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Preface to the second edition I have been gratified by the success achieved by Introduction to complex analysis since it first appeared in 1985, and have been pleasantly surprised by the range of users it has attracted. But any textbook shows its age in time and. nearly twenty years after its first publication, this one was certainly due for a make-over. The new edition is substantially different, from the revised edition published in 1990. I believe that the changes will enhance the book's suitability for a present-day readership. My overall aims, however, remain unchanged: 'to provide a text for a first course in complex analysis which is practical without being purely utilitarian and rigorous without being over-sophisticated or fussy.' The new edition is considerably longer than the previous one. with additional discussion of key issues and extra examples and exercises. Extensive teaching experience has pinpointed for me where expanded or simplified explanations would particularly assist students. There is now a more protracted development of the early material, to take account of the likely knowledge base and mathematical experience of potential readers. Certain topics are treated in greater detail, to give students a thorough grounding in techniques that are used repeatedly: examples are Taylor series related to binomial expansions and zeros of holomorphic functions. As before, some familiarity with e-6 real analysis is assumed. I have now taken Real analysis, by R. G. Bartle and D. R. Sherbert [3] as the core reference for this, but other texts would serve perfectly well. Complex analysis is unusual amongst areas of mathematics in the range of mathematicians (and others) it attracts. It is intended that this book should be usable at several different levels and so serve a variety of readerships. The second edition has been structured to facilitate this. It is subdivided into very short chapters and much of the technical material has been positioned so that it can without loss be treated as optional. In addition, certain chapters and sections of chapters are designated 'basic track' and some as 'advanced track' (superseding the 'Level I' and 'Level IF designations in the original edition). So. for Cauchy's theorem and related results. Chapter 11 presents a basic track treatment adequate for all the applications, while the optional advanced track presentation in Chapter 12 explores the underlying ideas in greater depth. The material has been re-arranged in such a way that the order in which topics can be studied is constrained as little as possible. Thus, at the extremes, it is feasible, for example. to take a geodesic route to Cauchy's theorem and its consequences, or to place emphasis in the early stages on geometric thinking, through a study
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of mappings of the complex plane, or to concentrate on techniques rather than theory throughout, with a view primarily to developing skills required for applications. The problem sets have been extensively revised and enlarged, and are carefully graded. Most of the exercises are quite elementary, and are designed to familiarize students with new concepts. Intermediate steps have been included in more challenging problems where experience has indicated the need for these. A few exercises introduce more advanced ideas and results. Classic complex analysis is very much a triumph of 19th century mathematics. Nevertheless, there has quite recently been important research activity in. or related to. the subject. The famous Bieberbach conjecture was solved in 1984. Thanks to increasing computer power, the beauty of fractal curves has been revealed. Neither of these topics is suitable for inclusion in the core of the text. Instead, a brief appendix hints at these developments. My thanks are due to those of my former students whose occasional blank looks have led me to work harder to explain certain points. I am grateful to the present undergraduates who have consumer-tested drafts of the new edition: here a special commendation goes to Ben Craig, who drew my attention to many more missing brackets, incorrect signs, and other small bugs than any of his peers. I am also grateful to a number of colleagues for constructive comments. I have, in part, been swayed by their suggestions that I should mention some notions excluded, perhaps too ruthlessly, from the first edition. But I remain unrepentant about the omission of topics I regard as too advanced for a first course. Finally. I should also like to thank the staff of Oxford University Press for their encouragement and support. H. A. P. Oxford April 2003



Preface to the first edition This is a textbook for a first course in complex analysis. It aims to be practical without being purely utilitarian and to be rigorous without being oversophisticated or fussy. The power and significance of Cauchy's theorem—the centrepiece of complex analysis—is. I believe, best revealed initially through its applications. Consequently, emphasis has been put on those parts of the subject emanating from Cauchy's integral formula and Cauchy's residue theorem. This does not mean that the geometrical and topological aspects of complex analysis have been neglected, merely that it is recognized that a full appreciation of such concepts as index only comes with experience. Thus the chapters in which these important foundations are discussed are written in such a way that the student may at a first reading easily extract what he needs to proceed to the applications. He is. naturally, encouraged to return later in search of a deeper understanding. The book is a metamorphosis of a set of notes in the series produced by the Mathematical Institute of the University of Oxford. As student opinion dictated it should, it betrays its previous incarnation—notably in its brevity and its style. Essential ideas are not submerged in a welter of details, material is locally arranged for ease of reference, and by-ways (however fascinating) are left unexplored. Advanced and specialized topics have been ruthlessly excluded. So. for example, analytic continuation and special functions receive only passing mention; a satisfactory treatment of either would have made unacceptable demands on the reader. Applied mathematicians have been provided with a thorough acccount of applicable complex analysis, but specific physical problems are not discussed. A chapter on Fourier and Lpalce transforms has been included. This is used to show off the techniques of residue calculus developed in the preceding chapters. It is also designed as a self-contained introduction to transform methods (and so strays somewhat beyond the confines of complex analysis). but does not purport to be a comprehensive survey of transform theory. Some prior acquaintance with complex numbers is assumed. Apart from this, the only prerequisite is a course in elementary real analysis involving some exposure to s-6 proofs. Many analysis and calculus texts cover the required background. I have taken K.G. Binmore. Mathematical analysis: a straightforward introduction [4] as my basic reference since it has the merit of having the same philosphy as the present book. Those concepts in real analysis which transfer. mutatis mutandis, from real analysis (continuity, etc.) are treated very briefly. Few students welcome, or benefit from, a detailed presentation of essentially familiar technical material. Also, the more time spent in these foothills, the
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less time is available for exploring the novel and spectacular terrain surrounding Cauchy's theorem. Not all students will have the same mathematical background. To allow for this. I have adopted the convention that text enclosed in square brackets should be heeded by anyone to whom it makes sense but can safely be ignored by others. These occasional bracketed comments contain, for example, certain results in topology. It is accepted practice for texts on complex analysis to work with the Riemann integral rather than the Lebesgue integral. This is irritating for those who have graduated to the latter and confusing for those (Oxford students in particular) who are never taught the former. A dual approach is adopted here.To understand the book the reader needs a rudimentary knowledge of either Riemann integration or Lebesgue integration: signposts are provided for the followers of each theory. Certain theorems have been designated with the customary proper names, but I have otherwise made no attempt to attribute theorems or proofs. Also, the subject has been so well worked over that I do not claim any originality for methods, examples, or exercises I happen never to have seen elsewhere. Among the books I have found most influential have been those by W. Rudin [19] and A.F. Beardon [10], My preliminary notes on complex analysis evolved over about ten years. The first version fo these was based on some notes produced by Dr Ida Busbridge. She had earlier introduced me to 'complex variable', and I gratefully acknowledge my debt to her. It is also a pleasure to thank those colleagues in Oxford and elsewhere who directly or indirectly have had an influence on the book. However. my special thanks go to Dr Christine Farmer of London University; she has been involved with this project since its inception and has read draft after draft with care and patience. Her constructive criticisms have ben invaluable and her pencilled question marks unerring. Finally, thanks are due to Professor Michael Adams and Professor Michael Albert for their help with proof-reading, and to the staff of the Oxford University Press for encouraging me to write the book and for their assistance during its production. H.A.P. Oxford March 1985
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Notation and terminology We use N, Z, M, and C to denote, respectively, the set of natural numbers, integers, real numbers, and complex numbers. Standard terms and symbols relating to sets and mappings have their conventional meanings. The following notation, which may not be universally familiar, is also used. Given sets A and D. the set { a (E A : a ^ 13} is denoted A \ B. and given a mapping /: A ->• D, we write the image set {/(a) : a G A} as /(A). In addition, the characteristic function. XB. of B is given by XB(X) — 1 if x G B and XB(X) — 0 otherwise. When we extend such concepts as differentiability from the real to the complex setting, we shall sometimes transfer secondary vocabulary and notation without comment. For example, once f ' ( z ) has been defined, we credit the reader with enough common sense to deduce what is meant by f " ( z ) and f^(z). The symbol :— denotes 'equals by definition': it is used to stress that an equation is defining something and also as a convenient shorthand. We denote the end of a proof by the customary symbol. D. We adopt the Bourbaki dangerous bend symbol. Z to warn of a common pitfall. Finally, some of the more calculational sections of the book contain 'tactical tips', flagged by the symbol 0. These explain various important points of strategy. As explained in the preface, any comment in the text enclosed in square brackets is aimed just at those readers who have the knowledge to understand it.
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The complex plane



Complex analysis has its roots in the algebraic, geometric, and topological structure of the complex plane. This chapter starts to explore these foundations. It is assumed that the reader has previously been introduced to complex numbers, and has had some practice in manipulating them. Consequently the first part of the chapter is designed to be a refresher course. It contains a summary of basic properties, presented without undue formality.



Complex numbers 1.1 Complex numbers. A complex number is specified by a pair of real numbers x and y. we write x + iy, where i (sometimes also known as j) is a fixed symbol. (The arithmetical rules given in 1.4 force i2 — —1.) The set of complex numbers is denoted by C. We use the customary abbreviations: x for x + iO, iy (or y'i) for 0 + iy, 0 for 0 + 10. and i for 0 + il. The first of these implies that we may regard R. the real numbers, as a subset of C. The terminology here is a legacy from the past: complex numbers are not complex, nor imaginary numbers any more imaginary than real numbers. Two elements x + iy and u + iv of C are. by definition, equal if and only if x — u and y — v. This allows us. given z — x + iy G C. unambiguously to define x to be the real part of z. written Re z. and y to be the imaginary part of z. written 1m. z.



1.2 Cartesian and polar representations. It is convenient to represent complex numbers geometrically as points of a plane (the complex plane), also known as the Argand diagram.. We equip the plane R2 in the usual way with Cartesian coordinate axes and identify z — x + iy with (x, y) G R 2 . This is the Cartesian representation. Alternatively, we may use polar coordinates and. for (x, y) G R 2 . may write x — rcos# and y — rsin#. where r ^ 0 and 0 € R. See Fig. 1.1. We write e1^ as shorthand for cos# + isin#. Later, when we have introduced the complex
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Figure 1.1 Cartesian and polar representations exponential function, we shall see that this is indeed ew evaluated at the point w - iO.



1.3 Modulus and argument.



The modulus \z\ of z — x + iy is denned to be



(where the positive square root is taken). This can be interpreted as the distance of z from the origin. 0. Observe that z - 0 «=>• Re^ - Imz - 0 - 0 both hold if and only if 9 - 2kfr (k € Z).



Algebra in the complex plane 1.4 The algebraic structure of the complex plane. By extension of the corresponding operations for real numbers, addition and multiplication are defined in C by (x + iy) + (u + it) :— (x + u) + i(y + v). (x + iy)(u + it) :— (xu — yv) + i(xv + yu).



Taking x — u — 0 and y — v — 1. we obtain the identity i2 — — 1. Routine checking shows that the same arithmetical rules apply in C as in M. For ^1,^2^3 € C, we have commutative laws. zi+ z-2 — z-2 + zi and ziz-2 — z-2zi,



associative laws. zi + (z-2 + z-i) — (zi + z-2) + z3



and



^1(^2^3) — (^1^2)^3^



and the distributive law ^1(^2+^3) -^1^2+^1-^3.
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The complex plane



As expected, we have 0 + z — z and Iz — z for all z € C. In addition, given z — x + iy, there exists -z := (-x) + i(-y)



such that z+(—z) — 0 and. so long as z ^- 0, there exists l/z (also denoted z~1} given by l/z := x(x2 + y2)-1 - iy(x2 + y2)~l, which is such that z(l/z) — I , We deduce from this a fact that we shall use frequently: zw — 0 implies z — 0 or w — 0 (for z, w € C). In a mathematical nutshell. C forms a field. Informally, this simply means that the algebraic manipulation of complex numbers is just like that of real numbers, with the law i2 — — 1 being available to simplify expressions.



1.5 Products and powers; de Moivre's theorem. It is worth noting that, while addition is most conveniently expressed using the Cartesian representation, the neatest formula for multiplication is in terms of the polar representation. To see this, take z — re10 and w — Relv. Write z — rcosd + irsin# and w — Rcos(p + iRsm(p. Then, using the definition in 1.4. we have



by standard trigonometric formulae. Hence zw — rRel^+v^ . This implies in particular that \zw\ — \z\\w\. Let z — relff and let n be a natural number. Then, from above and a routine proof by induction, we obtain



The special case r — 1 gives de Moivre's theorem:



Also, for 0 ^ z — relff, we have l/z — r x e equate zw to 1).



lff



(write l/z as w — Relv and
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1.6 Examples (complex numbers).



• 1+ i has modulus ^/2 and lies in the first quadrant, on the line y — x. Hence 1 + i has polar form V^e171"/4. • (1 + i)"1 — (l/v'2)e~17r/4. from above. Alternatively, the inverse can be obtained in Cartesian form by writing



• To compute quotients it is usually best to employ polars. For example.



1.7 Roots of polynomials. The equation x2 + l — 0 has no real solutions. This fact indicates the inadequacy of the real numbers as a setting for solving real polynomial equations. In C, the equation z'2 + l — 0 has roots ±i. In Chapter 13 we shall prove the important Fundamental theorem of algebra, asserting that a polynomial of degree n with coefficients in C has a full complement of n roots (not neccessarily distinct, of course). There are certain polynomials which occur repeatedly in complex analysis. and you are recommended to become very familiar with these polynomials and the location of their roots. Let us consider the equation zn — 1. Write z — re10. Certainly we must have r — 1. because zn — zn. Also, from 1.5,



The results in 1.3 show that the distinct roots of the equation z11 — 1 are given by e2fari/« (fc = 0,...,n-l). These numbers are known as the nth roots of unity. Observe that the roots of zn — I lie at the vertices of a regular n-gon centred at 0 and with one vertex at 1. There is a single real root, namely z — 1. if n is odd and precisely two real roots, namely ±1. if n is even. The case n — 6 is illustrated in Fig. 1.3. Two special cases are worthy of particular note. We have
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Figure 1.3 The sixth roots of unity and



Figure 1.4 The cube roots of unity The geometric identity



a .Af-\ i ,, i i ~.k\ f-\ ..k+l\ is valid for all z € C and for all natural numbers k. We obtain it by multiplying out the left-hand side and noticing that all but the two terms on the right-hand side cancel out. Taking k — 2 we obtain (l-*)(l + * + *2) = (l-*3). From this we see that the roots of the equation 1 + z + z2 — 0 are exactly the non-real cube roots of unitv. that is. o> and a;2 .
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As a further example, consider the equation 1 + z2 + z4 — 0. We have (from the geometric identity with z2 in place of z and with k — 3)



Consequently the given equation has solutions



—the sixth roots of unity, excluding ±1.



Conjugation, modulus, and inequalities 1.8 Complex conjugation. Given z — x + iy, the complex conjugate of z is denned to be ~z :— x — iy or. in polar form. ~z :— re~10. In the Argand diagram. ~z is the reflection of z in the real axis. As examples, we note that i — — i and a; — (J2 (recall Fig. 1.4). The following identities hold for all z and w in C: (1) H = z;



(2) 2 Re z — z + ~z and 2i Im z — z — ~z: (3) Z + W-Z + W] (_4j zw — z w. (5) z=z; (6) \z\2 = zz. The formulae in (1)—(3) follow immediately from the Cartesian representations of z and w. Formulae (4) and (5) come directly from the product formula in 1.5. The formula in (6) can be derived in various ways. Perhaps the simplest is just to note that zz — (x + iy)(x - iy) — x2 + y'2 — \z\2 , We have already seen that \zw\ — \z\\w\. In general. \z + w\ ^- \z\ + \w\. However, important inequalities link modulus and addition. 1.9 Inequalities.



For all z and w in C,



(1) |Re z| < |z| and |Im z| < |z|; (2) \z + w\ < \z\ + \w\ (the triangle inequality); (3) \z + w\ ^ \\z\- \w\\.
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Proof (1) is immediate since \z\ — (Re,?)2 + (Im^) 2 and \z\ ^ 0. To prove (2), observe that |^ + w| 2 = (z + w)(z + w) 2



2



z 2



w 2



2



2



— \z\ + \w\ + (wz + zw) - \ \ + \ \ + 2Re(^W) ^ \z\ + \w\ + 2 \zw\



— \z\ + \w\ + 2 \z\ \w\



(by 1.8(3) & (6)) (by 1.8(6)) (by 1.8(1) & (2)) (by (1)) (by 1.8(5) & 1.5)



2



= (M + N) Since |^ + u>| ^ 0 and \z\ + \w\ ^ 0 we deduce (2). Now consider (3). For real numbers a and b. the inequality |a| ^ b holds if and only if a < b and — a < b (and. necessarily. 6 ^ 0 ) . Hence (3) is satisfied provided the two inequalities \z + w\ ^ \z\ — \w\ and \z + w\ ^ \w\ — \z\ hold. But by (2) we have \z\ — \z + w — w\ < \z + w\ + \—w\ — \z + w\ + \w\, \W\ — \Z + W — 
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