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1. Tensor Product Given abelian groups A, B, define A ⊗ B to be the group generated by symbols a ⊗ b mod the relations (a + a0 ) ⊗ b = a ⊗ b + a0 ⊗ b and a ⊗ (b + b0 ) = a ⊗ b + a ⊗ b0 . So, in particular, 0 ⊗ 0 = a ⊗ 0 = 0 ⊗ b and −(a ⊗ b) = −a ⊗ b = a ⊗ −b. Tensor products satisfy the following: (1) (2) (3) (4) (5) (6)



AL ⊗ B = B ⊗ AL ( i Ai ) ⊗ B = i (Ai ⊗ B) (A ⊗ B) ⊗ C = A ⊗ (B ⊗ C) Z⊗A=A Zn ⊗ A = A/nA A ⊗ B is universal wrt bilinear maps A × B → C



More generally, we define A ⊗R B := A ⊗ B/(ra ⊗ b = a ⊗ rb) 2. Tor(−, −) The Tor functors are the derived functors of the tensor product. The Tor functor satisfies the following: (1) (2) (3) (4) (5) (6) (7) (8)



Tor(A, L B) = Tor(B, L A) Tor( i Ai , B) = i (Ai , B) Tor(A, B) = 0 if A or B are (torsion) free Tor(A, B) = Tor(T (A), B), where T (A) is the torsion subgroup of A n Tor(Zn , A) = Ker(A → A) Tor(Zm , Zn ) = Zq , where q = gcd(m, n) If A, B are finitely generated abelian groups, then Tor(A, B) = T (A)⊗T (B) If 0 → B → C → D → 0 is exact, then A ⊗ B → A ⊗ C → A ⊗ D → 0. And there is the natural exact sequence



0 → Tor(A, B) → Tor(A, C) → Tor(A, D) → A ⊗ B → A ⊗ C → A ⊗ D → 0 3. Ext(-,-) The Ext functors are defined to be the derived functors of Hom. Ext has a nice formulation in terms of group extensions: Ext(A, B) := the (group) set of isomorphism classes of extensions of B by A. That is, E ∈ Ext(A, B) if E fits into an exact sequence 0→B→E→A→0 1
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and E = E 0 in Ext(A, B) if



0



> E A }}  AAA } AA } AA }}  }}  /B >A AA  AA }}  } AA } A  }}} E0



/0



commutes. If H is finitely generated, then: (1) Ext(H ⊕ H 0 , G) = Ext(H, G) ⊕ Ext(H 0 , G) (2) Ext(H, G) = 0 if H is free (3) Ext(Zn , G) = G/nG (4) If 0 → A → B → C → 0 is exact, then 0 → Hom(C, G) → Hom(B, G) → Hom(A, G) is exact. Ext(−, G) is such that 0 → Hom(C, G) → Hom(B, G) → Hom(A, G) → Ext(C, G) → Ext(B, G) → Ext(A, G) → 0 is exact. 4. Universal Coefficient Theorems Given a chain complex C., there are the (non-natural) split-exact sequences 0 → Hn (C.) ⊗ A → Hn (C., A) → Tor(Hn−1 (C.), A) → 0, and 0 → Ext(Hn−1 (C.), G) → H n (C., G) → Hom(Hn (C.), G) → 0. 5. Kunneth Formulas 5.1. Algebraic. Let R be a PID, C., C 0 . be chain complex of free R-modules. There is the (non-splitting) exact sequence M M 0→ (Hi (C.)⊗R Hn−1 (C 0 .)) → Hn (C.⊗R C 0 .) → (Tor(Hi (C.), Hn−i−1 (C 0 .)) → 0. i



i



5.2. Topological. Let X, Y be topological spaces and let k be a field. Then M Hi (X; k) ⊗ Hj (Y ; k) ∼ = Hk (X × Y ; k). i+j=k



More (and less) generally, let X, Y be CW-comples and R a PID. There is the natural exact sequence M M 0→ (Hi (X; R)⊗R Hn−1 (Y ; R) → Hn (X×Y ; R) → TorR (Hi (X; R), Hn−i−1 (Y ; R) → 0. i



i



(In all of the above, we can replace the abelian groups by R-modules and do things over the ground ring R instead of Z.)





 View more...



Comments






















Report "Homological Algebra cheat sheet"






Please fill this form, we will try to respond as soon as possible.


Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description








Close
Submit















Share & Embed "Homological Algebra cheat sheet"





Please copy and paste this embed script to where you want to embed



Embed Script




Size (px)
750x600
750x500
600x500
600x400





URL










Close











About | 
Terms | 
Privacy | 
Copyright | 
Contact



 
 
 










Copyright ©2017 KUPDF Inc.








 SUPPORT KUPDF


We need your help! 


Thank you for interesting in our services. We are a non-profit group that run this website to share documents. We need your help to maintenance this website.

	
Donate

	
Sharing







To keep our site running, we need your help to cover our server cost (about $400/m), a small donation will help us a lot.





	
Share on Facebook

	
Share on Google+

	
Tweet

	
Pin it

	
Share on LinkedIn

	
Send email




Please help us to share our service with your friends.








No, thanks! Close the box.








