





 Categories
 Top Downloads









Login
Register
Upload











Search












	
Categories

	
Top Downloads

	
	
Login

	
Register







Search











	
Home

	FINITE ELEMENT ANALYSIS

 FINITE ELEMENT ANALYSIS


July 16, 2017 | Author: Tochi Krishna Abhishek | Category: Stress (Mechanics), Bending, Deformation (Mechanics), Truss, Beam (Structure) 


 DOWNLOAD PDF - 2.8MB



 Share
 Embed
 Donate



 Report this link







Short Description

FINITE ELEMENT ANALYSIS...



Description


FEA-FINITE ELEMENT ANALYSIS



CHAPTER-1 STRESS TENSOR INTRODUCTION: Two planes from infinitesimal distance away and parallel to each other were made to pass through the body, an elementary slice would be isolated. Then, if an additional two pairs of planes were passed normal to the first pair, a cube of infinitesimal dimensions would be isolated from the body. Such a cube is as shown in the Fig.1.1 (a). On the near faces of the cube, i.e., on the faces away from the origin, the directions of stress are positive if they coincide with the positive direction of the axes. On the faces of the cube towards the origin, from the action-reaction equilibrium concept, positive stresses act in the direction opposite to the positive directions of the axes. The designations for stresses shown in Fig.1.1(a) are widely used in the mathematical theories of elasticity and plasticity.



FIG-1.1(a) general state of stress acting on an infinitesimal element in the initial co-ordinate system. The state of stress at a point which can be defined by three components on each of the three mutually perpendicular (orthogonal) axes in mathematical terminology is called tensor. An examination of the stress symbols in Fig.1.1 (a) shows that there are three normal stresses:𝜏𝑥𝑥 ≡ 𝜎𝑥 , 𝜏𝑦𝑦 ≡ 𝜎𝑦 , 𝜏𝑧𝑧 ≡ 𝜎𝑧 ; and six shearing stresses:𝜏𝑥𝑦 , 𝜏𝑦𝑥 , 𝜏𝑦𝑧 , 𝜏𝑧𝑦 , 𝜏𝑧𝑥 , 𝜏𝑥𝑧 . By contrast, a force vector P only three components: Px, Py and Pz. these can be written in an orderly manner as a column vector: 𝑃𝑥 𝑃𝑦 𝑃𝑧 Analogously, the stress components can be assembled as follows 𝜏��𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧 𝜏𝑦𝑥 𝜏𝑦𝑦 𝜏𝑦𝑧 𝜏𝑧𝑥 𝜏𝑧𝑦 𝜏𝑧𝑧



𝜎𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧 ≡ 𝜏𝑦𝑥 𝜎𝑦 𝜏𝑦𝑧 𝜏𝑧𝑥 𝜏𝑧𝑦 𝜎𝑧



This is a matrix representation of the stress tensor. It is a second-rank tensor requiring two indices to identify its elements or components. A vector is a first-rank tensor, and a scalar is a zero-rank tensor. A stress tensor is written in indicial notation as𝜏𝑖𝑗 , where it is understood that i and j can assume designation x, y and z as noted in above equation.



PURE SHEAR: As shown in the figure below lets assume a cylindrical shaft subjected to Torsion (T).At a point on the outer surface on a plane perpendicular to the axis of the shaft there exists a state of pure shear.



PRINCIPAL PLANE: A state of pure shear as shown above can be translated in to a principal plane at an angle 45 deg to the pure shear plane. A plane which carries only normal stresses are called principal planes.



CHAPTER-2 THEORIES OF FAILURE YIELD



AND



FAILURE



CRITERIA IN DUCTILE MATERIAL



Experiments made on the flow of ductile metals under biaxial stress have shown that maximum distortion energy theory express well the condition under which the ductile metals at normal temperatures start to yield. Further as remarked earlier, the purely elastic deformation of a body under hydrostatic pressure (𝜏𝑜𝑐𝑡 )is also supported by this theory.



Energy of Distortion Theory This theory is based on the work of Hubber, von Mises Hencky. According to this theory, it is not the total energy which is the criterion for failure; in fact the energy absorbed during the distortion of an element is responsible for failure. The energy of distortion can be obtained by subtracting the energy of volumetric expansion from the total energy. It was shown in the analysis of stress(section1.22) that any given state of stress can be uniquely resolved into an isotropic state and a pure shear (or deviatoric) state. If σ1,σ2,and σ3 are the principal stresses at a point then it consists of two additive component tensors. The element of one component tensor are defined as the mean “hydrostatic” stress: P=



σ 1 +σ 2 +σ 3 3



The elements of the other tensor are (σ1 -P) (σ2 -P) and(σ3 -P) writing this in matrix representation 𝜎1 0 0 𝜎1 − 𝑃 𝑃 0 0 0 𝜎2 0 = 0 𝑃 0 + 0 0 0 𝜎3 0 0 0 𝑃



0 0 𝜎2 − 𝑃 0 0 𝜎3 − 𝑃



This resolution of the general state of stress is shown schematically in as shown in Fig.



For the three-dimensional state of stress, the Mohr’s circle for the first tensor component degenerates into a point located at P on the 𝜎 axis. Therefore, the stresses associated with this tensor are the same in every possible direction. For this reason, this tensor is called the spherical stress tensor. It also known that dilation of an elastic body is proportional to P, this tensor is also called dilatational stress tensor. The last tensor of matrix is called deviatoric or distortional stress. The state of stress consisting of tension and compression on the mutually perpendicular planes is equivalent to pure shear stress. The latter system of stresses is known to cause no volumetric changes in isotropic materials, but instead, distorts or deviates the element from its initial cubic shape. Having established the basis for resolving or decomposing the state of stress into dilatational and distortional components, one may find the strain energy due to distortion. For this purpose, first the strain energy per unit volume, i.e., strain density, for a three-dimensional state of stress must be found. Since this quantity does not depend on the choice of coordinate axes, it is convenient to express it in terms of principal stresses and strains. Thus, generalizing equations for three dimensions using superposition, we have



1 1 1 𝑈0 = 𝑈𝑡𝑜𝑡𝑎𝑙 = 𝜎1 𝜀1 + 𝜎2 𝜀2 + 𝜎3 𝜀3 2 2 2 Where by substituting for strain, it can be expressive in terms of principal stresses, after simplification 𝑈𝑡𝑜𝑡𝑎𝑙 =



1 𝑉 (𝜎12 + 𝜎22 + 𝜎32 ) − (𝜎1 𝜎2 + 𝜎2 𝜎3 + 𝜎3 𝜎1 ) 2𝐸 𝐸



The strain energy per unit volume due to the dilatational stresses can be determined from this equation by first setting 𝜎1 = 𝜎2 = 𝜎3 = 𝑃 𝑈𝑑𝑖𝑙𝑎𝑡𝑎𝑡𝑖𝑜𝑛 =



3(1−2𝜗 ) 2𝐸



𝑃2 =



1−2𝜗 𝐸



𝜎1 +𝜎2 + 𝜎3



2



By subtracting equation and substituting G=E/2(1+ 𝜗),the distortion strain energy for combined stress: 1



𝑈𝑑𝑖𝑠𝑡𝑜𝑟𝑡𝑖𝑜𝑛 = 12𝐺 [( 𝜎1 −𝜎2 )2+ (𝜎2 −𝜎3 )2+ (𝜎3 −𝜎1 )2]



MAXIMUM SHEAR STRESS THEORY Observations made in the course of extrusion tests on the flow of soft metals (ductile)through orifices lend support to the assumption that the plastic state in such metals is created when the maximum shearing stress just reaches the value of the resistance of the metal against shear.



For the general case, consider the illustration given in fig, where the ordered principal stresses are σ1>σ2>σ3, according to this theory, failure occurs when the maximum shearing stress reaches a critical value.



𝜏𝑚𝑎𝑥 = (σ1-σ3)/2



𝜏𝑚𝑎𝑥 =(σ1-σ3)/2



In bar subjected to uniaxial tension or compression, the maximum shear stress occurs on a plane at 45o to the load axis. Tension test conducted on mild steel bars show that at the time of yielding, the so- called slip lines occur approximately at 45o, thus supporting the theory. On the other hand, for brittle crystalline material which cannot be brought into the plastic state under tension but which may yield a little before fracture under compression, the angle of the slip planes or of the shear fracture surfaces, which usually develop along these planes, differ considerably from the planes of maximum shear. Failure of material under triaxial tension (of equal magnitude) also does not support this theory, since equal triaxial tensions cannot produce any shear.



However, as remarked earlier, for ductile load carrying members where large shears occur and which are subject to unequal triaxial tensions, the maximum shearing stress theory is used because of its simplicity. If σ1>σ2>σ3 are the three principal stresses at a point,failure occurs when 𝜏𝑚𝑎𝑥 = (σ1-σ3)/2≥σy/2. Where σy/2 < shear stress at yield point in a uniaxialtest



STEPS IN FEM



1. IDEALIZATION In order to minimize the cost and time required for performing the analysis an analyst need to optimize the resources. Idealization will assist us in optimizing the resources. In case of the existence of symmetry reduce the problem size, geometry, loading, material, support.



Quarter symmetry



symmetry Half symmetry No symmetry



2. DISCRETIZATION



It is a good practice to keep the analysis domain in the first quadrant. y
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y
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y



x



y



x FE ELEMENTS: Element Shape Shape function: These are simple functions which are chosen to approximate the variation of displacement within an element in terms of the displacement at the nodes of the element. Type of shape functions One dimensional or two dimensional and Three dimensional Elements IsoParametric ,subparametric ,superparatric……... One dimensional elements:



2-Node



3-Node(Quadratic)



4-Node(cubic)



Examples :Beam and Truss Elements,Mass element



LOADING: Concentrated load Distributed load of different types Body force-centrifugal, gravity, magnetic RESTRAINED BOUNDARY CONDITION’S: How the structure is held? -mathematically represented In stress analysis problem, rigid body displacements(translation and rotation)should be expelled. To achieve this the restrains are to be judiciously provided.



Finite elements Element shape



Shape function: these are simple functions which are chosen to approximate the variation of displacement within an element in terms of displacement at the nodes of the element.



Types of shape functions



One dimensional or two dimensional and three dimensional elements Isoparametric, subparametric, superparatric………….



CHAPTER-6 1D-element –Rod, truss (Linear and non linear),beam One Dimensional Elements



In the finite element method elements are grouped as 1D, 2D and 3D elements. Beams and plates are grouped as structural elements. One dimensional elements are the line segments which are used to model bars and truss. Higher order elements like linear, quadratic and cubic are also available. These elements are used when one of the dimension is very large compared to other two. 2D and 3D elements will be discussed in later chapters.



Seven basic steps in Finite Element Method These seven steps include       



Modeling Discretization Stiffness Matrix Assembly Application of BC’s Solution Results



Let’s consider a bar subjected to the forces as shown



First step is the modeling lets us model it as a stepped shaft consisting of discrete number of elements each having a uniform cross section. Say using three finite elements as shown. Average c/s area within each region is evaluated and used to define elemental area with uniform cross-section.



A1= A1’+ A2’/ 2 similarly A2 andA 3 are evaluated



Second step is the Discretization that includes both node and element numbering, in this model every element connects two nodes, so to distinguish between node numbering and element numbering elements numbers are encircled as shown.



Above system can also be represented as a line segment as shown below.



Here in 1D every node is allowed to move only in one direction, hence each node as one degree of freedom. In the present case the model as four nodes it means four dof. Let Q1, Q2, Q3 and Q4 be the nodal displacements at node 1 to node 4 respectively, similarly F1, F2, F3, F4 be the nodal force vector from node 1 to node 4 as shown. When these parameters are represented for a entire structure use capitals which is called global numbering and for representing individual elements use small letters that is called local numbering as shown.



This local and global numbering correspondence is established using element connectivity element as shown



Now let’s consider a single element in a natural coordinate system that varies in  and , x1 be the x coordinate of node 1 and x2 be the x coordinate of node 2 as shown below.



Let us assume a polynomial



X=a0+a1𝝃 Now



After applying these conditions and solving for constants we have



a0=x1+x2/2



a1= x2-x1/2



Substituting these constants in above equation we get



X=a0+a1𝝃 𝑿𝟏 +𝑿𝟐



X=



𝟐



𝟏−𝝃𝑿𝟏



X=



𝟐



+



𝑿𝟐 −𝑿𝟏 𝝃



+



𝟏+𝝃𝑿𝟐



𝟐 𝟐



X=𝑵𝟏 𝑿𝟏 + 𝑵𝟐 𝑿𝟐



𝟏−𝝃



N1=



N2=



𝟐



𝟏+𝝃 𝟐



Where N1 and N2 are called shape functions also called as interpolation functions.



These shape functions can also ℃be derived using nodal displacements say q1 and q2 which are nodal displacements at node1 and node 2 respectively, now assuming the displacement function and following the same procedure as that of nodal coordinate we get



𝑼 = 𝜶𝟎 + 𝜶𝟏 𝝃 𝑼=



𝟏 − 𝝃𝒒𝟏 𝟏 + 𝝃𝒒𝟐 + 𝟐 𝟐



𝑼 = 𝑵𝟏 𝒒𝟏 + 𝑵𝟐 𝒒𝟐 = 𝑵𝟏 𝑵𝟐



𝒒𝟏 𝒒𝟐



U = Nq U = Nq Where N is the shape function matrix and q is displacement matrix. Once the displacement is known its derivative gives strain and corresponding stress can be determined as follows.



From the potential approach we have the expression of  as



element strain displacement matrix



Third step in FEM is finding out stiffness matrix from the above equation we have the value of K as



But



Therefore now substituting the limits as -1 to +1 because the value of  varies between -1 & 1 we have



Integration of above equations gives K which is given as



Fourth step is assembly and the size of the assembly matrix is given by number of nodes X degrees of freedom, for the present example that has four nodes and one degree of freedom at each node hence size of the assembly matrix is 4 X 4. At first determine the stiffness matrix of each element say k1, k2 and k3 as



Similarly determine k2 and k3



The given system is modeled as three elements and four nodes we have three stiffness matrices.



Since node 2 is connected between element 1 and element 2, the elements of second stiffness matrix (k2) gets added to second row second element as shown below similarly for node 3 it gets added to third row third element



Fifth step is applying the boundary conditions for a given system. We have the equation of equilibrium KQ=F



K = global stiffness matrix Q = displacement matrix F= global force vector



Let Q1, Q2, Q3, and Q4 be the nodal displacements at node 1 to node 4 respectively. And F1, F2, F3, F4 be the nodal load vector acting at node 1 to node 4 respectively.



Given system is fixed at one end and force is applied at other end. Since node 1 is fixed displacement at node 1 will be zero, so set q1 =0. And node 2, node 3 and node 4 are free to move hence there will be displacement that has to be determined. But in the load vector because of fixed node 1 there will reaction force say R1. Now replace F1 to R1 and also at node 3 force P is applied hence replace F3 to P. Rest of the terms are zero.



Sixth step is solving the above matrix to determine the displacements which can be solved either by



 



Elimination method Penalty approach method



Details of these two methods will be seen in later sections.



Last step is the presentation of results, finding the parameters like displacements, stresses and other required parameters.



Body force distribution for 2 noded bar element



We derived shape functions for 1D bar, variation of these shape functions is shown below .As a property of shape function the value of N1 should be equal to 1 at node 1 and zero at rest other nodes (node 2).



From the potential energy of an elastic body we have the expression of work done by body force as



Where fb is the bodyacting on the system. We know the displacement function U = N1q1 + N2q2 substitute this U in the above equation we get



This amount of body force will be distributed at 2 nodes hence the expression as 2 in the denominator.



Surface force distribution for 2 noded bar element



Now again taking the expression of work done by surface force from potential energy concept and following the same procedure as that of body we can derive the expression of surface force as



Where Te is element surface force distribution.



Methods of handling boundary conditions We have two methods of handling boundary conditions namely Elimination method and penalty approach method. Applying BC’s is one of the vital role in FEM improper specification of boundary conditions leads to erroneous results. Hence BC’s need to be accurately modeled.



Elimination Method: let us consider the single boundary conditions say Q 1 = a1.Extremising  results in equilibrium equation.



Q = [Q1, Q2, Q3……….QN]T be the displacement vector and



F = [F1, F2, F3…………FN]T be loadvector



Say we have a global stiffness matrix as



K11



K12 …………K1N



K21



K22………….K2N



. K=



. . KN1



KN2…………..KNN



Now potential energy of the form  = ½ QTKQ-QTF can written as



 = ½ (Q1K11Q1 +Q1K12Q2+…..+ Q1K1NQN + Q2K21Q1+Q2K22Q2+………. + Q2K2NQN ………………………………………… ……………………………………… ..



+ QNKN1Q1+QNKN2Q2+……. +QNKNNQN) -



(Q1F1 + Q2F2+…………………+QNFN)



Substituting Q1 = a1 we have



 = ½ (a1K11a1 +a1K12Q2+…..+ a1K1NQN + Q2K21a1+Q2K22Q2+………. + Q2K2NQN ………………………………………… ……………………………………… ..



+ QNKN1a1+QNKN2Q2+……. +QNKNNQN) -



(a1F1 + Q2F2+…………………+QNFN)



Extremizing the potential energy ie



d/dQi = 0



gives Where i = 2, 3...N



K22Q2+K23Q3+………. + K2NQN = F2 – K21a1 K32Q2+K33Q3+………. + K3NQN = F3 – K31a1 ……………………………………………… KN2Q2+KN3Q3+………. + KNNQN = FN – KN1a1



Writing the above equation in the matrix form we get



K22



K23 …………K2N



Q2



K32



K33………….K2N



Q3



F2-K21a1 F3-K31a1



.



.



.



.



=



. KN2



KN3…………..KNN



QN



FN-KN1a1



Now the N X N matrix reduces to N-1 x N-1 matrix as we know Q1=a1 ie first row and first column are eliminated because of known Q 1. Solving above matrix gives displacement components. Knowing the displacement field corresponding stress can be calculated using the relation  = Bq.



Reaction forces at fixed end say at node1 is evaluated using the relation



R1= K11Q1+K12Q2+……………+K1NQN-F1



Penalty approach method: let us consider a system that is fixed at both the ends as shown



In penalty approach method the same system is modeled as a spring wherever there is a support and that spring has large stiffness value as shown.



Let a1 be the displacement of one end of the spring at node 1 and a 3 be displacement at node 3. The displacement Q1 at node 1 will be



approximately equal to a1, owing to the relatively small resistance offered by the structure. Because of the spring addition at the support the strain energy also comes into the picture of  equation .Therefore equation  becomes



 = ½ QTKQ+ ½ C (Q1 –a1)2 - QTF



The choice of C can be done from stiffness matrix as



We may also choose 105&106 but 104 found more satisfactory on most of the computers.



Because of the spring the stiffness matrix has to be modified ie the large number c gets added to the first diagonal element of K and Ca 1 gets added to F1 term on load vector. That results in.



A reaction force at node 1 equals the force exerted by the spring on the system which is given by



To solve the system again the seven steps of FEM has to be followed, first 2 steps contain modeling and discretization. this result in



Third step is finding stiffness matrix of individual elements



Similarly



Next step is assembly which gives global stiffness matrix



Now determine global load vector



We have the equilibrium condition KQ=F



After applying elimination method we have Q2 = 0.26mm



Once displacements are known stress components are calculated as follows



Solution:



Global load vector:



We have the equilibrium condition KQ=F



After applying elimination method and solving matrices we have the value of displacements as Q2 = 0.23 X 10-3mm & Q3 = 2.5X10-4mm



Solution:



Global stiffness matrix



Global load vector:



Solving the matrix we have



Temperature effect on 1D bar element



Lets us consider a bar of length L fixed at one end whose temperature is increased to T as shown.



Because of this increase in temperature stress induced are called as thermal stress and the bar gets expands by a amount equal to TL as shown. The resulting strain is called as thermal strain or initial strain



In the presence of this initial strain variation of stress strain graph is as shown below



We know that



Therefore



Therefore



Extremizing the potential energy first term yields stiffness matrix, second term results in thermal load vector and last term eliminates that do not contain displacement filed Thermal load vector



From the above expression taking the thermal load vector lets derive what is the effect of thermal load.



Stress component because of thermal load



We know  = Bq and o = T substituting these in above equation we get



Solution:



Global stiffness matrix:



Thermal load vector:



We have the expression of thermal load vector given by



Similarly calculate thermal load distribution for second element



Global load vector:



From the equation KQ=F we have



After applying elimination method and solving the matrix we have Q2= 0.22mm



Stress in each element:



Quadratic 1D bar element



In the previous sections we have seen the formulation of 1D linear bar element , now lets move a head with quadratic 1D bar element which leads to for more accurate results . linear element has two end nodes while quadratic has 3 equally spaced nodes ie we are introducing one more node at the middle of 2 noded bar element.



Consider a quadratic element as shown and the numbering scheme will be followed as left end node as 1, right end node as 2 and middle node as 3.



Let’s assume a polynomial as



Now applying the conditions as



ie



Solving the above equations we have the values of constants



And substituting these in polynomial we get



Or



Where N1 N2 N3 are the shape functions of quadratic element



Graphs show the variation of shape functions within the element .The shape function N1 is equal to 1 at node 1 and zero at rest other nodes (2 and 3). N2 equal to 1 at node 2 and zero at rest other nodes(1 and 3) and N 3 equal to 1 at node 3 and zero at rest other nodes(1 and 2)



Element strain displacement matrix If the displacement field is known its derivative gives strain and corresponding stress can be determined as follows



WKT



By chain rule



Now



Splitting the above equation into the matrix form we have



Therefore



B is element strain displacement matrix for 3 noded bar element



Stiffness matrix:



We know the stiffness matrix equation



For an element



Taking the constants outside the integral we get



Where



and BT



Now taking the product of BT X B and integrating for the limits -1 to +1 we get



Integration of a matrix results in



Body force term & surface force term can be derived as same as 2 noded bar element and for quadratic element we have



Body force:



Surface force term:



This amount of body force and surface force will be distributed at three nodes as the element as 3 equally spaced nodes.



ANALYSIS OF TRUSSES



A Truss is a two force members made up of bars that are connected at the ends by joints. Every stress element is in either tension or compression. Trusses can be classified as plane truss and space truss.







Plane truss is one where the plane of the structure remain in plane even after the application of loads







While space truss plane will not be in a same plane



Fig shows 2d truss structure and each node has two degrees of freedom. The only difference between bar element and truss element is that in bars both local and global coordinate systems are same where in truss these are different.



There are always assumptions associated with every finite element analysis. If all the assumptions below are all valid for a given situation, then truss element will yield an exact solution. Some of the assumptions are:  Truss element is only a prismatic member ie cross sectional area is uniform along its length  It should be a isotropic material  Constant load ie load is independent of time  Homogenous material  A load on a truss can only be applied at the joints (nodes)  Due to the load applied each bar of a truss is either induced with tensile/compressive forces  The joints in a truss are assumed to be frictionless pin joints  Self weight of the bars are neglected



Consider one truss element as shown that has nodes 1 and 2 .The coordinate system that passes along the element (xl axis) is called local coordinate and X-Y system is called as global coordinate system. After the loads applied let the element takes new position say locally node 1 has displaced by an amount q1l and node2 has moved by an amount equal to q2l.As each node has 2 dof in global coordinate system .let node 1 has displacements q1 and q2 along x and y axis respectively similarly q3 and q4 at node 2.



Resolving the components q1, q2, q3 and q4 along the bar we get two equations as



Or



Writing the same equation into the matrix form



Where L is called transformation matrix that is used for local –global correspondence. Strain energy for a bar element we have U = ½ qTKq For a truss element we can write U = ½ qlT K ql Where ql = L q and q1T = LT qT



Therefore U = ½ qlT K ql



Where KT is the stiffness matrix of truss element



Taking the product of all these matrix we have stiffness matrix for truss element which is given as



Stress component for truss element The stress  in a truss element is given by = E But strain = B ql



Therefore



and ql = T q



How to calculate direction cosines Consider a element that has node 1 and node 2 inclined by an angle  as shown .let (x1, y1) be the coordinate of node 1 and (x2,y2) be the coordinates at node 2.



When orientation of an element is know we use this angle to calculate l and m as: l = cos



m = cos (90 - ) = sin



and by using nodal coordinates we can calculate using the relation



We can calculate length of the element as



3 2



1



Solution: For given structure if node numbering is not given we have to number them which depend on user. Each node has 2 dof say q1 q2 be the



displacement at node 1, q3 & q4 be displacement at node 2, q5 &q6 at node 3. Tabulate the following parameters as shown



For element 1  can be calculate by using tan = 500/700 ie  = 33.6, length of the element is



= 901.3 mm Similarly calculate all the parameters for element 2 and tabulate Calculate stiffness matrix for both the elements



Element 1 has displacements q1, q2, q3, q4. Hence numbering scheme for the first stiffness matrix (K1) as 1 2 3 4 similarly for K2 3 4 5 & 6 as shown above.



Global stiffness matrix: the structure has 3 nodes at each node 3 dof hence size of global stiffness matrix will be 3 X 2 = 6 ie 6 X 6



From the equation KQ = F we have the following matrix. Since node 1 is fixed q1=q2=0 and also at node 3 q5 = q6 = 0 .At node 2 q3 & q4 are free hence has displacements.



In the load vector applied force is at node 2 ie F4 = 50KN rest other forces zero.



By elimination method the matrix reduces to 2 X 2 and solving we get Q3= 0.28mm and Q4 = -1.03mm. With these displacements we calculate stresses in each element.



Solution: Node numbering and element numbering is followed for the given structure if not specified, as shown below



Let Q1, Q2 …..Q8 be displacements from node 1 to node 4 and F1, F2……F8 be load vector from node 1 to node 4.



Tabulate the following parameters



Determine the stiffness matrix for all the elements



Global stiffness matrix: the structure has 4 nodes at each node 3 dof hence size of global stiffness matrix will be 4 X 2 = 8 ie 8 X 8



From the equation KQ = F we have the following matrix. Since node 1 is fixed q1=q2=0 and also at node 4 q7 = q8 = 0 .At node 2 because of roller support q3=0 & q4 is free hence has displacements. q5 and q6 also have displacement as they are free to move. In the load vector applied force is at node 2 ie F3 = 20KN and at node 3 F6 = 25KN, rest other forces zero.



Solving the matrix gives the value of q3, q5 and q6.



Problems on quadratic element



A1= A1’+ A2’/ 2 similarly A2 andA 3 are evaluated



Solution:



Global stiffness matrix



Global load vector



By the equilibrium equation KQ=F, solving the matrix we have Q2, Q3 and Q4 values



Stress components in each element



Beam element



Beam is a structural member which is acted upon by a system of external loads perpendicular to axis which causes bending that is deformation of bar produced by perpendicular load as well as force couples acting in a plane.Beams are the most common type of structural component, particularly in Civil and Mechanical Engineering. A beam is a bar-like structural member whose primary function is to support transverse loading and carry it to the supports



A truss and a bar undergoes only axial deformation and it is assumed that the entire cross section undergoes the same displacement, but beam on other hand undergoes transverse deflection denoted by v. Fig shows a beam subjected to system of forces and the deformation of the neutral axis



We assume that cross section is doubly symmetric and bending take place in a plane of symmetry. From the strength of materials we observe the distribution of stress as shown.



Where M is bending moment and I is the moment of inertia. According to the Euler Bernoulli theory. The entire c/s has the same transverse deflection V as the neutral axis, sections originally perpendicular to neutral axis remain plane even after bending



Deflections are small & we assume that rotation of each section is the same as the slope of the deflection curve at that point (dv/dx). Now we can call beam element as simple line segment representing the neutral axis of the beam. To ensure the continuity of deformation at any point, we have to ensure that V & dv/dx are continuous by taking 2 dof @ each node V &(dv/dx). If no slope dof then we have only transverse dof. A prescribed value of moment load can readily taken into account with the rotational dof  .



Potential energy approach Strain energy in an element for a length dx is given by



But



Therefore strain energy for an element is given by



Now the potential energy for a beam element can be written as



Hermite shape functions: 1D linear beam element has two end nodes and at each node 2 dof which are denoted as Q2i-1 and Q2i at node i. Here Q2i-1 represents transverse deflection where as Q2i is slope or rotation. Consider a beam element has node 1 and 2 having dof as shown.



The shape functions of beam element are called as Hermite shape functions as they contain both nodal value and nodal slope which is satisfied by taking polynomial of cubic order



that must satisfy the following conditions



Applying these conditions determine values of constants as



Solving above 4 equations we have the values of constants



Therefore



Similarly we can derive



Following graph shows the variations of Hermite shape functions



Stiffness matrix: Once the shape functions are derived we can write the equation of the form



But



ie



Strain energy in the beam element we have



Therefore total strain energy in a beam is



Now taking the K component and integrating for limits -1 to +1 we get



Beam element forces with its equivalent loads Uniformly distributed load



Point load on the element



Varying load



Bending moment and shear force



`````



We know



Using these relations we have



Solution: Let’s model the given system as 2 elements 3 nodes finite element model each node having 2 dof. For each element determine stiffness matrix.



Global stiffness matrix



Load vector because of UDL Element 1 do not contain any UDL hence all the force term for element 1 will be zero. ie



For element 2 that has UDL its equivalent load and moment are represented as



ie



Global load vector:



From KQ=F we write



At node 1 since its fixed both q1=q2=0 node 2 because of roller q3=0 node 3 again roller ie q5= 0 By elimination method the matrix reduces to 2 X 2 solving this we have Q4= -2.679 X 10-4mm and Q6 = 4.464 X10-4mm



To determine the deflection at the middle of element 2 we can write the displacement function as



= -0.089mm



Solution: Let’s model the given system as 3 elements 4 nodes finite element model each node having 2 dof. For each element determine stiffness matrix. Q1, Q2……Q8 be nodal displacements for the entire system and F1……F8 be nodal forces.



Global stiffness matrix:



Load vector because of UDL: For element 1 that is subjected to UDL we have load vector as



ie



Element 2 and 3 does not contain UDL hence



Global load vector:



And also we have external point load applied at node 3, it gets added to F5 term with negative sign since it is acting downwards. Now F becomes,



From KQ=F



At node 1 because of roller support q1=0 Node 4 since fixed q7=q8=0 After applying elimination and solving the matrix we determine the values of q2, q3, q4, q5 and q6.



Reference: 1) Finite elements in Engineering, ChandrupatlaTR&A.D Belegundupears edition 2) Finite element Analysis H.V.Laxminarayana, universities press 3) Finite element Analysis C.S.Krishnamurthy, Tata McGraw, New Delhi 4) Finite element Analysis P.seshu , prentice hall of India, New Delhi 5) Finite element Method J.N.Reddy, Tata McGraw 6) Finite element Analysis A. J. Baker & D W Pepper 7) http://www. Colorado. Edu /engineering



8) http/femur/learning module



TWO-DIMENSIONAL ELEMENTS



In the two-dimensional elasticity theory the three-dimensional Hooke’s law converted into two-dimensional form by using the two types of approximations:



(1)Plane stress approximation: for thin plates, for example one can assume the plane stress approximation that all the stress components in the direction perpendicular to the plate surface vanish,i.e.,𝜎𝑍 = 𝜏𝑍𝑋 = 𝜏𝑌𝑍 = 0. The stress-strain relations in this approximation are written by the following twodimensional Hooke’s law: 𝐸



𝜎𝑋 = 1−𝜗 2 (𝜀𝑥 + 𝜗𝜀𝑦 ) 𝜎𝑦 =



𝐸 (𝜀 1−𝜗 2 𝑦



𝜏𝑥𝑦 = 𝐺𝛾𝑥𝑦 =



+ 𝜗𝜀𝑥 )



𝐸 𝛾 2 1 + 𝜗 𝑥𝑦



The normal strain component 𝜀𝑧 in the thickness direction, however is not zero, but 𝜀𝑧 = −𝜗(𝜎𝑥 + 𝜎𝑦 )/𝐸 The plane stress approximation satisfies the equations of equilibrium; nevertheless, the normal strain in the direction of the z-axis 𝜀𝑧 must take a special form, i.e., 𝜀𝑧 must be a linear function of coordinate variables x and y in order to satisfy the compatibility condition which ensures the single valuedness and continuity conditions of strains. Since this approximation imposes a special requirement for the form of the strain 𝜀𝑧 and thus the forms of the normal stresses 𝜎𝑥 𝑎𝑛𝑑 𝜎𝑦 , this approximation cannot be considered as a general rule. Strictly speaking, the plane stress state doesn’t exist in reality. The normal stress component 𝜎𝑧 in the thickness direction is not zero, but 𝜎𝑧 = 𝜗𝐸(𝜎𝑥 + 𝜎𝑦 )/[(1+𝜗)(1 − 2𝜗)]. Since the plane strain state satisfies the equations of equilibrium and the compatibility condition, this state can exist in reality.



If we redefine Young’s modulus and Poisson’s ratio by the following formulae: 𝐸 𝐸 1−𝜗



𝐸′ =



𝜗 𝜗 1−𝜗



′



𝜗 =



(𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠) (𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛) (𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠) (𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛)



The two-dimensional Hooke’s law can be expressed in a unified form:



𝐸′ (𝜀 + 𝜗 ′ 𝜀𝑦 ) 1 − 𝜗′ 2 𝑥 𝐸′ 𝜎𝑦 = (𝜀 + 𝜗 ′ 𝜀𝑥 ) 1 − 𝜗′ 2 𝑦 𝐸′ 𝜏𝑥𝑦 = 𝐺𝛾𝑥𝑦 = 𝛾 2(1 + 𝜗 ′ ) 𝑥𝑦 𝜎𝑥 =



Or



1 (𝜎 − 𝜗 ′ 𝜎𝑦 ) 𝐸′ 𝑥 1 𝜀𝑦 = ′ (𝜎𝑦 − 𝜗 ′ 𝜎𝑥 ) 𝐸 𝜏𝑥𝑦 2(1 + 𝜗 ′ ) 𝛾𝑥𝑦 = = 𝜏𝑥𝑦 𝐺 𝐸′ 𝜀𝑥 =



The shear modulus G is invariant under the transformations as shown in equations shown above.



𝐺=



BOUNDARY CONDITIONS:



𝐸 𝐸′ = = 𝐺′ 2(1 + 𝜗) 2(1 + 𝜗′)



When solving the partial differential equation, there remains indefiniteness in the form of integral constants. In order to eliminate this indefiniteness, prescribed conditions on stress and/or displacements must be imposed on the boundary surface of the elastic body. These conditions are called boundary conditions. There are two types of boundary conditions i.e., (1) (2)



Mechanical boundary conditions prescribing stresses or surface tractions and Geometrical boundary conditions prescribing displacements.



Let us denote a portion of the surface of the elastic body where stresses are prescribed by 𝑆𝜎 and the remaining surface where displacements are prescribed by 𝑆𝑢 .the whole surface of the elastic body is denoted by S=𝑆𝜎 +𝑆𝑢 . Note that it is not possible to prescribe both stresses and displacements on portion of the surface of the elastic body. The mechanical boundary conditions on 𝑆𝜎 are given by the following equations: 𝑡𝑥∗ = 𝑡𝑥−∗ 𝑡𝑦∗ = 𝑡𝑦−∗



Where𝑡𝑥∗ and𝑡𝑦∗ are the x- and the y-components of the traction force 𝑡 ∗ ,respectively, while the bar over 𝑡𝑥∗ and 𝑡𝑦∗ indicates that those quantities are described on that portion of the surface. Taking n=[ cos 𝛼,sin𝛼] as the outward unit normal vector at a point of small element of the surface portion 𝑆𝜎 , the Cauchy relations which represents the equilibrium conditions for surface traction forces and internal stresses are given by the following equations: 𝑡𝑥−∗ = 𝜎𝑥 cos 𝛼 + 𝜏𝑥𝑦 𝑠𝑖𝑛𝛼 𝑡𝑦−∗ = 𝜏𝑥𝑦 cos 𝛼 + 𝜎𝑦 𝑠𝑖𝑛𝛼



where 𝛼is the angle between the normal vector n and the x-axis. For free surfaces where no forces are applied, 𝑡𝑥∗ = 0 and𝑡𝑦∗ =0.



the geometrical boundary conditions on Suare given by the following equations: 𝑢=𝑢 𝑣=𝑣 Where 𝑢 and 𝑣 are the x- and y-components of prescribed displacements u on Su. One of the most popular geometrical boundary conditions, i.e., clamp end condition is denoted by u=o and/or v=0 as shown in figure.
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