(t



h)t  t (t (t h)t



dp dq



h)



‹



h



hÄ!



œ1



"



œ lim



" t#



œ lim



Š È(q



hÄ!



"



h)



1



‹  Š Èq"



1



‹



h



Èq  1  Èq  h  1



h Ä ! hÈ q  h  1 È q  1



h



hÄ!



t ‰ Š 2(t bt bh)hb 1 ‹  ˆ 2t b 1



œ lim



ds dt



œ lim



œ lim



Èq b 1 c Èq b h b 1 Èq b h b 1 Èq b 1 



Ê



œ



ˆÈ q  1  È q  h  1 ‰ ˆ È q  1  È q  h  1 ‰ 1)  (q  h  1) † ˆÈq  1  Èq  h  1‰ œ lim hÈq  h  1(qÈq  1 ˆÈ q  1  È q  h  1 ‰ h Ä ! h Èq  h  1 Èq  1 hÄ! h " lim œ lim Èq  h  1 Èq  1 ˆÈq  1  Èq  h  1‰ h Ä ! h È q  h  1 È q  1 ˆÈ q  1  È q  h  1 ‰ hÄ! " " œ È q  1 È q  1 ˆÈ q  1  È q  1 ‰ 2(q  1) Èq  1



dz dw



œ lim



œ lim œ



12.



Š È3(w " h)  2  h



hÄ!



œ lim



hÄ!



"



È3w  2 ‹



ŠÈ3w  2  È3w  3h  2‹ hÈ3w  3h  2 È3w  2



œ lim



œ lim



È3w  2  È3w  3h  2



h Ä ! hÈ3w  3h  2 È3w  2



†



ŠÈ3w2È3w3h2‹ ŠÈ3w  2  È3w  3h  2‹



3



h Ä ! È3w  3h  2 È3w  2 ŠÈ3w  2  È3w  3h  2‹



œ



œ



œ lim



(3w  2)  (3w  3h  2)



h Ä ! hÈ3w  3h  2 È3w  2 ŠÈ3w  2  È3w  3h  2‹



3 È3w  2 È3w  2 ŠÈ3w  2  È3w  2‹



3 2(3w  2) È3w  2
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Section 3.2 The Derivative as a Function 13. f(x) œ x  œ



x(x  h)#  9x  x# (x  h)  9(x  h) x(x  h)h



œ



h(x#  xh  9) x(x  h)h



" #x



14. k(x) œ w



hÄ!



œ œ 16.



dy dx



œ



œ



x#  9 x#



œ



9 9 (x b h) “  ’x  x “



’(x  h) 



h



x$  2x# h  xh#  9x  x$  x# h  9x  9h x(x  h)h



œ



x#  xh  9 h Ä ! x(x  h)



and k(x  h) œ



x# h  xh#  9h x(x  h)h



œ



œ1



9 x#



; m œ f w (3) œ 0



Š # "x h  k(x  h)  k(x) œ lim h h hÄ! hÄ! h " " lim œ lim (2  x)(#  x  h) œ (2  x)# ; h Ä ! h(2  x)(2  x  h) hÄ! " 2  (x  h)



Ê kw (x) œ lim



$ # # $ # # $ # c(t  h)$  (t  h)# d  at$  t# b œ lim at  3t h  3th  h b h at  2th  h b  t  t h hÄ! hÄ! # # # # $ # lim 3t h  3th hh  2th  h œ lim h a3t  3th h h  2t  hb œ lim a3t#  3th  hÄ! hÄ! hÄ! ¸ 3t#  2t; m œ ds œ 5 dt tœ"



#



" ‹ x



œ lim



ax b hb b 3 1 c ax b hb



œ lim



b3  1x c x



h



hÄ!



œ lim



17. f(x) œ



4h



b h b 3ba1 c xb c ax b 3ba1 c x c hb a1 c x c hba1 c xb h



œ lim



8 ŠÈx  2  Èx  h  2‹ hÈ x  h  2 È x  2



4



†



8 È(x  h)  2



ŠÈx  2  Èx  h  2‹



œ



8h hÈx  h  2 Èx  2 ŠÈx  2  Èx  h  2‹



œ



8 Èx  2 Èx  2 ŠÈx  2  Èx  2‹



œ



œ



œ



h#  2t  hb



x  h  3  x2  xh  3x  x  3  x2  3x  xh  3h h a1  x  h b a 1  x b



4 ; dy ¹ a1  xb2 dx xœ2



f(x  h)  f(x) h



Ê



ŠÈx  2  Èx  h  2‹



œ lim



hÄ!



h Ä ! a1  x  hba1  xb



and f(x  h) œ



8 Èx  2



ax



œ lim



hÄ!



h Ä ! ha1  x  hba1  xb



œ



f(x  h)  f(x) h



Ê



9 (x  h)



; f w (x) œ lim



" 16



k (2) œ  ds dt



x#  xh  9 x(x  h)



œ



(#  x)  (2  x  h) h(2  x)(2  x  h)



œ lim



15.



and f(x  h) œ (x  h) 



9 x



œ



œ



4 a3 b 2



4 9



È(x b h) c 2  Èx c 2 8



œ



8



h



8[(x  2)  (x  h  2)] hÈx  h  2 Èx  2 ŠÈx  2  Èx  h  2‹ 8



Ê f w (x) œ lim



h Ä ! Èx  h  2 Èx  2 ŠÈx  2  Èx  h  2‹



4 (x  2)Èx  2



; m œ f w (6) œ



4 4È 4



œ  "# Ê the equation of the tangent



line at (6ß 4) is y  4 œ  "# (x  6) Ê y œ  "# x  $  % Ê y œ  "# x  (. ˆ1  È4  (z  h)‰  Š1  È4  z‹



18. gw (z) œ lim



h



hÄ!



œ



h



hÄ!



(4  z  h)  (4  z) lim h Ä ! h ŠÈ4  z  h  È4  z‹ " œ  "# 2È 4  3  "# z  $#  # Ê w



ŠÈ4  z  h  È4  z‹



œ lim



œ



h lim h Ä ! h ŠÈ4  z  h  È4  z‹



†



ŠÈ4  z  h  È4  z‹ ŠÈ4  z  h  È4  z‹ "



œ lim



h Ä ! ŠÈ4  z  h  È4  z‹



œ



" 2È 4  z



m œ gw (3) œ



Ê the equation of the tangent line at ($ß #) is w  2 œ  "# (z  3)



Êwœ



œ  "# z  (# .



19. s œ f(t) œ 1  3t# and f(t  h) œ 1  3(t  h)# œ 1  3t#  6th  3h# Ê a1  3t#  6th  3h# b  a1  3t# b h hÄ!



œ lim



20. y œ f(x) œ "  œ lim



" " x



21. r œ f()) œ hÄ!



h



h



hÄ!



œ lim



x



" x



2 È4  )



œ lim (6t  3h) œ 6t Ê hÄ!



and f(x  h) œ 1  œ lim



h



h Ä ! x(x  h)h



œ



œ lim



Ê



dy dx "



h Ä ! x(x  h)



œ



œ lim



" x#



" 3



Ê



È œ



dy dx ¹x= 3



2 È4  ()  h)



Ê



dr d)



œ lim



hÄ!



f(t  h)  f(t) h



œ6



f(x  h)  f(x) h hÄ!



œ lim



œ lim



Š1 



x



" ‹  Š1  " ‹ h x h



hÄ!



f()  h)  f()) œ lim h hÄ! hÄ! È È 2È4  )  #È%  )  h Š2 %  )  2 4  )  h‹ lim † È Š2 4  )  #È4  )  h‹ h Ä ! hÈ 4  ) È 4  )  h



and f()  h) œ



2È 4  )  2È 4  )  h hÈ 4  ) È 4  )  h



" xh



ds ¸ dt t=c"



ds dt



È4 c ) c h  È4 c ) 2



2



h
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Chapter 3 Differentiation 4(%  ))  4(%  )  h)



œ lim



h Ä ! 2hÈ4  ) È4  )  h ŠÈ4  )  È4  )  h‹



œ



2 (4  )) Š2È4  )‹



œ



" (4  ))È4  )



Ê



dr ¸ d) )œ!



œ lim



2



h Ä ! È4  ) È4  )  h ŠÈ4  )  È%  )  h‹



œ



" 8



22. w œ f(z) œ z  Èz and f(z  h) œ (z  h)  Èz  h Ê œ lim



Šz  h  Èz  h‹  ˆz  Èz‰



hÄ!



h



œ 1  lim



(z  h)  z



h Ä ! h ŠÈz  h  Èz‹



h  Èz  h  Èz h hÄ!



œ lim



œ 1  lim



"



h Ä ! Èz  h  Èz



"



dw dz



œ lim



hÄ!



œ lim –1  hÄ!



œ"



" 2È z



Ê



f(z  h)  f(z) h Èz  h  Èz h



dw ¸ dz zœ4



œ



†



ŠÈz  h  Èz‹ ŠÈz  h  Èz‹ —



5 4



"



fazb  faxb a x  #b  a z  # b xz " z #x # 23. f w axb œ zlim œ zlim œ zlim œ zlim œ zlim œ Äx zx Ä x zx Ä x az  xbaz  #bax  #b Ä x az  xbaz  #bax  #b Ä x az  #bax  #b ˆz2  3z  4‰  ˆx2  3x  4‰



" ax  #b #



fazb  faxb z  3z  x  3x z  x  3z  3x 24. f w axb œ zlim œ zlim œ zlim œ zlim zx zx zx Ä x zx Äx Äx Äx az  xbaz  xb  3‘ az  xbaz  xb  3az  xb az  xb  3‘ œ 2x  3 œ zlim œ zlim œ zlim zx zx Äx Äx Äx z



2



2



2



2



x



gazb  gaxb z a x  "b  x a z  " b z  x " zc"  x " 25. gw axb œ zlim œ zlim œ zlim œ zlim œ zlim œ Äx zx Äx zx Ä x az  xbaz  "bax  "b Ä x az  xbaz  "bax  "b Ä x az  "bax  "b g az b  g a x b 26. gw axb œ zlim œ zlim Äx zx Äx



ˆ"  Èz‰ˆ"  Èx‰ zx



œ zlim Äx



Èz  Èx zx



†



Èz  Èx Èz  Èx



" a x  "b #



zx " œ zlim œ zlim œ Ä x az  x bˆÈ z  È x ‰ Ä x Èz  Èx



" #È x



27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x œ 0), then positive Ê the slope is always increasing which matches (b). 28. Note that the slope of the tangent line is never negative. For x negative, f#w (x) is positive but decreasing as x increases. When x œ 0, the slope of the tangent line to x is 0. For x  0, f#w (x) is positive and increasing. This graph matches (a). 29. f$ (x) is an oscillating function like the cosine. Everywhere that the graph of f$ has a horizontal tangent we expect f$w to be zero, and (d) matches this condition. 30. The graph matches with (c). 31. (a) f w is not defined at x œ 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree. For example, lim c xÄ!



f(x)  f(0) x0



œ slope of line joining (%ß 0) and (!ß #) œ



" #



but lim b xÄ!



line joining (0ß 2) and ("ß 2) œ 4. Since these values are not equal, f w (0) œ



f(x)  f(0) x0



f(0) lim f(x)x  0 xÄ!



(b)
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œ slope of



does not exist.



Section 3.2 The Derivative as a Function 32. (a)



103



(b) Shift the graph in (a) down 3 units



33.



(b) The fastest is between the 20th and 30th days; slowest is between the 40th and 50th days.



34. (a)



35. Answers may vary. In each case, draw a tangent line and estimate its slope. ‰F (a) i) slope ¸ 1.54 Ê dT ii) slope ¸ 2.86 Ê dt ¸ 1.54 hr iii) slope ¸ 0 Ê



dT dt



¸ 0‰ hrF



iv) slope ¸ 3.75



dT ‰F dt ¸ 2.86 hr ‰F Ê dT dt ¸ 3.75 hr



(b) The tangent with the steepest positive slope appears to occur at t œ 6 Ê 12 p.m. and slope ¸ 7.27 Ê The tangent with the steepest negative slope appears to occur at t œ 12 Ê 6 p.m. and ‰F slope ¸ 8.00 Ê dT dt ¸ 8.00 hr (c)



36. Answers may vary. In each case, draw a tangent line and estimate the slope. lb (a) i) slope ¸ 20.83 Ê dW ii) slope ¸ 35.00 Ê dt ¸ 20.83 month iii) slope ¸ 6.25 Ê



dW dt



dW dt



lb ¸ 35.00 month



lb ¸ 6.25 month



(b) The tangentwith the steepest positive slope appears to occur at t œ 2.7 months. and slope ¸ 7.27 lb Ê dW dt ¸ 53.13 month
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dT dt



¸ 7.27‰ hrF .
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Chapter 3 Differentiation



(c)



37. Left-hand derivative: For h  0, f(0  h) œ f(h) œ h# (using y œ x# curve) Ê œ lim c hÄ!



h#  0 h



œ lim c h œ 0; hÄ!



Right-hand derivative: For h  0, f(0  h) œ f(h) œ h (using y œ x curve) Ê œ lim b hÄ! Then lim c hÄ!



h0 h



lim



h Ä !c



œ lim b 1 œ 1; hÄ!



f(0  h)  f(0) h



Á lim b hÄ!



f(0  h)  f(0) h



lim



h Ä !b



œ lim c 0 œ 0; hÄ!



f(1  h)  f(1) h



lim



h Ä !c



Right-hand derivative: When h  !, 1  h  1 Ê f(1  h) œ 2(1  h) œ 2  2h Ê



Then lim c hÄ!



(2  2h)2 h



œ lim b hÄ!



f(1  h)  f(1) h



2h h



hÄ!



È1  h  " h



œ lim c



lim



h Ä !b



ŠÈ1  h  "‹ h



hÄ!



†



ŠÈ1  h  "‹ ŠÈ1  h  1‹



œ lim c hÄ!



lim



h Ä !c



Then lim c hÄ!



(2h  1)  " h f(1  h)  f(1) h



40. Left-hand derivative:



lim



h Ä !c



Right-hand derivative: œ lim b hÄ! Then lim c hÄ!



h h(1  h)



œ lim b 2 œ 2; hÄ!



f(1  h)  f(") h



lim b



hÄ!



œ lim b hÄ!



f(1  h)  f(1) h



f(1  h)  f(1) h



Á lim b hÄ!



(1  h)  " h ŠÈ1  h  "‹



œ lim c hÄ!



Á lim b hÄ!



" È1  h  1



lim



h Ä !b



Ê the derivative f w (1) does not exist. (1  h)  " h



œ lim c hÄ!



f(1  h)  f(") h " 1h



f(1  h)  f(1) h



f("  h)  f(1) h



Right-hand derivative: When h  0, 1  h  1 Ê f(1  h) œ 2(1  h)  1 œ 2h  1 Ê œ lim b hÄ!



œ lim c 1 œ 1; hÄ!



Š 1 " h  "‹



œ lim b hÄ!



h



œ lim b hÄ!



Š



1  (1 h) 1 h ‹



h



œ 1; f(1  h)  f(1) h



Ê the derivative f w (1) does not exist.



41. f is not continuous at x œ 0 since lim faxb œ does not exist and fa0b œ 1 xÄ!



42. Left-hand derivative: Right-hand derivative: Then lim c hÄ!



g(h)  g(0) h



lim



h Ä !c



g(h)  g(0) h



lim



h Ä !b



œ lim b hÄ!



22 h



Ê the derivative f w (1) does not exist.



39. Left-hand derivative: When h  0, 1  h  1 Ê f(1  h) œ È1  h Ê œ lim c



œ lim c hÄ!



œ lim b 2 œ 2; hÄ!



f(1  h)  f(1) h



Á lim b hÄ!



f(0  h)  f(0) h



Ê the derivative f w (0) does not exist.



38. Left-hand derivative: When h  !, 1  h  1 Ê f(1  h) œ 2 Ê



œ lim b hÄ!



f(0  h)  f(0) h



œ lim c hÄ!



g(h)  g(0) h



œ lim b hÄ!



g(h)  g(0) h



h1Î3  0 h h



2Î3



œ lim c hÄ!



0 h



1 h2Î3



œ lim b hÄ!



œ +_;



1 h1Î3



œ +_;



œ  _ Ê the derivative gw (0) does not exist.
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œ #" ;



f("h)f(1) h



Section 3.2 The Derivative as a Function 43. (a) The function is differentiable on its domain $ Ÿ x Ÿ 2 (it is smooth) (b) none (c) none 44. (a) The function is differentiable on its domain # Ÿ x Ÿ 3 (it is smooth) (b) none (c) none 45. (a) The function is differentiable on $ Ÿ x  0 and !  x Ÿ 3 (b) none (c) The function is neither continuous nor differentiable at x œ 0 since lim c f(x) Á lim b f(x) xÄ! xÄ! 46. (a) f is differentiable on # Ÿ x  1, "  x  0, 0  x  2, and 2  x Ÿ 3 (b) f is continuous but not differentiable at x œ 1: lim f(x) œ 0 exists but there is a corner at x œ 1 since x Ä 1



œ 3 and lim b f("  h)h  f(1) œ 3 Ê f w (1) does not exist hÄ! hÄ! (c) f is neither continuous nor differentiable at x œ 0 and x œ 2: at x œ 0, lim c f(x) œ 3 but lim b f(x) œ 0 Ê lim f(x) does not exist; lim c



f(1  h)  f(") h



xÄ!



xÄ0



xÄ!



at x œ 2, lim f(x) exists but lim f(x) Á f(2) xÄ#



xÄ#



47. (a) f is differentiable on " Ÿ x  0 and 0  x Ÿ 2 (b) f is continuous but not differentiable at x œ 0: lim f(x) œ 0 exists but there is a cusp at x œ 0, so f(0  h)  f(0) h hÄ!



f w (0) œ lim



xÄ!



does not exist



(c) none 48. (a) f is differentiable on $ Ÿ x  2, 2  x  2, and 2  x Ÿ 3 (b) f is continuous but not differentiable at x œ 2 and x œ 2: there are corners at those points (c) none 49. (a) f w (x) œ lim



hÄ!



f(x  h)  f(x) h



œ lim



hÄ!



(x  h)#  ax# b h



œ lim



hÄ!



x#  2xh  h#  x# h



œ lim (2x  h) œ 2x hÄ!



(b)



(c) yw œ 2x is positive for x  0, yw is zero when x œ 0, yw is negative when x  0 (d) y œ x# is increasing for _  x  0 and decreasing for !  x  _; the function is increasing on intervals where yw  0 and decreasing on intervals where yw  0 f(x  h)  f(x) h hÄ!



50. (a) f w (x) œ lim



œ lim



hÄ!



Š xc" h  h



1 x ‹



œ lim



hÄ!



x  (x  h) x(x  h)h



œ lim



"



h Ä ! x(x  h)



œ



" x#
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(b)



(c) yw is positive for all x Á 0, yw is never 0, yw is never negative (d) y œ  "x is increasing for _  x  0 and !  x  _ 51. (a) Using the alternate formula for calculating derivatives: f w (x) œ zlim Äx œ



$ $ lim z  x z Ä x 3(z  x)



œ



az#  zx  x# b lim (z  x)3(z  x) zÄx



œ



# # lim z  zx3  x zÄx



f(z)  f(x) zx



#



w



$



Š z3 



œ zlim Äx



œ x Ê f (x) œ x



x$ 3 ‹



zx



#



(b)



(c) yw is positive for all x Á 0, and yw œ 0 when x œ 0; yw is never negative (d) y œ



x$ 3



is increasing for all x Á 0 (the graph is horizontal at x œ 0) because y is increasing where yw  0; y is



never decreasing



52. (a) Using the alternate form for calculating derivatives: f w (x) œ zlim Äx œ



% % lim z  x z Ä x 4(z  x)



œ



$  xz#  x# z x$ b lim (z  x) az 4(z  x) zÄx



œ



f(z)  f(x) zx



$ # # $ lim z  xz 4 x z  x zÄx



œ zlim Äx $



Œ



z% 4







x% 4 



zx



w



œ x Ê f (x) œ x$



(b)



(c) yw is positive for x  0, yw is zero for x œ 0, yw is negative for x  0 (d) y œ



x% 4



is increasing on 0  x  _ and decreasing on _  x  0



# # # a2(x  h)#  13(x  h)  5b  a2x#  13x  5b œ lim 2x  4xh  2h  13x h13h  5  2x  13x  5 h hÄ! hÄ! # lim 4xh  2hh  13h œ lim (4x  2h  13) œ 4x  13, slope at x. The slope is 1 when hÄ! hÄ!



53. yw œ lim œ



4x  13 œ "



Ê 4x œ 12 Ê x œ 3 Ê y œ 2 † 3#  13 † 3  5 œ 16. Thus the tangent line is y  16 œ (1)(x  3) Ê y œ x  "$ and the point of tangency is (3ß 16). 54. For the curve y œ Èx, we have yw œ lim



hÄ!



œ lim



"



h Ä ! Èx  h  Èx



œ



" #Èx



ŠÈx  h  Èx‹ h



†



ŠÈx  h  Èx‹ ŠÈx  h  Èx‹



œ lim



(x  h)  x



h Ä ! ŠÈx  h  Èx‹ h



. Suppose ˆ+ß Èa‰ is the point of tangency of such a line and ("ß !) is the point



on the line where it crosses the x-axis. Then the slope of the line is



Èa  0 a  (1)



œ



Èa a1



which must also equal
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using the derivative formula at x œ a Ê



exist: its point of tangency is ("ß "), its slope is



Èa a1



œ



" #È a



œ



" Ê 2a œ a  1 Ê a œ 1. #Èa " # ; and an equation of the line is



Thus such a line does y1œ



" #



(x  1)



Ê y œ "# x  "# . 55. Yes; the derivative of f is f w so that f w (x! ) exists Ê f w (x! ) exists as well. 56. Yes; the derivative of 3g is 3gw so that gw (7) exists Ê 3gw (7) exists as well. 57. Yes, lim



g(t)



t Ä ! h(t)



can exist but it need not equal zero. For example, let g(t) œ mt and h(t) œ t. Then g(0) œ h(0)



œ 0, but lim



g(t)



t Ä ! h(t)



œ lim



tÄ!



mt t



œ lim m œ m, which need not be zero. tÄ!



58. (a) Suppose kf(x)k Ÿ x# for " Ÿ x Ÿ 1. Then kf(0)k Ÿ 0# Ê f(0) œ 0. Then f w (0) œ lim œ lim



hÄ!



f(h)  0 h



œ lim



hÄ!



f(h) h .



For khk Ÿ 1, h# Ÿ f(h) Ÿ h# Ê h Ÿ



hÄ!



f(h) h



f(0  h)  f(0) h



Ÿ h Ê f w (0) œ lim



hÄ!



f(h) h



œ0



by the Sandwich Theorem for limits. (b) Note that for x Á 0, kf(x)k œ ¸x# sin "x ¸ œ kx# k ksin xk Ÿ kx# k † 1 œ x# (since " Ÿ sin x Ÿ 1). By part (a), f is differentiable at x œ 0 and f w (0) œ 0.



59. The graphs are shown below for h œ 1, 0.5, 0.1. The function y œ y œ Èx so that



" #È x



œ lim



hÄ!



Èx  h  Èx h



" 2È x



. The graphs reveal that y œ



is the derivative of the function



Èx  h  Èx h



gets closer to y œ



" #È x



as h gets smaller and smaller.



60. The graphs are shown below for h œ 2, 1, 0.5. The function y œ 3x# is the derivative of the function y œ x$ so that 3x# œ lim



hÄ!



(xh)$ x$ h



. The graphs reveal that y œ



(xh)$ x$ h



gets closer to y œ 3x# as h



gets smaller and smaller.
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61. The graphs are the same. So we know that for f(x) œ kxk , we have f w (x) œ



kx k x



.



62. Weierstrass's nowhere differentiable continuous function.



63-68. Example CAS commands: Maple: f := x -> x^3 + x^2 - x; x0 := 1; plot( f(x), x=x0-5..x0+2, color=black, title="Section 3.2, #63(a)" ); q := unapply( (f(x+h)-f(x))/h, (x,h) ); # (b) L := limit( q(x,h), h=0 ); # (c) m := eval( L, x=x0 ); tan_line := f(x0) + m*(x-x0); plot( [f(x),tan_line], x=x0-2..x0+3, color=black, linestyle=[1,7], title="Section 3.2 #63(d)", legend=["y=f(x)","Tangent line at x=1"] ); Xvals := sort( [ x0+2^(-k) $ k=0..5, x0-2^(-k) $ k=0..5 ] ): # (e) Yvals := map( f, Xvals ): evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >); plot( L, x=x0-5..x0+3, color=black, title="Section 3.2 #63(f)" ); Mathematica: (functions and x0 may vary) (see section 2.5 re. RealOnly ): 

 View more...
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