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Short Description

Descripción: Cambridge math textbook Year 9...



Description


1



Computation and financial mathematics



Chapter



What you will learn



1A 1B 1C 1D 1E 1F 1G 1H 1I 1J 1K 1L 1M



Computation with integers REVISION Decimal places and significant figures Rational numbers REVISION Computation with fractions REVISION Ratios, rates and best buys REVISION Computation with percentages and money REVISION Percentage increase and decrease REVISION Profits and discounts REVISION Income The PAYG income tax system Simple interest Compound interest and depreciation Using a formula for compound interest and depreciation
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NSW Syllabus



for the Australian Curriculum Strand: Number and Algebra



Substrands: COMPUTATION WITH INTEGERS FRACTIONS, DECIMALS AND PERCENTAGES FINANCIAL MATHEMATICS



Outcomes A student compares, orders and calculates with integers, applying a range of strategies to aid computation. (MA4–4NA) A student operates with fractions, decimals and percentages. (MA4–5NA) A student solves financial problems involving earning, spending and investing money. (MA5.1–4NA)



Global financial crisis The global financial crisis of 2008 and 2009 was one of the most serious financial situations since the Great Depression in the 1930s. Prior to the crisis, US interest rates were lowered to about 1%, which created access to easy credit and ‘sub-prime’ lending. House prices in the US rose about 125% in the 10 years prior to the crisis. When the housing bubble burst, house prices began to fall and lenders began foreclosing on mortgages if borrowers could not keep up with their repayments. At the beginning of the crisis, US household debt as a percentage of personal income was about 130%. As house prices collapsed, financial institutions struggled to survive due to the increased number of bad debts. The crisis expanded to cause negative growth in the US general economy and in other countries. In Australia, our sharemarket All Ordinaries Index collapsed by 55% from 6874 in November 2007 to 3112 in March 2009.



A student solves financial problems involving compound interest. (MA5.2–4NA)
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Pre-test



4



1 Evaluate each of the following. a 5+6×2 c 12 ÷ (4 × 3) + 2 e 8 − 12 g −2 × 3 11 as a: 5 a mixed number



b d f h



12 ÷ 4 × 3 + 2 3 + (18 − 2 × (3 + 4) + 1) −4 + 3 −18 ÷ (−9)



b



decimal



c



(−4)2



2 Write



3 Evaluate each of the following. 25 b a 32



d 23



3 7 or by: 4 9 a rewriting with the lowest common denominator b converting to decimals (to three decimal places where necessary).



4 Determine which is larger,



5 Arrange the numbers in each of the following sets in descending order. a 2.645, 2.654, 2.465 and 2.564 b 0.456, 0.564, 0.0456 and 0.654 6 Evaluate each of the following. a 4.26 + 3.73 b 3.12 + 6.99



c 10.89 − 3.78



7 Evaluate each of the following. a 7 × 0.2 b 0.3 × 0.2 d 4.2 × 3.9 e 14.8 ÷ 4



c 2.3 × 1.6 f 12.6 ÷ 0.07



8 Evaluate each of the following. a 0.345 × 100 c 37.54 ÷ 1000



b d



3.74 × 100 000 3.754 ÷ 100 000



9 Find the lowest common denominator for these pairs of fractions. a



1 1 and 3 5



b



1 1 and 6 4



c



1 1 and 10 5



10 Evaluate each of the following. a



2 3 + 7 7



11 Find: a 50% of 26



1 3 b 2 − 2 2



c



b 10% of 600



2 3 × 3 4



d



1 ÷2 2



c 9% of 90
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Number and Algebra



1A Computation with integers



R EVI S I ON Stage



Throughout history, mathematicians have developed number systems to investigate and explain the world in which they live. The Egyptians used hieroglyphics to record whole numbers as well as fractions, the Babylonians use a place-value system based on the number 60 and the ancient Chinese and Indians developed systems using negative numbers. Our current base-10 decimal system (the Hindu-Arabic system) has expanded to include positive and negative numbers, fractions (rational numbers) and also numbers that cannot be written as fractions (irrational numbers), for example, π and 2. All the numbers in our number system, not including imaginary numbers, are called real numbers.



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Let’s start: Special sets of numbers Here are some special groups of numbers. Can you describe what special property each group has? Try to use the correct vocabulary, for example, factors of 12. • 7, 14, 21, 28, … • 1, 4, 9, 16, 25, … • 1, 2, 3, 4, 6, 9, 12, 18, 36. • 1, 8, 27, 64, 125, … • 0, 1, 1, 2, 3, 5, 8, 13, … • 2, 3, 5, 7, 11, 13, 17, 19, …



Markets used number systems in ancient times to enable trade through setting prices, counting stock and measuring produce.



Key ideas



The integers include …, −3, −2, −1, 0, 1, 2, 3, … If a and b are positive integers – a + (−b) = a – b For example: 5 + (−2) = 5 − 2 = 3 – a − (−b) = a + b For example: 5 − (−2) = 5 + 2 = 7 – a × (−b) = −ab For example: 3 × (−2) = −6 – −a × (−b) = ab For example: −4 × (−3) = 12 a – a ÷ (−b) = − For example: 8 ÷ (−4) = −2 b a – −a ÷ (−b) = For example: −8 ÷ (−4) = 2 b Squares and cubes – a2 = a × a and a 2 = a (if a ≥ 0), for example, 62 = 36 and 36 = 6 – a3 = a × a × a and 3 a3 = a, for example, 43 = 64 and 3 64 = 4
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LCM, HCF and primes – The lowest common multiple (LCM) of two numbers is the smallest multiple shared by both numbers, for example, the LCM of 6 and 9 is 18. – The highest common factor (HCF) of two numbers is the largest factor shared by both numbers, for example, the HCF of 24 and 30 is 6. – Prime numbers have only two factors, 1 and the number itself. The number 1 is not a prime number. – Composite numbers have more than two factors. Order of operations – Deal with brackets first. – Do multiplication and division next, from left to right. – Do addition and subtraction last, from left to right.



Example 1 Operating with integers Evaluate the following. a −2 − (−3 × 13) + (−10)



b



SOLUTION



EXPLANATION



a −2 − (−3 × 13) + (−10) = −2 − (−39) + (−10) = −2 + 39 + (−10) = 37 − 10 = 27



Deal with the operations in brackets first. −a − (−b) = −a + b a + (−b) = a − b



b (−20 ÷ (−4) + (−3)) × 2 = (5 + (−3)) × 2 =2×2 =4



−a ÷ (−b) =



a b Deal with the operations inside brackets before doing the multiplication. 5 + (−3) = 5 − 3.



REVISION



WO



U



c g



3



144 8



R



HE



T



2 Evaluate the following. b 152 a 112 e 33 f 53



MA



1 Write down these sets of numbers. a The factors of 16 b The factors of 56 c The HCF (highest common factor) of 16 and 56 d The first 7 multiples of 3 e The first 6 multiples of 5 f The LCM (lowest common multiple) of 3 and 5 g The first 10 prime numbers starting from 2 h All the prime numbers between 80 and 110 d h



3



400 64
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Exercise 1A



(−20 ÷ (−4) + (−3)) × 2



LL



Key ideas
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Number and Algebra



d h l p



−9 + 18 −21 − (−30) −3 × (−14) −950 ÷ (−50)



R



HE



U



5 Find the LCM of these pairs of numbers. a 4, 7 b 8, 12 c



11, 17



d 15, 10



6 Find the HCF of these pairs of numbers. a 20, 8 b 100, 65 c



37, 17



d 23, 46



7 Evaluate the following. a 23 − 16 d (−2)3 ÷ (−4) g



3



27 − 81



b 52 − 3 8 e h



3



R



HE



T



−3 × (−2) + (−4) 2 − 7 × (−2) 4 + 8 ÷ (−2) − 3 −7 − (−4 × 8) − 15 4 × (−3) ÷ (−2 × 3) 10 × (−2) ÷ (−7 − (−2)) (−3 + 7) − 2 × (−3) −18 ÷ ((−2 − (−4)) × (−3)) (7 − 14 ÷ (−2)) ÷ 2 20 ÷ (6 × (−4 × 2) ÷ (−12) − (−1))



MA



4 Evaluate the following, showing your steps. a −4 − 3 × (−2) b c −2 × (3 − 8) d e 2 − 3 × 2 + (−5) f g (−24 ÷ (−8) + (−5)) × 2 h i −3 − 12 ÷ (−6) × (−4) j k (−6 − 9 × (−2)) ÷ (−4) l m 6 × (−5) − 14 ÷ (−2) n o −2 + (−4) ÷ (−3 + 1) p q −2 × 6 ÷ (−4) × (−3) r s 2 − (1 − 2 × (−1)) t



F PS



M AT I C A



WO



R K I NG



C



F PS



M AT I C A



c (−1)2 × (−3)



9 − 3 125



f



13 + 23 − 33



27 − 9 − 3 1



i



(−1)101 × (−1)1000 ×



3



−1



8 Evaluate these expressions by substituting a = −2, b = 6 and c = −3. a a2 − b b a − b2 c 2c + a d b2 − c2 e a3 + c2 f 3b + ac g c − 2ab h abc − (ac)2



R



HE



T



c 2 − 5 × (−2) = 6 f (−2)2 + 4 ÷ (−2) = −22



MA



9 Insert brackets into these statements to make them true. a −2 × 11 + (−2) = −18 b −6 + (−4) ÷ 2 = −5 d −10 ÷ 3 + (−5) = 5 e 3 − (−2) + 4 × 3 = −3



U



Cambridge University Press



C



F PS



M AT I C A



10 How many different answers are possible if any number of pairs of brackets is allowed to be inserted into this expression? −6 × 4 − (−7) + (−1)
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Y



WO



LL



Example 1



C



Y



−3 + 2 11 − (−4) −11 × (−2) −100 ÷ (−10)



LL



c g k o



T



−6 − 2 −6 + (−10) −21 × 4 −36 ÷ 6



R K I NG



LL



U



Y



WO



MA



3 Evaluate the following. a 5 − 10 b e 2 + (−3) f i 2 × (−3) j m 18 ÷ (−2) n



1A



R K I NG



U



MA



R



T



HE



C



F PS



Y



WO



11 Margaret and Mildred meet on a Eurostar train travelling from London to Paris. Margaret visits her daughter in Paris every 28 days. Mildred visits her son in Paris every 36 days. When will Margaret and Mildred have a chance to meet again on the train?



LL



Chapter 1 Computation and financial mathematics



M AT I C A



12 a The sum of two numbers is 5 and their difference is 9. What are the two numbers? b The sum of two numbers is −3 and their product is −10. What are the two numbers? 13 Two opposing football teams have squad sizes of 24 and 32. For a training exercise, each squad is to divide into smaller groups of equal size. What is the largest number of players in a group if the group size for both squads is the same?



WO



U



R K I NG



F



T



15 If a and b are both positive numbers and a > b, decide if the following are true or false. a a−b 0 c −a ÷ (−b) > 0 d (−a)2 − a2 = 0 e −b + a < 0 f 2a − 2b > 0
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14 a Evaluate: C R PS HE i 42 ii (−4)2 M AT I C A 2 b If a = 16, write down the possible values of a. c If a3 = 27, write down the value of a. d Explain why there are two values of a for which a2 = 16 but only one value of a for which a3 = 27. e Find 3 −27 . f Explain why −16 cannot exist (using real numbers). g −22 is the same as −1 × 22. Now evaluate: i −22 ii −53 iii −(−3)2 iv −(−4)2 2 2 h Decide if (−2) and −2 are equal. i Decide if (−2)3 and −23 are equal. j Explain why the HCF of two distinct prime numbers is 1. k Explain why the LCM of two distinct prime numbers a and b is a × b.



LL
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Number and Algebra



Enrichment: Special numbers 16 a Perfect numbers are positive integers that are equal to the sum of all their factors, excluding the number itself. i Show that 6 is a perfect number. ii There is one perfect number between 20 and 30. Find the number. iii The next perfect number is 496. Show that 496 is a perfect number. b Triangular numbers are the number of dots required to form triangles as shown in this table. i Complete this table. Number of rows Diagram Number of dots (triangular number)



1



· 1



2



·



·



3



· ·



·



4



5



6



· · · ·



3



ii Find the 7th and 8th triangular numbers. c Fibonacci numbers are a sequence of numbers where each number is the sum of the two preceding numbers. The first two numbers in the sequence are 0 and 1. i Write down the first 10 Fibonacci numbers. ii If the Fibonacci numbers were to be extended in the negative direction, what would the first four negative Fibonacci numbers be?



Fibonacci numbers have many applications in nature, such as in the structure of an uncurling fern frond.



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



Cambridge University Press



9



10



Chapter 1 Computation and financial mathematics



1B Decimal places and significant figures



Stage



Numbers with and without decimal places can be rounded depending on the level of accuracy required. When using numbers with decimal places it is common to round off the number to leave only a certain number of decimal places. The time for a 100-metre sprint race, for example, might be 9.94 seconds. Due to the experimental nature of science and engineering, not all the digits in all numbers are considered important or ‘significant’. In such cases we are able to round numbers to within a certain For road construction purposes, the volume of sand in these piles would number of significant figures (sometimes only need to be known to two or three significant figures. abbreviated to sig. fig.). The number of cubic metres of gravel required for a road, for example, might be calculated as 3485 but is rounded to 3500. This number has been written using two significant figures.



Let’s start: Plausible but incorrect



Key ideas



Johnny says that the number 2.748 when rounded to one decimal place is 2.8 because: • the 8 rounds the 4 to a 5 • then the new 5 rounds the 7 to an 8. What is wrong with Johnny’s theory?



To round a number to a required number of decimal places: – Locate the digit in the required decimal place. – Round down (leave as is) if the next digit (critical digit) is 4 or less. – Round up (increase by 1) if the next digit is 5 or more. For example: – To two decimal places, 1.543 rounds to 1.54 and 32.9283 rounds to 32.93. – To one decimal place, 0.248 rounds to 0.2 and 0.253 rounds to 0.3. To round a number to a required number of significant figures: – Locate the first non-zero digit counting from left to right. – From this first significant digit, count out the number of significant digits including zeros. – Stop at the required number of significant digits and round this last digit. – Replace any non-significant digit to the left of a decimal point with a zero. For example, these numbers are all rounded to three significant figures: 2.5391 ≈ 2.54, 0.002713 ≈ 0.00271, 568 810 ≈ 569 000.
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Number and Algebra



Example 2 Rounding to a number of decimal places Round each of these to two decimal places. a 256.1793 b 0.04459



c 4.8972



SOLUTIO N



EXPLANATI ON



a 256.1793 ≈ 256.18



The number after the second decimal place is 9, so round up (increase the 7 by 1).



b 0.04459 ≈ 0.04



The number after the second decimal place is 4, so round down. 4459 is closer to 4000 than 5000.



c 4.8972 ≈ 4.90



The number after the second decimal place is 7, so round up. Increasing by 1 means 0.89 becomes 0.90.



Example 3 Rounding to a number of significant figures Round each of these numbers to two significant figures. a 2567 b 23 067.453



c 0.04059



SOLUTIO N



EXPLANATI ON



a 2567 ≈ 2600



The first two digits are the first two significant figures. The third digit is 6, so round up. Replace the last two non-significant digits with zeros.



b 23 067.453 ≈ 23 000



The first two digits are the first two significant figures. The third digit is 0, so round down.



c 0.04059 ≈ 0.041



Locate the first non-zero digit, i.e. 4. So 4 and 0 are the first two significant figures. The next digit is 5, so round up.



Example 4 Estimating using significant figures Estimate the answer to the following by rounding each number in the problem to one significant figure and use your calculator to check how reasonable your answer is. 27 + 1329.5 × 0.0064 SOLUTIO N



EXPLANATI ON



27 + 1329.5 × 0.0064 ≈ 30 + 1000 × 0.006 = 30 + 6 = 36



Round each number to one significant figure and evaluate. Recall multiplication occurs before the addition.



The estimated answer is reasonable.



By calculator (to one decimal place): 27 + 1329.5 × 0.0064 = 35.5
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WO



R K I NG



U



R



MA



1 Choose the number to answer each question. a Is 44 closer to 40 or 50? b Is 266 closer to 260 or 270? c Is 7.89 closer to 7.8 or 7.9? d Is 0.043 closer to 0.04 or 0.05?



T



HE



C



F PS



Y



Exercise 1B



LL



12



M AT I C A



2 Choose the correct answer if the first given number is rounded to 3 significant figures. a 32 124 is rounded to 321, 3210 or 32 100 b 431.92 is rounded to 431, 432 or 430 c 5.8871 is rounded to 5.887, 5.88 or 5.89 d 0.44322 is rounded to 0.44, 0.443 or 0.44302 e 0.0019671 is rounded to 0.002, 0.00197 or 0.00196 3 Using one significant figure rounding, 324 rounds to 300, 1.7 rounds to 2 and 9.6 rounds to 10. a Calculate 300 × 2 ÷ 10. b Use a calculator to calculate 324 × 1.7 ÷ 9.6. c What is the difference between the answer in part a and the exact answer in part b?



5 Round these numbers to the nearest whole number. a 6.814 b 73.148 c 129.94



d 36 200.49



6 Use division to write these fractions as decimals rounded to three decimal places. 1 2 13 400 a b c d 3 7 11 29 Example 3



Example 4



7 Round each of these numbers to two significant figures. a 2436 b 35057.4 c 0.06049 e 107 892 f 0.00245 g 2.0745



d 34.024 h 0.7070



8 Round these numbers to one significant figure. a 32 000 b 194.2 c 0.0492



d 0.0006413



9 Estimate the answers to the following by rounding each number in the problem to one significant figure. Check how reasonable your answer is with a calculator. a 567 + 3126 b 795 − 35.6 c 97.8 × 42.2 d 965.98 + 5321 − 2763.2 e 4.23 − 1.92 × 1.827 f 17.43 − 2.047 × 8.165 g 0.0704 + 0.0482 h 0.023 × 0.98 i 0.027 ÷ 0.0032 k 0.078 × 0.98032 l 1.84942 + 0.972 × 7.032 j 41.0342
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d 47.859 h 500.5749 l 2649.9974



T



4 Round each of the following numbers to two decimal places. a 17.962 b 11.082 c 72.986 e 63.925 f 23.807 g 804.5272 i 821.2749 j 5810.2539 k 1004.9981



MA



Example 2



U



LL



WO



M AT I C A
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Number and Algebra



R



T



HE



R K I NG



C



F PS



M AT I C A



11 28.4 × 2.94 × 11.31 is calculated by first rounding each of the three numbers. Describe the type of rounding that has taken place if the answer is: a 900 b 893.2 c 924 12 150 m of fencing and 18 posts are used to create an area in the shape of an equilateral triangle. Posts are used in the corners and are evenly spaced along the sides. Find the distance between each post. Write your answer in metres rounded to the nearest centimetre. 13 A tonne (1000 kg) of soil is to be equally divided between 7 garden beds. How much soil does each garden bed get? Write your answer in tonnes rounded to the nearest kilogram.
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10 An electronic timer records the time for a running relay between two teams A and B. Team A’s time is 54.283 seconds and team B’s time is 53.791 seconds. Find the difference in the times for teams A and B if the times were written down using: a 1 decimal place b 4 significant figures c 2 significant figures d 1 significant figure



U



LL



WO



1B



WO



MA



15 A scientific experiment uses very small amounts of magnesium (0.0025 g) and potassium (0.0062 g). Why does it make sense to use two significant figures instead of two decimal places when recording numbers in a situation like this? 16 Consider the two numbers 24 and 26. a Calculate: i 24 + 26 ii 24 × 26 b Find the sum (+) of the numbers after rounding each number using one significant figure. c Find the product (×) of the numbers after rounding each number using one significant figure. d What do you notice about the answers for parts b and c as compared to part a? Give an explanation.



Minute amounts of reagents are commonly used in chemistry laboratories.



Enrichment: nth decimal place 17 a b



c d



e



2 as a decimal correct to 8 decimal places. 11 Using the decimal pattern from part a find the digit in the: i 20th decimal place ii 45th decimal place iii 1000th decimal place. 1 Express as a decimal correct to 13 decimal places. 7 Using the decimal pattern from part c find the digit in the: i 20th decimal place ii 45th decimal place iii 1000th decimal place. Can you find any fraction whose decimal representation is non-terminating and has no pattern? Use a calculator to help. Express
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T



14 Should 2.14999 be rounded down or up if it is to be rounded to one decimal place? Give reasons.
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14



M AT I C A
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Number and Algebra



1C Rational numbers



R EVI S I ON Stage



Under the guidance of Pythagoras around 500 bc, it was discovered that some numbers could not be expressed as a fraction. These special numbers, called irrational numbers, when written as a decimal continue forever and do not show any pattern. So to write these numbers exactly, you need to use special symbols such as 2 and π. If, however, the decimal places in a number terminate or if a pattern exists, the number can be expressed as a fraction. These numbers are called rational numbers. This is 2 to 100 decimal places:



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



1. 4142135623730950488016887 2420969807856967187537694 8073176679737990732478462 1070388503875343276415727



Let’s start: Approximating π



A non-terminating decimal is one in which the decimal places continue indefinitely. Real numbers Rational numbers (Fractions) (e.g.



48 1 , 6 3



Irrational numbers (e.g. √2, pi (π ), phi (ϕ) − the golden ratio)



)



Terminating decimals (e.g. 8, 1.2, −6.123)



Recurring decimals Non-terminating non-recurring decimals (e.g. 0.5, −1.4, 2.345) (e.g. π = 3.14159..., ϕ = 1.618033..., √2 = 1.414213...)



Equivalent fractions have the same value. 2 6 For example: = 3 9 A fraction is simplified by dividing the numerator and denominator by their highest common factor. a If is a proper fraction, then a < b. b 2 For example: 7



a is an improper fraction, then a > b. b 10 For example: 3 A mixed number is written as a whole number plus a proper fraction. 3 For example: 2 5 If
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Key ideas



To simplify calculations, the ancient and modern civilisations have used fractions to approximate π. To 10 decimal places, π = 3.1415926536. • Using single digit numbers, what fraction best approximates π? • Using single and/or double digit numbers, find a fraction that is a good approximation of π. Compare with others students to see who has the best approximation.



16



Key ideas



Chapter 1 Computation and financial mathematics



Fractions can be compared using a common denominator. This should be the lowest common multiple of both denominators. A dot or bar is used to show a pattern in a recurring decimal number. .. . For example: 1 = 0.16666 ... = 0.16 or 3 = 0.272727 ... = 0.27 or 0. 27 6 11



Example 5 Writing fractions as decimals Write these fractions as decimals. 3 a 3 8



b



5 13



SOLUTIO N



EXPL ANATI ON



0.3 7 5 a 8 3 .3 06 0 4 0



3 by dividing 8 into 3 using the 8 short division algoritm.



)



Find a decimal for



3 3 = 3.375 8



Divide 13 into 5 and continue until the pattern repeats. Add a bar over the repeating pattern.



0.3 8 4 6 1 5 3 b 13 5 .5 01106 08 0 2 0 7 0 5 0



)



5 = 0.384615 13



. . Writing 0. 384615 is an alternative.



Example 6 Writing decimals as fractions Write these decimals as fractions. a 0.24 SOLUTIO N



Write as a fraction using the smallest place value (hundredths) then simplify using the HCF of 4.



24 100 6 = 25 2385 1000 477 = 200 77 =2 200



2.385 EXPL ANATI ON



a 0.24 =



b 2.385 =



b



or



385 1000 77 =2 200 2



The smallest place value is thousandths. Simplify to an improper fraction or a mixed number.
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Number and Algebra



Example 7 Comparing fractions Decide which fraction is larger. 7 8 or 12 15 EXPLANATION



LCM of 12 and 15 is 60.



Find the lowest common multiple of the two denominators (lowest common denominator). Write each fraction as an equivalent fraction using the common denominator. Then compare numerators (i.e. 35 > 32) to determine the larger fraction.



7 35 8 32 = and = 12 60 15 60 7 8 ∴ > 12 15



REVISION



WO



d



326 53



1 2



d 18



20 120



d −72



9



R



HE



T



2 Write these numbers as improper fractions. 1 4 c a 1 b 5 3 7



48 11



MA



1 Write these numbers as mixed numbers. 7 13 b c a 5 3



U



R K I NG



C



F PS



LL



Exercise 1C



Y



SOLUTION



M AT I C A



4 13



3 Simplify these numbers by cancelling. a



4 10



b



8 58



c



4



c



3 9 = 7



125 1000



4 Write down the missing number.



4



=



21 28



b f



5 20 = 6 9



=



42 54



g



3



=



15 50



d h



5 = 11 77 11



=



121 66



WO



c g



6 Write these fractions as recurring decimals. 3 7 a b c 11 9 5 10 g e f 3 6 9



2 5 37 16



15 8 7 h 32



3



d



9 7



5 12 29 h 11



7



d



4 15



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



R



HE



T



Example 5b



5 Write these fractions as decimals. 11 7 a b 4 20 5 4 f 3 e 2 8 5
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e



3 = 5 15



LL



a
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d 0.56 h 7.375 l 2.101



3.7 3.32 6.45



8 Decide which is the larger fraction in the following pairs. 3 5 13 3 7 8 a , b , c , 4 6 20 5 10 15 e



7 5 , 16 12



f



26 11 , 35 14



g



7 19 , 12 30



c



8 23 7 , , 15 40 12



d



5 7 , 12 18



h



7 11 , 18 27
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Example 7



7 Write these decimals as fractions. a 0.35 b 0.06 e 1.07 f 0.075 i 2.005 j 10.044



M AT I C A



9 Place these fractions in descending order. a



3 5 7 , , 8 12 18



b



1 5 3 , , 6 24 16



10 Express the following quantities as simplified fractions. a $45 out of $100 b 12 kg out of 80 kg c 64 baskets out of 90 shots in basketball d 115 mL out of 375 mL



WO



1 5 4 , , , 3 6 3



,



b



6 14 2 , , , 5 15 3



,



c



2 3 5 , , , 3 4 6



,



d



1 4 9 , , , 2 7 14



,



12 The ‘Weather Forecast’ website says there is a 0.45 chance that it will rain tomorrow. The ‘Climate Control’ website says that 14 the chance of rain is . Which website 30 gives the least chance that it will rain? 1 13 A jug has 400 mL of strength orange 2 juice. The following amounts of full-strength juice are added to the mix. Find a fraction to describe the strength of the orange drink after the full-strength juice is added. a 100 mL b 50 mL c



The chance of rain can be expressed as a decimal, a fraction or a percentage.



120 mL



R



HE



T



a



MA



11 These sets of fractions form a pattern. Find the next two fractions in the pattern.



U



d 375 mL
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HE



Enrichment: Converting recurring decimals to fractions 17 Here are two examples of conversion from recurring decimals to fractions. . 0. 6 = 0.6666..... 1.27 = 1.272 727.... Let x = 0.6666…. (1) Let x = 1.272 727…. (1) 10x = 6.6666… (2) 100x = 127.2727…. (2) (2) − (1) 9x = 6 (2) − (1) 99x = 126 6 2 126 x= = x= 9 3 99 . 2 126 27 3 ∴ 0. 6 = ∴ 1.27 = =1 =1 3 99 99 11 Convert these recurring decimals to fractions using the above method. . . a 0. 8 b 1. 2 c 0.81 d 3.43 e 9.75



f



0.132



g



2.917



h 13.8125
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b 15 a is a mixed number with unknown digits a, b and c. Write it as an improper fraction. c a 16 If is a fraction, answer the given questions with reasons. b a Is it possible to find a fraction that can be simplified by cancelling if one of a or b is prime? b Is it possible to find a fraction that can be simplified by cancelling if both a and b are prime? Assume a ≠ b. a c If is a fraction in simplest form, can a and b both be even? b a d If is a fraction in simplest form, can a and b both be odd? b
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14 If x is an integer, determine what values x can take in the following. x a The fraction is a number between (and not including) 10 and 11. 3 x b The fraction is a number between (and not including) 5 and 8. 7 34 c The fraction is a number between 6 and 10. x 23 d The fraction is a number between 7 and 12. x x e The fraction is a number between (and not including) 3 and 4. 14 58 is a number between 9 and 15. f The fraction x
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1D Computation with fractions



R EVI S I ON Stage



Computation with integers can be extended to include rational and irrational numbers. The operations include addition, subtraction, multiplication and division. Addition and subtraction of fractions is generally more complex than multiplication and division because there is the added step of finding common denominators.



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Let’s start: The common errors Here are incorrect solutions to four computations involving fractions. •



2 5 2 × 5 10 × = = 3 3 3 3



•



7 7 7 14 2 1 ÷ = ÷ = = 6 3 6 6 6 12



Fractions are all around you and part of everyday life.



•



2 1 2 +1 3 = + = 3 2 3+ 2 5



•



1 2 3 4 1 1 − = 1 − = −1 2 3 6 6 6



1



Key ideas



In each case describe what is incorrect and give the correct solution. To add or subtract fractions, first convert each fraction to equivalent fractions that have the same denominator. – Choose the lowest common denominator. – Add or subtract the numerators and retain the denominator. 1 2 3 4 7 1 For example: + = + = = 1 2 3 6 6 6 6 To multiply fractions, multiply the numerators and multiply the denominators. – Cancel the highest common factor between any numerator and any denominator before multiplication. – Convert mixed numbers to improper fractions before multiplying. – The word ‘of’ usually means ‘multiplied by’. 1 1 For example: of 24 = × 24 . 3 3 The reciprocal of a number multiplied by the number itself is equal to 1. 1 1 – For example: the reciprocal of 2 is since 2 × = 1 . 2 2 3 5 3 5 the reciprocal of = since × = 1. 5 3 5 3 To divide a number by a fraction, multiply by its reciprocal. 2



2 5 2 6 4 ÷ = × = 3 6 31 5 5 – Whole numbers can be written using a denominator of 1. For example: 6 can be written as 6. 1 For example:
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Example 8 Adding and subtracting fractions Evaluate the following. 1 3 a + 2 5 SOLUTIO N a



1 3 5 6 + = + 2 5 10 10



11 1 or 1 10 10 2 5 5 29 b 1 +4 = + 3 6 3 6 10 29 = + 6 6 39 = 6 13 1 = or 6 2 2 2 5 4 5 Alternatively, 1 + 4 = 1 + 4 3 6 6 6 9 =5 6 3 =6 6 1 =6 2 2 3 17 11 − c 3 −2 = 5 4 5 4 68 55 = − 20 20 13 = 20 =



b



2 5 1 +4 3 6



c



2 3 3 −2 5 4



EXPL ANATI ON The lowest common denominator of 2 and 5 is 10. Rewrite as equivalent fractions using a denominator of 10. Add the numerators. Change each mixed number to an improper fraction. Remember the lowest common denominator of 3 and 5 6 is 6. Change to an equivalent fraction with 3 denominator 6, then add the numerators and simplify.



Alternative method: add whole numbers and fractions separately, obtaining a common denominator for the ⎛ 2 4⎞ fractions ⎜ = ⎟ . ⎝ 3 6⎠ 9 3 =1 6 6



Convert to improper fractions, then rewrite as equivalent fractions with the same denominator.



Subtract the numerators.
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Example 9 Multiplying fractions Evaluate the following. 2 5 a × 3 7



b



SOLUTIO N a



2 1 1 ×2 3 10 EXPL ANATI ON



2 5 2×5 × = 3 7 3×7 10 = 21



No cancelling is possible as there are no common factors between numerators and denominators. Multiply the numerators and denominators. 7



2 1 1 5 21 × b 1 ×2 = 3 10 1 3 10 2



Rewrite as improper fractions. Cancel common factors between numerators and denominators and then multiply numerators and denominators.



7 1 or 3 2 2



=



Example 10 Dividing fractions Evaluate the following. 4 12 a ÷ 15 25



b



SOLUTIO N a



17 1 ÷1 18 27



EXPL ANATI ON



4 12 4 25 ÷ = × 15 25 15 12



To divide by



4 25 = × 12 3 3 15 =



Cancel common factors between numerators and denominators then multiply fractions.



5 9



17 1 35 28 ÷1 = ÷ 18 27 18 27 = =



12 25 we multiply by its reciprocal . 25 12



5



1



b 1



1



5



Rewrite mixed numbers as improper fractions. 3



35 27 × 28 4 2 18



Multiply by the reciprocal of the second fraction.



15 7 or 1 8 8
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=



1 2 2 b 1 − = − 3 5 3 5 =



6



=



15 14



−



c



=



15



6



6 Evaluate the following. 4 2 a − b 5 5 8 5 e − f 9 6 Example 8c



7 Evaluate the following. 3 1 a 2 −1 4 4 5 9 d 3 −2 8 10



g



5 4 + 7 7 2 3 + 5 10



d h



3 4 b 2 + 5 5 5 5 e 2 +4 7 9 4 7 − 5 9 3 1 − 8 4



c g



5 7 b 3 −2 8 8 2 5 e 2 −1 3 6



3 1 − 4 5 5 3 − 9 8



3 1 + 4 5 4 5 + 9 27 3 5 c 1 +3 7 7 5 3 f 10 + 7 8 16



2 3 − 5 10 5 5 h − 12 16 d



1 3 c 3 −2 4 5 7 3 f 3 −2 11 7
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5 Evaluate the following. 1 3 a 3 +1 4 4 1 2 d 2 +4 3 5



c



LL



5 2 5 ÷ = × 3 7 3



U



3 1 + 9 9 3 4 + 8 5



F PS
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Example 8b



4 Evaluate the following. 2 1 a + b 5 5 1 4 e + f 3 7
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a



3 8 , 10 15 13 2 , 29 3 22



R



MA



1 Find the lowest common denominator for these pairs of fractions. 1 1 3 5 2 1 a , b , c , d 2 3 7 9 5 13 1 1 9 4 5 7 e , f , g , h 2 4 11 33 12 30 2 Convert these mixed numbers to improper fractions. 1 4 1 b 7 c 10 d a 2 3 5 4 3 Copy and complete the given working.
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6 5 ×1 21 9 1 h 1 ×4 4 d



C



F PS
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25 7 ×1 44 15 1 1 p 1 ×1 5 9



l



9 Write down the reciprocal of these numbers. 5 1 a 3 b c 7 8 Example 10



HE



R K I NG



Y



2 5 × 15 8 5 ×9 6 10 2 ×1 21 5 2 1 2 ×2 3 4



T



1 1 m 1 ×1 2 2



3 5 × 5 6 2 f 8× 3 5 j 1 × 16 8 1 1 n 1 ×2 2 3 b



R



MA



2 3 × 5 7 3 e 6× 4 1 i 2 ×6 2 a



U



LL



WO



8 Evaluate the following.



d



13 9



10 Evaluate the following. 4 3 ÷ 7 5 3 9 e ÷ 4 16 5 i 15 ÷ 6 4 m ÷8 5 1 q 6 ÷1 2 a



3 2 ÷ 4 3 4 8 f ÷ 5 15 2 j 6÷ 3 3 n ÷9 4 1 r 1 ÷8 3



b



c g k o s



5 7 ÷ 8 9 8 4 ÷ 9 27 3 12 ÷ 4 8 ÷6 9 1 1 2 ÷1 4 2



3 4 ÷ 7 9 15 20 h ÷ 42 49 3 l 24 ÷ 8 1 p 14 ÷ 4 5 2 1 t 4 ÷5 3 3



d



WO



f



4 6 1 × ÷ 9 25 150 4 3 3 2 × ÷3 13 8 4



R
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T



c



MA



11 Evaluate these mixed-operation computations. 2 1 7 4 3 9 a × ÷ b × ÷ 3 3 9 5 5 10 1 3 3 1 13 1 e 5 × ÷1 d 2 × ÷1 5 7 14 3 24 6



U



R K I NG



C



M AT I C A



12 To remove impurities a mining company 1 5 filters 3 tonnes of raw material. If 2 2 8 tonnes are removed, what quantity of material remains? 13 When a certain raw material is processed 1 3 it produces 3 tonnes of mineral and 2 7 8 tonnes of waste. How many tonnes of raw material were processed? 1 1 The concentration (proportion) of the desired mineral within 14 In a 2 hour maths exam, of that time is an ore body is vital information in the minerals industry. 2 6 allocated as reading time. How long is the reading time? © David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party
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1 1 3 2 2 −1 = 2 −1 2 3 6 6 1 =1 6 Try this technique on the following problem and explain the difficulty that you encounter. 1 1 2 −1 3 2 a 18 a A fraction is given by . Write down its reciprocal. b b b A mixed number is given by a . Write an expression for its reciprocal. c 19 If a, b and c are integers, simplify the following. b a a b a × b ÷ a b b a a c a abc bc d × ÷ e ÷ b a b a a



c f



a a ÷ b b a b b ÷ × b c a



Enrichment: Fraction operation challenge 20 Evaluate the following. 1 2 1 a 2 −1 × 2 3 5 7



b



1 1 1 1 × 1 − 2 ÷ 10 4 5 2



4 1 2 1 c 1 × 4 + ×1 5 6 3 5



d



3⎞ 5 ⎛ 2 ⎜⎝ 1 3 + 1 4 ⎟⎠ ÷ 3 12



f



⎛ 1 3⎞ ⎛ 1 3⎞ ⎜⎝ 1 5 − 4 ⎟⎠ × ⎜⎝ 1 5 − 4 ⎟⎠



2⎞ ⎛ 1 2⎞ ⎛ 1 g ⎜2 −1 ⎟ × ⎜2 +1 ⎟ ⎝ 4 3⎠ ⎝ 4 3⎠



h



3⎞ ⎛ 1 3⎞ ⎛ 1 ⎜⎝ 3 2 + 1 5 ⎟⎠ × ⎜⎝ 3 2 − 1 5 ⎟⎠



3⎞ ⎛ 2 3⎞ ⎛ 2 ⎜⎝ 2 3 − 1 4 ⎟⎠ × ⎜⎝ 2 3 + 1 4 ⎟⎠



j



2⎞ ⎛ 1 1⎞ ⎛ 1 ⎜⎝ 4 2 − 3 3 ⎟⎠ ÷ ⎜⎝ 1 3 + 2 ⎟⎠



e 4



i



1 ⎛ 1 1⎞ ÷ 1 +1 ⎟ 6 ⎜⎝ 3 4⎠
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1 15 A road is to be constructed with 15 m3 of 2 1 crushed rock. If a small truck can carry 2 m3 of 3 crushed rock, how many truckloads will be needed? 1 16 Regan worked for 7 hours in a sandwich 2 shop. Three-fifths of her time was spent cleaning up and the rest was spent serving customers. How much time did she spend serving customers?
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1E Ratios, rates and best buys



R EVI S I ON Stage



Fractions, ratios and rates are used to compare quantities. A lawnmower, for example, might require 1 of a litre of oil to make a petrol mix of 2 parts oil 6 to 25 parts petrol, which is an oil to petrol ratio of 2 to 25 or 2 : 25. The mower’s blades might then spin at a rate of 1000 revolutions per minute (1000 rev/min).



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Two-stroke lawnmowers run on petrol and oil mixed in a certain ratio.



Let’s start: The lottery win



Key ideas



$100 000 is to be divided up for three lucky people into a ratio of 2 to 3 to 5 (2 : 3 : 5). Work out how the money is to be divided. • Clearly write down your method and answer. There may be many different ways to solve this problem. • Write down and discuss the alternative methods suggested by other students in the class.



Ratios are used to compare quantities with the same units. – The ratio of a to b is written a : b. – Ratios in simplest form use whole numbers that have no common factor. The unitary method involves finding the value of one part of a total. – Once the value of one part is found, then the value of several parts can easily be determined. A rate compares related quantities with different units. – The rate is usually written with one quantity compared to a single unit of the other quantity. For example: 50 km per 1 hour or 50 km/h. Ratios and rates can be used to determine best buys when purchasing products.



Example 11 Simplifying ratios Simplify these ratios. a 38 : 24



b 2



1 1 :1 2 3



c 0.2 : 0.14



SOLUTION



EXPLANATION



a 38 : 24 = 19 : 12



The HCF of 38 and 24 is 2 so divide both sides by 2.
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b 2



1 1 5 4 :1 = : 2 3 2 3 15 8 = : 6 6 = 15 : 8



Write as improper fractions using the same denominator. Then multiply both sides by 6 to write as whole numbers.



c 0.2 : 0.14 = 20 : 14 = 10 : 7



Multiply by 100 to convert both numbers into whole numbers. Divide by the HCF.



Example 12 Dividing into a given ratio $300 is to be divided into the ratio 2 : 3. Find the value of the larger portion using the unitary method. SOLUTIO N



EXPL ANATI ON



Total number of parts is 2 + 3 = 5 5 parts = $300 1 1 part = of $300 5 = $60



Use the ratio 2 : 3 to get the total number of parts.



Larger portion = 3 × $60 = $180



Calculate the value of 3 parts.



Calculate the value of each part.



Example 13 Simplifying rates Write these rates in simplest form. a 120 km every 3 hours SOLUTIO N 120 a 120 km per 3 hours = km/h 3 = 40 km/h 1 b 5000 revolutions per 2 minutes 2 = 10 000 revolutions per 5 minutes 10 000 = rev/min 5 = 2000 rev/min



b



1 5000 revolutions in 2 minutes 2 EXPL ANATI ON Divide by 3 to write the rate compared to 1 hour.



First multiply by 2 to remove the fraction. Then divide by 5 to write the rate using 1 minute.
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Example 14 Finding best buys a Which is better value? 5 kg of potatoes for $3.80 or 3 kg for $2.20 b Find the cost of 100 g of each product then decide which is the best buy. 400 g of shampoo A at $3.20 or 320 g of shampoo B at $2.85 SOLUTION



EXPLANATION



a Method A. Price per kg. 5 kg bag. 1 kg costs $3.80 ÷ 5 = $0.76 3 kg bag. 1 kg costs $2.20 ÷ 3 = $0.73 ∴ The 3 kg bag is better value.



Divide each price by the number of kilograms to find the price per kilogram. Then compare.



Method B. Amount per $1. 5 kg bag. $1 buys 5 ÷ 3.8 = 1.32 kg 3 kg bag. $1 buys 3 ÷ 2.2 = 1.36 kg ∴ The 3 kg bag is better value.



Divide each amount in kilograms by the cost to find the weight per $1 spent. Then compare.



b Shampoo A. 100 g costs $3.20 ÷ 4 = $0.80 Shampoo B. 100 g costs $2.85 ÷ 3.2 = $0.89



Alternatively, divide by 400 to find the cost of 1 g then multiply by 100. Alternatively, divide by 320 to find the cost of 1 g then multiply by 100.



∴ Shampoo A is the best buy.



REVISION



: 12 = 1 : 4



f 4:



: 28 = 16 : 36



c 5 : 8 = 15 : g 8:



= 640 : 880



d 7 : 12 = 42 : h



: 4 = 7.5 : 10



2 Consider the ratio of boys to girls of 4 : 5. a What is the total number of parts? b What fraction of the total are boys? c What fraction of the total are girls? d If there are 18 students in total, how many of them are boys? e If there are 18 students in total, how many of them are girls?
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1 Write down the missing number. : 10 b 3:7= a 2:5=



WO



Cambridge University Press



R K I NG



C



F PS



Y



Exercise 1E



LL



28



M AT I C A



29



Number and Algebra



HE



Odometers in cars record the distance travelled.



c 4 kg costs $10



k



6 Write each of the following as a ratio in simplest form. Hint: convert to the same units first. a 80c : $8 b 90c : $4.50 c 80 cm : 1.2 m d 0.7 kg : 800 g e 2.5 kg : 400 g f 30 min : 2 hours g 45 min : 3 hours h 4 hours : 50 min i 40 cm : 2 m : 50 cm j 80 cm : 600 mm : 2 m k 2.5 hours : 1.5 days l 0.09 km : 300 m : 1.2 km Example 12



7 Divide $500 into these given ratios using the unitary method. a 2:3 b 3:7 c 1:1



d 7 : 13



8 420 g of flour is to be divided into a ratio of 7 : 3 for two different recipes. Find the smaller amount. 9 Divide $70 into these ratios. a 1:2:4 b 2:7:1 Example 13



c



8:5:1



10 Write these rates in simplest form. a 150 km in 10 hours 1 b 3000 revolutions in 1 minutes 2 1 c 15 swimming strokes in of a minute 3 d 56 metres in 4 seconds e 180 mL in 22.5 hours 1 f 207 heartbeats in 2 minutes 4



The correct ratio of ingredients in a recipe has to be maintained when the amount of product to be made is changed.
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42 : 28 3 3 :1 8 4 1.6 : 0.56
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b 5 kg costs $15



5 Simplify these ratios. a 6 : 30 b 8 : 20 1 2 1 1 e 1 :3 f 2 :1 4 5 2 3 i 0.3 : 0.9 j 0.7 : 3.5
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Example 11
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4 Find the cost of 1 kg if: a 2 kg costs $8
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3 A car is travelling at a rate (speed) of 80 km/h. a How far would it travel in: 1 i 3 hours? ii hour? 2 1 iii 6 hours? 2 b How long would it take to travel: i 400 km? ii 360 km? iii 20 km?
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12 Determine the best buy in each of the following. a 2 kg of washing powder for $11.70 or 3 kg for $16.20 b 1.5 kg of red delicious apples for $4.80 or 2.2 kg of royal gala apples for $7.92 c 2.4 litres of orange juice for $4.20 or 3 litres of orange juice for $5.40 d 0.7 GB of internet usage for $14 or 1.5 GB for $30.90 with different service providers



Example 14b



13 Find the cost of 100 g of each product below then decide which is the best buy. a 300 g of coffee A at $10.80 or 220 g of coffee B at $8.58 b 600 g of pasta A for $7.50 or 250 g of pasta B for $2.35 c 1.2 kg of cereal A for $4.44 or 825 g of cereal B for $3.30 U
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17 The dilution ratio for a particular chemical with water is 2 : 3 (chemical to water). If you have 72 litres of chemical, how much water is needed to dilute the chemical?



Concentrations of substances in water or solvents are ratios.



19 Julie is looking through the supermarket catalogue for her favourite cookies-and-cream ice-cream. She can buy 2 L of triple-chocolate ice-cream for $6.30 while the cookies-and-cream ice-cream is usually $5.40 for 1.2 L. What saving does there need to be on the price of the 1.2 L container of cookies-andcream ice-cream for it to be of equal value to the 2 L triple-chocolate container?
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16 When a crate of twenty 375 mL soft-drink cans is purchased, the cost works out to be $1.68 per litre. A crate of 30 of the same cans is advertised as being a saving of 10 cents per can compared with the 20-can crate. Calculate how much the 30-can crate costs.
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15 If a prize of $6000 was divided among Georgia, Leanne and Maya in the ratio of 5 : 2 : 3, how much did each girl get?



18 Amy, Belinda, Candice and Diane invested money in the ratio of 2 : 3 : 1 : 4 in a publishing company. If the profit was shared according to their investment, and Amy’s profit was $2400, find the profit each investor made.
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14 Kirsty manages a restaurant. Each day she buys watermelons and mangoes in the ratio of 3 : 2. How many watermelons did she buy if, on one day, the total number of watermelons and mangoes was 200?
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11 Hamish rides his bike at an average speed of 22 km/h. How far does he ride in: 1 3 a 2 hours? b hours? c 15 minutes? 2 4
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23 If a : b is in simplest form, state whether the following are true or false. a a and b must both be odd. b a and b must both be prime. c At least one of a or b is odd. d The HCF of a and b is 1. 24 A ratio is a : b with a < b and a and b are positive integers. Write an expression for the: a total number of parts b fraction of the smaller quantity out of the total c fraction of the larger quantity out of the total.



Enrichment: Mixing drinks 25 Four jugs of cordial have a cordial-to-water ratio as shown and a given total volume. Jug



Cordial-to-water ratio



Total volume



1 2 3 4



1:5 2:7 3:5 2:9



600 mL 900 mL 400 mL 330 mL



a How much cordial is in: i jug 1? ii jug 2? b How much water is in: i jug 3? ii jug 4? c If jugs 1 and 2 were mixed together to give 1500 mL of drink: i how much cordial is in the drink? ii what is the ratio of cordial to water in the drink? d Find the ratio of cordial to water if the following jugs are mixed. i Jugs 1 and 3 ii Jugs 2 and 3 iii Jugs 2 and 4 iv Jugs 3 and 4 e Which combination of two jugs gives the strongest cordialto-water ratio?



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



R



HE



T



22 2.5 kg of cereal A costs $4.80 and 1.5 kg of cereal B costs $2.95. Write down at least two different methods to find which cereal is a better buy.
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21 A quadrilateral (with angle sum 360°) has interior angles in the ratio 1 : 2 : 3 : 4. Find the size of each angle.
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20 The ratio of the side lengths of one square to another is 1 : 2. Find the ratio of the areas of the two squares.
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1F Computation with percentages and money



R EVI S I ON Stage



We use percentages for many different things in our daily lives. Some examples are loan rates, the interest given on term deposits and discounts on goods. We know from our previous studies that a percentage is a fraction that has a denominator of 100. ‘Per cent’ comes from the Latin word per centum and means ‘out of 100’.



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Let’s start: Which is the largest piece?



Key ideas



Four people receive the following portions of a cake: • Milly 25.5% 1 • Tom 4 • Adam 0.26 • Mai The left over a Which person gets the most cake and why? b How much cake does Mai get? What is her portion written as a percentage, decimal and fraction?



To change a decimal or a fraction into a percentage, multiply by 100%. To change a percentage into a fraction or decimal, divide by 100%. x% x x% = = 100% 100 A percentage of a number can be found using multiplication. For example: 25% of $26 = 0.25 × $26 = $6.50 To find an original amount, use the unitary method or use division. For example: if 3% of an amount is $36: – Using the unitary method: 1% of the amount is $36 ÷ 3 = $12 ∴ 100% of the amount is $12 × 100 = $1200 – Using division: 3% of the amount is $36 0.03 × amount = $36 amount = $36 ÷ 0.03 = $1200
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Example 15 Converting between percentages, decimals and fractions a Write 0.45 as a percentage. b Write 25% as a decimal. 1 c Write 3 % as a fraction. 4 SOLUTIO N



EXPL ANATI ON



a 0.45 = 0.45 × 100% = 45%



Multiply by 100%. This moves the decimal point 2 places to the right.



b 25% = 25% ÷ 100% = 0.25



Divide by 100%. This moves the decimal point 2 places to the left.



1 1 c 3 % = 3 % ÷ 100% 4 4 13 1 = × 4 100 13 = 400



Divide by 100%. Write the mixed number as an improper fraction and 1 multiply by the reciprocal of 100 (i.e. ). 100



Example 16 Writing a quantity as a percentage Write 50c out of $2.50 as a percentage. SOLUTIO N



EXPL ANATI ON 1



50 × 100% 250 5 = 20%



50c out of $2.50 =



Convert to the same units ($2.50 = 250c) and write as a fraction. Multiply by 100%, cancelling first.



Example 17 Finding a percentage of a quantity Find 15% of $35. SOLUTIO N



EXPL ANATI ON 3



15 × $35 20 100 105 = 20 = $5.25



15% of $35 =



Write the percentage as a fraction out of 100 and multiply by $35. Note: ‘of’ means to ‘multiply’.
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Example 18 Finding the original amount Determine the original amount if 5% of the amount is $45. EXPLANATION



Method B. Division 5% of amount = $45 0.05 × amount = $45 amount = $45 ÷ 0.05 = $900



Exercise 1F



To use the unitary method, find the value of 1 part or 1% then multiply by 100 to find 100%.



Write 5% as a decimal then divide both sides by this number to find the original amount.
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9 1 Divide these percentages by 100% to write them as fractions. For example, 9% = . 100 Simplify where possible. a 3% b 11% c 35% d 8%
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Method A. Unitary 5% of the amount = $45 1% of the amount = $9 100% of the amount = $900 So the original amount is $900



LL



SOLUTION



M AT I C A



2 Divide these percentages by 100% to write them as decimals. For example, 9% = 0.09. a 4% b 23% c 86% d 46.3% d 0.9 1 h 8



Example 15c



d 0.7 h 3.1



5 Write each of the following as decimals. a 67% b 30% c 3 5 e 4 % f 10 % g 4 8



d 8% 1 h 44 % 4



250% 2 30 % 5



6 Write each part of Question 5 as a simplified fraction.
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Example 15b



4 Write each of the following as a percentage. a 0.34 b 0.4 c 0.06 e 1 f 1.32 g 1.09



MA



Example 15a
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3 Write these simple decimals and fractions as percentages. a 0.5 b 0.6 c 0.25 3 1 1 e f g 4 2 5
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Number and Algebra



Percentage



10%



Fraction



M AT I C A



4 0.9



5% 0.25 0.2 1 8 1%



37.5% 1 33 % 3 2 66 % 3



1 3



1 9



0.625 . 0.2



1 6



8 Convert each of the following to a percentage. a $3 out of $12 b $6 out of $18 d $44 out of $22 e $140 out of $5



c $0.40 out of $2.50 f 45c out of $1.80



9 Find: a 10% of $360 d 12.5% of 240 km 1 g 33 % of 750 people 3



c 75% of 64 kg f 87.5% of 400 m 3 i 8 % of $560 4



b 50% of $420 e 37.5% of 40 apples 2 h 66 % of 300 cars 3



10 Determine the original amount if: a 10% of the amount is $12 b 6% of the amount is $42 c 3% of the amount is $9 d 40% of the amount is $2.80 e 90% of the amount is $0.18 f 35% of the amount is $140 c 25% of x is $127 f 110% of x is $44
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13 Joe lost 4 kg and now weighs 60 kg. What percentage of his original weight did he lose?
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1 12 Bad weather stopped a cricket game for 35 minutes of a scheduled 3 hour match. 2 What percentage of the scheduled time was lost?
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11 Determine the value of x in the following if: a 10% of x is $54 b 15% of x is $90 d 18% of x is $225 e 105% of x is $126
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Example 16



Decimal
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Y



Decimal
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Fraction
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Percentage
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7 Copy and complete this table. Use the simplest form for fractions.
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14 About 80% of the mass of the human body is water. If Clare is 60 kg, how many kilograms of water make up her body weight?
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15 In a class of 25 students, 40% have been to England. How many students have not been to England? 16 20% of the cross-country runners in a school team weigh between 60 and 70 kg. If 4% of the school of 1125 students are in the cross-country team, how many students in the team weigh between 60 and 70 kg? 17 One week Grace spent 16% of her weekly wage on a new bookshelf that cost $184. What is her weekly wage?



MA



19 What can be said about the numbers x and y if: a 10% of x = 20% of y? b 10% of x = 50% of y? c 5% of x = 3% of y? d 14% of x = 5% of y?



Enrichment: More than 100% 20 a Find 120% of 60. b Determine the value of x if 165% of x = 1.5. c Write 2.80 as a percentage. d Write 325% as a fraction. e $2000 in a bank account increases to $5000 over a period of time. By how much has the amount increased as a percentage?
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18 Consider the equation P% of a = b (like 20% of 40 = 8 or 150% of 22 = 33). a For what value of P is P% of a = a? b For what values of P is P% of a > a? c For what values of P is P% of a < a?
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Number and Algebra



1G Percentage increase and decrease



R EVI S I ON Stage



Percentages are often used to describe the proportion by which a quantity has increased or decreased. The price of a car in the new year might be increased by 5%. On a $70 000 car, this equates to a $3500 increase. The price of a shirt might be marked down by 30% and if the shirt originally cost $60, this provides an $18 discount. It is important to note that the increase or decrease is calculated on the original amount.



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Let’s start: The quicker method



To increase an amount by a given percentage, multiply by the sum of 100% and the given percentage. For example: to increase by 30%, multiply by 100% + 30% = 130% = 1.3 To decrease an amount by a given percentage, multiply by 100% minus the given percentage. For example: to decrease by 25%, multiply by 100% − 25% = 75% = 0.75 To find a percentage change use: change Percentage change = × 100% % original amount



Example 19 Increasing by a percentage Increase $70 by 15%. SOLUTION



EXPLANATION



100% + 15% = 115% = 1.15



First add 15% to 100%.



$70 × 1.15 = $80.50



Multiply by 1.15 to give $70 plus the increase in one step.



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



Cambridge University Press



Key ideas



Two students, Nicky and Mila, consider the question: $250 is increased by 15%. What is the final amount? Nicky puts his solution on the board with two steps. Step 1. 15% of $250 = 0.15 × $250 = $37.50 Step 2. Final amount = $250 + $37.50 = $287.50 Mila says that the same problem can be solved with only one step using the number 1.15. • Can you explain Mila’s method? Write it down. • What if the question was altered so that $250 is decreased by 15%. How would Nicky’s and Mila’s methods work in this case? • Which of the two methods do you prefer and why?
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Example 20 Decreasing by a percentage Decrease $5.20 by 40%. SOLUTIO N



EXPLANATI ON



100% − 40% = 60% = 0.6 $5.20 × 0.6 = $3.12



First subtract 40% from 100% to find the percentage remaining. Multiply by 60% = 0.6 to get the result.



Example 21 Finding a percentage change a The price of a mobile phone increases from $250 to $280. Find the percentage increase. b The population of a town decreases from 3220 to 2985. Find the percentage decrease and round to one decimal place. SOLUTIO N



EXPL ANATI ON



a Increase = $280 − $250 = $30 30 100 Percentage increase = × % 250 1 = 12%



First find the actual increase.



b Decrease = 3220 − 2985 = 235 235 100 × % Percentage decrease = 3220 1 = 7.3%



First find the actual decrease.



Divide the increase by the original amount and multiply by 100%.



Divide the decrease by the original population. Round as indicated.



Example 22 Finding the original amount After rain, the volume of water in a tank increased by 24% to 2200 L. How much water was in the tank before it rained? Round to the nearest litre. SOLUTIO N



EXPLANATI ON



100% + 24% = 124% = 1.24



Write the total percentage as a decimal.



Original volume × 1.24 = 2200 ∴ original volume = 2200 ÷ 1.24 = 1774 litres



The original volume is increased by 24% to give 2200 litres. Divide to find the original volume.
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1 Write the missing number. a To increase a number by 40%, multiply by ________. b To increase a number by 26%, multiply by ________. c To increase a number by ________, multiply by 1.6. d To increase a number by ________, multiply by 1.21. e To decrease a number by 20%, multiply by ________. f To decrease a number by 73%, multiply by ________. g To decrease a number by _______, multiply by 0.94. h To decrease a number by _______, multiply by 0.31.
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2 The price of a watch increases from $120 to $150. a What is the price increase? b Write this increase as a percentage of the original price. 3 A person’s weight decreases from 108 kg to 96 kg. a What is the weight decrease? b Write this decrease as a percentage of the original weight. Round to one decimal place.



Example 21a



1.6 m (15%) $1200 (10.2%)



5 Decrease the given amounts by the percentage given in the brackets. a 24 cm (20%) b 35 cm (30%) c 42 kg (7%) e $90 (12.8%) f 220 mL (8%) g 25°C (28%)



d h



55 min (12%) $420 (4.2%)



6 The length of a bike sprint race is increased from 800 m to 1200 m. Find the percentage increase.



7 From the age of 10 to the age of 17, Nick’s height increased from 125 cm to 180 cm. Find the percentage increase. Example 21b



8 The temperature at night decreased from 25°C to 18°C. Find the percentage decrease.
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Example 20



4 Increase the given amounts by the percentage given in the brackets. a $50 (5%) b 35 min (8%) c 250 mL (50%) e 24.5 kg (12%) f 25 watts (44%) g $13 000 (4.5%)
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9 Brett, a rising sprint star, lowered his 100 m time from 13 seconds flat to 12.48 seconds. Find the percentage decrease.
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10 Find the percentage change in these situations, rounding to one decimal place in each case. a 22 g increases to 27 g b 86°C increases to 109°C c 136 km decreases to 94 km d $85.90 decreases to $52.90
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11 After a price increase of 20% the cost of entry to a museum rose to $25.80. Find the original price.
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12 Average attendance at a sporting match rose by 8% in the past year to 32 473. Find the average in the previous year to the nearest whole number. 13 A car decreased in value by 38% to $9235 when it was resold. What was the original price of the car to the nearest dollar? 14 After the redrawing of boundaries, land for a council electorate had decreased by 14.5% to 165 420 hectares. What was the original size of the electorate to the nearest hectare? 15 The total price of an item including GST (at 10%) is $120. How much GST is paid to the nearest cent? 16 A consultant charges a school a fee of $300 per hour including GST (at 10%). The school hires the consultant for 2 hours but can claim back the GST from the government. Find the net cost of the consultant for the school to the nearest cent.



MA



17 An investor starts with $1000. a After a bad day the initial investment is reduced by 10%. Find the balance at the end of the day. b The next day is better and the balance is increased by 10%. Find the balance at the end of the second day. c The initial amount decreased by 10% on the first day and increased by 10% on the second day. Explain why the balance on the second day didn’t return to $1000.
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18 During a sale in a bookstore all travel guides are reduced from $30 by 20%. What percentage increase is required to take the price back to $30?
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Enrichment: Repeated increase and decrease 21 If the cost of a pair of shoes was increased three times by 10%, 15% and 8% from an original price of $80, then the final price would be $80 × 1.10 × 1.15 × 1.08 = $109.30 Use a similar technique to find the final price of these items. Round to the nearest cent. a Skis starting at $450 and increasing by 20%, 10% and 7% b A computer starting at $2750 and increasing by 6%, 11% and 4% c A DVD player starting at $280 and decreasing by 10%, 25% and 20% d A circular saw starting at $119 and increasing by 18%, 37% and 11% 22 If an amount is increased by the same percentage each time, powers can be used. For example 50 kg increased by 12% three times would increase to: 50 kg × 1.12 × 1.12 × 1.12 = 50 kg × (1.12)3 = 70.25 kg (to two decimal places) Use a similar technique to find the final value in these situations. Round to two decimal places. a The mass of a rat initially at 60 grams grows at a rate of 10% every month for 3 months. b The cost of a new lawnmower initially at $80 000 increases by 5% every year for 4 years. c The value of a house initially at $380 000 decreases by 4% per year for 3 years. d The length of a pencil initially at 16 cm decreases through being sharpened by 15% every week for 5 weeks.
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20 The cost of an item is increased by 75%. What percentage decrease is required to return to its original price? Round to two decimal places.
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19 The cost of an item is reduced by 50%. What percentage increase is required to return to its original price?
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1H Profits and discounts



R EVI S I ON Stage



Percentages are widely used in the world of finance. Profits, losses, commissions, discounts and taxation are often expressed and calculated using percentages.



Mozzie Fashion



Take another



10% off all sale stock



when you spend over $100. Vouche



r available until the end of Novem



eber.



Did Australia vote Yes or No?



Goal Score Accuracy Top Players



Let’s start: The best discount



Voting Poll Results



Adam Peese: 97% Patrick Mann: 84% Geoff Neilson: 72% Jake Mark: 69%



Yes



60%



No



40%



Unemployment Down 3.2% Two adjacent book shops are selling the Is this the start of the modern Great Depress same book at a discounted price. The Did You Know? ion? recommended retail price for the book is Kills 99.9 % the same for both shops. Each shop has a of germs off sign near the book with the given details: • Shop A. Discounted by 25% • Shop B. Reduced by 20% then take a Examples of percentages used in the media further 10% off that. Which shop offers the bigger discount? Is the difference equal to 5% of the retail price?



sale



Key ideas



50%



written by Sarah O’Co



nnel



Around 24 per cent of Australia’s residents were born overseas. Australia has 10 per cent of the world’s gold resources. Over 90 per sent of Australia is dry, flat and arid



About 70 per cent of the population lives in the 10 largest cities



Profit is the amount of money made on a sale. If the profit is negative, we say that a loss has been made. – Profit = selling price − cost price Mark-up is the amount added to the cost price to produce the selling price. – Selling price = cost price + mark-up The percentage profit or loss can be found by dividing the profit or loss by the cost price and multiplying by 100%. – % Profit/Loss =



profit/loss × 100% cost price



Discount is the amount by which an item is marked down. – New price = original price − discount – Discount = % discount × original price



Example 23 Determining profit A manufacturer produces an item for $400 and sells it for $540. a Determine the profit made. b Express this profit as a percentage of the cost price.



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



Cambridge University Press



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Number and Algebra



SOLUTIO N



EXPL ANATI ON



a Profit = $540 − $400 = $140



Profit = selling price − cost price



140 × 100% 400 = 35%



b % profit =



% profit =



profit × 100% cost price



Example 24 Calculating selling price from mark-up An electrical store marks up all entertainment systems by 30%. If the cost price of one entertainment system is $8000, what will be its selling price? SOLUTIO N



EXPLANATI ON



Mark-up = 30% of $8000 = 0.3 × 8000 = $2400



Change percentage to a decimal and evaluate.



∴ selling price = 8000 + 2400 = $10 400



Selling price = cost price + mark-up



Alternative method Selling price = 130% of cost price = 1.3 × 8000 = $10 400



Alternatively, since there is a 30% mark-up added to the cost price (100%), it follows that the selling price is 130% of the cost price.



Example 25 Finding the discount amount Harvey Norman advertises a 15% discount on all equipment as a Christmas special. Find the sale price on a projection system that has a marked price of $18 000. SOLUTIO N



EXPLANATI ON



Discount = 15% of $18 000 = 0.15 × 18 000 = $2700



Change the percentage to a decimal and evaluate.



∴ new price = 18 000 − 2700 = $15 300



New price is original price minus discount.



Alternative method New price = 85% of $18 000 = 0.85 × 18 000 = $15 300



Alternatively, discounting by 15% means the new price is 85%, i.e. (100 − 15)% of the original price.
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Example 26 Calculating sale saving Toys ‘R’ Us discounts a toy by 10%, due to a sale. If the sale price was $10.80, what was the original price? EXPLANATION



Let $x be the original price. 0.9 × x = 10.8 x = 10.8 ÷ 0.9 x = 12



The discount factor = 100% − 10% = 90% = 0.9. Thus $10.80 is 90% of the original price. Write an equation representing this and solve.



The original price was $12.



Write the answer in words.



Exercise 1H



REVISION



WO



MA



Cost price ($)



7



18



24.80



Selling price ($)



10



15.50



26.20



Profit/Loss ($)



b



c



11.80



99.95



199.95



10



Selling price ($)



40.95



179.95



595.90



Original price ($)



100



49.95



29.95



New price ($)



72



40.90



Discount ($)



7.25



3250 1180 loss 18 000



700



16 700



1499.95



35 499



26 995 2215



176



299.95



23



45.55



178



2 The following percentage discounts are given on the price of various products. State the percentage of the original price that each product is selling for. a 10% b 20% c 15% d 8%



Percentage discounts in a sale tell us how much the price is reduced by.
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4.50 profit



Cost price ($) Mark-up ($)



460.95
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1 Write the missing numbers in these tables. a
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Number and Algebra



4 Dom runs a pizza business. Last year he took in $88 000 and it cost him $33 000 to run. What is his percentage profit for the year? Round to the nearest cent. 5 It used to take 20 hours to fly to Los Angeles. It now takes 12 hours. What is the percentage decrease in travel time? 6 Rob goes to the races with $600 in his pocket. He leaves at the end of the day with $45. What is his percentage loss? Example 24



7 Helen owns a handicrafts store that has a policy of marking up all of its items by 25%. If the cost price of one article is $30, what will be its selling price? 8 Lenny marks up all computers in his store by 12.5%. If a computer cost him $890, what will be the selling price of the computer, to the nearest dollar? 9 A dining room table sells for $448. If its cost price was $350 determine the percentage mark-up on the table. 10 A used-car dealer purchases a vehicle for $13 000 and sells it for $18 500. Determine the percentage mark-up on the vehicle to one decimal place.



Example 25



11 A store is offering a 15% discount for customers who pay with cash. Rada wants a microwave oven marked at $175. How much will she pay if she is paying with cash? 12 A camera store displays a camera marked at $595 and a lens marked at $380. Sam is offered a discount of 22% if he buys both items. How much will he pay for the camera and lens?



Example 26



13 A refrigerator is discounted by 25%. If Paula pays $460 for it, what was the original price? Round to the nearest cent.



14 Maria put a $50 000 deposit on a house. What is the cost of the house if the deposit is 15% of the total price? Round to the nearest dollar.
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3 A manufacturer produces and sells items for the prices shown. i Determine the profit made. ii Express this profit as a percentage of the cost price. a Cost price $10, selling price $12 b Cost price $20, selling price $25 c Cost price $120, selling price $136.80 d Cost price $1400, selling price $3850
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15 A store marks up a $550 widescreen television by 30%. During a sale it is discounted by 20%. What is the percentage change in the original price of the television?
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16 An armchair was purchased for a cost price of $380 and marked up to a retail price. It was then discounted by 10% to a sale price of $427.50. What is the percentage mark-up from the cost price to the sale price? 17 Pairs of shoes are manufactured for $24. They are sold to a warehouse with a mark-up of 15%. The warehouse sells the shoes to a distributor after charging a holding fee of $10 per pair. The distributor sells them to Fine Shoes for a percentage profit of 12%. The store then marks them up by 30%. a Determine the price of a pair of shoes if you buy it from one of the Fine Shoes stores (round to the nearest 5 cents). b What is the overall percentage mark-up of a pair of shoes to the nearest whole percent?
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18 An item before being sold includes a percentage mark-up as well as a sale discount. Does it make a difference in which order the mark-up and discount occur? Explain your answer.



U



20 John buys a car for $75 000. The value of the car depreciates at 15% per year. After 1 year the car is worth 85% of its original value, i.e. 85% of $75 000 = 0.85 × 75 000 = $63 750. a What is the value of the car, to the nearest cent, after: i 2 years? ii 5 years? b After how many years will the car first be worth less than $15 000?



Enrichment: Deposits and discounts 21 A car company offers a special discount deal. After the cash deposit is paid, the amount that remains to be paid is discounted by a percentage that is one tenth of the deposit percentage. For example, a deposit of $8000 on a $40 000 car represents 20% of the cost. The remaining $32 000 will be discounted by 2%. Find the amount paid for each car given the following car price and deposit. Round to two decimal places where necessary. a Price = $35 000, deposit = $7000 b Price = $45 000, deposit = $15 000 c Price = $28 000, deposit = $3500 d Price = $33 400, deposit = $5344 e Price = $62 500, deposit = $5000 f Price = $72 500, deposit = $10 150
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19 Depreciation relates to a reduction in value. A computer depreciates in value by 30% in its first year. If its original value is $3000, find its value after one year.
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1I Income



Stage



For many people, income is made up largely of the money they receive from their paid work – their job. Depending on the job, this payment can be made by a number of different methods. Many professional workers will receive an annual fixed salary, which may be paid monthly or fortnightly. Casual workers, including those working in the retail area or restaurants, may receive a wage where they are paid a rate per hour worked – this rate may be higher out of regular working hours such as weekends or public holidays. Many sales people, including some real estate agents, may receive a weekly fee (a retainer) but may also receive a set percentage of the amount of sales they make (a commission). From their income, people have to pay living costs such as electricity, rent, groceries and other items. In addition, they have to pay tax to the government, which funds many of the nation’s infrastructure projects and welfare. The method in which this tax is paid from their income may also vary.



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Let’s start: Which job pays better? Ben and Nick are both looking for part-time jobs and they spot the following advertisements. Kitchen hand



Office assistant



$9.40 per hour, $14.10 per hour on weekends.



Receive $516 per month for 12 hours work per week.



Workers who earn a wage (for example, a casual waiter) are paid a fixed rate per hour. Hours outside the normal working hours (public holidays etc.) are paid at a higher rate called overtime. This can occur in a couple of common ways: – Time and a half: pay is 1.5 times the usual hourly rate – Double time: pay is twice the usual hourly rate Workers who earn a salary (for example, an engineer) are paid a fixed amount per year, say $95 000. This is often paid monthly or fortnightly. – 12 months in a year and approximately 52 weeks in a year = 26 fortnights
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• Nick chooses to work as the kitchen hand. If in his first week he works 4 hours during the week and 8 hours at the weekend, how much will he earn? • Ben works as the office assistant. How much does he earn per week if he works 4 weeks in a month? What does his hourly rate turn out to be? • If Nick continues to work 12 hours in a week, does he earn more than Ben if he only works on week days? How many weekday hours must Nick work to match Ben’s pay? • Out of the 12 hours, what is the minimum number of hours Nick must work at the weekend to earn at least as much as Ben?
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Some wage and salary earners are paid leave loading. When they are on holidays, they earn their normal pay plus a bonus called leave loading. This is usually 17.5% of their normal pay. 100% + 17.5% = 117.5% = 1.175 A



× 1.175



B Holiday pay $1762.50



Normal pay $1500 ÷ 1.175



Leave loading = 17.5% of A = $262.50 Some people are paid according to the number of items they produce. This is called piecework. Commission is a proportion of the overall sales amount. Salespeople may receive a commission of their sales as well as a set weekly or monthly fee called a retainer. – Commission = % commission × total sales A person’s gross income is the total income that they earn. The net income is what is left after deductions, such as tax and union fees, are subtracted. – Net income = gross income − deductions Taxation is paid to the government once a person’s taxable income passes a set amount. The amount paid depends on the person’s taxable income.



Example 27 Comparing wages and salaries Ken earns an annual salary of $59 735 and works a 38-hour week. His wife Brooke works part time in retail and earns $21.60 per hour. a Calculate how much Ken earns per week. b Determine who has the higher hourly rate of pay. c If Brooke works on average 18 hours per week, what is her yearly income? d Ken takes a 4-week holiday on normal pay plus leave loading. How much will he be paid during his holiday? SOLUTIO N



EXPL ANATI ON



a Weekly rate = $59 735 ÷ 52 = $1148.75 ∴ Ken earns $1148.75 per week



$59 735 pay in a year. There are approximately 52 weeks in a year.



b Brooke: $21.60/h Ken: $1148.75 ÷ 38 = $30.23/h ∴ Ken is paid more per hour.



Ken works 38 hours in week. Hourly rate = weekly rate ÷ number of hours. Round to the nearest cent. Compare hourly rates.
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c In one week: $21.80 × 18 = $392.40 Yearly income = $392.4 × 52 = $20 404.80



Weekly income = hourly rate × number of hours.



d Ken earns $1148.75 per week. 1148.75 × 4 = $4595 normal pay $4595 × 1.175 = $5399.13 (to 2 decimal places)



Ken receives his normal pay for 4 weeks.



Multiply by 52 weeks to get yearly income.



To add on leave loading, multiply normal pay by 1.175.



Example 28 Calculating overtime Georgie works some weekends and late nights in addition to normal working hours and has overtime pay arrangements with her employer. a Calculate how much Georgie earns if she works 16 hours during the week at the normal hourly rate of $18.50 and 6 hours on the weekend at time and a half. b Georgie’s hourly rate is changed. In a week she works 9 hours at the normal rate, 4 hours at time and a half and 5 hours at double time. If she earns $507.50, what is her hourly rate? SOLUTIO N a Earnings at normal rate = 16 × $18.50 = $296 Earnings at time and half = 6 × 1.5 × $18.50 = $166.50 ∴ total earnings = $296 + $166.50 = $462.50 or 6 hours of time and half = 6 × 1.5 = 9 hours of normal time 9 + 16 = 25 25 × $18.50 = $462.50 b Equivalent hours worked in week = 9 + (4 × 1.5) + (5 × 2) = 9 + 6 + 10 = 25 hours Hourly rate = $507.50 ÷ 25 = $20.30 ∴ Georgie earns $20.30 per hour



EXPL ANATI ON 16 hours at standard rate Time and a half is 1.5 times the standard rate.



Combine earnings.



Georgie’s pay is equivalent to working 25 hours of normal time.



Calculate the number of equivalent hours worked. 4 hours at time and half is the same pay as for working 6 hours (4 × 1.5), 5 hours at double time is the same as working 10 hours (5 × 2). Divide weekly earnings by the 25 equivalent hours worked.



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



Cambridge University Press



49



Chapter 1 Computation and financial mathematics



Example 29 Calculating commission and piecework a A saleswoman is paid a retainer of $1500 per month. She also receives a commission of 1.25% on the value of goods she sells. If she sells goods worth $5600 during the month, calculate her earnings for that month. b David is paid for picking fruit. He is paid $35 for every bin he fills. Last week he worked 8 hours per day for 6 days and filled 20 bins. Calculate his hourly rate of pay. SOLUTION



EXPLANATION



a Commission = 1.25% of $5600 = 0.0125 × $5600 = $70 Earnings = $1500 + $70 = $1570



Calculate the commission on sales. Change the percentage to a decimal and evaluate.



b $35 × 20 = $700 8 × 6 = 48 hours $700 ÷ 48 = $14.58 (to 2 decimal places)



This is David’s pay for the week: 20 bins at $35 each.



Earnings = retainer + commission



This is David’s hourly rate.
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MA



2 A shop assistant is paid $11.40 per hour. Calculate the assistant’s earnings from the following hours worked. a 7 hours b 5.5 hours c 4 hours at twice the hourly rate (double time) d 6 hours at 1.5 times the hourly rate (time and a half) 3 Find the commission earned on the given sales figures if the percentage commission is 20%. a $1000 b $280 c $4500 d $725.50 4 Find the net weekly income given the following payslip.



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



R



HE



T



1 An employee has an annual salary of $47 424 and works 38 hour weeks. Find the average earnings: a per month b per week c per hour



U



Cambridge University Press



R K I NG



C



F PS



Y



Exercise 1I



LL



50



M AT I C A



51



Number and Algebra



6 Mary earns $800 per week. Calculate her holiday pay for 4 weeks, including leave loading at 17.5%.



Example 28a



7 A job has a normal working hours pay rate of $9.20 per hour. Calculate the pay including overtime from the following hours worked. a 3 hours and 4 hours at time and a half b 4 hours and 6 hours at time and a half c 14 hours and 3 hours at double time d 20 hours and 5 hours at double time e 10 hours and 8 hours at time and a half and 3 hours at double time f 34 hours and 4 hours at time and a half and 2 hours at double time



Example 28b



9 Jim, a part-time gardener, earned $261 in a week. If he worked 12 hours during normal working hours and 4 hours overtime at time and a half, what was his hourly rate of pay? 10 Sally earned $329.40 in a week. If she worked 10 hours during the week and 6 hours on Saturday at time and a half and 4 hours on Sunday at double time, what was her hourly rate of pay?
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8 Calculate how many hours at the standard hourly rate the following working hours are equivalent to. a 3 hours and 2 hours at double time b 6 hours and 8 hours at time and a half c 15 hours and 12 hours at time and a half d 10 hours time and a half and 5 hours at double time e 20 hours and 6 hours at time and a half and 4 hours at double time f 32 hours and 4 hours at time and a half and 1 hour at double time
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Example 27a–c



Calculate the hourly rate of pay for a 38-hour working week with an annual salary of: i $38 532 ii $53 352 iii $83 980 b Calculate the yearly income for someone who earns $24.20 per hour and in a week works, on average: i 24 hours ii 35 hours iii 16 hours
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11 Amy works at Best Bookshop. During one week she sells books valued at $800. If she earns $450 per week plus 5% commission, how much does she earn in this week?



M AT I C A



12 Jason works for a caravan company. If he sells $84 000 worth of caravans in a month, and he earns $650 per month plus 4% commission on sales, how much does he earn that month? 13 For each of the following find the: i annual net income ii percentage of gross income paid as tax. Round to one decimal place where necessary. a Gross annual income = $48 241, tax withdrawn = $8206 b Gross annual income = $67 487, tax withdrawn = $13 581.20 c Gross monthly income = $4041, tax withdrawn = $606.15 d Gross monthly income = $3219, tax withdrawn = $714.62 WO
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F 14 Arrange the following workers in order of most to least earned in a week of work. C R PS • Adam has an annual salary of $33 384. HE M AT I C A • Bill works for 26 hours at a rate of $22.70 per hour. • Cate earns $2964 per month. (Assume 52 weeks in a year.) • Diana does shift work 4 days of the week between 10 p.m. and 4 a.m. She earns $19.90 per hour before midnight and $27.50 per hour after midnight. • Ed works 18 hours at the normal rate of $18.20 per hour, 6 hours at time and a half and 4 hours at double time in a week. T



15 Stephen earns an hourly rate of $17.30 for the first 38 hours, time and a half for the next 3 hours and double time for each extra hour above that. Calculate his earnings if he works 44 hours in a week. 16 Jessica works for Woods Real Estate and earns $800 per week plus 0.05% commission. If this week she sold three houses valued at $334 000, $210 000 and $335 500 respectively, how much will she have earned? 17 A door-to-door salesman sells 10 security systems in one week at $1200 each. For the week, he earns a total of $850, including a retainer of $300 and a commission. Find his percentage commission correct to two decimal places. 18 Mel is taking her holidays. She receives $2937.50. This includes her normal pay and 17.5% leave loading. How much is the leave loading? 19 Mike delivers the local newspaper. He is paid $30 to deliver 500 newspapers. How much is he paid for each one?
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21 A car salesman earns 2% commission on sales up to $60 000 and 2.5% on sales above that. a Determine the amount earned on sales worth: i $46 000 ii $72 000 b Write a rule for the amount (A dollars) earned on sales of $x if: i x ≤ 60 000 ii x > 60 000



22 Kim has a job selling jewellery. She is about to enter into one of two new payment plans: • Plan A: $220 per week plus 5% of sales • Plan B: 9% of sales and no set weekly retainer a What value of sales gives the same return from each plan? b Explain how you would choose between plan A and plan B.
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20 Karl is saving and wants to earn $90 from a casual job paying $7.50 per hour. C R PS HE a How many hours must he work to earn $90? M AT I C A b Karl can also work some hours for which he is paid time and a half. He decides to work x hours at the normal rate and y hours at time and a half to earn $90. If x and y are both positive whole numbers, find the possible combinations for x and y.
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Enrichment: Reading and interpreting an example of a payslip including superannuation 23 The following payslip is given at the end of every fortnight to a part-time teacher who is employed for 3 days per week (6 days per fortnight). PAYSLIP EMPLOYER: ABC School EMPLOYEE: J. Bloggs Fortnight ending: 17/06/2012



AWARD:



Teachers



EARNINGS



QUANTITY



RATE



AMOUNT



Ordinary pay



6.00



339.542307



$2037.25



AMOUNT



DETAILS



DEDUCTIONS Tax



$562.00



PROVISIONS



EARNED



TAKEN



BALANCE



Superannuation



$183.35



0.00



$2756.02



SUMMARY PAY DATE GROSS TAX DEDUCTIONS NET



17/06/2012 $2037.25 $562.00 $0.00 $1475.25



Year to date $30 766.42 $8312.00 $0.00 $22 454.42



a Use the internet to research and answer parts i–iv. i Find the meaning of the word ‘superannuation’. ii Why is superannuation compulsory for all workers in Australia? iii What percentage of gross income is compulsory superannuation? iv What happens to the superannuation that is paid to employees? b This employee earned $2037.25 (before tax) plus $183.35 superannuation. Was this the correct amount of superannuation? c According to the ‘year to date’ figures, how much tax has been paid? d Using the ‘year to date’ figures, express the tax paid as a percentage of the gross income. e Complete this sentence: For this worker, approximately _______ cents in every dollar goes to the Australian Taxation Office (ATO).
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1J The PAYG income tax system



Stage



It has been said that there are only two sure things in life: death and taxes! The Australian Taxation Office (ATO) collects taxes on behalf of the government to pay for education, hospitals, roads, railways, airports and services such as the police and fire brigades. In Australia, the financial year runs from 1 July to 30 June the following year. People engaged in paid employment are normally paid weekly or fortnightly. Most of them pay some income tax every time they are paid for their work. This is known as the Pay-As-You-Go (PAYG) system. At the end of the financial year (30 June), workers complete an income tax return to determine if they have paid the correct amount of income tax during the year. If they have paid too much, they will receive a refund. If they have not paid enough, they will be required to pay more. The tax system is very complex and the laws change frequently. This section covers the main aspects only.



5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



Let’s start: The ATO website



Key ideas



The Australian Taxation Office website has some income tax calculators. Use one to find out how much income tax you would need to pay if your taxable income is: • $5200 per annum ($100 per week) • $10 400 per annum ($200 per week) • $15 600 per annum ($300 per week) • $20 800 per annum ($400 per week) • $26 000 per annum ($500 per week) Does a person earning $1000 per week pay twice as much tax as a person earning $500 per week? Does a person earning $2000 per week pay twice as much tax as a person earning $1000 per week? The PAYG tax system can be illustrated as follows:



U You (the employee and tax payer)



B The boss (your employer)



T



(The Australian Taxation Office or ATO)



U works for and gets paid by B every week, fortnight or month. B calculates the tax that U should pay for the amount earned by U. B sends that tax to T every time U gets paid. T passes the income tax to the Federal Government. © David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party
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On 30 June, B gives U a payment summary to confirm the amount of tax that has been paid to T on behalf of U. Between 1 July and 31 October, U completes a tax return and sends it to T. Some people pay a registered tax agent to do this return for them. On this tax return, U lists the following: – all forms of income, including interest from investments – legitimate deductions shown on receipts and invoices, such as work-related expenses and donations. Taxable income is calculated using the formula: Taxable income = gross income − deductions The ATO website includes tables and calculators, such as the following: Taxable income



Tax on this income



0–$18 200



Nil



$18 201– $37 000



19c for each $1 over $18 200



$37 001– $80 000



$3 572 plus 32.5c for each $1 over $37 000



$80 001–$180 000



$17 547 plus 37c for each $1 over $80 000



$180 001 and over



$54 547 plus 45c for each $1 over $180 000



This table can be used to calculate the amount of tax U should have paid (the tax payable), as opposed to the tax U did pay during the year (the tax withheld). Each row in the table is called a tax bracket. U may also need to pay the Medicare levy. This is a scheme in which all Australian taxpayers share in the cost of running the medical system. In the 2011–12 financial year, it was 1.5% of taxable income. It is possible that U may have paid too much tax during the year and will receive a tax refund. It is also possible that U may have paid too little tax and will receive a letter from A asking for the tax liability to be paid.



Example 30 Calculating tax During the 2011–12 financial year, Richard earned $1050 per week ($54 600 per annum) from his employer and other sources such as interest on investments. He has receipts for $375 for work-related expenses and donations. a Calculate Richard’s taxable income.
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b Use this tax table to calculate Richard’s tax payable. Taxable income



Tax on this income



0–$18 200



Nil



$18 201– $37 000



19c for each $1 over $18 200



$37 001– $80 000



$3 572 plus 32.5c for each $1 over $37 000



$80 001–$180 000



$17 547 plus 37c for each $1 over $80 000



$180 001 and over



$54 547 plus 45c for each $1 over $180 000



Source: ATO website c Richard also needs to pay the Medicare levy of 1.5% of his taxable income. How much is the Medicare levy? d Add the tax payable and the Medicare levy. e Express the total tax in part d as a percentage of Richard’s taxable income. f During the financial year, Richard’s employer sent a total of $7797 in tax to the ATO. Has Richard paid too much tax, or not enough? Calculate his refund or liability.



b Tax payable: $3572 + 0.325 × ($54 225 − $37 000) = $9170.13



c



1.5 × 54 225 = $813.38 100



Taxable income = gross income − deductions Richard is in the middle tax bracket in the table, in which it says: $3572 plus 32.5c for each $1 over $37 000 Note: 32.5 cents is $0.325. Medicare levy is 1.5% of the taxable income



d $9170.13 + $813.38 = $9983.51



This is the total amount of tax that Richard should have paid.



e 9983.51 × 100% = 18.4% (to 1 decimal place) 54 225



This implies that Richard paid approximately 18.4% tax on every dollar. This is sometimes read as ‘18.4 cents in the dollar’.



f



This is known as a shortfall or a liability. He will receive a letter from the ATO requesting payment.



Richard paid $7797 in tax during the year. He should have paid $9983.51. Richard has not paid enough tax. He needs to pay another $2186.51 in tax.



Exercise 1J
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The questions in this exercise relate to the tax table given in Example 30, unless stated otherwise.



U



HE



T



1 Complete this statement: Taxable income = _________ income minus __________. 2 Is the following statement true or false? The highest income earners in Australia pay 45 cents tax for every dollar they earn. © David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party
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a Gross income = $54 600 Deductions = $375 Taxable income = $54 225
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4 Ann’s taxable income was $80 000, which puts her at the very top of the middle tax bracket in the tax table. Ben’s taxable income was $80 001, which puts him in a higher tax bracket. Ignoring the Medicare levy, how much more tax does Ben pay than Ann?



Use the tax table to complete this table (ignoring the Medicare levy).



Taxable income



$0



$18 200



$37 000



$80 000



$180 000



$200 000



Tax payable



b Copy this set of axes, plot the points, then join the dots with straight line segments. 70 000



60 000



50 000



Tax payable ($)



40 000



30 000



20 000



10 000



0



0



50 000 100 000 150 000 200 000 Taxable income ($)



7 Jim worked for three different employers. They each paid him $15 000. How much income tax should he have paid?
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5 Use the tax table to calculate the income tax payable on these taxable incomes. a $30 000 b $60 000 c $150 000 d $200 000
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3 In the 2012–13 financial year, Greg paid no income tax. What could his taxable income have been?
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W 8 Lee has come to the end of her first U F Gross income from employer $58 725 C financial year as a teacher. On 30 June R PS Gross income from casual job $7500 HE M AT I C A she made the notes in the table to the Interest on investments $75 right about the financial year. Donations $250 a Calculate Lee’s taxable income. Work-related expenses $425 b Use the tax table to calculate Tax paid during the financial year $13 070 Lee’s tax payable. c Lee also needs to pay the Medicare levy of 1.5% of her taxable income. How much is the Medicare levy? d Add the tax payable and the Medicare levy. e Express the total tax in part d as a percentage of Lee’s taxable income. f Has Lee paid too much tax, or not enough? Calculate her refund or liability.
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9 Brad’s Medicare levy was $1312.50. This was 1.5% of his taxable income. What was his taxable income?
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10 Tara is saving for an overseas trip. Her taxable income is usually about $20 000. She estimates that she will need $5000 for the trip, so she is going to do some extra work to raise the money. How much extra will she need to earn in order to have $5000 after tax? 11 When Sue used the tax table to calculate her income tax payable, it turned out to be $23 097. What was her taxable income?



MA



12 Explain the difference between gross income and taxable income.
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13 Explain the difference between a tax refund and a tax liability.
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14 Josh looked at the last row of the tax table and said ‘It is unfair that people in that tax bracket pay 45 cents in every dollar in tax’. Explain why Josh is incorrect. 15 Consider the tax tables for the two consecutive financial years. Note that in the first table, the value of $6000 is often called the tax-free threshold. 2011–12 Taxable income



Tax on this income



0–$6000



Nil



$6001–$37 000



15c for each $1 over $6000



$37 001–$80 000



$4650 plus 30c for each $1 over $37 000



$80 001–$180 000



$17 550 plus 37c for each $1 over $80 000



$180 001 and over



$54 550 plus 45c for each $1 over $180 000
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2012–13



U



Nil



$18 201–$37 000



19c for each $1 over $18 200



$37 001–$80 000



$3 572 plus 32.5c for each $1 over $37 000



$80 001–$180 000



$17 547 plus 37c for each $1 over $80 000



$180 001 and over



$54 547 plus 45c for each $1 over $180 000
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Tax on this income



0–$18 200



MA



Taxable income
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a There are some significant changes from the first year to the second. Describe three of them. b The following people had the same taxable income in both years. Were they advantaged or disadvantaged by the changes, or not affected at all? i Ali: taxable income = $5000 ii Bill: taxable income = $15 000 iii Col: taxable income = $30 000 iv Di: taxable income = $50 000 16 This is the 2012–13 tax table for people who are not residents of Australia but are working in Australia. Taxable income



Tax on this income



0–$80 000



32.5c for each $1



$80 001–$180 000



$26 000 plus 37c for each $1 over $80 000



$180 001 and over



$63 000 plus 45c for each $1 over $180 000



Compare this table to the one Question 15 for 2012–13 for Australian residents. What difference would it make to the tax paid by these people in 2012–13 if they were non-residents rather than residents? a Ali: taxable income = $5000 b Bill: taxable income = $15 000 c Col: taxable income = $30 000 d Di: taxable income = $50 000



Enrichment: What are legitimate tax deductions? 17 a



b



Choose an occupation or career in which you are interested. Imagine that you are working in that job. During the year you will need to keep receipts for items you have bought that are legitimate work-related expenses. Do some research on the internet and write down some of the things that you will be able to claim as work-related expenses in your chosen occupation. i Imagine your taxable income is $80 000. What is your tax payable? ii You just found a receipt for a $100 donation to a registered charity. This decreases your taxable income by $100. By how much does it decrease your tax payable?
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Number and Algebra



1K Simple interest



Stage 5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



When paying back the amount borrowed from a bank or other financial institution, the borrower pays interest to the lender. It’s like rent paid on the money borrowed. A financial institution can be a lender, giving you a loan, or it can be a borrower, when you invest your savings with them (you effectively lend them your money). In either case, interest is calculated as a percentage of the amount borrowed. With simple interest, the percentage is calculated on the amount originally borrowed or invested and is paid at agreed times, such as once a year.



Let’s start: Developing the rule Year



Interest paid that year



Accumulated total interest



0



$0



$0



1



5 100



× $5000 = $250



2



1 × $250 = $250 2 × $250 = $500



3 4 t



The simple interest formula is: I = PRN, where I is the amount of simple interest (in $) P is the principal amount; the money invested, borrowed or loaned (in $) R is the interest rate per time period (expressed as a fraction or decimal) N is the number of time periods When using simple interest, the principal amount is constant and remains unchanged from one period to the next. The total amount ($A) equals the principal plus interest: A=P+I
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Key ideas



$5000 is invested in a bank and 5% simple interest is paid every year. In the table on the right, the amount of interest paid is shown for year 1, the amount of accumulated total interest is shown for years 1 and 2. • Complete the table, writing an expression in the last cell for the accumulated total interest after t years. • Now write a rule using $P for the initial amount, t for the number of years and r for the interest rate to find the total interest earned, $I.
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Example 31 Using the simple interest formula Calculate the simple interest earned if the principal is $1000, the rate is 5% p.a. and the time is 3 years. SOLUTIO N



EXPL ANATI ON



P = 1000 R = 5% = 5 ÷ 100 = 0.05 N=3



List the information given. Convert the interest rate to a decimal.



I=P×R×N



Write the formula and substitute the given values.



= 1000 × 0.05 × 3 = 150 Interest = $150



Answer the question.



Example 32 Calculating the final balance Allan and Rachel plan to invest some money for their child Kaylan. They invest $4000 for 30 months in a bank that pays 4.5% p.a. Calculate the simple interest and the amount available at the end of the 30 months. SOLUTIO N



EXPL ANATI ON



P = 4000 R = 4.5 ÷ 100 = 0.045 N = 30 ÷ 12 = 2.5



N is written in years since interest rate is per annum.



I=P×R×N



Write the formula, substitute and evaluate.



= 4000 × 0.045 × 2.5 = 450 Interest = $450 Total amount = $4000 + $450 = $4450



Total amount = principal + interest
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Example 33 Determining the investment period Remy invests $2500 at 8% p.a. simple interest, for a period of time, to produce $50 interest. For how long did she invest the money? SOLUTIO N I = 50 P = 2500 R = 8 ÷ 100 = 0.08 I=P×R×N 50 = 2500 × 0.08 × N 50 = 200N N = 50 200 = 0.25 Time = 0.25 years = 0.25 × 12 months = 3 months



EXPL ANATI ON List the information. Convert the interest rate to a decimal.



Write the formula, substitute the known information and simplify. Solve the remaining equation for N.



Convert decimal time to months where appropriate.



Example 34 Purchasing on terms with simple interest Lucy wants to buy a fridge advertised for $1300, but she does not have enough money at the moment. She signs an ‘on terms’ or ‘hire purchase’ agreement to pay a deposit of $300 now, then $60 per month for 2 years. a How much will Lucy pay for this fridge? b Why does it cost more than the advertised price to purchase the fridge in this manner? c How much would she have saved by paying the advertised price rather than purchasing on terms? d What was the annual simple interest rate, expressed as a percentage of the original amount borrowed? SOLUTIO N



EXPL ANATI ON



a $300 + $60 × 24 = $1740



She agreed to pay $300 deposit then $60 per month for 2 years (24 months)



b She only paid $300 deposit so she is effectively borrowing $1000. She is expected to re-pay the $1000 and also pay some interest on that loan.



The ‘loan’ amount can be calculated using: ‘advertised price’ minus ‘deposit paid’



c $1740 − $1300 = $440



This is the interest that she will pay on the loan of $1000.



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



Cambridge University Press



63



64



Chapter 1 Computation and financial mathematics



d $440 ÷ 2 = $220 interest per year



Let us assume that the interest was spread equally over the 2 years. The interest paid for one year can be compared with the original amount borrowed and converted to a percentage to show what is known as a ‘flat’ interest rate.



$220 × 100% = 22% p.a. $1000



Interest is usually not calculated in this way for most of the loans currently on offer. Every fortnight or month, the interest is calculated as a percentage of the amount you owe, which will be less than the amount you borrowed. See Example 35 for a more realistic and up-to-date view of loan repayments.



Example 35 Repaying a reducible interest loan Rachel bought a new car for $35 000. She used $5000 that she had saved and borrowed the remaining $30 000. She signed a loan agreement and agreed to pay interest at 12% p.a., which is 1% per month. She decided she could afford to repay $800 per month. a Complete the next three rows of this table, in which the interest is 1% of the opening balance for each month. Round off to two decimal places when necessary. Month



Opening balance (A)



Interest (B)



Re-payment (C)



Closing balance (A + B − C)



1



$30 000



$300



$800



$29 500



2



$29 500



$295



$800



$28 995



3



$28 995



$289.95



$800



$28 484.95



4



$28 484.95



$284.85 (to 2 decimal places)



$800



$27 969.80



5 6 7



b c d e f



How much has Rachel paid in instalments in these seven months? How much interest has she paid in these seven months? By how much has Rachel reduced the amount she owes on this loan? Describe what might happen if Rachel defaults on the loan by failing to make the agreed regular repayments on her loan. Use your calculator and the instructions in the Explanation column below to estimate the number of months it will take Rachel to repay this loan, if she continues to pay $800 every month.
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SOLUTIO N



EXPL ANATI ON



a The value in the last cell in month 7 is: $26 393.24



This is the amount Rachel still owes at the end of the seventh month.



b Instalments paid = 7 × $800 = $5600



This is easy to calculate because she is paying the same amount every month.



c Interest paid = $1993.24



This is the sum of the amounts in the interest column. Every month is different because the balance is getting smaller.



d $30 000 − $26 393.24 = $3606.76



The amount owed has fallen from $30 000 to $26 393.24. She has reduced the amount owing by $3606.76.



e This depends on the wording of the contract that Rachel signed. If Rachel does not make the agreed minimum repayments every month, the lender may have the right to repossess the car and sell it for whatever they can get, which may be less than the amount she owes. Then they may force her to pay the remaining amount owing. Repossession does not remove the financial debt.



In loans such as this, there is usually a minimum amount that must be repaid every month. It is wise to pay more than the minimum, if possible, because: • the loan will be repaid faster and therefore the amount of interest paid will be reduced • there may be some months later in the loan period in which she does not have enough money to make the minimum repayment, so she may be able to re-draw the extra payments she has made above the minimum, if her loan contract allows this.



f



100% + 1% = 101% 101% is 1.01 as a decimal.



It will take 48 months (4 years). By the end of the 47th month she owes a small amount of approximately $190, so she will pay less than $800 in the last month of the loan.



For a scientific calculator, press 30000 then = Then press × 1.01 − 800 = = = = = = etc. and watch the balance owing at the end of each month fall slowly at first then more and more rapidly. The amount owing decreases at an increasing rate. Count the number of months it will take for the loan to be repaid (when the balance owing is less than zero).
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1 $12 000 is invested at 6% p.a. for 42 months. a What is the principal amount? b What is the interest rate? c What is the time period in years? d How much interest is earned each year? e How much interest is earned after 2 years? f How much interest is earned after 42 months?
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M AT I C A



2 Use the formula I = PRN to find the simple interest earned in these financial situations. a Principal $10 000, rate 10% p.a., time 3 years b Principal $6000, rate 12% p.a., time 5 years c Principal $5200, rate 4% p.a., time 24 months d Principal $3500, rate 6% p.a., time 18 months



R K I NG



C



M AT I C A



4 Annie invests $22 000 at a rate of 4% p.a., for 27 months. Calculate the simple interest and the amount available at the end of 27 months. 5 A finance company charges 14% p.a. simple interest. If Lyn borrows $2000 to be repaid over 2 years, calculate her total repayment. Example 33



6 Zac invests $3500 at 8% p.a. simple interest, for a period of time, to produce $210 interest. For how long did he invest the money? 7 If $4500 earns $120 simple interest at a flat rate of 2% p.a., calculate the duration of the investment. 8 Calculate the principal amount that earns $500 simple interest over 3 years at a rate of 8% p.a. Round to the nearest cent.
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3 Wally invests $15 000 at a rate of 6% p.a. for 3 years. Calculate the simple interest and the amount available at the end of 3 years.
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9 Wendy wins $5000 during a chess tournament. She wishes to invest her winnings, and has the two choices given below. Which one gives her the greater total at the end of the time? Choice 1: 8.5% p.a. simple interest for 4 years Choice 2: 8% p.a. simple interest for 54 months
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10 Charlotte borrows $9000 to buy a second-hand car. The loan must be repaid over 5 years at 12% p.a. simple interest. Calculate the: a total amount to be repaid b monthly repayment amount if the repayments are spread equally over the 5 years 11 If $5000 earns $6000 simple interest in 12 years, find the interest rate. 12 An investor invests $P and wants to double this amount of money. a How much interest must be earned to double this initial amount? b What simple interest rate is required to double the initial amount in 8 years? c If the simple interest rate is 5% p.a.: i how many years will it take to double the investment? ii how many years will it take to triple the investment amount? iii how do the investment periods in parts i and ii compare? 13 a



Sophie borrowed $2000 and took 3 years to repay the loan and $900 interest. What was the per annum simple interest rate? b If Sophie’s interest was calculated at the same rate on the balance owing, how much would she have owed after 6 months if she repaid $40 per month? Give your answer to the nearest dollar.



15 Rearrange the formula I = PRN to find a rule for: a P in terms of I, R and N b N in terms of I, P and R c R in terms of I, P and N
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Example 35



a Use this rule to find the total amount after 10 years if $30 000 is invested at 7% p.a. b Use the rule to find the time that it takes for an investment to grow from $18 000 to $22 320 invested at 6% p.a. simple interest.



MA



14 To find the total amount $T including simple interest, the rule is T = P(1 + RN).
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Chapter 1 Computation and financial mathematics



Enrichment: Property investing with ‘interest only’ loans 16 Many investors use ‘interest only’ loans to buy shares or property. This is where the principal stays constant and only the interest is paid back each month. Sasha buys an investment property for $300 000 and borrows the full amount at 7% p.a. simple interest. She rents out the property at $1500 per month and it costs $3000 per year in rates and other costs to keep the property. a Find the amount of interest Sasha needs to pay back every month. b Find Sasha’s yearly income from rent. c By considering the other costs of keeping the property, calculate Sasha’s overall loss in a year. d Sasha hopes that the property’s value will increase enough to cover any loss she is making. By what percentage of the original price will the property need to increase in value per year?
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1L Compound interest and depreciation



Stage 5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



When interest is added onto an investment total before the next amount of interest is calculated, we say that the interest is compounded. Interest on a $1000 investment at 8% p.a. gives $80 in the first year and if compounded, the interest calculated in the second year is 8% of $1080. This is repeated until the end of the investment period. Other forms of growth and decay work in a similar manner.



Let’s start: Power play



In compound interest, the balance grows faster as time passes.



Year



Opening balance



Interest paid this year



Closing balance



1



$10 000



0.05 × $10 000 = $_______



$___________



2



$_________



0.05 × $_______ = $_______



$___________



3



$_________



0.05 × $_______ = $_______



$___________



A repeated product can be written and calculated using a power. For example: 1.06 × 1.06 × 1.06 × 1.06 = (1.06)4 0.85 × 0.85 × 0.85 = (0.85)3 Compound interest is interest that is added to the investment amount before the next amount of interest is calculated. For example: $5000 invested at 6% compounded annually for 3 years gives $5000 × 1.06 × 1.06 × 1.06 = 5000 × (1.06)3 – 6% compounded annually can be written as 6% p.a. – p.a. means per annum or per year. – The initial investment or loan is called the principal. – The total interest earned = final amount − principal. Depreciation is the reverse situation in which the value of an object decreases by a percentage year after year. © David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party
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$10 000 is invested at 5% compounded annually. Complete this table showing the interest paid and the balance (original investment plus interest) at the end of each year. • What patterns can you see developing in the table? • How can you use the power button on your calculator to help find the balance at the end of each year? • How would you find the balance at the end of 10 years without creating a large table of values? • Do you know how to build this table in a computerised spreadsheet?



70



Chapter 1 Computation and financial mathematics



Example 36 Calculating a balance using compound interest Find the total value of the investment if $8000 is invested at 5% compounded annually for 4 years. SOLUTIO N



EXPL ANATI ON



100% + 5% = 105% = 1.05 Investment total = $8000 × (1.05)4 = $9724.05



Add 5% to 100% to find the multiplying factor. Multiplying by (1.05)4 is the same as multiplying by 1.05 × 1.05 × 1.05 × 1.05. Note: on a scientific calculator this can also be done by pressing 8000 = then × 1.05 =



=



=



=



This will show the balance at the end of every year.



Example 37 Finding the initial amount After 6 years a loan grows to $62 150. If the interest was compounded annually at a rate of 9%, find the size of the initial loan to the nearest dollar. SOLUTIO N



EXPL ANATI ON



100% + 9% = 109% = 1.09 Initial amount × (1.09)6 = $62 150 Initial amount = $62 150 ÷ (1.09)6 = $37 058



Add 9% to 100% to find the multiplying factor. Write the equation including the final total. Divide by (1.09)6 to find the initial amount and round as required.



Example 38 Calculating the depreciating value of a car A car worth $30 000 will depreciate by 15% p.a. What will the car be worth at the end of the fifth year? SOLUTIO N



EXPL ANATI ON



100% − 15% = 85% = 0.85 Depreciated value = $30 000 × (0.85)5 = $13 311.16 (to 2 decimal places)



Subtract 15% from 100%. Multiply by (0.85)5 for 5 years.
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1 $2000 is invested at 10% compounded annually for 3 years. Find the: a interest earned in the first year b total balance at the end of the first year c interest earned in the second year d total balance at the end of the second year e interest earned in the third year f total balance at the end of the third year
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Exercise 1L



M AT I C A



2 Find the value of the following correct to two decimal places. a 2500 × 1.03 × 1.03 × 1.03 b 420 × 1.22 × 1.22 × 1.22 × 1.22 c 2500 × (1.03)3 d 420 × (1.22)4 3 Fill in the missing numbers to describe each situation. a $4000 is invested at 20% compounded annually for 3 years. $4000 × ( _____ )3 b $15 000 is invested at 7% compounded annually for 6 years. $_______ × (1.07) c $825 is invested at 11% compounded annually for 4 years. $825 × ( ______ ) d $825 is depreciating at 11% annually for 4 years. $825 × ( ______ ) R K I NG



C



6 Find the total percentage increase in the value of these amounts, compounded annually at the given rates. Round to one decimal place. a $1000, 4% p.a., 5 years b $20 000, 6% p.a., 3 years c $125 000, 9% p.a., 10 years d $500 000, 7.5% p.a., 4 years 7 After 5 years a loan grows to $45 200. If the interest was compounded annually at a rate of 6% p.a., find the size of the initial loan to the nearest dollar. 8 Find the initial investment amount to the nearest dollar given these final balances, annual interest rates and time periods. Assume interest is compounded annually in each case. a $26 500, 4%, 3 years. b $42 000, 6%, 4 years c $35 500, 3.5%, 6 years d $28 200, 4.7%, 2 years © David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party
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5 Barry borrows $200 000 from a bank for 5 years and does not pay any money back until the end of the period. The compound interest rate is 8% p.a. How much does he need to pay back at the end of the 5 years? Round to the nearest cent.



Example 37
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4 Find the total balance of these investments with the given interest rates and time period. Assume interest is compounded annually in each case. Round to the nearest cent. a $4000, 5%, 10 years b $6500, 8%, 6 years c $25 000, 11%, 36 months d $4000, 7%, 60 months
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10 Average house prices in Hobart are expected to grow by 8% per year for the next 5 years. What is the expected average value of a house in Hobart in 5 years time, to the nearest dollar, if it is currently valued at $370 000?
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9 Find the depreciated value of these assets to the nearest dollar. a $2000 computer at 30% p.a. for 4 years b $50 000 car at 15% p.a. for 5 years c $50 000 car at 15% p.a. for 10 years



M AT I C A



11 The population of a country town is expected to fall by 15% per year for the next 8 years due to the downsizing of the iron ore mine. If the population is currently 22 540 people, what is the The future value of any asset that grows by the same percentage expected population in 8 years time? every year (which can happen with a house) can also be Round to the nearest whole number. calculated with the compound interest formula.



12 It is proposed that the mass of a piece of limestone exposed to the wind and rain has decreased by 4.5% per year for the last 15 years. Its current mass is 3.28 kg. Find its approximate mass 15 years ago. Round to two decimal places. 13 Charlene wants to invest $10 000 long enough for it to grow to at least $20 000. The compound interest rate is 6% p.a. How many whole number of years does she need to invest the money for so that it grows to her $20 000 target? 14 A forgetful person lets a personal loan balance grow from $800 to $1440 with a compound interest rate of 12.5% p.a. Approximately how many years did the person forget about the loan?
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15 $400 is invested for 5 years under the following conditions. C R PS HE i Simple interest at 7% p.a. ii Compound interest at 7% p.a. M AT I C A a Find the percentage increase in the total value of the investment using condition i. b Find the percentage increase in the total value of the investment using condition ii. Round to two decimal places. c Explain why the total for condition i is less than the total for condition ii. T



16 Find the total percentage increase in these compound interest situations to two decimal places. a 5% p.a. for 3 years b 12% p.a. for 2 years c 4.4% p.a. for 5 years d 7.2% p.a. for 9 years e r % for t years
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Enrichment: Comparing simple and compound interest 17 $16 000 is invested for 5 years at 8% compounded annually. a Find the total interest earned over the 5 years to the nearest cent. b Find the simple interest rate that would deliver the same overall interest at the end of the 5 years. Round to two decimal places. 18 $100 000 is invested for 10 years at 5.5% compounded annually. a Find the total percentage increase in the investment to two decimal places. b Find the simple interest rate that would deliver the same overall interest at the end of the 10 years. Round to two decimal places.



Increase in value ($)



19 Find the simple interest rate that is equivalent to these annual compound interest rates for the given periods. Round to two decimal places. a 5% p.a. for 4 years b 10.5% p.a. for 12 years



Compound interest



Simple interest Time ( years)



This graph shows the effect of the same rate of compound and simple interest on the increase in value of an investment or loan, compared over time. Simple interest is calculated only on the principal, so yields a balance that increases by the same amount every year, forming a straight-line graph. After the first year, compound interest is calculated on the principal and what has been added by the previous years’ interest, so the balance increases by a greater amount each year. This forms an exponential graph.
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1M Using a formula for compound interest



Stage 5.3# 5.3 5.3§ 5.2 5.2◊ 5.1 4



and depreciation We saw in section 1L that interest can be calculated, not on the principal investment, but on the actual amount present in the account. Interest can be calculated using updated applications of the simple interest formula, as done in section 1L, or by developing a new formula known as the compound interest formula. If the original amount loses value over time, it is said to have depreciated. The compound interest formula can be adapted to cover this scenario as well. Cars, computers, boats and mobile phones are examples of consumer goods that depreciate in value over time.



Let’s start: Repeated increases and decreases If $4000 increased by 5% in the first year, and then this amount was increased by 5% in the second year, what: • was the final amount at the end of the second year? • was the overall increase in value? • could you do to calculate the value at the end of 100 years, if the interest was added to the amount each year before the new interest was calculated?



Key ideas



If $4000 decreased in value by 5% each year, how would you find the value at the end of: • 1 year? • 2 years? • 100 years? The compound interest formula is: A = P(1 + R)n, where A is the total amount (i.e. the principal and interest) P is the principal investment (i.e. the original amount invested) R is the interest rate per compounding period, expressed as a decimal n is the number of compounding periods Compound interest = amount (A) − principal (P) Depreciation occurs when the principal decreases in value over time. In this case the value of R becomes a negative value. The compound interest formula can be manipulated to cover this case by writing it as: A = P(1 + (–R))n or A = P(1 – R)n



© David Greenwood et al. 2014 ISBN: 9781107645264 Photocopying is restricted under law and this material must not be transferred to another party



Cambridge University Press



Number and Algebra



Example 39 Using the compound interest formula Callum invested $10 000 with the Mental Bank. The bank pays interest at the rate of 7% p.a., compounded annually. a What is the value of Callum’s investment at the end of 5 years? b How much interest was earned over this time? SOLUTIO N



EXPL ANATI ON



a A = P(1 + R) P = 10 000 R = 0.07 n=5



n



A = 10 000(1 + 0.07)5 = 14 025.517 … Final value is $14 025.52. b Interest = $4025.52



Write down the compound interest formula. Write down the values of the terms you know. Remember to write R as a decimal ( 7 = 0.07) 100 n = 5 (once a year for 5 years) Substitute and evaluate.



The interest is found by subtracting the principal from the final amount.



Example 40 Finding compounding amounts using months Victoria’s investment of $6000 is invested at 8.4% p.a. for 4 years. Calculate the final value of her investment if interest is compounded monthly. SOLUTIO N



EXPL ANATI ON



A = P(1 + R)



n



P = 6000 R = 0.084 ÷ 12 = 0.007 n = 4 × 12 = 48



A = 6000(1 + 0.007)48 = 8386.2119 … Final amount is $8386.21.



Write down the compound interest formula. Write down the values of the terms you know. The interest rate of 8.4% is divided by 12 to find the monthly rate. The number of compounding periods (n) is 12 times a year for 4 years or n = 48. Substitute and evaluate.
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Example 41 Calculating the depreciated value Naomi bought a computer three years ago for $5680. She is a graphic designer. She assumed the value of the computer would depreciate at a rate of 25% p.a. What is the value of the computer at the end of the three years? SOLUTION



EXPLANATION



A = P(1 + R)n or A = P(1 – R)n



We write the compound interest formula with a negative R, as depreciation is a decrease in value over time: ((1 + (–0.25)) = (1 – 0.25). Substitute. P = 5680, R = 0.25 and n = 3.



A = 5680(1 – 0.25)3 = 2396.25 The value at the end of the three years is $2396.25.



WO



MA



R



HE



T



1 Which of the following can be used to calculate the final value of a $1000 investment at 10% p.a. for 3 years compounded annually? A 1000 × 0.1 × 0.1 × 0.1 B 1000 × 1.1 × 3 C 1000(1.1)3 D 1000(0.9)3



U



R K I NG



C



Value at start of year



10% depreciation



Value at end of year



1



$20 000



$2000



$18 000



2



$18 000



$1800



3 4



3 Which of the following gives the value of a $40 000 car once it has depreciated for 4 years at a rate of 30% p.a.? A 40 000 × 1.34 B 40 000 × 0.7 × 4 C 40 000 × ((1 + (−0.3))4 D 40 000 − 0.74
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2 Complete the table of values showing how a car worth $20 000 depreciates at a rate of 10% p.a. over 4 years. Year
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7 It can be assumed that most cars depreciate at a rate of about 15% p.a. Calculate the projected value of each of the following cars at the end of 3 years, by using the rate of 15% p.a. Answer correct to the nearest dollar. a Bentley Continental GT $189 900 b Audi A3 $30 850 c Hyundai Accent $16 095 d Lexus RX $44 000 e Toyota Camry $29 500 f Mazda 6 $29 800
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6 Calculate the final investment amount if the interest is compounded monthly. a $4000 at 12% p.a. for 4 years b $5000 at 6% p.a. for 2 years c $15 000 at 9% p.a. for 3 years d $950 at 6.6% p.a. for 30 months 1 e $90 000 at 7.2% p.a. for 1 years 2 f $34 500 at 4% p.a. for 1 year
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Example 40



5 Calculate the final investment amount if the interest is compounded annually. a $4000 at 5% p.a. for 8 years b $2000 at 5.4% p.a. for 3 years c $20 000 at 8% p.a. for 6 years d $10 000 at 16% p.a. for 6 years e $500 at 3.8% p.a. for 25 years f $350 at 6.78% p.a. for 2 years g $68 000 at 2.5% p.a. for 10 years h $1 000 000 at 1% p.a. for 100 years
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Write down the value of R and the value of n for each of the following situations. i $100 invested at 12% p.a. compounded annually for 1 year ii $100 invested at 12% p.a. compounded monthly for 1 year iii $100 invested at 12% p.a. compounded quarterly for 1 year iv $100 depreciating at 10% p.a. for 1 year b Which of the situations in part a do you expect to yield the highest interest over the year?
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Find the compound interest when $10 000 is invested at 6% p.a. over 2 years compounding: i annually ii every 6 months (twice a year) iii quarterly iv monthly v daily b What conclusions can be made about the interest earned versus the number of compounding periods?



MA
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Tom invests $1500 in an account earning 6 1% p.a. compounded annually. He plans to keep this 2 invested for 5 years. How much interest will he earn on this investment? b Susan plans to invest $1500 in an account earning a simple interest rate of 6 1% p.a. How long 2 does Susan need to invest her money to ensure that her return is equal to Tom’s? c If Susan wishes to invest her $1500 for 5 years as Tom did, yet still insists on a simple interest rate, what annual rate should she aim to receive so that her interest remains the same as Tom’s?



11 What annual simple interest rate corresponds to an investment of $100 at 8% p.a. compounded monthly for 3 years? 12 Inflation is another application of the compound interest formula, as the cost of goods and services increases by a percentage over time. Find the cost of these household items, in 3 years, if the annual rate of inflation is 3.5%. a Milk $3.45 for 2 L b Loaf of bread $3.70 c Can of cola $1.80 d Monthly electricity bill of $120 e Dishwashing powder $7.99
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9 How much interest is earned on an investment of $400 if it is invested at: a 6% p.a. simple interest for 2 years? b 6% p.a. compounded annually over 2 years? c 6% p.a. compounded monthly over 2 years? 10 a
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n



A ($)



0.1



5



402.63



0.08



6



952.12



15 000



10



24 433.42



1



2



1.44



100 8500



R



0.3 0.075
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Y



R
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P ($)
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13 The compound interest formula consists of the pronumerals P, R, A and n. Given any three of these values, the fourth can be found. Using your calculator, complete the following table, given the interest is compounded annually. (Trial and error is used when looking for the value of n.)



M AT I C A



219.70 15 159.56



14 Talia wishes to invest a lump sum today so that she can save $25 000 in 5 years for a European holiday. She chooses an account earning 3.6% p.a. compounded monthly. How much does Talia need to invest to ensure that she reaches her goal?



WO



c d e



F
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C Calculate the interest earned on an investment of $10 000 at 5% p.a. compounded R PS HE annually for 4 years. M AT I C A Calculate the interest earned on an investment of $20 000 at 5% p.a. compounded annually for 4 years. Is it double the interest in part a? Calculate the interest earned on an investment of $10 000 at 10% p.a. compounded annually for 2 years? Is this double the interest in part a? Comment on the effects of doubling the principal invested. Comment on the effect of doubling the interest rate and halving the time period. MA
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17 Write down a scenario that could explain each of the following lines of working for compound interest and depreciation. a 300(1.07)12 b 300(1.02)36 c 1000(1.005)48 d 1000(0.95)5 e 9000(0.8)3



Enrichment: Doubling your money 18 How long does it take to double your money? Tony wishes to find out how long he needs to invest his money at 9% p.a., compounding annually, for it to double in value. He sets up the following situation, letting P be his initial investment and 2P his desired final amount. He obtains the formula 2P = P(1.09)n, which becomes 2 = (1.09)n when he divides both sides by P. a Complete the table below to find out the number of years needed for Tony to double his money. 1



n (1.09)



2



3



4



5



6



7



8



9



n



b How long does it take if the interest rate is: i 8% p.a.? ii 12% p.a.? iii 18% p.a.? c What interest rate is needed to double Tony’s money in only 3 years? d Use your findings above to complete the following. Years to double × interest rate = __________ e Use your rule to find out the interest rate needed to double your money in: i 2 years ii 4 1 years 2 iii 10 years f Investigate the rule needed to triple your money. g Investigate a rule for depreciation. Is there a rule for the time and rate of depreciation if your investment is halved over time?
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W Calculate the interest earned when $1000 is invested at 6% p.a. over 1 year compounded: U F C i annually R PS HE M AT I C A ii six-monthly iii quarterly iv monthly v fortnightly vi daily b Explain why increasing the number of compounding periods increases the interest earned on the investment.
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Compounding investments Banks offer many types of investments paying compound interest. Recall that for compound interest you gain interest on the money you have invested over a given time period. This increases your investment amount and therefore the amount of interest you gain in the next period.



Calculating yearly interest Mary invests $1000 at 6% per annum. This means Mary earns 6% of the principal every year in interest. That is, after 1 year the interest earned is: 6 6% of $1000 = × 1000 = $60 100 Mary has $1060 after one year. a The interest earned is added to the principal at the end of the year, and the total becomes the principal for the second year. i Assuming the same rate of interest, how much interest will Mary earn at the end of the second year? ii Calculate the interest earned for the third year. iii What total amount will Mary have at the end of the third year? iv How much interest will her money earn altogether over the 3 years? b Write down a rule that calculates the total value of Mary’s investment after t years. Use an initial investment amount of $1000 and an annual interest rate of 6% p.a. c Use your rule from part b to calculate the: i value of Mary’s investment after 5 years ii value of Mary’s investment after 10 years iii time it takes for Mary’s investment to grow to $1500 iv time it takes for Mary’s investment to grow to $2000.



Using a spreadsheet This spreadsheet will calculate the compound interest for you if you place the principal in cell B3 and the rate in cell D3. In Mary’s case, put 1000 in 6 B3 and in D3. 100 a Copy the spreadsheet shown using ‘fill down’ at cells B7, C6 and D6. b Determine how much money Mary would have after 4 years.
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Investigating compound interest a What will Mary’s balance be after 10 years? Extend your spreadsheet to find out. b Draw a graph of Investment value versus time as shown. Plot points using the results from your spreadsheet and join them with a smooth curve. Discuss the shape of the curve.



2000 Investment value



82



1000



0



1 2 3 4 5 6 7 8 9 10 Time ( years)



c How long does it take for Mary’s investment to grow to $2000? Show this on your spreadsheet. d Now try altering the interest rate. i What would Mary’s investment grow to in 10 years if the interest rate was 10%? ii What would Mary’s investment grow to in 10 years if the interest rate was 12%? e What interest rate makes Mary’s investment grow to $2000 in 8 years? Use trial and error to get an answer correct to two decimal places. Record your investigation results using a table. f



Investigate how changing the principal changes the overall investment amount. Record your investigations in a table, showing the principal amounts and investment balance for a given interest rate and period.
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1 By only using the four operations +, −, × and ÷ as well as brackets and square root (



), the



number 4 can be used exactly 4 times to give the answer 9 in the following way 4 × 4 + 4 ÷ 4. Use the number 4 exactly 4 times (and no other numbers) and any of the operations (as many times as you like) to give the answer 0 or 1 or 2 or 3 or … or 10. 2 What is the value of n if n is the largest of 5 consecutive numbers that multiply to 95 040? 3 Evaluate the following. 1 a 1 1+ 1 1+ 3



b



2 1+



2 1+



2 5



4 A jug has 1 litre of 10% strength cordial. How much pure cordial needs to be added to make the strength 20%? (The answer is not 100 mL.) 5 An old table in a furniture store is marked down by 10% from its previous price on five separate occasions. What is the total percentage reduction in price correct to two decimal places? 6 What simple interest rate is equivalent to a compound interest rate of 6% p.a. over 10 years correct to two decimal places? 7 Brendon has a rectangular paved area in his yard.



a If he increases both the length and breadth by 20%, what is the percentage increase in area? b If the length and breadth were increased by the same percentage and the area increases by 21%, what is the percentage increase of the length and breadth? 8 A rectangular sandpit is shown on a map, which has a scale of 1 : 100. On the map the sandpit has an area of 20 cm2. What is its actual area? 9 Arrange the numbers 1 to 15 in a row so that each adjacent pair of numbers sum to a square number.
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Chapter 1 Computation and financial mathematics



Review



2 + (−3) = −1 −4 – (−2) = −2 15 ÷ (−5) = −3 −7 × (−3) = 21 (−2)2 = 4 43 = 64



Operations with fractions



Rounding



5 7 = 11 – 7 16 – 12 6 12



1.284 to 1 d.p. is 1.3 2 sig. fig. is 1.3 472.543 to 1 d.p. is 472.5 1 sig. fig. is 500



For 8 and 12 HCF is 4 LCM is 24



= 22 – 7 12 12 = 15 12



√36 = 6 3 √27 = 3



= 11 4



1 3 2 12 ÷ 72 = 2 × 7 1 1 = 37



Rates, ratios and best buy



Rational numbers (fractions)



180 km per 3 hrs = 60 km/h 3:1= 6 : 7 =6:7



3 11 18 = 8 = 1.375



7 2 14 14



$200 divided into 7 : 3 10 parts is $200 1 part is $20 3 parts is $60 7 parts is $140 Best buy: 3 kg carrots for $6.45 5 kg for $10.20 3 kg bag: 6.45 ÷ 3 = $2.15/kg 5 kg bag : 10.20 ÷ 5 = $2.04/kg ∴ 5 kg is best buy



Computation and financial mathematics



mixed improper terminating decimal number fraction



.



1 = 0.166... = 1.16 6



proper recurring fraction decimal



2 and 4 are equivalent fractions 3 6



Percentages



Compound interest A = P (1 + R )n $3000 at 5% for 3 years Amount = $3000 × (1.05)3 = $3472.88



3 = 3 × 100% = 75% 4 4 1 25 2 % = 25.5 ÷ 100% = 0.255



20% of 60 = 0.2 × 60 = 12 5% of amount = 32 ∴ amount = 32 ÷ 0.05 = 640



Simple interest 5 I = PRN = $2000 × 100 ×4



= $400 Amount = P + I



Applications of percentages Profit/loss Percentage profit/loss = profit/loss × 100% cost price



Mark-up and discount Commission/tax



Income and tax



Percentage increase and decrease Increase



Decrease



20 by 5% 20 by 6% 20 × 1.06 = 21.2 20 × 0.95 = 19 Percentage change =



change × 100% original
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Multiple-choice questions 1



2 written as a decimal is: 7 A 0.29 B 0.286



.



C 0.285



2 3.0456 written to three significant figures is: A 3.04 B 3.05 C 3.045 3 2.25 written as a fraction in simplest form is: 1 5 9 A 2 B C 2 4 4



D 0.285714



. E 0.285714



D 3.046



E 3.45



D 9



1 4



E



225 100



1 5 4 1 − is equal to: 2 6 A 5



6



2 3



B



5 6



2 3 × is equivalent to: 7 4 8 3 A B 11 7



1 2



D



2 6



E



1 2



5 11



D



8 12



E



3 14



C 21



D



4 5



E



9 10



C −



C



3 5 ÷ is equivalent to: 4 6 A



5 8



B 1



7 Simplifying the ratio 50 cm : 4 m gives: A 50 : 4 B 8:1 C 25 : 2



D 1:8



E 5 : 40



8 28% as a fraction in its simplest form is: A 0.28



B



28 100



9 15% of $1600 is equal to: A 24 B 150



C



0.28 100



C $240



D



2.8 100



D $24



E



7 25



E 240



10 Jane is paid a wage of $7.80 per hour. If she works 12 hours at this rate during a week plus 4 hours on a public holiday in the week when she gets paid at time and half, her earnings in the week are: A $140.40 B $124.80 C $109.20 D $156 E $62.40 11 Simon earns a weekly retainer of $370 and 12% commission of any sales he makes. If he makes $2700 worth of sales in a particular week, he will earn: A $595 B $652 C $694 D $738.40 E $649.60 12 $1200 is increased by 10% for two years with compound interest. The total balance at the end of the two years is: A $252 B $1452 C $1450 D $240 E $1440
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Chapter 1 Computation and financial mathematics



Short-answer questions 1 Evaluate the following. a −4 × (2 − (−3)) + 4 d



3



b −3 − 4 × (−2) + (−3) 2



25 × 8



3



e (−2) − 3



c (−8 ÷ 8 − (−1)) × (−2) f



2 Round these numbers to three significant figures. a 21.483 b 29 130 c 0.15 2 71



3



1000 − (−3)2



d 0.002414



3 Estimate the answer by firstly rounding each number to one significant figure. a 294 − 112 b 21.48 × 2.94 c 1.032 ÷ 0.493 4 Write these fractions as decimals. 1 5 a 2 b 8 6 5 Write these decimals as fractions. a 0.75 b 1.6



c



13 7



c 2.55



6 Simplify the following. a



5 1 − 6 3



1 2 b 1 + 2 3



7 Simplify these ratios. a 30 : 12



c



13 4 − 8 3



1 4 d 3 × 2 7



b 1.6 : 0.9



8 Divide 80 into the given ratio. a 5:3 b 5 : 11



e



c 7



5÷



4 3



f



3



3 2 ÷1 4 5



1 2 :1 2 5



c 1:2:5



9 Dry dog food can be bought from store A for $18 for 8 kg or from store B for $14.19 for 5.5 kg. a Determine the cost per kilogram at each store and state which is the best buy. b Determine to the nearest whole number how many grams of each brand you get per dollar. 10 Copy and complete the table (right). 11 Find: a 25% of $310



Decimal



Fraction



Percentage



0.6 1 3



b 110% of 1.5



12 Determine the original amount if: a 20% of the amount is 30 b 72% of the amount is 18 13 a Increase 45 by 60%. b Decrease 1.8 by 35%. c Find the percentage change if $150 is reduced by $30.



1 3 % 4 3 4 1.2 200%



14 The mass of a cat increased by 12% to 14 kg over a 12-month period. What was its previous mass? 15 Determine the discount given on a $15 000 car if it is discounted by 12%.
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16 The cost price of an article is $150. If it is sold for $175: a determine the profit made b express the profit as a percentage of the cost price. 17 Determine the hourly rate of pay for each of the following cases. a A person with an annual salary of $36 062 working a 38-hour week b A person who earns $429 working 18 hours at the hourly rate and 8 hours at time and a half 18 Jo’s monthly income is $5270. However, 20% of this is paid straight to the government in taxes. What is Jo’s net yearly income? 19 Find the simple interest earned on $1500 at 7% p.a. for 5 years. 20 Rob invests $10 000 at 8% p.a. simple interest to produce $3600. How long was the money invested for? 21 Find the total value of an investment if $50 000 is invested at 4% compounded annually for 6 years. Round to the nearest cent. 22 After 8 years a loan grows to $75 210. If the interest was compounded annually at a rate of 8.5%, find the size of the initial loan to the nearest dollar.



Extended-response questions 1 Pauline buys a debutante dress at cost price from her friend Tila. Pauline paid $420 for the dress, which is normally marked up by 55%. a How much did she save? b What is the normal selling price of the dress? c If Tila gets a commission of 15%: i how much commission did she get? ii how much commission did she lose by selling the dress at cost price rather than the normal selling price? 2 Matilda has two bank accounts with the given details. Account A: Investment. Principal $25 000, interest rate 6.5% compounded annually Account B: Loan. 11.5% compounded annually a Find Matilda’s investment account balance after: i 1 year ii 10 years (to the nearest cent) b Find the total percentage increase in Matilda’s investment account after 10 years, correct to two decimal places. c After 3 years Matilda’s loan account has increased to $114 250. Find the initial loan amount to the nearest dollar. d Matilda reduces her $114 250 loan by $30 000. What is this reduction as a percentage to two decimal places? e For Matilda’s investment loan, what simple interest rate is equivalent to 5 years of the compounded interest rate of 6.5%? Round to one decimal place.
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