





 Categories
 Top Downloads









Login
Register
Upload











Search












	
Categories

	
Top Downloads

	
	
Login

	
Register







Search











	
Home

	Composite Design and Theory

 Composite Design and Theory


July 14, 2017 | Author: api-3700351 | Category: Bending, Stress (Mechanics), Stiffness, Composite Material, Young's Modulus 


 DOWNLOAD PDF - 5.3MB



 Share
 Embed
 Donate



 Report this link







Short Description

Download Composite Design and Theory...



Description


THEORY OF COMPOSITES DESIGN



Section 1 INTRODUCTION 1.1 BACKGROUND The rapidly expanding applications of composites in the recent past have provided much optimism for the future of our technology. Although man-made composites have existed for thousands of years, the high technology of composites has evolved in the aerospace industry only in the last twenty years. Filament-wound pressure vessels using glass fibers were the first strength critical application for modern composites. After these, boron filaments were developed in the 1960's, which started many US Air Force programs to promote aircraft structures made of composites. The F-111 horizontal stabilizer was the first flight-worthy composite component. Production of a composite stabilizer for the F-14 in the early 1970's was another major milestone. That was followed by the composite stabilator for the F-15, and composite rudder and stabilizer for the F-16. In the early 1980's, the Boeing 767 used nearly two tons of composite materials in its floor beams and all of its control surfaces. The USSR giant transport, Antonov 124, has a total of 5500 kg of composite materials, of which 2500 kg are graphite composites. The all-composite fin box of the Airbus Industrie A310-300 is an impressive structure in its simplicity. Nearly all emerging aircraft use composites extensively: examples include nearly every fighter aircraft in Europe, and the US. A new generation of commercial aircraft such as the Airbus 320-340, McDonnell-Douglas MD11, and Boeing 777 also have more extensive use of composite materials than ever before. In 1986, an all-composite airplane that set a world record in nonstop flight around the world was the Voyager, designed and built by Burt Rutan and his coworkers. The plane was ultra light as expected. However, it also showed amazing toughness and resilience against many stormy encounters. For the 1992 America's Cup challenge, all-composite hull, keel, and mast were included in the new International America's Cup Class. Composite materials in other highly visible applications include racing car bodies which have been found to provide more safety to the drivers, and longer-lasting rigidity than an older material like aluminum. Such high visibility is an important ingredient for the growth and acceptance of composite materials as viable engineering materials. The high technology of composites has spurred applications outside the aerospace industry. Sporting goods are a major outlet for composite materials. Hundreds of tons of graphite composites were used for tennis and squash rackets and golf shafts each year since 1983. The popularity of composite golf shafts were so popular that a shortage of carbon fibers was precipitated in the mid 1990’s. These high performance equipment and composites have become synonymous. The performance of tennis rackets is so impressive in terms of the speed of the balls that talk of banning these composites rackets for professional players has surfaced. Other applications of composites include bicycles, oars for rowing, and other equipment where weight, stiffness, and strength are important. Areas of future growth may come from ground transportation such as high-speed trains, and subway cars. Benefit of the light weight can be translated into energy savings, and cost of track. Shipping containers can also be made of composite materials. Surface
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ships are now being made of composite materials, but they are made in most cases by wet layup. Pre-impregnated composite tapes provide significantly improved properties at only a modest increase in cost. Rehabilitation of civil engineering structures susceptible to corrosion and fatigue have been reinforced by composites such as an over wrapping of columns. This reinforcement can also improve seismic resistance of the structures. Usage of composites can be greatly enhanced if the cost is lowered, and design more precise. For some applications composites are accepted as much as those in aircraft and sporting goods. Satellites, for example, are nearly all composites. For other applications, like those in transportation and civil engineering, composites are not readily accepted. Thus, lower cost, better design must be further reinforced by more data and certification. These steps must be addressed systematically, and take time. In this book, we would like to address primarily the design issue, which is intimately related to the cost of materials and processing. 1.2 DEMAND AND USAGE OF COMPOSITE MATERIALS According to a report by K. Fujisawa of Toray, the demand for graphite fiber in 1989 is shown in the figure below by regions. In each column that represents an region, it is further divided into sporting, industrial, and aerospace applications.



FIGURE 1.1



DEMAND OF GRAPHITE FIBERS BY REGIONS AND APPLICATIONS IN 1989



The total and percentage demand by area is shown in the figure below. The demand from the US is nearly one half of the total world demand; whereas the other three regions are evenly divided.



FIGURE 1.2



TOTAL AND PERCENTAGE DEMAND OF GRAPHITE FIBERS BY REGIONS



While the data represented the situation in the late 1980’s, it remained the same for most of the 1990’s. New developments include the emergence of China as a supplier and user of composites and that of the low-cost carbon fibers and prepregs in the late 1990’s. Cost of carbon fibers have come steadily down due to the use of large tows pioneered by Zoltek. In 1999, carbon prepreg of sporting goods grade is at US$14 per pound. It is becoming more cost effective than glass composites in many applications.
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1.3 DESIGNING WITH COMPOSITES Designing with any material is often more art than science. Composites design is no exception and there is much information to learn. Universities prefer teaching analysis to design. Books on analysis outnumber those on design by a wide margin. Research topics have rarely been design-oriented. However, products are made with or without a rational design. Netting analysis is still considered useful for design. The carpet plots still remain in many design manuals. These approaches reflect the lack of respect for the interaction effect of combined stresses. Design limit is often based on some uniaxial strain level; one level for laminates without holes, and a reduced level for those with holes or for damage tolerance. This approach does not do justice to composite materials because the contribution of plies to laminates is ignored. Nonetheless major aerospace companies continue to use artificially defined design allowables. Workers in numerous emerging composite materials, such as metal-matrix composites, ceramic composites, molecular composites, and carbon-carbon composites, have been preoccupied with their particular problems, and have resorted to oversimplified models of shear lag, pull out, and their version of the netting analysis. These are typical practices in the US industry which are not always rationally developed. In fact, most of them are misleading if not wrong. They are still in use because the practices are simple. Fortunately, the polymer-matrix composites are so strong that they have been reliable and competitive in spite of the less-than-perfect design practice. Our desire is to use as much calculation as possible for designing with composites. For this reason, netting analysis, carpet plots, and uniaxial strain limits are not used. Rationality is as important as practicality. We must have both if we are to succeed. We cannot afford to penalize composites by using the wrong design. By the same token we should not limit the extraordinary properties of composite materials by using outmoded tools. As we see it, the basic issue in designing with composites is to learn to use the directionally dependent properties. The scalar approach for the design of isotropic materials is acceptable because stiffness and strength can each be represented by one parameter; i.e., the Young's modulus and the uniaxial strength. Poisson's ratio can be assumed to remain constant at 0.3. Strength under combined stresses based on the von Mises or Tresca criterion does not deviate significantly from the uniaxial tensile or pure shear strength. But for composites, the number of constants increase to four for the stiffness and at least five for the strength of an on-axis unidirectional ply. In a thick multidirectional laminate, the stiffness constants can be as many as 21, and the strength is five times the number of ply groups. We must use matrix in place of scalar operations. This is the challenge in working with anisotropic materials. Netting analysis, carpet plots, and the limit or maximum strain criterion ignore the effects of combined stresses, and do not use matrix algebra. Such approaches are at least 25 years out of date. It is a common practice to limit the design of laminates to balanced (orthotropic), and symmetric construction. These restrictions are intended to simplify the design and manufacturing processes. A laminate may be designed to be balanced and symmetric before it is exposed to load and environments. When it is loaded beyond the first-plyfailure load, the laminate in its degraded form will become unbalanced and unsymmetric. When the laminate is exposed to unsymmetric temperature and moisture, the resulting deformation is also unsymmetric. It is therefore a fact of life that anisotropic and unsymmetric laminates are here to stay, and we must learn how they behave, and how they can be used as efficiently as possible. How can we make our design conceptually simple and analytically consistent? This can be achieved by setting up a rational framework. An example is shown in Figure 1.3.
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FIGURE 1.3 AN INTEGRATED FRAMEWORK FOR COMPOSITES DESIGN



Designing with composites require several additional factors which do not exist in conventional materials. Specifically, we need three bridges to link materials and environmental characteristics to the final stiffness and strength of a laminated composite. The bridges are: hygrothermal analysis and data, micromechanics, and macromechanics. The framework in Figure 1.4 is to minimize the number of variables and their functional dependency. We believe that a full-featured design process must consider all the variables. 1.4 OUR APPROACH First, we want to expand Figure 1.3 to show key variables and their functional relations. Our approach is to use the simplest framework that still contains all the variables and connects them with the simplest relations. Then it becomes feasible to optimize composite laminates with all the features. The most efficient configuration for stiffness and strength is the unidirectional composite. We will develop the method of the use of on- and off-axis unidirectional composites to carry combined loads. If the loads are such that unidirectional composites are inadequate and inefficient, we will go to bi-directional laminates. The process continues as we increase the ply angles to 3, 4 and higher. Obviously, the number of angles must be balanced between considerations of manufacturing and cost, and the requirement for stiffness and strength. We take the highly directional composites as the upper bound of anisotropy; the quasiisotropic laminate, the lower bound. The specific stiffness and strength of various composite materials and aluminum are compared in the following chart. Ranges of stiffness and strength are shown indicating the variability of properties by the degree of anisotropy. Note that the significant advantages of composite materials over aluminum. The challenge to designers is to use the opportunities offered by composites.



FIGURE 1.4



SPECIFIC STIFFNESS AND STRENGTH OF COMPOSITE MATERIALS VS ALUMINUM



We wish to emphasize designing composites on a consistent and rational basis. Thus, the salient features of composite materials can be fully exploited without the burden of unnecessary rules. The methodology described in this book represents the minimum required. Sufficient information has become available that designing with composite materials can be done as confidently as with conventional materials.
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Matrix inversions are involved in the determination of laminate stiffness. It is impossible to anticipate the effects of simple operations such as adding and subtracting plies, and the rigid body rotation of a laminate. These effects can be systematically established and should not be surprises. Instead of guessing or using intuition we recommend calculation. To enhance confidence in our design calculations, we make constant comparison of our optimum composite with the quasi-isotropic laminate of the same composite as a lower bound. This comparison is also important because the same calculation is needed to compare our laminate with isotropic materials like aluminum. We also make sure that calculations can be easily and accurately performed. The use of normalized variables for stresses and effective moduli makes quantitative results easy to understand. We see in the 1990's the personal computer or work station as the most effective tool to aid design. We have mentioned repeatedly that formulas must be simplified, and the number of design variables reduced. The use of micromechanics and repeated sub-laminates, for example, reduces the number of material and geometric variables. With simplification, many more design iterations can be effectively exercised than is possible with outmoded tools. 1.5 COVERAGE OF THIS BOOK This book is written with the understanding that the reader is familiar with the basic principles of strength of materials. Many terms are defined here without derivations. The simplest stress analysis of structures is the statically determinate case. The stress distribution is independent of material properties. Stresses are derived from equilibrium or the balance of forces. Examples shown below are the uniaxial tensile stress, and the membrane stresses in a pressure vessel. In both examples, stress is homogeneous; i.e., stress is uniform and does not vary from point to point. The same state of stress exists if the material is a composite. We only need to know the effective stiffness of the composite to calculate the resulting strain. The calculation of the effective stiffness under in-plane stresses is shown in Section 4. Thus for all statically determinate structures, many of which are listed in Roark's Formulas for Stresses and Strains, we can use the formulas as they are. We only need to use the effective elastic stiffness of the composites.



FIGURE 1.5



EXAMPLES OF STATICALLY DETERMINATE STRUCTURES



In a composite laminate the effective stiffness for bending is different from that for inplane. Only when the laminate is homogenized are the in-plane and flexural stiffnesses equal. The formulas for the flexural stiffness of a laminate can be found in Section 5, and can be used in the buckling of a strut, and the bending of a beam shown below. It is assumed that the laminate must by symmetric. If the laminate is unsymmetric, which is discussed in Section 6, in-plane and flexure deformations are coupled. Most of the formulas for statically determinate structures cannot be used by a direction substitution of the effective stiffness.
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FIGURE 1.6



BUCKLING AND BENDING OF COMPOSITE BEAMS



For a general state of stress, elasticity theory calls for the solution of a partial differential equation with appropriate boundary conditions and the stress-strain relation of the material. For a two-dimensional state of stress, the equation of equilibrium in terms of stress function F is listed below for both orthotropic and isotropic materials. Stress distribution would be non-homogeneous; i.e., it varies from point to point like the stress around an opening in a plate. For orthotropic materials, stress is dependent on the materials coefficients such as [a*], the compliance of the laminate. For isotropic materials, these coefficients are not independent, and can be canceled. Thus stress is the same for all isotropic materials. The stress concentration factor of an open hole is 3 for all isotropic materials.



(1.1) For bending of a plate, the same difference exists between orthotropic and isotropic plates. The governing equations for plates are shown below. For orthotropic plates, components of flexural rigidity [D] are the coefficients of the displacement equation in w. The displacement surface will be different for different composite laminates. For isotropic plates, the coefficients in the governing equation are canceled. The displacement surface is the same for all isotropic materials.



(1.2) In this book we concentrate on the elastic constants and failure modes of composite laminates. We do not deal with the solutions of governing equations cited above. There are books dedicated specifically to this purpose; e.g., S. G. Lekhnitskii's Anisotropic Plates, J. M. Whitney's Structural Analysis of Laminated Anisotropic Plates, and others. Our book is concerned with the local behavior of a composite laminate, as opposed to the global behavior of a laminated composite structure. There are many intermediate steps between the local and global scales. Designs for openings, bolted joints, effects of defects and damages, and their growth are all issues that must be solved. The approach which we recommend is to follow the micro- and macromechanics modeling described in this book. The approach defines the contributions of the constituents to the stiffness and strength of a composite laminate on a global level if the stress is homogeneous, or on a local or element level if the stress is non-homogeneous. Solutions of openings and bolted joints belong to the same boundary-value problem that is a matter of boundary conditions. An alternative to the boundary-value problem is the empirical method. Thousands of tests have been performed on bolted joints, for example. Defects as a result of transverse impact to a laminate are also empirically defined, as is the loss of compressive strength. Design for damage tolerance is based more on philosophy than an analytically derived strategy. However, we advocate a different approach. Ideally, tests are for the
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purpose of measuring basic stiffness and strength of composite plies and laminates. Tests are also necessary to verify analytic predictions. Our book covers the basic models for the local behavior of a globally non-homogeneous state of stress. Without a solid understanding of the local behavior, it is not feasible to set up a boundary-value problem on a global level. We therefore think the subjects covered in this book are the best starting point for achieving predictability of the behavior of composite materials and structures.
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Section 2 STRESS-STRAIN RELATIONS Notation and symbols are the language for science and engineering. We should not only try to make them simple, but also internally consistent. Contacted notation is universally accepted as a shortcut, but the rules for contraction are not always followed faithfully. From generalized Hooke's law, we can simplify stress-strain relations for materials having increased symmetries, and reduce 3-dimensional laws to plane stress and plane strain. The permutation of indices provides a simple rule to generate symmetries of any rotation for stress, strain and elastic constants. 2.1 OUR NOTATIONS We follow the notation and symbols used in the textbook: Introduction to Composite Materials, by S. W. Tsai and H. T. Hahn, Technomic, Lancaster, Pennsylvania 17604 (1985), and Composites Design, by S. W. Tsai, Think Composites (1988). We are bound by the following rules required by the contracted notation: •



Engineering shear strain and engineering twisting curvature are used. definitions in terms of displacements are:



Their



(2.1) Note that the factor of 2 is added to the tensorial relation. Like the engineering shear strain, the twisting curvature here is an engineering rather than tensorial curvature. Our sign convention calls for a negative sign in this relation. •



Letter subscripts {x, y, z, q, r, s} designate the on-axis, material symmetry coordinates; numeric subscripts {1, 2, 3, 4, 5, 6} designate the off-axis material and laminate coordinates. The sequence is important for the permutation of indices to find the transformation equations of stress, strain, and elastic constants about different axes.



In addition, we use the following conventions: •



Engineering constants are defined from the components of the normalized compliance. Definitions are also given for the unsymmetric laminates. The coupling coefficients are normalized by columns, not by rows; Poisson's ratios and shear coupling coefficients are defined following the conventional matrix notation, and are different from other authors.



•



We use normalized variables (those with *) for properties in addition to the absolute. Normalized properties are required in order to compare one property with another. Stiffness components, for example, are expressed in Pa.



•



We use dimensionless variables whenever possible, in order to avoid concern with SI versus English units. We prefer to represent thickness by the number of plies instead of m or mm, and failure envelopes in strain space instead of stress
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space, and loss of stiffness or strength due to changes are expressed in ratios and non-dimensional quantities. •



Other symbols include: Asterisk [*] means a normalized variable. Prime [ ' ] means compressive or negative.



•



Superscript o means in-plane.



•



Superscript f means flexural.



2.2 CONTRACTED NOTATION Contracted notation is a simplification of the usual tensorial notation. Instead of having the same number of indices to match the rank of the tensor, such as having two indices for the second-rank tensor, and four for the fourth-rank, the contracted notation reduces the number of indices by one half. Single index is used for the second-rank tensors; double indices, for the fourth-rank. Contracted notation cannot be applied to the first-rank and other odd-rank tensors. When contracted notation is used, engineering shear strain should be used, in place of the tensorial shear strain. Thus the factor of 2 must be properly and consistently applied. Twisting curvature in Equation 2.1 is of the engineering rather than the tensorial type. The components of the compliance must also be corrected in addition to the contraction of the indices. The numeric correction factors of 1, 2 and 4 must be applied in accordance with the relations in Table 2.9 (see page 2-5). Incorrectly or inconsistently applied correction factors can lead to unnecessarily complicated unsymmetric matrices, as well as uncertainty and confusion. The contraction for the stress components is straightforward. No numeric correction is necessary. There are two systems of notations for the stress components; viz., the letter and numeric subscripts (see Table 2.1). The contraction of the normal stress components is natural and well accepted, but that of the shear stress is not universally followed. Our contraction of the numeric subscripts is more popular because it follows the same order of 1-2-3 if the plane of the shear stress is designated by the normal to the plane; e.g., the 2-3 plane by 1. This rule is consistent with the definition of the rotation tensor in solid and fluid mechanics, and is useful in the permutation of the indices shown in Figure 2.3 on page 2-7. The contraction of the letter subscripts is arbitrary but consistent with the purpose of contraction. In this book we try not to mix single and double subscripts. TABLE 2.1



CONTRACTION OF SUBSCRIPTS FOR STRESS AND STRAIN COMPONENTS



In Table 2.1 above, we use the engineering shear strains in the last two rows. Note the use of single letter designation for the shear components of stress and strain in order to be consistent in the contracted notation. Subscripts q, r, s are arbitrarily selected for the shear components. We do not recommend mixing single and double subscripts.
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The contraction for the strain components needs a numeric correction factor of 2 for the shear components because engineering shear is used. The usual definition of the tensorial strain-displacement relation is shown in the equation below. Then the definition of engineering shear strains in terms of tensorial strains and displacements are also shown in the equation:



(2.2) The same relations are valid if we use letter subscripts in place of the numeric subscripts. 2.3 CONTRACTED STIFFNESS The stiffness matrix for the generalized Hooke's law in its uncontracted form is: TABLE 2.2



GENERALIZED HOOKE'S LAW IN UNCONDENSED FORM



Since both stress and strain are symmetric, the last table can be modified by factoring out the shear strain components as follows: TABLE 2.3



GENERALIZED HOOKE'S LAW HAVING SYMMETRIC STRAINS



If we now introduce the engineering shear strain and the contracted notation for all the indices, we have:
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HOOKE'S LAW IN CONTRACTED STRESSES AND STRAINS



Thus the indices for the stiffness components follow precisely those for the contraction of stress. No correction factor for the contraction is needed. This easy conversion from four to two indices is made possible by having: •



Symmetry of stress and strain,



•



Symmetry of the stiffness matrix, and



•



Use of engineering shear strain.



2.4 CONTRACTED COMPLIANCE The generalized Hooke's law in terms of compliance is shown here. The first, the second, and the ninth rows for this uncondensed, uncontracted form of the generalized Hooke's law are: TABLE 2.5



GENERALIZED HOOKE'S LAW HAVING SYMMETRIC STRAINS



If we apply the symmetry of the stress components, we can factor out the shear stress components: TABLE 2.6



GENERALIZED HOOKE'S LAW HAVING SYMMETRIC STRESSES



If we apply the contracted notation of stress and strain (with engineering shear), and retain the uncontracted compliance components we will have:
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HOOKE'S LAW HAVING CONTRACTED STRESSES AND STRAINS



If we apply the contracted notation to the compliance matrix we need additional numeric corrections as follows:



(2.3) The final compliance relations between stress and strain are as follows: TABLE 2.8



GENERALIZED HOOKE'S LAW HAVING CONTRACTED COMPLIANCE



Thus the contracted compliance matrix can be viewed as having four equal 3x3 submatrices. The correction factor is unity for the upper-left sub-matrix; 2, for the lower-left and the upper-right; and 4, for the lower-right; see the table below for the correction factors for the compliance matrix. These factors are necessary and are the results of the symmetry of stress and strain, the symmetry of the compliance matrix, and the use of engineering shear. In contrast to the compliance matrix, the stiffness matrix requires no correction factors between the contracted and uncontracted notations. This is also shown on the right of Table 2.9. TABLE 2.9



CORRECTION FACTORS FOR COMPLIANCE AND STIFFNESS MATRICES
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If engineering shear is not used, a factor of 2 must be applied to the last three columns of the stiffness matrix in Equation 2.4, and the last three rows of the compliance matrix in Equation 2.5. These matrices are no longer symmetric. The rules governing the use of contracted notation is not always applied consistently in the literature. It is therefore prudent to establish the precise rules that an author may have employed. A common incorrect application of the contraction rule in Equation 2.1 can lead to unsymmetric stiffness and compliance matrices, or the shear strain component carries a factor of 2. Examples are summarized in the next two equations below where necessary but confusing factors of 2 or 1/2 must be added:



(2.4)



(2.5) 2.5 THE GENERALIZED HOOKE'S LAW The generalized Hooke's law is the linear stress-strain relation for an anisotropic material. It is derived from the existence of an elastic energy in the theory of elasticity. It is convenient to use the contracted notation described in the last section to represent anisotropic bodies. Several commonly encountered symmetries will be described in the following. TRICLINIC SYMMETRY There are 36 components or constants which completely describe this material. It has no material symmetry. This stiffness matrix, however, is symmetric from the energy consideration. Only 21 of the 36 constants are independent. Similarly, the compliance matrix of a triclinic material has 36 components, of which 21 are independent.



FIGURE 2.1



STIFFNESS AND COMPLIANCE MATRICES OF A TRICLINIC MATERIAL
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MONOCLINIC SYMMETRY If any material symmetry exists, the number of constants will reduce. For example, if the plane of 1-2, 3 = 0, or z = 0 is a plane of symmetry, this is a monoclinic material. All constants associated with the positive 3- or z-axis must be the same as those with the negative 3- or z-axis. The Hooke's law in Figure 2.2 can be simplified for a material having a plane of symmetry; i.e., a monoclinic material. If the symmetry plane lies in the plane of 1-2, 3 = 0, or z = 0, the components in Figure 2.1 will be reduced to those in Figure 2.2 below.



FIGURE 2.2



STIFFNESS AND COMPLIANCE MATRICES OF A MONOCLINIC MATERIAL (z = 0)



The 16 zero components are: "14", "24", "34", "15", "25", "35", "46", "56"; and their symmetric components "41", "42", "43", "51", "52", "53", "64", "65". When expressed in this coordinate system there are 20 nonzero constants, of which 13 are independent. If the plane of symmetry is in the plane of 2-3, 1 = 0, or x = 0, we only need to establish the permutation of the index by one; i.e., simply change 1 to 2, 2 to 3, 3 to 1; 4 to 5, 5 to 6, 6 to 4. The scheme of permutation is shown in the figure below. This scheme is a general rule for indices, and can be applied not only to stiffness and compliance matrices, but also to stress, strain and expansion coefficients.



FIGURE 2.3



PERMUTATION SCHEME OF THE INDICES



If this permutation scheme is applied, the following 16 zero components will be: "25", "35", "45", "26", "36", "16", "54", "64"; and their symmetric components "52", "53", "54", "62", "63", "61", "45", "64". If it is an arbitrary plane, the number of nonzero constants will increase up to 36. However, the independent constants remain 13 for all coordinate systems.
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ORTHOTROPIC SYMMETRY As the level of material symmetry increases, the number of independent constants continues to reduce. If we have symmetry in three orthogonal planes we have an orthotropic material. The number of independent constants is now 9. If the planes of symmetry coincides with the reference coordinate system, the nonzero components are 12; this is shown in Figure 2.4. If the symmetry planes are not coincident with the reference coordinates, the nonzero components can be those shown in Figure 2.1. If one of the symmetry planes coincide with the 3- or z-coordinate axis, the nonzero components will be those shown in Figure 2.2. The number of independent constants remains 9 for orthotropic materials irrespective of the orientation of the symmetry planes.



FIGURE 2.4



STIFFNESS AND COMPLIANCE MATRICES OF AN ORTHOTROPIC MATERIAL



TRANSVERSELY ISOTROPIC SYMMETRY The next level of material symmetry is the transversely isotropic material, which has 5 independent constants. If the isotropic plane coincides with one of the planes of the coordinate system, the nonzero components are 12; this is shown in Figure 2.5. If the symmetry planes are not coincident with the reference coordinates, the nonzero components will be those shown in Figure 2.1. If one of the symmetry planes coincides with the 3- or z-coordinate axis, the nonzero components will be those shown in Figure 2.2 on page 2-6. The number of independent constants remain 5 for the transversely isotropic material irrespective of the orientation of the symmetry planes. This is an important anisotropic material symmetry. It is frequently used to describe the elastic constants of anisotropic fibers, and unidirectional composites. The isotropic plane for both cases is normal to the axis of the fibers.



FIGURE 2.5



STIFFNESS MATRIX OF A TRANSVERSELY ISOTROPIC MATERIAL. NOTE THE DEPENDENCE OF SHEAR COMPONENT ON NORMAL COMPONENTS
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Note that the number of independent constants are reduced from 3 to 2 because the 2-3 plane is isotropic. Thus the shear component "44" can be expressed in terms of the normal and Poisson's components, "22" and "23", respectively. Such relation is unique with isotropic materials. This can be derived from an equality between a combined stress or strain state of tension-compression and pure shear at an orientation 45 degree away from the combined normal components. ISOTROPY If a material is fully isotropic, the number of independent constants reduces from 5 to 2 This is shown in Figure 2.6. There are 12 nonzero constants, the same as in Figures 2.4 and 2.5. This is apparently the minimum number of nonzero constants regardless of material symmetry. All three shear components are expressed in terms of the normal components.



FIGURE 2.6



STIFFNESS MATRIX OF AN ISOTROPIC MATERIAL. ALL SHEAR COMPONENTS ARE RELATED TO HORMAL COMPONENTS



We have shown that the stiffness components are functions of material symmetries. The compliance components follow the same pattern of the nonzero and the number of independent components. They have the same appearance as the stiffness components in Figures 2.1-2 and 2.4-6. However, there is one exception; i.e., the equivalence of pure shear, and the combined tension and compression applied at a 45-degree orientation, which is shown in the figure above. The shear stiffness has a factor of 1/2 multiplying the difference between "11" and "12", and the shear compliance has the same factor dividing the difference. The use of contracted notation reduces the number of indices, resulting in simpler mathematical expressions. But it must be applied consistently. We do not recommend mixing single and double indices such as using of single indices for the normal components and double indices for the shear. Furthermore, engineering shear strain is recommended for the contracted notation (Table 2.1 on page 2-2). While the contracted stiffness matrix is derived from the uncontracted without correction factors, the contracted compliance matrix requires correction factors of 1, 2 and 4 (Table 2.9 on page 2-5). 2.6 SUMMARY OF MATERIAL SYMMETRIES We now present a summary of the Hooke's law in Table 2.10. The on-axis refers to the symmetry axes; the off-axis, the rotation about one of the reference axes; and the general, rotation about any axis.
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SUMMARY OF 3-DIMENSIONAL MATERIAL SYMMETRIES



The behavior of an anisotropic material depends not as much on the number of independent constants as on the nonzero components. For example, the on-axis orthotropic and the on-axis transversely isotropic materials behave the same qualitatively as an isotropic material. They all have 12 nonzero components, and are geometrically arranged like those in Figures 2.4, 2.5 and 2.6. For these materials, the shear and normal components of stress and strain are not coupled. In Figure 2.7 we show graphically a summary of four most common material symmetries including isotropy. All components are of stiffness or compliance are shown relative to the principal axes 1, 2 and 3. The components associated to the isotropic plane for a transversely isotropic material are identified; so are the shear coupling components for a monoclinic material. In composite materials, we will use all these symmetries in two and three dimensional spaces.



FIGURE 2.7



GRAPHICAL REPRESENTATIONS OF FOUR MATERIAL SYMMETRIES



When an orthotropic or transversely isotropic material rotates away from its symmetry axes about the 3- or z-axis, this off-axis orientation results in 20 nonzero components. Now shear coupling is present and this material will behave like a monoclinic material in its on-axis orientation. If the orthotropic or transversely isotropic material rotates about an axis other than the three reference axes, the nonzero components will be 36 and will behave like a triclinic material, shown in Figure 2.2 on page 2-3. 2.7 ENGINEERING CONSTANTS The definitions of the Young's moduli of an anisotropic material follow those for isotropic materials subjected to uniaxial tensile or compressive tests. Using the stress-strain relation shown in Table 2.8, we can define Young's modulus in 1-direction by imposing a uniaxial test along the same axis, and repeat the same test along the 2- and 3-direction:
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(2.6) Shear moduli is derived from shear test and defined by using one or two subscripts:



(2.7) We prefer the single subscript definition because it is consistent with the intent of the contracted notation. The definitions of the Poisson and shear couplings are even less standardized and are, in fact, conflicting. We will show two definitions for a monoclinic material, in the following Tables 2.11 and 2.12. An off-axis orthotropic, and an off-axis transversely isotropic material have the same nonzero components as the monoclinic material. In Table 2.11 each column is normalized by the same engineering constant derived from the diagonal term of the compliance matrix. Each off-diagonal term is multiplied and divided by the diagonal term, then engineering constants in Equations 2.6, 2.7 and 2.8 below are substituted. The results are shown in Table 2.11. We prefer this method of normalization because the interpretation of a simple uniaxial test can be readily made. Here we also follow the accepted convention of subscripts that the first subscript i refers to the row and the second subscript, the column. Mathematically, coupling component "12" means the stress or strain along the 1-axis as induced by an input in the 2-direction. TABLE 2.11



COLUMN-NORMALIZED ENGINEERING CONSTANTS OF A MONOCLINIC MATERIAL



Thus the definition of the coupling coefficients depends upon how the normalizing factor is applied. In Table 2.11 each column is normalized by the same Young's modulus or shear modulus. For the case of the longitudinal stiffness pointing along the 1-axis, the direction transverse to the fiber would be along the 2-axis, and the stiffness along the 1axis would be considerably larger than that along the 2-axis:



(2.8) But many if not most authors use the row nomrmalization for the definition of engineering constants. This is shown in Table 2.12 where each row is normalized by the same Young's modulus or shear modulus.
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ROW-NORMALIZED ENGINEERING CONSTANTS OF A MONOCLINIC MATERIAL



The definitions for the coupling coefficients are defined exactly the opposite of those in Equation 2.8; where again we assume that the longitudinal direction is along the 1-axis.



(2.9) As indicated earlier, we do not recommend the coupling coefficients by row normalization shown in Table 2.12. Unfortunately, many authors choose this normalization by rows even though it is less rational and consistent than by columns. 2.8 STIFFNESS IN TERMS OF ENGINEERING CONSTANTS The expressions of [C] in terms of the engineering constants in the last section are lengthy because of the matrix inversion of the compliances. Such expressions for materials with orthotropic, transversely isotropic and isotropic symmetries can be found in the US Air Force Materials Laboratory report (AFML-TR-66-149, Part II): Mechanics of Composite Materials, by Stephen W. Tsai. For example, an orthotropic material in Figure 2.4 on page 2-7 can be expressed:



(2.10) All the engineering constants are defined in Table 2.11. A transversely isotropic material in Figure 2.5 on page 2-8 can be expressed:
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(2.11) For an isotropic material Equation 2.11 above can be further simplified:



(2.12) These relations are relatively simple because shear coupling is absent in the matrix in Figures 2.4 to 2.6 starting on page 2-7. Similar closed-form expressions for a monoclinic material shown in Figure 2.2 would be nearly impossible because shear coupling terms are present. The inversion of this matrix is quite lengthy. 2.9 PLANE STRESS This is a 2-dimensional idealization of a thin plate subjected to in-plane stresses. Most composite materials in use today can be modeled in a state of plane stress. The same assumption is used for the elementary theory of plates and shells made of isotropic materials. Thus the degree of confidence for assumed plane stress for thin composite plates should be the same as that for isotropic plates.



FIGURE 2.8



PLANE STRESS WITH THEIR PLANES COINCIDENT WITH THE SYMMETRY PLANES.



If the 1-2 plane is the plane of interest, the nonzero stress and strain components in this plane can be related by a specialized Hooke's law, as follows: (2.13) where the compliance for plane stress has the same components as that for the 3dimensional Hooke's law because stress components are specified. Because of Poisson or shear coupling the normal strain in the thickness or the 3 direction is not zero. From the specialized Hooke's law we can show: (2.14) If the material is isotropic, the two Poisson couplings are equal and the shear coupling vanishes: (2.15)
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For plane stress in the 1-2 plane, the stresses in terms of the stiffness matrix are as follows:



(2.16) We can eliminate the normal strain in the 3-direction as a dependent variable by solving the fourth line in Equation 2.16:



(2.17) By substituting Equation 2.17 into 2.16, we now have the stress-strain relation for plane stress in the 1-2 plane in terms of reduced stiffness:



(2.18) If the plane stress is in the 2-3, or the 1-3 plane, we will have the following relations, respectively. This is done following the same permutation of the indices, described in Figure 2.3 on page 2-7.



(2.19) The three cases of plane stress that lie in the planes of symmetry are shown in Figure 2.8. Plane stress can exist on the symmetry planes only. If a material has no symmetry, the last two shear stresses in Equation 2.16 will not vanish. Then we cannot have plane stress. The number of independent and nonzero constants for each symmetry is listed in Table 2.13 below. TABLE 2.13



ELASTIC MODULI UNDER PLANE STRESS



The behavior of materials is controlled more by the number of nonzero constants than by the number of independent constants. For example, the nonzero constants will appear as coefficients of the equation of equilibrium of a plate. It does not matter if these nonzero
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coefficients are related or not. Thus for plane stress, the principal difference between the 6-constant material and the 4-constant material is the existence or absence of shear coupling. The square symmetric material has equal stiffness on its symmetry axes, but unlike the isotropic material, the in-plane shear is independent, which gives 3 independent constants. A fabric with balanced weave is a square symmetric material. Engineering constants are defined from the components of compliance. The coupling coefficients above are defined using the normalization by columns as in Table 2.11 on page 2-10, not by rows as in Table 2.12 on page 2-11.



(2.20) Finally, explicit relations between engineering constants and the stiffness components exist through the inversion of the compliance matrix. But these relations are simple only for the on-axis orthotropic material. Simple relations for anisotropic and off-axis orthotropic materials do not exist; i.e.,



(2.21) In order to avoid confusion we designate the on-axis orthotropic constants by letter subscripts to distinguish them from numeric subscripts of the anisotropic and off-axis orthotropic constants:



(2.22) For the on-axis square symmetric material where the two Young's moduli are equal:



(2.23) The shear modulus for this material is independent, and is not dependent on the Young's modulus and Poisson's ratio, making this a 3-constant material. These constants are all defined relative to the symmetry axes. There are two sets of such axes, one 45 degrees from the other. For the isotropic material:



(2.24) The basic differences between the square symmetric versus isotropic materials are: the 3 versus 2 independent constants, and that the engineering constants must be measured from the symmetry axes versus those from any axes, respectively. The subscripts in the engineering constants in Equation 2.22 are there to signify nonisotropic constants. 2.10 PLANE STRAIN This is the other 2-dimensional state very analogous to the state of plane stress. This idealized state is applicable for structures having one very long dimension. For composite
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materials this situation exists, for example, for thick pressure vessels where the length of the cylinder is large in comparison with its diameter.



FIGURE 2.9



PLANE STRAIN IN THE PLANES OF ORTHOGONAL SYMMETRY



Since strain components are specified in plane strain, the stiffness components for 2dimensional plane strain are the same as those for the 3-dimensional Hooke's law. Therefore, the stress and strain components in the 1-2 plane, for example, are related as follows: (2.25) For materials other than the triclinic, 20-constants type, we can show that the stress component normal to the 1-2 plane can be determined: (2.26) The compliance components, however, must be modified for the plane strain state. This modification can be derived by substituting Equation 2.26 into the generalized Hooke's law to eliminate the out-of-plane normal stress (in the 3-direction) as an independent variable. This derivation is analogous to the reduced stiffness matrix for the plane stress case. Now we have the reduced compliance case for the plane strain. Assuming that the 1-2 plane is the plane strain, we have



(2.27) Like the case of plane stress, the reduced compliance matrix for plane strain for triclinic material symmetry is also beyond the scope of this section and thus is not obtained. We can derive the reduced compliance for plane strain in the other two symmetry axes, as shown in Figure 2.9 by the same permutation of indices described in Figure 2.3 on page 2-7 . We can derive the engineering constants associated with plane strain the same as those with plane stress; e.g.,



(2.28) The coupling coefficients are based on the normalization by columns as in Table 2.12. The relations between engineering constants and the stiffness components are not as straightforward because a matrix inversion is involved. The independent and nonzero constants of anisotropic materials under plane strain, analogous to those in Table 2.13 for plane stress, are shown in Table 2.14.
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TABLE 2.14



ELASTIC MODULI UNDER PLANE STRAIN



2.11 SAMPLE CALCULATIONS FOR ELASTIC MODULI We can compute all the elastic constants from a given set of engineering constants. We take the following values for unidirectional CFRP laminate, T300/5208 (values for this and other composite materials can be found in Table 3.2 on page 3-12):



(2.29) For the plane stress case, the compliance and stiffness matrices are the inverse of each other. Their product must produce a unity matrix; i.e., [Q] = [S]



-1



(2.30)



where the stiffness matrix is 3x3, with indices 1, 2 and 6. In order to find the reduced compliance matrix and stiffness matrix of an on-axis transversely isotropic material, we will assume that the 2-3 plane is isotropic. If we further assume that the 1-2 plane is under plane strain, shown as the case on the left in Figure 2.9 on page 2-15, we need the following two additional components of the compliance matrix in order to complete Equation 2.27:



(2.31)
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The transverse-transverse Poisson's ratio for this material was found to be approximately 0.5 by M. Knight, "Three-Dimensional Elastic Moduli of Graphite/Epoxy Composites," Journal of Composite Materials, Volume 16 (March 1982), p. 153. This Poisson's ratio was shown to be bounded between 0 and 1. The frequently assumed value of 0.3 is lower than that which Knight found. From Equation 2.27, and letting 1 = x, 2 = y, 3 = z, we can compute the reduced compliance matrix for a plane strain in the 1-2 plane:



(2.32) Reverting to numeric subscripts to conform to Figure 2.5, the following 3-dimensional stiffness matrix components can be computed from Equation 2.11:



(2.33) For the plane strain case, the compliance and stiffness matrices are the inverse of each other. Their product must produce a unity matrix; i.e., [C] = [R]



-1



(2.34)



where the stiffness matrix is 3x3, with indices 1, 2 and 6. 2.12 STRESS AND STRAIN TRANSFORMATION EQUATIONS Stress and strain at a point within a solid body are defined by how their components change with the reference coordinates. This coordinate-system dependence is of fundamental importance because laminate stress and strain and ply stress and strain can be explicitly related. One outstanding feature of composite materials is the highly directional or anisotropic property. It is often advantageous to rotate unidirectional or laminated composites to some arbitrary orientation. For example, applied loads to a structure are usually given in the laminate axes while failure criteria, for example, are usually applied to the stress or strain relative to the ply axes. The transformation equations allow us to move from one coordinate system to another. The components of stress and strain change in accordance with specific transformation equations. The equations for stress are different from those for strain because we have elected to use the contracted notation which requires the use of engineering shear strain. The transformation equations in both the matrix and index notations are:
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FIGURE 2.10 RELATION BETWEEN VARIOUS COORDINATES



Transformation relations for stress and strain are defined from tensor theory for second rank tensors. Such relations can also be derived from statics theory, such as the balance of forces and moments of a typical element subjected to normal and shear stresses. We can find such derivations in strength of materials books. Similarly, the transformation relations for strain can also be found in these books, and the relations are derivable from geometric relations before and after the element is deformed by normal and shear strains. Because of the use of engineering shear strain, the transformation equations for strain are different from those for stress. The difference is shown below:



(2.35) The relations above are valid for all materials, isotropic and anisotropic. They are repeated in the following tables where specific transformations and figures are merged for easy identification.
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FIGURE 2.11 STRESS TRANSFORMATION WITH POSITIVE AND NEGATIVE ROTATIONS



FIGURE 2.12 STRAIN TRANSFORMATION WITH POSITIVE AND NEGATIVE ROTATIONS



For every state of stress, there is one particular orientation of the coordinate axes when the normal components reach extremum values and the shear vanish. The orientation and magnitude of the principal components are defined as follows: TABLE 2.15



STRESS AND STRAIN TRANSFORMATION IN MOHR'S CIRCLES VARIABLES



At 45 degrees from the principal axes, the shear reaches maximum and the normal components are equal. The Mohr's circle representation of stress components and their variation with orientation is shown in Figure 2.13 below.
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FIGURE 2.13 MOHR'S CIRCLE REPRESENTATION OF STRESS AND ITS PRINCIPAL COMPONENTS



The transformation of strain in Mohr's circle is shown in Figure 2.14 below. The vertical axis r is the tensorial shear strain which is one half the engineering shear strain.



FIGURE 2.14 MOHR'S CIRCLE REPRESENTATION OF STRAIN AND ITS PRINCIPAL COMPONENTS; NOTE THAT ENGINEERING SHEAR STRAIN IS TWICE THE TENSORIAL SHEAR STRAIN



The Mohr's circle representation is important for failure envelopes. The rotation of a ply is equal to a rotation by a doubled angle in the Mohr's space. With such a simple relation, it is easy to generate failure envelopes of various ply angles by rigid body rotations. Invariants are combinations of stress or strain components that remain constant under coordinate transformation. In a Mohr's circle, the location of the center p is a linear invariant. The radius of the circle R is a quadratic invariant. Invariants are useful for the design of composites. We can easily show that the following are also invariant:



(2.36)
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The first is the von Mises invariant, which can be used as an effective stress or strength of a material under combined stresses. The second in Equation 2.36 is an effective strain that is also invariant. This can be used as a measure of deformation or susceptibility to deformation or buckling of a material under combined strains. It is better than using one of the normal strain components. The former is a scalar, and the latter is not. The difference is fundamental. We must design with invariants in order to arrive at an invariant design. If we do not use invariants, such as the maximum normal strain of a laminate, our design may depend on the choice of the coordinate system. 2.13



SAMPLE CALCULATIONS IN STRESS AND STRAIN



Sample 1:



Given the following state of stress: {sigma} = {100, -30, 50},



(2.37)



find the transformed components and the principal and the maximum shear axes. SOLUTION: Results shown in the following charts are obtained by substituting the values in Equation 2.37 into the first of Figure 2.11 on page 2-19. Figure 2.15 below shows the variation of the stress components as a function of coordinate axes. The true essence of transformation is the principal axes, which, in this example, are analogous to the symmetry axes of the material. From Table 2.15 on page 2-20, the phase angle based on the given stress components is: (2.38)



FIGURE 2.15 TRANSFORMED STRESS COMPONENTS OF EQUATION 2.37



The nature of stress transformation from the principal axes is graphically illustrated in Figure 2.16.
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FIGURE 2.16 TRANSFORMED PRINCIPAL STRESS FROM THE PRINCIPAL AXES



Sample 2:



Given the following state of principal stress: {sigma} = {117, -45, 0} (2.39)



find the transformed components, the average principal stresses, and the maximum shear. SOLUTION: Results shown in the following charts are obtained by substituting the values in Equation 2.39 into the first of Figure 2.11 on page 2-19. • •



The average principal stresses are (117-45)/2 = 36 at 45 degree transformation. The maximum shear stress is (117+45)/2 = 81 at the same transformed angle.



Sample 3:



Given the following state of strain: {epsilon} = {100, -30, 50},



(2.40)



find the transformed components and the principal and maximum shear axes. SOLUTION: Results shown in the charts above are obtained by substituting the values in Equation 2.40 into the first of Figure 2.12 on page 2-19. From Table 2.15 on the same page, the phase angle based on the given strain in Equation 2.40 is:



(2.41)
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FIGURE 2.17 TRANSFORMED STRAINS FROM THE VALUES IN EQUATION 2.40



2.14 CONCLUSIONS Generalized Hooke's law in three dimensions can be simplified by the presence of material symmetry and the chosen orientation of the reference coordinates. Material behavior, however, is dictated more by the number of nonzero components than by the number of independent constants. We strongly recommend that the intent of contracted notation be followed faithfully. Inconsistent use of this notation can lead to unnecessary confusion and complication. We must also be sure when we define the coupling coefficients. There are two commonly used definitions: one based on the normalization by columns, the other by rows. We prefer that of the columns because the conventional matrix rules of the off-diagonal terms are followed. The stiffness and compliance matrices in the generalized Hooke's law for 3-dimensional stress and strain cannot be transferred directly to plane stress and plane strain. Modifications to the 3-dimensional state are necessary. The reduced stiffness for the plane stress case, and the reduced compliance for the plane strain case are examples of the modifications, and are summarized in Table 2.16 below. The stress and strain transformations are simple algebraic equations. We want to emphasize the sign of the ply angle: it is positive if the new axis is reached by a counterclockwise rotation. TABLE 2.16



SUMMARY OF 3- AND 2-DIMENSIONAL ELASTIC MODULI



For anisotropic materials, principal stress or strain does not offer anything special in failure criteria. The invariants, however, are important for assessing the relative performance of composite laminates. We do not recommend the use of stress or strain components by themselves. One should rather use the invariants derived from them.
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2.15



PROBLEMS



Prob. 2.1 Fill in the nonzero components of the stiffness matrix of a monoclinic material having the 1-3 and 1-2 as planes of symmetry. TABLE 2.17



STIFFNESS MATRIX OF MONOCLINIC MATERIAL IN DIFFERENT PLANES OF SYMMETRY



Prob. 2.2 The 3 dimensional stress transformation about the 3-axis is shown in the figure below:



FIGURE 2.18 STRESS TRANSFORMATION BY A ROTATION ABOUT THE 3-AXIS



What would be the values for a transformation about the 1- and 2-axis?
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FIGURE 2.19 STRESS TRANSFORMATION BY A ROTATION ABOUT THE 1-AXIS



FIGURE 2.20 STRESS TRANSFORMATION BY A ROTATION ABOUT THE 2-AXIS



Prob. 2.3 After the answers have been obtained in Figures 2.19 and 2.20, rearrange the stress and strain components in the same order as in Table 2.1, what would be the resulting stiffness matrices?



Prob. 2.4 Prove the relations between the normal and shear components on the isotropic, 2-3 plane in the stiffness and compliance matrices in Figure 2.5.



Prob. 2.5 Complete the missing 3-dimensional stiffness components for typical composite materials. TABLE 2.18



THREE-DIMENSIONAL STIFFNESS MATRIX OF TYPICAL COMPOSITES



THEORY OF COMPOSITES DESIGN



Section 3 PLY STIFFNESS The elastic behavior of a unidirectional ply can be described in terms of the stiffness matrix, the compliance matrix, or a set of engineering constants. These moduli can be expressed in any arbitrary reference coordinate system by using appropriate transformation relations. Modulus values for representative composite materials are listed. The invariance of the transformed moduli, the quasi-isotropic constants, and the shear coupling are unique with composite materials, and can be utilized in design. 3.1 TRANSFORMATION OF STIFFNESS The on-axis plane stress stiffness [Q] and compliance [S] of a unidirectional or fabric ply can be computed from the engineering constants as follows:



(3.1) The off-axis stiffness matrix can be derived from the stress-strain relation in Equation 3.1, and stress and strain transformations in the last section:



(3.2) This stiffness matrix transformation can go from the 1-axis to the 1'-axis, with the angle of rotation positive in the counter-clockwise direction. For composite materials, we adopt a system of designations such that the ply axes are the x-y axes, and the laminate axes, the 1-2 axes. This designation is arbitrary. Some authors use the 1-2 or L-T axes for the ply, and the x-y axes for the laminate. We use positive or negative angles as shown in Figure 3.1 below. We wish to emphasize again the importance of keep consistent definition of angles. There are two directions: clockwise and counter-clockwise. For isotropic materials, properties of not directionally dependent. The response to a shear stress, for example, is the same whether it is positive or negative. Composites, on the other hand, behave completely differently if the sign of the shear stress is changes, or if it is applied to a positive or negative ply angle. Guesswork is right only 50 percent of the time. That is not good enough.
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FIGURE 3.1



MATERIAL SYMMETRY AXES AND FIBER DIRECTIONS



Once the fiber orientations are defined, we can define the positive and negative transformations. In our notation, the transformation angle is in the same direction as the ply angle. Stress transformations from laminate to ply axes, and from ply to laminate axes are shown in Equation 3.3 below:



(3.3) The strain transformations are different from those for stress because engineering shear strain is used. A factor of 2 must be applied consistently. This is shown in Equation 3.4.



(3.4) The on- and off-axis stress-strain relations in terms of stiffness are listed below:
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(3.5) All stress and strain components are positive, which is intuitive for the normal components, but may not be self-evident for the shear component. We use the shear diagonal that goes through the first and third quadrants to designate the positive shear component. Another possibility is to define a positive shear as one that points to the positive direction on a positive surface. Once we have mastered the stress and strain transformations and the stress-strain relation, we can derive the transformation of the stiffness and compliance matrices. The procedure goes from right to left in Figure 3.2 below:



FIGURE 3.2



DERIVATION OF THE PLANE-STRESS STIFFNESS TRANSFORMATIONS



The actual relations of the transformation in the figure above are shown in detail in Figure 3.3 below.
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FIGURE 3.3



DETAILED DERIVATION OF THE PLANE-STRESS STIFFNESS TRANSFORMATIONS



The validity of the stiffness transformation relations depends on the transformation for stress and strain, and the linear stress-strain relation. As we have stated earlier, stress transformation depends on the balance of forces, which is a static equilibrium consideration. The transformation of strain is based purely on geometric relations. The linear stress-strain relation is assumed to remain valid. Since we make the same assumptions for the derivation of the transformation of the stiffness matrix, transformation should remain valid as a fundamental postulate in the mechanics of anisotropic solids. The resulting transformation relations in Figure 3.3 lead to the matrix equation shown in Figure 3.4:



FIGURE 3.4



TRANSFORMATION OF STIFFNESS MATRIX FOR POSITIVE ANGLES



The difference between the positive and negative transformations is that there are opposite signs in the shear coupling components because the odd power of a sine function is anti-symmetric. If we look at the first line of the matrix equation in the figure above, the contribution to the "11" component comes from all four principal stiffnesses of an on-axis ply. Each part is multiplied by a fourth power of a trigonometric function, which are plotted in the figures below. The contribution of the on-axis stiffnesses to the off-axis ones are corrected by the fourth power functions, which in fact define a fourth-rank tensor.
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FIGURE 3.5



FOURTH POWER OF SINES AND COSINES THAT APPEAR IN THE TRANSFORMATION RELATIONS IN THE PREVIOUS FIGURE



FIGURE 3.6



THE CONTRIBUTION OF LONGITUDINAL STIFFNESS TO THE "11" AND "66" STIFFNESS COMPONENTS (THE PLY MATERIAL IS T300/5208)



We show in the figure above the most significant contribution of "xx" component to the "11" and "66" components of the stiffness. The "xx" component is essentially the stiffness along the fiber direction. For the "11" component, on the left of the figure below, the "xx" contribution is most significant near the 0 degree ply angle; for the "66" component, near the 45 degrees. For example, the shear modulus at 45 degree is simply one fourth of the longitudinal modulus. For T300/5208, one quarter of 181 is about 45.25 GPa, with a 3 percent error from the exact value of 46.59 GPa. Shear coupling is approximately 1/3. That occurs at 30 degree, as shown in Figures 3.5 and 3.25. 3.2 TRANSFORMATION OF COMPLIANCE We can similarly derive the transformation relations of the compliance matrix. This is done in nearly identical fashion as that with the stiffness in the last sub-section. The stress and strain transformations are the same, but the stress-strain relation in the ply axis is now in terms of compliance, as in Equation 3.6. The compliance transformation is different from the stiffness transformation because of the use of engineering shear strain.
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(3.6)



FIGURE 3.7



DERIVATION OF THE PLANE-STRESS COMPLIANCE TRANSFORMATIONS



FIGURE 3.8



TRANSFORMATION OF COMPLIANCE MATRIX FOR POSITIVE ANGLES



3.3 TRANSFORMATION IN THREE DIMENSIONS We have just shown the transformation in two dimensions; i.e., the plane-stress stiffness and compliance from the ply-axes to an arbitrary set of axes. Our formulation is such that the ply angle and the angle of transformation are equal. Some authors formulate their transformation relation such that the ply angle is the opposite of the transformation angle. The reader is reminded again of this fundamental difference among authors. We now list the components of a three-dimensional orthotropic material which has 12 nonzero and 9 independent components. If the axis of transformation is a rotation about the 3- or z-axis, the resulting relations are shown in the next two figures below in a matrix multiplication table format.
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FIGURE 3.9



THE IN-PLANE COMPONENTS OF THE 3-D TRANSFORMATION OF AN ORTHOTROPIC BODY ABOUT THE 3- OR Z-AXIS



FIGURE 3.10 THE OUT-OF-PLANE COMPONENTS OF THE 3-D TRANSFORMATION OF AN ORTHOTROPIC BODY ABOUT THE 3- OR Z-AXIS



In the first of the last two figures, the transformation relations of the in-plane components are identical to those of the 2-dimensional plane stress case, except that the 3-D stiffness is in [C], and the 2-D case is in [Q], the reduced stiffness. All relations of these components are driven by the 4th power of sine and cosine functions. The remaining components are the out-of-plane associated components which are driven by the second power, as shown in the second figure. These components are less affected by the transformation than those of the in-plane. Finally, the "33" component remains invariant under this transformation, or it is driven by the 0-th power. In the figure below, we show graphically the difference in the power functions in the transformation relations listed in the figure above.
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FIGURE 3.11 THREE POWER LEVELS OF THE STIFFNESS COMPONENTS OF TRANSFORMATION OF AN ORTHOTROPIC MATERIAL ABOUT THE 3-AXIS



3.4 MULTIPLE-ANGLE TRANSFORMATION We introduce the following trigonometric identities to change the transformation relations above from the fourth powers of trigonometric functions to those in multiple angles.



(3.7) When we repackage the transformation relations by substituting these identities into those in Equation 3.4, we have a set of linear combinations of the principal stiffness listed in the table below: TABLE 3.1



LINEAR COMBINATIONS OF ON-AXIS STIFFNESS MODULI



Three of the combinations are invariant. There is a practical significance of invariance in design; i.e., regardless of laminate layup of multidirectional plies, the invariance remains constant. The non-invariant or cyclic combindations are responsible for the anisotropy of the ply material. By definition they are zero for isotropic materials, for which there are only two independent constants. One such indentity relation that would reduce the number of constants was cited in Figure 2.5 between shear modulus and Young's and Poisson's components. Using these linear combinations Us and the multiple angles, we have a new set of transformation relations, shown in Figure 3.12. In this formulation, transformation relations are separated into two sets: materials in Us and geometry in trignometric functions of double and quadruple ply angles. This figure is different from Figure 3.4 where the trignometric functions are in the 4th power of ply angles. Multiple angles have certain advantages that they are easier to manipulate mathematically.
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FIGURE 3.12 AN ALTERNATIVE PACKAGING OF TRANSFORMATION IN MULTIPLE ANGLES



We can also show the contribution of the three terms to the "11" component of the stiffness in the following figure. Components "11" and "22" in the multiple angle formulation consist of one invariant and two cyclic terms. The area under the transformed component remains constant. Thus the invariant term represents the total stiffness potential of an anisotropic material.



FIGURE 3.13 THE COMPONENTS AND THEIR SUM THAT MAKE UP THE "11" COMPONENT OF STIFFNESS IN THE MULTIPLE ANGLE FORMULATION



Two independent linear invariants shown in the figure above are shown in the figure below where the shaded areas above and below the invariant lines are equal. The cyclic terms cancel one another.



FIGURE 3.14 THE INVARIANTS OF THE "11" AND "66" COMPONENTS
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If tensorial, in stead of engineering, shear strains are used, the stress-strain relation will appear in the following form, which is the same as Equation 2.5 on page 2-6. A factor of 2 must be multiplied for the stiffness matrix, and divided in the compliance matrix. With this factor of 2 added, both matrices are no longer symmetric.



(3.8) The linear combinations of invariants are of course invariant. In the equation below, we show examples of Is in terms of Us. The trace of a matrix is the sum of its diagonal components, for which tensorial strains must be used. If engineering shear strains are used, a "trace" would be invariant only if the factor of 2 in the equation above is included.



(3.9) These linear combinations are invariant, and are shown in the figures below as the ply angle varies. While the components of [Q] and [S] change with ply angles, their sums remain constant.



FIGURE 3.15 INVARIANTS OF STIFFNESS AND COMPLIANCE MATRICES OF A T300/5208



We will show later that the same combinations are invariant, and carry into the in-plane and flexural stiffnesses of laminates. When a ply material is selected, the invariants impose limits on the total stiffness potential of the multidirectional laminate made from this ply regardless of whether the loading is in-plane or flexural. To fully utilize directionality of composite materials, the increase in stiffness in one direction is at the expense of that in some other direction. This is an important concept in the design optimization of composite laminates. Also important for design is that the number of independent variables of a ply material is limited to two. Once two of the stiffness components are chosen, the remaining components are governed by the two invariants. 3.5 MATRIX INVERSION AND ENGINEERING CONSTANTS The relation between the stiffness and compliance matrices is defined by a matrix inversion, shown in the equation below. There is nothing unique about this inversion except that all components of a matrix participate in the inversion process. It is not the reciprocal of each component by component. While we may have a good estimate of the
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stiffness matrix components as we vary the design parameters of a unidirectional ply, we cannot anticipate their impact on the compliance components before the inversion process is completed. To guess the result of an inversion by intuition is a dangerous business. That is why we emphasize calculation as the only reliable method.



(3.10) Engineering constants are defined from the compliance components listed in the equation below. These constants are either the reciprocals or ratios of compliance components, where guessing will be doubly hopeless. We have also listed the reciprocal relations of the coupling coefficients in the last line of the set of equations below. These relations, also shown in Equation 2.20, establish the magnitudes of coupling.



(3.11) The coupling constants are derived by using the same normalizing factor for each column of the compliance matrix. As explained in Section 2, we prefer this normalization by columns. Note that other authors may use the normalization by rows, which will lead to the following relations: (3.12) Although this system is popular, it is not rational; i.e., it is not consistent with the usual convention of the columns and the rows of a matrix. In the figure below we show the difference between the stiffness components and the corresponding engineering constants between 0 and 45 degree ply orientation for T300/5208. When a ply angle is 0 or 90, there is practically no difference between them. However substantial difference between the two exist between 0 and 90 degree ply angles as a result of the matrix inversion of an off-axis orthotropic ply. Thus care must be exercised to distinguish the plane stress stiffness [Q], and engineering constants.
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FIGURE 3.16 STIFFNESS COMPONENTS VS ENGINEERING CONSTANTS



3.6 ELASTIC CONSTANTS OF TYPICAL COMPOSITE PLIES In Table 3.2 below, a variety of composite materials are listed. The first eight ply materials are unidirectional, the last two are fabric. These elastic constants are average values gathered from different sources. The data in the last three columns are statistically based; i.e., the B-allowable data (95 percent confidence interval having the minimum value for 90 percent of the population.) TABLE 3.2



ELASTIC PROPERTIES OF VARIOUS COMPOSITE MATERIALS IN SI



Transverse stiffnesses of composite plies having organic matrix materials average about 10 GPa , about three times the Young's modulus of the pure matrix. This is shown in Figure 3.17.
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FIGURE 3.17 TRANSVERSE STIFFNESS OF VARIOUS EPOXY-BASED COMPOSITE PLIES



A common practice to equate transverse stiffness to that of pure matrix is not correct. The presence of fibers increases the stiffness by 300 percent. The resin is under complex stresses, and there is an interfacial bond of unknown nature. There cannot be a simple link between the resin and the transverse modulus of the ply. The contribution of fibers to the transverse stiffness is not insignificant as evidenced by a factor of 3 between the lowest from Kevlar fibers, and the highest from boron fibers. Another unknown factor is the anisotropy of carbon and kevlar fibers. It is often assumed that the transverse stiffness of the fiber is lower than the longitudinal stiffness. We are not aware of any direct measurement of the transverse fiber stiffness. From the measured stiffness of [90] ply, the transverse fiber stiffness may be inferred. In fact, we will use this assumption in formulating micromechanic models in Section 7 of this book. Longitudinal or major Poisson's ratios for various composite materials are shown in Figure 3.18 where the average value is nearly 0.3. These are measured values. We do not have a simple explanation other than the fact that all isotropic materials have the same Poisson's ratio of 0.3. Anisotropic materials can apparently be included in the same range for Poisson's ratios.



FIGURE 3.18 MAJOR POISSON'S RATIOS OF VARIOUS EPOXY-BASED COMPOSITE PLIES



The transverse or minor Poisson's ratio is small for various composite materials, and is difficult to measure experimentally. Usually we rely on the reciprocal relation to calculate the small value. These values are shown in Figure 3.19.
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FIGURE 3.19 MINOR POISSON'S RATIOS OF VARIOUS EPOXY-BASED COMPOSITE PLIES



Finally, the relative magnitudes of the transverse and shear moduli of various composite plies are shown below, both in absolute and normalized values. Like isotropic materials, the transverse Young's modulus is higher than the longitudinal shear modulus for all composite materials listed in the table above.



FIGURE 3.20 ABSOLUTE VALUES AND RATIOS OF TRANSVERSE STIFFNESS AND SHEAR MODULI OF VARIOUS EPOXY-BASED COMPOSITE PLIES



The purpose of singling out the moduli in the last three figures is to provide a basis for estimating the stiffness properties of new organic-matrix composite materials. Of the four principal elastic constants of a unidirectional ply, we would use rule of mixtures for the longitudinal stiffness, and use the average values of the last three figures for the remaining three constants: •



Transverse modulus is three times the matrix modulus;



•



Longitudinal Poisson's ratio is 0.3;



•



Longitudinal shear modulus is one half of the transverse modulus.



3.7 QUASI-ISOTROPIC CONSTANTS As we have seen, associated with every anisotropic material are the invariants of coordinate transformation, from which quasi-isotropic constants can be derived. This is shown in Equation 3.13 below. These constants represent the lower bound performance of each composite. They are used as a guide in design to insure that, whatever ply angle orientations we may select for a given load, the laminate performance is at least equal to, if not better than, the quasi-isotropic laminate. These constants are invariant, and are better design parameters than the changing components of a stiffness matrix.
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(3.13) The quasi-isotropic constants can be used for a direct comparison with the conventional isotropic materials. Equally important is that many finite element programs are limited to isotropic materials. The use of quasi-isotropic constants of isotropic materials will provide the most conservative design. TABLE 3.3



INVARIANTS AND QUASI-ISOTROPIC CONSTANTS OF VARIOUS COMPOSITE MATERIALS IN SI



The quasi-isotropic Young's modulus for various composite materials is shown in the figure below. These values are the lower bound or minimum performance that can be expected from composite materials, on an absolute and specific basis. These comparisons are ultra conservative, but form better bases than using the often accepted longitudinal stiffness. The latter basis is optimistic for any load other than uniaxial tension.



FIGURE 3.21 ABSOLUTE AND SPECIFIC QUASI-ISOTROPIC YOUNG'S MODULUS OF VARIOUS COMPOSITE MATERIALS AS COMPARED WITH ALUMINUM AND STEEL.



In the following figure we show the range of Young's modulus for various composite materials. The lower bound value is the quasi-isotropic Young's modulus; the upper bound, the longitudinal stiffness. As the directionality increases, the efficiency of composite materials should also increase. The advantage of composite materials is shown by the superior specific stiffness over both aluminum and steel by many factors. Learning to use directionality is a key step in composites design.
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FIGURE 3.22 ABSOLUTE AND SPECIFIC QUASI-ISOTROPIC YOUNG'S MODULUS AND LONGITUDINAL STIFFNESS OF VARIOUS COMPOSITE MATERIALS COMPARED WITH ALUMINUM AND STEEL.



3.8 SAMPLE CALCULATIONS OF PLY ELASTIC CONSTANTS As in the sample problems for plane stress in Section 2, we will use the same basic data for CFRP T300/5208 to calculate the off-axis stiffness of a [45] ply using two methods:



(3.14) For multiple-angle transformation listed in Table 3.1 and Figure 3.12, on pages 3-7 and 38 respectively, we first calculate the linear combinations of the plane stress stiffness, such as the U's, before we apply the transformation equations:



(3.15) We can calculate the quasi-isotropic constants which establish the minimum stiffness potential of anisotropic and orthotropic materials using Equation 3.13:



(3.16) If we wish to calculate the compliance of the 45-degree T300/5208, we can invert the stiffness matrix in accordance with the formulas in Sub-Section 3.5 on page 3-10:
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(3.17) The importance of the sample problems above is the numerous sets of constants that can represent the elasticity of a composite material. The relations among these sets are fixed and must be followed without deviation. There are no short cuts. We emphasize the stiffness components because in laminated plate theory, we take the average of the plane stress stiffness components rather than that of the corresponding compliance components. Plies are stacked together so they act as a unit. The laminate strain is assumed constant. That is why the laminate stiffness is composed of the ply stiffnesses. Stress is discontinuous and varies from ply to ply as the ply angle changes. 3.9 THE TRANSFORMED STIFFNESS OF TYPICAL COMPOSITES We list in the table below the elastic moduli of a ply oriented at 45 degrees. The equality between the "11" and "22," and "16" and "26" are noted. By symmetry "1" and "2" are interchangeable. TABLE 3.4



TRANSFORMED ELASTIC MODULI OF 45-DEGREE PLY ORIENTATION
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In the following two figures we show the transformation of the "11" and "16" stiffness components of typical composites. The more pronounced the anisotropy, the greater the difference is between the two principal on-axis Young's moduli. The shear coupling component is also greater for a more highly anisotropic material. Boron/epoxy composite material shows the largest value for both the "11" and "16" components. Aluminum is isotropic, and is therefore a horizontal line in this figure. The "11" components are even functions, having maximum values at the 0-degree axis, and minimum at 90-degree axis.



FIGURE 3.23 THE "11" STIFFNESS COMPONENT FOR VARIOUS COMPOSITES AND ALUMINUM . MAX AND MIN ARE REACHED AT 90 DEGREE INTERVALS. SHOWN ALSO IS THE POINT OF INFLECTION NEAR 30 DEGREE.



The "66" components are also even functions but is dominated by four times the ply angle. A maximum is reached at 45 degree precisely, and minimum at 0 and 90 degrees. Aluminum is isotropic and appears as a horizontal line.



FIGURE 3.24 THE "66" STIFFNESS COMPONENT FOR VARIOUS COMPOSITES AND ALUMINUM. MAX AND MIN ARE REACHED AT INTERVALS OF 45 DEGREES.



The "16" and "26" are odd functions because the transformation relations have sine functions. This is unique with anisotropic materials. This coupling coefficient is zero for isotropic materials. The maximum is reached near 30 degrees as cited in Figure 3.5 earlier. Being odd, the value can be positive and negative depending on the ply angle.
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FIGURE 3.25 THE "16" STIFFNESS COMPONENT FOR VARIOUS COMPOSITES AND ALUMINUM . MAXIMUM IS REACHED AT 30 DEGREES.



The multiple angle formulation for the transformation relation has another useful feature. Differentiation and integration of the sine and cosine functions of multiple angles are simpler than powers of the same functions. The maxima, minima, and point of inflection of a transformed stiffness component are easily found by differentiating the functions of multiple angle like those in Figure 3.12 on page 3-8. By differentiating the "11" and "22" stiffness components, the resulting slopes are equal to the corresponding shear coupling components, as shown in the following equations:



(3.18) When the second derivatives of the "11" stiffness component above are equal to zero, we can solve for the ply angle. At this angle, the normal component is a point of inflection, and the shear coupling "16" component reaches a maximum value. For T300/5208, the ply angle is approximately 30 degrees for the "11" stiffness components. In fact, this angle holds for all the other composites shown in Figures 3.23 and 3.25. In the figure below we show the transformed stiffness constants of T300/5208. In the left graph, we compare the plane stress stiffness with the engineering constant. Note that the two have essentially identical values at 0 and 90 degrees, but differ significantly in intermediate angles. Also shown in this figure is the corresponding invariant which is the average value of the transformed "11" component. In the right graph, the shear moduli are compared. Again, the shear moduli at 0 and 90 are the same, but differ significantly in the intervening angles. The areas under the "66" shear component are equal to the corresponding shear invariant.



FIGURE 3.26 STIFFNESS CONSTANTS AS FUNCTIONS OF PLY ANGLE
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We also show the Poisson and shear coupling coefficients in the next figure, respectively. For isotropic material, the shear coupling coefficient is identically zero. Note that the shear coupling is odd; i.e., anti-symmetric.



FIGURE 3.27 MAJOR POISSON'S RATIO AND SHEAR COUPLING COEFFICIENT AS FUNCTIONS OF PLY ANGLE



Another graphical representation of material anisotropy can be shown in polar plots of the "11" and "66" stiffness components, shown in Figure 3.28 below for T300/5208, and Figure 3.29 for E-glass/epoxy.



FIGURE 3.28 POLAR PLOT OF THE "11" AND "66" STIFFNESS COMPONENTS OF T300/5208



The "11" component has two lobes because it repeats itself every 180 degrees, or is a cosine function of doubled and quadrupled angles of ply orientation. The "66" component has four lobes because it repeats itself every 90 degrees, or is a cosine function of quadrupled angles of ply orientation. The multiple angle transformation relations in Equation 3.12 on page 3-8 show these functional relationships. Analogous polar plots for E-glass/epoxy are shown in Figure 2.29 below.



FIGURE 3.29 POLAR PLOT OF THE "11" AND "66" STIFFNESS COMPONENTS OF EGLASS/EPOXY
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The polar plots also show the difference between the stiffness components and the corresponding engineering constants. It should be pointed out that the scales of the last two figures are quite different. The shear coupling coefficients can be used effectively in design that is unique to composite materials. The coupling behavior is shown in Equation 3.22 for simple load cases. Shear strain is induced by uniaxial stress; normal strain is induced by shear stress. Thus, under combined stresses, the induced strains can be entirely different from those in isotropic materials.



(3.19) In the figure below we show the value of the shear coupling coefficients for various composite materials. For positive 45 degree ply orientation the shear coupling is negative for all the composite materials listed.



FIGURE 3.30 SHEAR COUPLING COEFFICIENTS OF [45] FOR VARIOUS COMPOSITE MATERIALS



Thus, under a uniaxial tensile stress, the induced shear strain would be negative; i.e., the shear diagonal would traverse between the second and the fourth quadrants. If the applied stress is uniaxial compression, the induced shear will be positive. If the ply angle is changed from [45] to [-45], the shear induced under uniaxial tension will be positive. No guessing should be necessary. If the sign conventions are followed faithfully, the resulting shear strain is easy to determine. Needless to say, shear is more difficult to determine than normal strains. For isotropic materials, the sign of shear strain is not important because material response is not sensitive to the sign. For composite materials, however, signs can be critical. That is why discipline, rather than guessing, is essential. 3.10 CONCLUSIONS The key elastic properties of composite materials have been presented and discussed. The invariants are important because they define the limits of the elastic capability of a composite material. The transformed properties are exact and require no additional approximations beyond the basic assumptions of the mechanics of solids. The unidirectional plies are significantly different from isotropic materials. It is not accurate to compare the longitudinal Young's modulus with the Young's modulus of isotropic materials directly. The invariants should be used to represent composite materials. The shear coupling capability is unique to composite materials, and can be used as a design parameter in elastic tailoring. From the ply stiffness properties we can now examine the laminate properties.
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3.11



PROBLEMS



Prob. 3.1 Derive the bulk modulus of various unidirectional composite material plies.



Prob. 3.2



Fill in appropriate transformation and stress-strain relations:



Prob. 3.3



Express on-axis stress in terms of off-axis strain.



Prob. 3.4



Express on-axis strain in terms of off-axis stress.
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Prob. 3.5 Determine the absolute value and the ply orientation when shear coupling is maximum:



Prob. 3.6



How does a [45] deform under uniaxial tensile stress: A, B or C?



Prob. 3.7 If a positive torque is applied to a [45] tube, what will be the resulting length: A, B or C?



Prob. 3.8 Under a torque loading of [-45] and [+45] tubes connected by a butt join, what is the final shape: A, B or C?
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Prob. 3.9 Under a tensile loading of [0] and [90] plate connected by a butt joint, what is the final shape: A, B or C?



Prob. 3.10 Identify the components of the stiffness matrix, and their relations for each of the polar plots of the stiffness below:



Prob. 3.11 Identify the compliance components if the axis of transformation is about the 1-axis. These components are analogous to those in Figure 3.10, except the angle of rotation has changed from the 3- to 1-axis.
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Prob. 3.12 Identify the power of transformation relations for a rotation about the 2-axis. The powers are analogous to those identified in Figure 3.11 except the rotation is about the 3-axis.



Prob. 3.13 Find the angle or point of inflection in the transformed stiffness matrix in Figure 3.23 for all the composite materials listed in Table 3.4. Are the angles precisely or approximately invariant? As longitudinal stiffness goes to inifinity, show that this angle becomes 30 degree.



THEORY OF COMPOSITES DESIGN



Section 4 IN-PLANE STIFFNESS A symmetric laminate subjected to in-plane loads is one of the simplest examples of a composite structure. The effective stiffnesses of the laminate are derived from the average plane-stress stiffness of unidirectional plies having multiple ply angles. The compliance matrix is the inverse of the stiffness matrix. Stresses and strains in each ply can be calculated from these effective constants and the applied laminate stresses or strains. Laminate stiffness in extension and shear have infinite combinations, which provide design options are not possible with isotropic materials. Hygrothermal expansion strains and resulting residual stresses are simple extensions of the in-plane effective stiffnesses. 4.1 LAMINATE CODE Laminate code is needed for design and manufacturing, and it reflects the layup process. There is no standardized code that is universally accepted. The code may be based on one of the following considerations: •



For an unsymmetric construction, the limits of integration go from the bottom of the laminate to the top.



•



For a symmetric construction, the limits of integration go from the mid-plane to the top surface. The laminate stiffness value is then doubled.



•



The ply laying process in manufacturing moves away from the surface of the tool. The exact direction depends on the male or female tool.



•



Repeating sub-laminates where lamination begins from the outer surface and goes toward the mid-plane may be used.



For symmetric laminates subjected to in-plane loads only, the stacking sequence of plies is not important. Therefore, we can use any convention for the laminate code. When we are building symmetric laminates for flexure, or unsymmetric laminates for any load, explicit rules that govern the code are essential. We prefer a laminate code that goes from the top surface to the bottom surface. Three alternative laminate codes representing the same laminate are shown in the following; viz., total laminate, symmetric laminate, and percentage of ply angles. Subscript T stands for total, and S or s, symmetric:



(4.1) If a laminate consists of repeating sub-laminates, a number representing the multiple units may be placed before the letter T or S. In the second row in the above we can
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represent a laminate consisting of 2 such sub-laminates with a repeating index 2 before subscript S. A third laminate code is shown in the last column. It shows the percentage of ply angles in a [ /4] family of laminates. There is a variation of this code; i.e., the sequence of ply angles is [0], [90], and [±45]. 4.2 LAMINATED PLATE THEORY The notations for laminates are direct extensions of those for unidirectional plies. Transformation relations are intended to connect between the new and old coordinate systems. In composite materials, it is convenient to assign the on- versus off-axis, as well as the laminate versus the ply axes. In the figure below, we show both the 1- 2 and 1'-2' axes as the old and new, respectively. Then we show the 1-2 as the laminate axes, and x-y as the ply axes with a positive ply orientation. In addition to the usual assumptions for a linearly elastic material and linear straindisplacement relations, three principal geometric assumptions are: •



the laminate is symmetric;



•



the laminate is thin: h 
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