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INTRODUCTION: INTEREST RATES COURSE OVERVIEW The purpose of this Interest Rates workbook is to introduce basic interest-rate products and ideas. This workbook builds on concepts related to money-market deposits and loans, which have been introduced in the Basic Treasury workbook. In the first four units, we focus on concepts related to interest-rate instruments. The three basic areas of the time value of money concept are introduced, as well as the different conventions for calculating prices and yields of interest-rate instruments and for converting one type of yield into another for comparison purposes. The forward market is a multibillion dollar market for transactions which fix the values of commodities or financial instruments on future dates. In this market, companies and individuals transform risk inherent in their businesses. Commodity forward contracts have existed around the world for centuries and, in the last decade, financial forward contracts have become popular. The development and structure of interest-rate forward contracts and how they are used by banks and their customers is the focus of the last four units of this workbook. In addition, we identify the risks that forward agreements create for both parties. (A discussion of foreign exchange forward contracts may be found in the Foreign Exchange workbook.)



COURSE OBJECTIVES When you complete this workbook, you will be able to: n



Recognize the basic interest-rate products



n



Determine the future value, present value, and internal rate of return of cash flows



n



Apply present value and internal rate of return concepts to the pricing and yield quotes on fixed-rate securities
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INTRODUCTION



n



Compare interest-rate quotes by converting between standard quoting conventions



n



Understand the conditions which have created the need for an interestrate forward market



n



Recognize the typical structure of an FRA and why this structure is used



n



Identify settlement procedures for FRAs



n



Recognize the use of FRAs to meet customer needs



n



Understand how FRAs are used internally by banks



n



Identify the major forms of interest-rate forward products



n



Recognize the risks involved in interest-rate forward transactions from the perspective of the customer and the bank



THE WORKBOOK This self-instruction workbook has been designed to give you complete control over your own learning. The material is divided into workable sections, each containing everything you need to master the content. You can move through the workbook at your own pace, and go back to review ideas that you didn’t completely understand the first time. Each unit contains: Unit Objectives –



which point out important elements in the unit that you are expected to learn.



Text –



which is the "heart" of the workbook. Here, the content is explained in detail.



Key Terms –



which are relevant to the topic and important for you to know. They appear in bold face the first time they appear in the text and also appear in the Glossary.



Instructional Mapping –



terms or phrases in the left margin which highlight significant points in the lesson.
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ix



ã



Progress Checks –



which do exactly that — check your progress. Appropriate questions are presented at the end of each unit, or within the unit, in some cases. You will not be graded on these by anyone else; they are to help you evaluate your progress. Each set of questions is followed by an Answer Key. If you have an incorrect answer, we encourage you to review the corresponding text and find out why you made an error.



In addition to these unit elements, the workbook includes the: Glossary –



which contains all of the key terms used in the workbook.



Index –



which helps you locate the glossary item in the workbook.



Each unit covers a certain aspect of interest-rate forwards. The units are: n



UNIT 1 – Basic Interest-Rate Products



n



UNIT 2 – Time Value of Money



n



UNIT 3 – Determining the Price and Yield of Fixed-Rate Securities



n



UNIT 4 – Converting Between Quoting Conventions



n



UNIT 5 – Fundamentals of Interest-Rate Forwards



n



UNIT 6 – Forward Rate Agreement (FRA) Transactions



n



UNIT 7 – A Bond Forward Agreement — The REPO



n



UNIT 8 – Risks of Interest-Rate Forward Transactions
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INTRODUCTION



Since this is a self-instructional course, your progress will not be supervised. We expect you to complete the course to the best of your ability and at your own speed. Now that you’re familiar with the workbook elements and know what to expect, please turn to Unit One and begin. Good Luck!
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Unit 1



UNIT 1: BASIC INTEREST-RATE PRODUCTS INTRODUCTION In this unit, we identify the basic interest-rate products. They may be viewed as standard bank deposits and bank loans or corporate / government securities that have similar characteristics to deposits and loans. The primary distinctions among the interest-rate products are the nature of the interest-rate payments (fixed or variable), the maturity of the agreements, and the ease with which the agreements can be transferred to another party.



UNIT OBJECTIVES When you complete this unit, you will be able to: n n



Recognize the basic interest-rate products Identify the characteristics of bank and nonbank interest-rate products



BASIC INTEREST-RATE PRODUCTS Bank and nonbank products
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The basic interest-rate products can be differentiated into bank and nonbank product lines: n



Bank product lines include deposits and loans (e.g. credit lines)



n



Nonbank products include debt securities (e.g. government or corporate bonds)
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BASIC INTEREST-RATE PRODUCTS



Both bank products and nonbank products are characterized by maturity, structure, and type of rate. Product categories include: n



Short-term fixed rate



n



Long-term fixed rate



n



Long-term variable (or floating) rate



BANK PRODUCTS



Deposits Short-term, fixed-rate deposits



Most bank deposits have a short contractual maturity, usually six months or less. A call deposit has no stated maturity and can be withdrawn by the customer at any time. Common maturities for other short-term deposits are: one week, one month, three months, and six months.



Example



Let’s look at an example of a typical short-term deposit. A customer places 100 on deposit for six months at an interest rate of 8% per annum (p.a.). The beginning of the contractual period is referred to as the spot date. The “100” amount is called the principal amount on deposit. At the end of the six-month deposit period, the bank returns the principal of 100 and an amount of interest calculated from the 100 principal at the 8% p.a. interest rate. For example, the interest amount may be 100 x (.08 / 2) = 4. From the depositor’s perspective, the cash flows resulting from this transaction include an initial outflow of 100 and an inflow of 104 after six months. The customer’s perspective of these two cash flows is illustrated on a time line in Figure 1.1.
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-100



+100 +4



Spot



3 month



6 month



9 month



1 year



Figure 1.1: Six-Month Deposit from the Customer’s Perspective



Longer-term, fixed-rate deposits



Deposits may be structured for longer periods of time (rarely more than five years). A deposit with a maturity of more than one year is referred to as a term deposit. Interest on the deposits may be paid periodically or accrued. An accrual is the acknowledgment of a growing interest liability when a portion of the interest-earning period has elapsed but the interest payment is not contractually due. The maturities that are common for short-term deposits also are common interest-payment or interest-accrual periods for longer-term deposits. Monthly and quarterly periods are the most common. Generally, the larger the amount of the principal and the longer the tenor of the deposit, the longer the interest-payment period. The time line from the customer’s perspective for a four-year deposit at 8% p.a. with interest accruals or payments every six months is illustrated in Figure 1.2. -100 +4



Spot



+4



+4



1 year



+4



2 years



+4



+4



3 years



+4



+100 +4



4 years



Figure 1.2: Four-Year, Fixed-Rate Deposit from the Customer’s Perspective
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BASIC INTEREST-RATE PRODUCTS



Rolled-over, variable-rate deposits



Many short-term deposits are rolled over when they mature and the money remains in the bank for years. One difference between a fouryear deposit and rolling over a deposit every six months for four years is that the deposit rates may change each time the deposit is rolled over. When the earnings rate changes from period to period, we call it a variable rate or a floating rate. Since the deposit rates may change for each roll-over period, the short-term, fixed-rate deposit becomes a four-year, variable-rate deposit.



Variable-rate term deposits



This variable return also can be achieved with the four-year (term) deposit product by resetting the interest rate every six months. Variable-rate deposits have the same length, or tenors, and interestrate periods as described for fixed-rate deposits. The more illiquid the currency, the more likely it is that term deposits will have variable rates. This removes interest-rate risk from the bank and from the depositor. A variable-rate term deposit is illustrated in Figure 1.3. Each rate (R) is set at the beginning of the appropriate payment period and paid or accrued at the end of the payment period. (R1 is set at the beginning of the first six-month period and paid at the end of that period; R2 is set at the beginning of the second six-month period, etc.)
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+R4
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+R6
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+R7
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Figure 1.3: Four-Year, Variable-Rate Deposit from the Customer’s Perspective



From the perspective of the bank, these deposits are a source of funding, as you can see in Figure 1.4.
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-R5



-R6



-R7
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-Principal -R8



4 years



Figure 1.4: Variable-Rate Deposit from the Bank’s Perspective



By comparing Figures 1.3 and 1.4, you can see that one party’s investment (deposit) is the other party’s funding (loan). Therefore, we can look at deposits and loans as two sides of the same product, and everything that we have said about the tenors and interest payments of deposits also applies to loans. Loans Deposit vs. loan



You can think of a loan from a bank to a customer as the bank depositing the principal with the customer. Of course, deposit generally applies when the recipient of the funds is some form of government-regulated financial institution. Loan is used in almost every other case. The three types of deposits introduced in the previous section (shortterm fixed, long-term fixed, long-term variable) also exist as lending products. Most bank loans are short-term, fixed-rate loans as shown in Figure 1.5.
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Figure 1.5: Six-Month Loan from the Bank’s Perspective
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BASIC INTEREST-RATE PRODUCTS



Longer-term bank loans are more common than longer-term deposits, and they generally require variable-rate payments (Figure 1.6). -Principal +R1



Spot



+R2



+R3



1 year



+R4



+R5



2 years



+R6



+R7



+Principal +R8



4 years
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Figure 1.6: Variable-Rate Loan from the Bank’s Perspective



In more developed financial markets, term loans (maturities of more than one year) may have fixed interest rates (Figure 1.7).
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Spot
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1 year
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2 years



+4



+4



+4



3 years
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Figure 1.7: Fixed-Rate Loan from the Bank’s Perspective



The tenor of a term loan varies according to currency, type of borrower, and the bank making the loan. Generally, when a bank grants a term loan, it requires a security interest in a capital asset of the borrower (e.g. real estate).
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Summary In this section, we described the basic bank interest-rate products  deposits and loans. The time line examples illustrate that one party’s deposit is the other party’s loan and, therefore, both products share the same basic characteristics. We continue with a discussion of nonbank interest-rate products and show the characteristics they have in common with bank interest-rate products.



NONBANK PRODUCTS Debt security contracts
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Several debt securities have similar characteristics to deposits and loans. These debt securities are contracts purchased by investors who may be banks, but most often are other financial institutions or individuals. It is common for an investor to pay for the security at the beginning of the contract  the amount paid is often called the price. Generally the contract lists: n



Amount of money to be repaid (often called the face value)



n



Date when the face value is to be paid (often called the maturity)



n



Periodic payments to be made (similar to interest, often called coupons)



n



Dates when the coupons will be paid



n



Payment instructions, conditions of default, and specification of other legal issues
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Similar to deposits and loans



The similarity between debt securities and deposits and loans is illustrated by a four-year bond with semi-annual coupon (c) payments as shown in Figure 1.8. (Please note that term deposits, term loans, and debt securities do not all commonly have four-year maturities with semi-annual payments. Similar examples have been used here to emphasize the similarity of the interest-rate products.)



-Price +c



Spot



+c



+c



1 year



+c



2 years



+c



+c



3 years



+c



+Face Value +c



4 years



Figure 1.8: Debt Security (Bond) from the Investor’s Perspective



In less developed financial markets, governments use bank loans for financing; in more financially-developed markets, governments often borrow money through the sale of securities. Debt securities for the US government carry fixed rates to maturity and generally have periodic payments at least annually. Some forms of long-term corporate and government debt in other counties have variable payments. Government Securities Conventions in US markets



Debt securities are called many different names in different countries. However, since the US government is the largest and most active borrower in the world, it is becoming more common for these securities to be named bills, notes, and bonds according to the conventions in the US market.
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Named according to original maturity



1-9



US government debt securities are named according to their original maturity at the time they are first issued. Standard maturities include 13-week, 26-week, 52-week, 3-year, 5-year, 10-year, and 30-year instruments. Since so many securities have been issued in the past that have not yet matured, US Treasury securities exist for almost every quarterly maturity out to 30 years. In the table below, we can see the maturity range and payment period for each type of US government debt security. Name Treasury Bill



Original Maturity Less than one year



Payment Period At maturity



Treasury Note



From one year to ten years



Semi-annually



Treasury Bond



More than ten years



Semi-annually



Generally, the terms note and bond are used interchangeably. The most common form of bond has fixed semi-annual or annual payments. In Figure 1.9, you can see the investor’s cash flows for a four-year bond with annual 10% coupons. The investor pays a price of 96 for the bond, receives annual coupon payments of 10, and receives the face value of 100 at the end of four years.



-96 +10
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Figure 1.9: Four-Year, 10% Bond from the Investor’s Perspective
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BASIC INTEREST-RATE PRODUCTS



Nongovernment Securities Long-term, nongovernment (e.g. corporate) debt securities use the same terminology. In addition, corporate bonds are often classified according to their credit provisions. They are called debentures, notes, and bonds; they are either senior or subordinate to other debt instruments. Terminology for corporate debt securities



Short-term nongovernment debt securities often have names which differ from government securities. When banks offer securities that are similar to their deposits, they are called (negotiable) certificates of deposit (NCD or CD). Many corporations issue similar securities which are generically called commercial paper (CP). Trade financing often involves a short-term security called a trade bill or, when guaranteed by a bank, a banker’s acceptance (BA).



Comparison of CDs and other debt securities



CDs have a stated interest rate payable at maturity with the principal amount. Other forms of short-term securities often state the final payment of face value without a stated interest amount. As a result, prices for these securities are correspondingly lower than the amount required to purchase a CD. Since these securities can be easily traded in a secondary market, the value of the securities changes continually according to market conditions. Let’s look at a comparison of bank Cds and other types of short-term securities. A six-month CD purchased on the spot date that pays interest at maturity is illustrated in Figure 1.10.
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Spot



+Principal +Interest
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6 month



9 month



1 year



Figure 1.10: Six-Month CD from the Investor’s Perspective
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If the CD is sold after three months (with payment on the new spot date) at some price, the original investor gives up the opportunity to receive the principal plus interest three months later in exchange for the immediate receipt of the market price (Figure 1.11). The second investor pays the market price for the opportunity to receive the principal plus interest three months later.



-Principal -Interest



+Price -Principal



+Principal +Interest



Spot



3 months



6 months



Old spot date



New spot date



3 months



9 months



1 year



Figure 1.11: Sale of CD in Figure 1.10 from Perspective of the Original Investor



Treasury bills (T-Bill), commercial paper (CP), and bankers’ acceptances (BA) have a less complicated structure. They generally quote only the face value paid at maturity. The initial price is determined in the same way the price is set on any date prior to maturity. The pricing of these securities will be discussed in Unit Two. The cash flows for these securities are illustrated in Figure 1.12.
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Figure 1.12: Cash Flows for 6-Month T-Bill, CP, and BA from Perspective of the Original Investor
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BASIC INTEREST-RATE PRODUCTS



Three months later, the original investor may sell the T-Bill, CP, or BA. At the time of sale, the investor receives the new market price and gives up the receipt of the face value in three months.



+Price



-Face Value



-Price



+Face Value



Spot



3 months



3 months



9 months Old spot date



New spot date



1 year



6 months



Figure 1.13: Sale of Security in Figure 1.12 from Perspective of the Original Investor



The CD market is more active for maturities up to six months. In the developed financial markets, CDs with maturities up to five years are readily available. In general, in less developed financial markets, only variable-rate term CDs are available for longer tenors. CP, BA, and T-Bill maturities are typically less than one year. CP maturities are predominantly under one month. BAs usually mature in less than six months. Usually rolled over



These short-term security investments are similar to bank deposits in that they are usually rolled over by the investors and borrowers. This creates longer-tenor income or expense cash flows on a variable-rate basis. Borrowers using these structures often have agreements with underwriters to issue the securities and roll over the funding continually for a period of years. The individual investors who buy the securities may change, but the underwriter assures the borrower that funds will be available even if the underwriting syndicate has to purchase the securities.
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SUMMARY The basic interest-rate products include fixed-rate and variable-rate deposits and loans with maturities ranging from call (which is immediate) to five years. Short-term deposits/loans with fixed rates and longer-term deposits/loans with variable rates are the most common bank interest-rate instruments. Interest is usually paid or accrued on a short-term basis even if the instrument has a long maturity. Common payment periods are one-month, three-months, and six-months. Debt securities are common interest-rate instruments primarily used by large nonbank institutions. Short-term securities include CDs (certificates of deposit), BAs (bankers’ acceptances), CP (commercial paper), and T-Bills (often government bills). Long-term securities include notes and bonds and almost always have fixed-rate payments. Bank products refer to principal and interest, while nonbank securities most often refer to face value and coupons.



You have completed Unit One, Basic Interest-Rate Products. Please complete the Progress Check to test your understanding of the concepts and check your answers with the Answer Key. If you answer any questions incorrectly, please reread the corresponding text to clarify your understanding. Then, continue to Unit Two, Time Value of Money.
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PROGRESS CHECK 1



Directions: Determine the correct answer to each question. Check your answers with the Answer Key on the next page. Question 1: The amount paid periodically on a deposit or loan is usually called the: _____a) principal. _____b) interest. _____c) face value. _____d) coupon.



Question 2: The amount paid periodically on a bond is usually called the: _____a) principal. _____b) interest. _____c) face value. _____d) coupon.



Question 3: The amount paid at maturity of a deposit or loan is usually called the: _____a) principal. _____b) interest. _____c) face value. _____d) coupon.
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BASIC INTEREST-RATE PRODUCTS



ANSWER KEY



Question 1: The amount paid periodically on a deposit or loan is usually called the: b) interest.



Question 2: The amount paid periodically on a bond is usually called the: d) coupon.



Question 3: The amount paid at maturity of a deposit or loan is usually called the: a) principal.
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PROGRESS CHECK 1 (Continued)



Question 4: The amount paid at maturity of a debt security is usually called the: _____a) principal. _____b) interest. _____c) face value. _____d) coupon.



Question 5: Which of the following maturities is most likely for a product called a fixed-rate bank deposit? _____a) Overnight _____b) 6 months _____c) 2 years _____d) 5 years



Question 6: Which of the following maturities is most likely for a product called a corporate bond? _____a) Overnight _____b) 6 months _____c) 2 years _____d) 5 years
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ANSWER KEY



Question 4: The amount paid at maturity of a debt security is usually called the: c) face value.



Question 5: Which of the following maturities is most likely for a product called a fixed-rate bank deposit? b) 6 months



Question 6: Which of the following maturities is most likely for a product called a corporate bond? d) 5 years
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PROGRESS CHECK 1 (Continued)



Question 7: Identify the following as “S,” “L,” or “E.” S — Short-term, fixed rate, or revolving longer-term variable rate L — Long-term, fixed rate E — Either _____a) BAs _____b) Bank loans _____c) CP _____d) Bonds _____e) Bills _____f) Deposits
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ANSWER KEY



Question 7: Identify the following as “S,” “L,” or “E.” S — Short-term, fixed rate, or revolving longer-term variable rate L — Long-term, fixed rate E — Either S



a)



BAs



E



b) Bank loans



S



c)



L



d) Bonds



S



e)



Bills



E



f)



Deposits



CP
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Unit 2



UNIT 2: TIME VALUE OF MONEY INTRODUCTION Financial market analysis attempts to understand the value of money as it is received or paid over time. This concept is called “time value of money” (TVM). The TVM concept is divided into three basic areas: present value (PV), future value (FV), and internal rate of return (IRR). These ideas are very important for pricing, hedging, revaluing, and marketing any financial product.



UNIT OBJECTIVES When you complete this unit, you will be able to: n



Calculate the future value (FV) of a cash flow, given an interest earning rate



n



Calculate the present value (PV) of a cash flow, given an interest discounting rate



n



Calculate the internal rate of return (IRR) of a cash flow



FUTURE VALUE Suppose you have 100 of surplus funds available and do not need the extra liquidity for a year. What should you do with the funds? You could place the funds in your desk for the year and (provided there is no theft) you will have 100 available at the end of the year. In this case, the value of 100 today is 100 in one year.
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You may prefer to earn some return on surplus cash by investing in something that will return more than 100% in a year. For example, you could place the extra 100 in a bank account for one year. If the interest rate is 10%, you will have 100 + (10% of 100) = 110 at the end of the year (Figure 2.1). -100



Spot



+100 +10



3 month



6 month



9 month



1 year



Figure 2.1: One-Year Deposit at 10%



Value of an instrument after a given period of time



In this case, the value of 100 today is 110 in one year. In other words, 110 is the one-year future value of 100. You may have a different future value for each day in the future, with the two-year future value likely to be higher than the one-year future value, etc. In addition, the future value depends on the earning rate — in this case, 10%. If the interest rate on the deposit is 9%, then the future value is 109. Future Value After One Interest-Rate Period



Formula: Future value after one ir period



The formula for calculating the future value of an amount at the end of one interest-rate period is: FV = PV x (1 + ir)



Where: FV = Future value at the end of one interest-rate period PV = Present value: amount of money today ir



= Interest rate for one period, expressed as a decimal



v-1.0



v04/30/95 p03/08/99



TIME VALUE OF MONEY



2-3



For example, If



PV = 46 ir



Then



= 5%



FV = 46 x (1 + .05) = 46 x 1.05 = 48.30



Future Value After Multiple Fixed-Interest-Rate Periods Future value with compounding interest



This concept of future value can be extended to situations where the future period is many interest-rate periods away. Suppose you want to know today the future value of 100 in four years. If you deposit the full amount in a 10% interest-earning account for the full four years, and earn 10% on the accruing interest, you can determine the future value in four separate steps: 1) 100.00 today is worth 110.00 at the end of year one (100.00 x 1.10) 2) 110.00 is worth 121.00 at the end of year two (110.00 x 1.10) 3) 121.00 is worth 133.10 at the end of year three (121.00 x 1.10) 4) 133.10 is worth 146.41 at the end of year four (133.10 x 1.10) This process of calculating a future value by adding the prior period’s interest to the outstanding principal balance for the next year is called compounding or capitalizing interest. In Figure 2.2, we have compounded 10% per annum interest over a period of four years.
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(100.00)



+ 10.00



110.00 (110.00)



Spot



+ 11.00



1 year



121.00 (121.00)



+ 12.10



2 years



133.10 (133.10)



+ 13.31



=



3 years



146.41



4 years



Figure 2.2: 10% Compounded for Four Years



Formula: FV over multiple fixed ir periods



The formula for calculating future value of an amount over multiple fixed-interest periods is: FV = PV x (1 + ir)n



Where: FV PV ir n



Finding FV with a financial calculator



= = = =



Future value at the end of one interest-rate period Present value: amount of money today Interest rate for one period, expressed as a decimal Number of interest periods



Although we can calculate future values over multiple periods with this formula, it is easier to use a financial calculator. Financial calculators are designed to calculate future values when given a present value, possible periodic payments, a fixed earnings rate per period, and the number of earnings periods. Using the same example, you can enter N (4), I (10), PV (-100), and PMT (0) and then press FV as illustrated in Figure 2.3.
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N



I



PV



PMT



4



10



-100



0



FV A 146.41



Figure 2.3: Compounding 10% for Four Years Using a Financial Calculator



Future Value After Multiple Variable-InterestRate Periods The process of compounding interest is equally valid when the interest rate changes from period to period. Determining the future value of a floating-rate (variable-rate) income stream follows the same steps that we used to calculate a fixed-rate stream of cash flows. Unfortunately, we have to wait until after the various rates are set to perform the calculation. Example: FV after variable ir periods



Let’s look at an example. Suppose the following rates are applied to the 100 investment for four years: Year 1 2 3 4



Rate of Return 6% 8% 5% 7%



You can determine the future value in four separate steps, just as we did for the fixed-rate investment. 1) 100.00 today is worth 106.00 at the end of year one (100.00 x 1.06) 2) 106.00 is worth 114.48 at the end of year two (106.00 x 1.08) 3) 114.48 is worth 120.20 at the end of year three (114.48 x 1.05) 4) 120.20 is worth 128.61 at the end of year four (120.20 x 1.07)
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The growing principal amount is illustrated in Figure 2.4. (100.00)



+ 6.00



106.00 (106.00)



Spot



+ 8.48



1 year



114.48 (114.48)



2 years



+ 5.72



120.20 (120.20)



+ 8.41 = 128.61



3 years



4 years



Figure 2.4: Variable Rate Compounded for Four Years



Formula: FV after variable ir periods



The formula for calculating the future value of an amount over multiple variable-interest periods is: FV = PV x (1 + ir1) x (1 + ir2) x • • • x (1 + irn)



Where: FV PV irj n



= = = =



Future value at the end of one interest-rate period Present value: amount of money today Interest rate for period “j,” expressed as a decimal Number of interest periods



For example, If



n PV ir1 ir2 ir3 ir4



= = = = = =



4 100 6% 8% 5% 7%



Then



FV = 100 x (1 + .06) x (1 + .08) x (1 + .05) x (1 + .07) = 100 x 1.06 x 1.08 x 1.05 x 1.07 = 100 x 1.2862 = 128.62



This result agrees with the four-step calculation presented above, except for round-off error.
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Unfortunately, most financial calculators are not designed to automate the compounding of variable rates. Summary We use the future value calculation to determine how much an investment will be worth after a certain period of time when the present value, number of payments, interest rate, and payment amounts are known. Please complete Progress Check 2.1 to check your understanding of “future value” and then continue on to the section that describes “present value.”
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PROGRESS CHECK 2.1



Directions: Determine the correct answer to each question. Check your answers with the Answer Key on the next page.



Question 1: If you invested 10 for three years at an interest rate of 4%, compounded annually, how much would you have at maturity? _____a) 22.00 _____b) 11.20 _____c) 11.25 _____d) 40.00



Question 2: If you deposit 100 in a bank account earning 10% per annum, compounded annually, how much will you have after five years? _____a) 150 _____b) 155 _____c) 161 _____d) 165



Question 3: If you borrow 100 at a variable annual interest rate of 10% during the first year, 5% during the second year, and 8% during the third year, how much will you owe after three years? (Assume that all interest is capitalized, and no payments are made until the end of the third year.) _____a) 123 _____b) 124 _____c) 125 _____d) 126
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ANSWER KEY



Question 1: If you invested 10 for three years at an interest rate of 4%, compounded annually, how much would you have at maturity? N 3



I 4



PV -10



PMT 0



FV i 11.25



c) 11.25



Question 2: If you deposit 100 in a bank account earning 10% per annum, compounded annually, how much will you have after five years? N 5



I 10



PV -100



PMT 0



FV i 161



c) 161



Question 3: If you borrow 100 at a variable annual interest rate of 10% during the first year, 5% during the second year, and 8% during the third year, how much will you owe after three years? (Assume that all interest is capitalized, and no payments are made until the end of the third year.) FV



= = = =



PV x (1 + ir1) x (1 + ir2) x . . . x (1 + irn) 100 x (1 + .10) x (1 + .05) x (1 + .08) 100 x 1.10 x 1.05 x 1.08 125



c) 125
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PRESENT VALUE Value of instrument today



Often, we know the future value (face value) of an instrument, but need to know what that instrument is worth today. This question leads us to the second time value of money concept, which is the calculation of present value. The idea of future value can be reversed to create the concept of present value. The present value of a future payment is the amount of cash today which is equivalent in value to the amount of the payment in the future. Present value (PV) is a fundamental concept in financial analysis. It allows obligations on different dates to be compared on a reasonable, quantifiable basis.



Example: Present value



For example, suppose you are obligated to make a payment of 100 after one year, and want to set aside enough money now so that you know there will be sufficient funds to pay the obligation. How much should you set aside? The simplest answer is to set aside 100 now — or even to pay 100 now to the intended recipient. Although this immediate payment would satisfy the obligation, it is not the best alternative. It would be wiser to place the 100 on deposit with a trustworthy bank and receive interest on the deposit for one year. After one year, the principal of 100 can be used to pay the obligation, and the interest will be available to you. Once you start to think about the interest-earning capacity of the 100 today, you may realize that the 100 deposit is a present value amount and the 100 plus interest is a future value amount. In a similar way, the 100 payment obligation is an obligation to pay in the future — it is a future value. Due to the interest to be earned, you can set aside less than 100 today. When interest is added to the principal you set aside, the total future value must equal 100 in order to make the payment.
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We can reverse the future value calculation to determine the amount of principal that we should deposit. Suppose the interest rate on deposits is 10% per year. A 100 deposit will be worth 110 in one year. How much of a deposit is necessary to be worth 100 in one year? (Figure 2.5)



-100 -?



Spot



+110 +100



3 month



6 month



9 month



1 year



Figure 2.5: One-Year Deposit at 10% vs. One-Year Obligation of 100



Present Value of a Single-Payment Stream The examples that follow demonstrate how to calculate a single payment in the future, given a known interest rate. 2QH,QWHUHVW5DWH3HULRG Formula: Present value for one ir period



The formula for calculating the present value of an amount over one interest-rate period is: PV = FV / (1 + ir)



Where: FV = Future value at the end of one interest-rate period PV = Present value: amount of money today ir



= Interest rate for one period, expressed as a decimal
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Example: PV for one ir period
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For example, If Then



FV = 100 ir = 10% PV = 100 / (1 + .10) = 100 / 1.10 = 90.91



NOTE: ir also is known as the discount rate; this process also is known as discounting cash flows. 0XOWLSOH)L[HG,QWHUHVW5DWH3HULRGV The PV concept applies to multiple interest-rate periods as well. For example, if the 10% interest rate is guaranteed for four years, allowing interest to be compounded, then the PV of a payment of 100 in four years can be determined by a formula or by a financial calculator. Formula: PV over multiple fixed ir periods



The formula for the present value of an amount over multiple fixed interest periods is: PV = FV / (1 + ir)n



Where: FV = Future value at the end of one interest-rate period PV = Present value: amount of money today



Example



ir



= Interest rate for one period, expressed as a decimal



n



= Number of interest periods



In the following example, we show the calculation of present value over multiple fixed-interest-rate periods. If



Then
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n FV ir PV PV



= = = = =
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4 100 10% 4 4 100 / (1 + .10) = 100 / 1.1 100 / 1.4641 = 68.30
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Alternatively, you can use the financial calculator. Enter FV (-100), PMT (0), N (4), and I (10) in any order, then press PV as illustrated in Figure 2.6. N 4



I 10



PV 68.30



PMT 0



FV a - 100



Figure 2.6: PV at 10% per Annum for Four Years



You can see that both the formula and the financial calculator produce the same result — PV = 68.30. 0XOWLSOH9DULDEOH,QWHUHVW5DWH3HULRGV Formula: PV over multiple variable ir periods



The PV concept also applies when the discount rate is variable. If you know the discount rate, but its known value changes from period to period, then the PV formula is modified the same way as the FV formula. The formula for the future value of an amount over multiple variable interest periods is: PV = FV / [(1 + ir1) x (1 + ir2) x • • • x (1 + irn)]



Where: FV PV irj n



= = = =



Future value at the end of one interest-rate period Present value: amount of money today Interest rate for period “j,” expressed as a decimal Number of interest periods
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For example, let’s assume that we know the interest rates for the next four interest-rate periods. Given the following information, we can calculate the present value. If



n FV ir1 ir2 ir3 ir4



= = = = = =



Then



PV = = = =



4 100 6% 8% 5% 7% 100 / [(1 + .06) x (1 + .08) x (1 + .05) x (1 + .07)] 100 / [1.06 x 1.08 x 1.05 x 1.07] 100 / 1.2862 77.75



To check this result, it is easier to start with a deposit of 77.75 and then add interest to it for four years to confirm that the ending balance is 100. You can determine the future value of this deposit in four separate steps: 1)



77.75 today is worth 82.42 at the end of year one (77.75 x 1.06)



2)



82.42 is worth 89.01 at the end of year two (82.42 x 1.08)



3)



89.01 is worth 93.46 at the end of year three (89.01 x 1.05)



4)



93.46 is worth 100.00 at the end of year four (93.46 x 1.07)



The growing principal amount is illustrated in Figure 2.7. (77.75)



Spot



+ 4.67



82.42 (82.42)



+ 6.59



1 year



89.01 (89.01)



2 years



+ 4.45



93.46 (93.46)



3 years



Figure 2.7: Future Value Over Multiple Variable ir Periods
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The examples in this section demonstrate the present value calculation for a single payment in the future. Sometimes, a payment stream has multiple payments. In the next section, you will see how to calculate the present value of an obligation with more than one fixed payment.



Present Value of Payment Streams with Multiple Fixed Payments In the case where all payment streams are fixed, we can discount the cash flows and determine the present value of the complete set of cash flows using the financial calculator. Example: PV with multiple fixed payments



For example, suppose that you have agreed to pay 100 in four years plus an additional 10 at the end of each year for four years. The PV of that obligation depends on which interest rate you use to discount the cash flows. If you think that 10% is an appropriate discount rate, then the PV is 100, as shown in Figure 2.8. (When the price is the same as the principal amount of a future payment obligation, the price is called par in the financial markets.) This result should be obvious  if 10% is the appropriate discount rate, an obligation to 100 plus interest at 10% should be valued currently at 100. N 4



I 10



PV 100.00



PMT -10



FV A - 100



Figure 2.8: PV at 10% per Annum for Four Years



Identifying the proper discount rate to use is a critical issue that requires a wide range of information about market conditions. This complicated process is beyond the scope of this introduction.
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Of course, the current, proper discount rate may be more or less than the contracted payment rate. For example, if you believe that you would have to pay 12% to borrow funds today, then the PV of this existing obligation is less than 100. The liability’s value to you today is less than par because it is at a relatively good contract payment rate of 10%. The following calculation shows the PV:



N 4



I 12



PV 93.93



PMT -10



FV i - 100



Figure 2.9: PV at 12% per Annum for Four Years



If the appropriate discount rate is less than 10% (e.g. 6%), then the PV will be higher than 100, since the 10% payment stream has a higher than appropriate payment rate (10%) according to the market (6%). In Figure 2.10, we show the PV of the 10% per annum fixed cash flow when discounted at a rate of 6% per annum:



N 4



I 6



PV 113.86



PMT -10



FV a 100



Figure 2.10: PV at 6% per Annum for Four Years



You can see the importance of establishing the correct discount rate to calculate the present value of an obligation with fixed multiple payments. Let’s see how this discounting process applies to variablerate payment streams.
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Present Value of Multiple Payment Streams at Variable Discount Rates The PV concept may be applied to multiple payment cash flow streams, even if the payment streams have variable rates and the discount rate is also variable. Example: PV with variable discount rates



For example, consider a bank that is lending money to a customer for four years and is charging an interest rate that will change annually. We will abbreviate this variable interest rate to VIR. The VIR will be set according to a formula, such as: VIR = Market interest rate + 1%



Interest rate indices



Of course, the customer wants to know how the market interest rate is calculated. In many markets, there is an index published daily which states the level of inter-bank interest rates, or other such indices. One index is the London Inter-Bank Offered Rate, which is abbreviated LIBOR. The VIR may be 6% one year, 8% the next year, 5% the next year, and 7% the last year. Of course, it can be just about any number. The question is: Can we discount a variable-rate payment stream before we know the actual interest rate to be used to determine the actual payment amount? The answer is YES! Remember, to discount a cash flow and determine its PV, we generally need to know the cash flow and a discount rate. The only time we do not need to know these two quantities is when they are the same. Look again at Figure 2.8 and notice that the PV is always par if the discount rate and payment rate are the same. If this is not obvious, recalculate the PV using a payment rate and discount rate of 5%. Now try the calculation with rates of 2%, 98%, or negative 16%, always keeping the payment rate and the discount rate the same.
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Present value constant at par
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You should conclude that whenever a cash flow grows at a rate and is discounted at the same rate, its present value stays constant at par. The same observation holds true for variable cash flows and variable discount rates, though it is not as easy to prove with the financial calculator. Consider the cash flow from the loan described above, where: Lj = 12-month LIBOR for period j



+Principal



+ L1 + 1%



Spot



+ L2 + 1%



1 year



2 years



+ L3 + 1%



3 years



+ L4 + 1%



4 years



Figure 2.11: A Floating-Rate Loan from the Bank’s Perspective



Discount rate equals interest rate



Suppose you need to discount this loan to determine its PV. In order to determine a discount rate, you choose the current rate for lending to this customer, which is LIBOR + 1%. At this point, you may notice that you are about to discount a cash flow at the same rate as the payment rate and you may realize that the result will be par. We will take the PV process one step at a time to illustrate this concept. Suppose that this is the beginning of the fourth year and there is only one payment left, which is at the end of the year. What is the present value of the loan? (Think of the present value as of that date which is three years from now.)
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TIME VALUE OF MONEY



The formula for calculating the present value of an amount over one interest-rate period will help us solve this problem. Recall that the formula is: PV = FV / (1 + ir)



Where: FV = Future value at the end of one interest-rate period PV = Present value: amount of money today ir = Interest rate for one period, expressed as a decimal



The difference for us is that the FV is a payment based upon principal and an interest rate. FV = Principal + Interest = Principal x (1 + ir4 + 1%)



ir



= ir4 + 1%



Therefore, replacing FV and ir in the formula for present value: PV = Principal x (1 + ir4 + 1%) / (1 + ir4 + 1%)



Since: (1 + ir4 + 1%) / (1 + ir4 + 1%) must equal 1 (any number divided by itself is one), then PV = Principal x 1 = Principal This is an important result. It says that any payment stream for one period which has an FV equal to principal x (1 + ir), which is discounted at that same interest rate, yields a PV equal to the principal amount. This is true no matter how long the period or the size of the interest rate.
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Examples: PV equals principal amount
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Let’s look at three numerical examples to illustrate this concept: Example 1: If:



Principal = 100 and ir = 7%, then FV = 107 PV = 107 / (1 + .07) = 107 / 1.07 = 100 (which equals principal!)



Example 2: If:



Principal = 100 and ir = 5%, then FV = 105 PV = 105 / (1 + .05) = 105 / 1.05 = 100 (which equals principal!)



Example 3: If:



Principal = 100 and ir = 8%, then FV = 108 PV = 108 / (1 + .08) = 108 / 1.08 = 100 (which equals principal!)



From the formulas, numerical examples, and basic thought, it should be clear that when the future value at the end of the period is based upon a principal amount plus interest, and the same interest rate is used to discount the cash flow, the present value is equal to the principal. Discounting multiple-period cash flows



What may not be obvious from the examples above is that this idea for a single period can be used sequentially for a multiple-period cash flow. In each period, if the interest rate used for the payment stream is the same as the interest rate used for the discount rate, then the value of the cash flow at the beginning of the period is equal to the principal at the beginning of the period. In Figure 2.12, this relationship is shown in equation form (with variables). The numerical examples will appear later.
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Interest payment



= Principal x irj
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Note that: Payment at the end of each period + Principal + (Principal x ir) PV



+ Principal



+ Principal



Principal + Interest payment (Principal x ir)



= + Principal x (1 + ir) = + Principal x (1 + ir) = + Principal (1 + ir)



+ Principal



+ Principal x ir1 (1 + ir1)



Spot



=



+ Principal x ir2 (1 +ir2 )



D1



D2



+ Principal + Principal x ir3 (1 +ir3)



D3



Figure 2.12: A Variable-Rate Cash Flow, Discounted



Key concepts in discounting process



Let’s look at the key concepts in this discounting process more closely. 1. First, we determine the value at the end of any period that will be discounted to the beginning of the period. 2. Present value at the beginning of any period equals the value at the end of the period divided by (1 + ir). 3. For the final period only (in this case, period three), the endof-period value = actual cash payment = principal payment + interest payment = principal x (1 + ir). 4. For the final period, PV = principal x (1 + ir3) / (1+ir3) = principal.
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5. For the period prior to the final period (in this case, period two), the value at the end of the period equals PV of cash flow in period three (principal) + interest payment in period two. 6. Applying concept two, for period two, PV2 = Principal x (1+ir2 ) = Principal (1+ir2 ) Steps 5 and 6 can be repeated for any number of cash flow periods. PV at the beginning of a period will always be equal to principal when the discount rate is the same as the interest rate. Example: Discounting process with variable rates



To illustrate this point with numbers, consider this example. Suppose that you can predict the future, and you know what 12-month LIBOR will be for each of the next four years. This means you can determine the interest payments for a four-year, variable-rate loan. To make the calculation simple, we will use the four interest rates and calculations used in the prior examples and figures.



Year



LIBOR



1 2 3 4



5% 7% 4% 6%



Payment Interest Rate (Libor + 1%) 6% 8% 5% 7%



With this information, we can draw a time line of the cash flows for the four-year loan as shown in Figure 2.13.



Spot



+6



+8



1 year



2 years



Figure 2.13: A Loan with Known Variable Payments
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Of course, we need discount rates in order to determine the PV of the cash flow. Given the information we have, it is appropriate to use the known variable interest rates of LIBOR + 1%, which equal the payment interest rates: Year



LIBOR



1 2 3 4



5% 7% 4% 6%



Discount Rate 6% 8% 5% 7%



To discount the four-year cash flow, we must start at the last period — the fourth year: (100 + 7) / (1 + .07) = 100. Thus, the PV for the fourth year is PV4 = 100.
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Figure 2.14: Discounting the Fourth Year at 7%



To discount the third year, we add the PV4 of 100 to the cash flow of 5, and discount at 5%: (100 + 5) / (1 + .05) = 100. Thus, the PV for the third year is PV3 = 100.
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Figure 2.15: Discounting the Third Year at 5%
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To discount the second year, we add the PV3 of 100 to the cash flow of 8, and discount at 8%: (100 + 8) / (1 + .08) = 100. Thus, the PV for the second year is PV2 = 100. PV2 = 100
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Figure 2.16: Discounting the Second Year at 8%



To discount the first year, we add the PV2 of 100 to the cash flow of 6, and discount at 6%: (100 + 6) / (1 + .06) = 100. Thus, the PV for the first year is PV1 = 100. PV4 = 100
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Figure 2.17: Discounting the First Year at 6%



Of course, the PV for the first year, PV1 , is the true present value for the cash flow, since the beginning of the first year is the present date. All of these examples have been presented to illustrate this point:



If a series of cash flows equals principal plus interest, and the interest rate and the discount rate are the same, then the present value of the cash flows equals the principal amount. This is true even if the interest rates are not yet set.
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&ROODSVLQJWKH)ORDWLQJ5DWH&DVK)ORZ The process of discounting a variable-rate cash flow at the same variable rate and effectively moving the principal amount closer to the spot date is often referred to as collapsing the floating-rate cash flow. Unfortunately, if the discount rate and the interest payment rate are not the same, this collapsing process does not work in such a simple manner. Example: Solving for PV using the collapsing process



Consider the bank that owns the loan at LIBOR + 1% with four years remaining. If the current market lending rate is LIBOR + 2%, then the loan is not as good for the bank as it should be. The loan is worth less than the principal amount, but how much less? To answer this question, we need to discount a four-year income stream of LIBOR + 1% at a discount rate of LIBOR + 2%. In this case, the rate index (LIBOR) is the same for the payment stream and for the discount rate; but the spread over the index is not the same. Thus, the two rates will be different. Unfortunately, there is no way to know exactly what the rates will be and, therefore, no way to numerically solve for the PV! With a little thought, however, we can apply the collapsing concept. The cash payment stream and discount rate will offset only if they are the same. Given our choice to lend to this customer now at LIBOR + 2%, the collapsing process will work if the loan pays LIBOR + 2% (which it does not). The “little thought” is that a loan in which the bank receives LIBOR + 1% is the same as a receipt of LIBOR + 2% added to a payment from the bank to the customer of 1%, as illustrated in the following figures. The actual loan in Figure 2.18 is the same as the combination of the loan in Figure 2.19 and the payment stream in Figure 2.20.
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Figure 2.18: A Floating-Rate Loan at LIBOR + 1%
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Figure 2.19: A Floating-Rate Loan at 2%
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Figure 2.20: An Annuity (Annual Payment) of 1% from the Bank to the Customer



The payment stream in Figure 2.19 can be discounted at LIBOR + 2%, and will be worth the principal amount exactly. The payment stream in Figure 2.20 can be discounted if we have an appropriate interest rate for discounting equal fixed payments received at the end of each year for four years.
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'LVFRXQWLQJDQ$QQXLW\ A constant cash flow like that shown in Figure 2.20 is called an annuity. It looks very similar to the cash flows of an amortizing loan (a loan in which principal is paid down over time, not only at maturity). If we have a fixed rate that is appropriate for an amortizing loan, we can use it to discount this annuity. For purposes of this example, suppose that the appropriate interest rate is 8%. The PV of this 1% spread can be calculated with a financial calculator as shown in Figure 2.21.
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Figure 2.21: PV of Four-Year Annuity at 8%



The PV of the LIBOR + 1% loan is the combination of the PV of a LIBOR + 2% loan and the PV of an outflow of 1% per annum for four years, which is 96.69. The PV is calculated as follows: 100.00



PV of LIBOR + 2% loan at LIBOR + 2% discount rate



- 3.31



PV of 1% payment for four years at 8% discount rate



96.69



PV of LIBOR + 1% loan



The approach just presented allows us to discount a variable-rate cash flow using a variable discount rate — provided the payment stream and discount rate use the same index, even if the spread above or below the index differs.
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The calculations of the future value of a current cash flow and the present value of a future cash flow are important concepts in financial analysis for comparing values at a given point in time. Borrowers and investors also need to know the cost of financing and the amount of returns on investments so they can compare funding / investing opportunities. In the last section of this unit, “Internal Rate of Return,” this important time value of money concept is explained.



You have completed the sections on “Present Value.” Please complete Progress Check 2.2, then continue to the section on the “Internal Rate of Return.” As usual, if you have any difficulty with the questions, we suggest that you refer to the appropriate text before proceeding.
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PROGRESS CHECK 2.2



Directions: Determine the correct answer to each question. Check your answers with the Answer Key on the next page.



Question 4: If you need 876 in two years and can earn 12% per annum (compounded annually) on a deposit, what is the minimum amount you should set aside now to ensure that you will have enough to pay the obligation in two years (rounded to the nearest 1)? _____a) 698 _____b) 852 _____c) 1099 _____d) 876



Question 5: If you discount a floating-rate loan’s cash flow at an interest rate which has the same index, but a smaller spread above the index than the cash flow, the PV will be: _____a) equal to the principal of the cash flow. _____b) more than the principal of the cash flow. _____c) less than the principal of the cash flow.
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Question 4: If you need 876 in two years and can earn 12% per annum (compounded annually) on a deposit, what is the minimum amount you should set aside now to ensure that you will have enough to pay the obligation in two years (rounded to the nearest 1)? N 2



I 12



PV 698



PMT 0



FV A -876



a) 698 Question 5: If you discount a floating-rate loan’s cash flow at an interest rate which has the same index, but a smaller spread above the index than the cash flow, the PV will be: b) more than the principal of the cash flow.
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PROGRESS CHECK 2.2 (Continued)



Question 6: Consider a three-year loan with a variable interest rate of 4% one year, 3% the next year, and 6% the last year. For each of those years, the discount rate equals the interest rate. If the future value of the loan is 200, then the present value at the beginning of the first period is: _____a) 100 _____b) 179 _____c) 222 _____d) 200



Question 7: Assume you have an inflow of 200 available at the end of three years and you want to borrow funds now, repaying all principal and interest in three years with the 200 receiveable. Suppose that a lender offers an unusual interest rate scheme: you would pay a variable annual interest rate of 10% during the first year, 5% during the second year, and 8% during the third year. How much could you borrow today? (Assume that all interest is capitalized, and no payments are made until the end of the third year.) _____a) 154 _____b) 160 _____c) 165 _____d) 177
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Question 6: Consider a three-year loan with a variable interest rate of 4% one year, 3% the next year, and 6% the last year. For each of those years, the discount rate equals the interest rate. If the future value of the loan is 200, then the present value at the beginning of the first period is: d) 200 Question 7: Assume you have an inflow of 200 available at the end of three years and you want to borrow funds now, repaying all principal and interest in three years with the 200 receiveable. Suppose that a lender offers an unusual interest rate scheme: you would pay a variable annual interest rate of 10% during the first year, 5% during the second year, and 8% during the third year. How much could you borrow today? (Assume that all interest is capitalized, and no payments are made until the end of the third year.) PV



= = = =



FV / [(1 + ir1) x (1 + ir2) x . . . x (1 + irn)] 200 / (1.10 x 1.05 x 1.08) 200 / 1.2474 160



b) 160
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INTERNAL RATE OF RETURN Applied to known cash flows



The third and last basic time value of money concept is the internal rate of return (IRR). IRR converts varying amounts of money paid and received over time into a single interest rate, and is used to compare cost of financing or returns on investments. It is applied when a series of cash flows is known, including the up-front cash flow. In a fair transaction, the up-front cash inflow or outflow is the opposite of the present value of the future cash flows. For example, when a bank lends 100 principal (outflow), it receives the 100 principal plus interest in the future (inflow). Conversely, when a bank receives a deposit of 100 (inflow), it pays out the 100 plus interest in the future (outflow). In some transactions, the up-front cash flow is not the same as the principal amount of the transaction. Consider the investment in Figure 2.22, which is the bond that we illustrated in Figure 1.9.
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Figure 2.22: Four-Year, 10% Bond from the Investor’s Perspective



IRR applied to fixed-rate cash flows
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In this case, it is obvious that the payment rate and the discount rate cannot be the same because the price is not par (100). If the investor invests less than 100, and has a return of 100 at maturity plus 10% of 100 each year, the return on the 96 investment is larger than 10%. What is the investor’s percentage return, including both the coupon payment of 10 and the more-than-invested final payment of 100?
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One way to answer this question is to think about placing the 96 investment into a theoretical fixed-rate bank account. Each year, the balance in this theoretical bank account is increased by interest earned and decreased by the payments withdrawn. Suppose the bank guarantees a single interest rate for any amount in the account over time. What interest rate will you need from the bank to be able to withdraw exactly 10 at the end of each year and exactly 100 at maturity, leaving a zero balance in the account after that final withdrawal? This question is difficult to answer. You can guess a specific interest rate, list the interest earned and payments withdrawn over time, and then check to see if the account has exactly 110 at maturity to allow you to withdraw the final coupon and face value amounts. If the guess is wrong, you can modify your guess and recalculate all interest amounts to see if the new guess is correct. This process can take a long time. Luckily for us, the financial calculators automate this guessing process. The result determined by the HP-19B is shown in Figure 2.23.
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Figure 2.23: IRR of Four-Year 10% Bond at Price of 96



IRR: Break-even interest rate



After considerable guessing and modifications of guesses, the financial calculator determines that 11.30% is the interest rate that will be needed to place 96 on deposit, withdraw 10 every year for four years, and withdraw the 100 face value at the end of the four years. The financial markets call this break-even interest rate the internal rate of return (IRR) of the cash flows. The IRR is the interest rate which can be used to discount the future cash flows and determine a PV which is equal in amount and opposite to the up-front cash payment.
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Although the process used to determine this IRR is complicated, it is relatively easy to check to see if the IRR is correct. To check the IRR, we will simulate the theoretical deposit discussed above. We will start with a deposit of 96, add interest at a rate of 11.30%, and withdraw the coupons of 10 at the end of each year and the face value of 100 at the end of the fourth year. If the deposit balance is exactly zero at the end of the process, then the IRR must be correct.



Year 1 2 3 4



Initial Balance 96.00 96.85 97.79 98.84



11.30% Interest Added + 10.85 + 10.94 + 11.05 + 11.17



Payment Withdrawn - 10 - 10 - 10 - 110



Ending Balance = 96.85 = 97.79 = 98.84 = .01



Except for a round-off error of .01, the bank account has a balance of zero. This implies that the 11.30% interest rate is the rate at which an investment of 96 grows sufficiently to pay 10 each year and an additional 100 at the end of four years. The IRR of these cash flows is 11.30%. IRR applied to floating-rate cash flows



The concept of an IRR can be applied to floating-rate cash flows as well. For example, if you purchase the LIBOR + 1% loan we showed in Figure 2.18, but pay only 95% of principal as a purchase price, what will your IRR be?
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Figure 2.24: A Discounted Loan Paying LIBOR + 1%
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Suppose that the principal amount is 100, and the up-front cash flow is 95. The simplest approach to determining an IRR is to amortize the 5% up-front discount in the purchase price. This calculation simulates placing on deposit an additional 5 so that the total up-front cash payment is 100. The deposit will generate returns over time, which can be added to the annual payments to determine the incremental earnings above LIBOR + 1%. The question is, how much extra money will this extra deposit generate over time? -5%
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Figure 2.25: Amortizing Up-Front Discount over Four Years



Suppose that the interest rate earned on the deposit is 6% per annum. A financial calculator can determine how much payment we can withdraw each year for four years if we deposit 5 in the account up front and earn 6% per annum interest.
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Figure 2.26: Amortization of Up-Front Discount
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Therefore, the cash flows of the deposit of 5 will be +1.44 as shown in Figure 2.27. -5%
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Figure 2.27: Amortizing Deposit of 5 over Four Years at 6%



These inflows of 1.44 can be expressed as 1.44% of the 100 principal amount. When these cash flows from the deposit are added to the LIBOR + 1% cash flows, the total for the bank is + LIBOR + 2.44 as shown in Figure 2.28. -100
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Figure 2.28: Cash Flows for a Discounted Loan Paying LIBOR + 1%



Since this cash flow is now priced at par, its IRR must equal the payment rate. The IRR is LIBOR + 2.44%.
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SUMMARY Financial markets consider time value of money concepts, including present value, future value, and internal rate of return. The concept of future value recognizes that money today can often earn interest and grow to a larger amount of money in the future. Money owed today, plus interest charges, grows to larger amounts of money in the future. Interest rates provide a relationship between money now and money in the future. The present value idea is another way to look at the future value concept. Since money today grows to a larger amount in the future, obligations in the future have proportionately smaller value today. If you want to borrow money today and repay the loan with a future receivable, you will have to borrow less than the receivable. This is because a portion of the receivable will be used to pay interest charges on the loan. When we determine the present value of a future cash flow, we are said to discount the cash flow. Floating-rate cash flows can be discounted by floating discount rates, provided the interest-rate index is the same as the discount-rate index. When the cash flow payment rate is the same as the cash flow discount rate, the PV equals the principal amount, whether the interest rates are fixed or floating, known or unset. When all of the cash flows of a transaction are defined, including the up-front cash flow, financial markets refer to the interest rate which is inherent in the cash flows. This break-even interest rate is called the internal rate of return. The IRR is the interest rate which has to be used to discount the future cash flows in order to create a PV which is equal and opposite (inflow / outflow) to the up-front cash flow. IRR is used to compare alternative uses of money from the perspective of return per period or cost per period. IRR includes all payments, thus it combines normal income ideas as well as capital gains or losses. The concept of IRR can be applied to variable-rate cash flows as well.
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You have completed Unit Two, Time Value of Money. Please complete the Progress Check to test your understanding of the concepts and check your answers with the Answer Key. If you answer any questions incorrectly, please reread the corresponding text to clarify your understanding. Then, continue to Unit Three, Determining the Price and Yield of FixedRate Securities.
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PROGRESS CHECK 2.3



Directions: Determine the correct answer to each question. Check your answers with the Answer Key on the next page. Question 7: If you borrow 145, then pay 12 each year for three years plus 160 at the end of three years, what is the full interest cost (IRR) on a per-annum basis? _____a) 8.28% _____b) 7.50% _____c) 13.28% _____d) 11.36% Question 8: The internal rate of return (IRR) is the interest rate: _____a) paid by the Internal Revenue Service (IRS) on tax overpayments. _____b) earned by banks in internal transactions. _____c) which discounts all cash flows of a transaction to equal the opposite of the up-front payment. _____d) which, when used for compounding all cash flows of a transaction, creates a future value of 100. Question 9: If you pay an up-front fee of 2% when you borrow 100 for four years at an interest rate of INDEX + 1.00% (interest paid annually, principal at maturity), what is the all-in cost of the funds (IRR) of the transaction? (The four-year amortizing interest rate is 6% per annum.) _____a) INDEX + 1.50% _____b) INDEX + 1.58% _____c) INDEX + 2.50% _____d) INDEX + 3.00%
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Question 7: If you borrow 145, then pay 12 each year for three years plus 160 at the end of three years, what is the full interest cost (IRR) on a per-annum basis? N 3



I 11.36



PV -145



PMT 12



FV A 160



d) 11.36% Question 8: The internal rate of return (IRR) is the interest rate: c) which discounts all cash flows of a transaction to equal the opposite of the up-front payment. Question 9: If you pay an up-front fee of 2% when you borrow 100 for four years at an interest rate of INDEX + 1.00% (interest paid annually, principal at maturity), what is the all-in cost of the funds (IRR) of the transaction? (The four-year amortizing interest rate is 6% per annum.) N 4



INDEX + 1.00% + INDEX + 1.58%



I 6



PV -2



PMT .58



FV A 0



.58% PMT



b) INDEX + 1.58%
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UNIT 3: DETERMINING THE PRICE AND YIELD OF FIXED-RATE SECURITIES



INTRODUCTION The prices and yields of fixed-rate securities are related according to time value of money concepts, given specific quoting conventions. As with all financial transactions, the ultimate determinant of price is the agreement between the two parties to the transaction. In this unit, we briefly describe the factors influencing the price of a security, introduce the common quoting conventions, and illustrate the calculations of price and yield.



UNIT OBJECTIVES When you complete this unit, you will be able to: n



Recognize how interest-rate movements influence the price of a fixed-rate security



n



Identify common quoting conventions in fixed-rate markets



n



Calculate the price of a fixed-rate security, given its yield



n



Calculate the yield of a fixed-rate security, given its price
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DETERMINING THE PRICE AND YIELD OF FIXED-RATE SECURITIES



PRICES OF FIXED-RATE SECURITIES Risk concerns of investors



Role of underwriters



Fixed-rate securities, such as bonds, are issued by borrowers who need liquidity. The investors who buy the securities generally look for reasonable returns with acceptable amounts of risk. The risks involved include: n



Credit worthiness of the borrower



n



Liquidity of the security before maturity



n



Price risk of early liquidation due to currency and interestrate movements



Underwriters act as intermediaries to match borrowers with investors. They advise issuers about the terms of a security offering and help provide information to the investors to assure them that the issuers are a reasonable risk. Underwriters often agree to create a secondary market for the securities in order to assure investors that they can liquidate investments at reasonable prices should they need liquidity. In advising issuers, the underwriters consider the demands of the investors with whom they have a close relationship. Investors indicate the types of investments they will accept, and the underwriters attempt to find an issuer who meets the investors’ criteria and is willing to issue the type of security the investors want to purchase. Often, the intermediary must offer a swap to the issuer to help transform the issuer’s liability into acceptable terms for the issuer. (See the Swaps workbook.) Normally, the longer the term of the investment commitment, the higher the interest rate demanded by the investor.
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Investor Strategies Expectations of rising interest rates



In situations where many investors expect a rise in interest-rate levels, they likely will demand even higher returns for long-term investments. In this case, investors may prefer to invest in short-term securities or in variable-rate, longer-term securities which have periodic interest-rate payment resets. In such an environment, selling long-term, fixed-rate bonds is more difficult than usual, since bond prices tend to fall as interest rates rise.



Expectations of declining interest rates



In situations where most investors anticipate a decline in interest rates, fixed-rate bonds are easier to sell. When this expectation is combined with a normal, upward-sloping yield curve (long-term rates are higher than short-term rates), bonds are in high demand from investors and, therefore, easy to sell. In this case, investors will see a double benefit from investing in bonds: they will receive a higher coupon while they hold (own) the bond, and it is likely they will see a capital appreciation when they sell the bond. This appreciation is a result of increased demand for the old fixed rate after interest rates have declined.



Example: Appreciation potential



To illustrate this appreciation potential, consider an investor who wants to invest for one year and purchases an 8% annual-coupon, four-year bond at par (100%). (Figure 3.1)
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Figure 3.1: 8%, 4-Year Bond from the Investor’s Perspective
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DETERMINING THE PRICE AND YIELD OF FIXED-RATE SECURITIES



Suppose the investor sells the bond in one year at a price which offers the new investor a three-year return of 7%. To determine the price of the bond at that time, we calculate its present value (PV). Using a financial calculator, you can determine that the price of the bond is 102.62 as you can see illustrated in Figure 3.2. N
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Figure 3.2: Bond Price with 3-Year Return at 7%



The original investor’s one-year return is 100% of original capital plus 8% from the normal coupon plus 2.62% from the capital gain, which equals a total of 10.62% (Figure 3.3).
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1 Year



2 Years



3 Years



4 Years



Figure 3.3: One-Year Return of Original Investor with a Gain



The one-year return of 10.62% is larger than the original one-year investment opportunities, since short-term investments at that time had lower returns than the 8% four-year bond. This example is not intended to imply that investors only buy bonds when they expect rates to fall. In fact, even if rates had risen slightly, the investor would have realized a larger return from the high coupon on the four-year bond to compensate for a small capital loss on the sale of the bond.
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Need for longterm fixed-rate securities



3-5



In addition, many large institutional investors, such as insurance funds and retirement funds, have long-term liabilities such as insurance claims or retirement payments which likely will occur many years in the future. These investors may value fixed returns for the simple reason that they are guaranteed, independent of any decline in interest rates. Individual investors saving for a specific future expenditure may value the “fixed” component of a bond, even if they give up a small amount of potential return. As a result of these long-term liabilities, there is generally a market for long-term, fixed-rate securities. This market grows dramatically when long-term rates are especially large compared to short-term rates, and when there is the expectation of a fall in interest rates.



Example: Loss potential



Of course, investors do not always perfectly predict interest-rate movements. For example, the investor in the example above could have been wrong about interest rates. If the yield on three-year bonds at the end of the first year was 9% instead of 7%, the bond price would have been 97.47, as we can see in Figure 3.4.



N



I



PV



PMT



3



9



97.47



-8



Figure 3.4: Bond Price Calculation at 9%
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DETERMINING THE PRICE AND YIELD OF FIXED-RATE SECURITIES



The sale price of 97.47 will result in a capital loss of 2.53%. Total return will be 8% coupon plus 97.47 price = 105.47%. This is equivalent to a one-year, interest-rate return of 5.47%, as seen in Figure 3.5. -100
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= 105.47, 5.47% return
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Figure 3.5: One-Year Return of Original Investor with a Loss



Holding bond to maturity



In both of these situations (rising and falling interest rates), the investor planned to sell the bond after one year. That is not always the case. If an investor plans to hold a bond to maturity, s/he is not as concerned about the fluctuating secondary-market value of the bond and does not incorporate price changes into return calculations.



QUOTING CONVENTIONS Yield-tomaturity: Internal rate of return



Since there is no general agreement as to how long investors hold particular bonds, market participants refer to a bond’s yield-tomaturity (YTM). This calculation determines the internal rate of return (IRR) of a set of cash flows created by paying the purchase price of a bond and receiving the coupons plus face value. For example, if the four-year, 8% annual payment bond described above had a price of 101% of face value, its yield-to-maturity would be 7.70%, as determined with the help of a financial calculator (Figure 3.6).
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DETERMINING THE PRICE AND YIELD OF FIXED-RATE SECURITIES
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Figure 3.6: Bond Yield Calculation at 101% Price



Different financial markets have their own conventions for quoting yields. We will look at three rate-quoting conventions: bond equivalent yield, money market yield, and discount rate. Bond Equivalent Yield Bond equivalent yields are quoted according to the number of coupon payment periods. The simplest yield-quoting convention is the one used in the previous example  the annual bond equivalent yield. $QQXDO%RQG(TXLYDOHQW 
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